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Comparing pion production in transport simulations of heavy-ion collisions
at 270A MeV under controlled conditions
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Within the Transport Model Evaluation Project (TMEP), we present a detailed study of the performance of
different transport models in Sn 4 Sn collisions at 2704 MeV, which are representative reactions used to study
the equation of state at suprasaturation densities. We put particular emphasis on the production of pions and A
resonances, which have been used as probes of the nuclear symmetry energy. In this paper, we aim to understand
the differences in the results of different codes for a given physics model to estimate the uncertainties of transport
model studies in the intermediate energy range. Thus, we prescribe a common and rather simple physics model,
and follow in detail the results of four Boltzmann-Uehling-Uhlenbeck (BUU) models and six quantum molecular
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dynamics (QMD) models. The nucleonic evolution of the collision and the nucleonic observables in these
codes do not completely converge, but the differences among the codes can be understood as being due to
several reasons: the basic differences between BUU and QMD models in the representation of the phase-space
distributions, computational differences in the mean-field evaluation, and differences in the adopted strategies for
the Pauli blocking in the collision integrals. For pionic observables, we find that a higher maximum density leads
to an enhanced pion yield and a reduced 7~ /7" yield ratio, while a more effective Pauli blocking generally
leads to a slightly suppressed pion yield and an enhanced 7~ /7" yield ratio. We specifically investigate the
effect of the Coulomb force and find that it increases the total 7~ /7™ yield ratio but reduces the ratio at high
pion energies, although differences in its implementations do not have a dominating role in the differences
among the codes. Taking into account only the results of codes that strictly follow the homework specifications,
we find a convergence of the codes in the final charged-pion yield ratio to a 1o deviation of about 5%. However,
the uncertainty is expected to be reduced to about 1.6% if the same or similar strategies and ingredients, i.e.,
an improved Pauli blocking and calculation of the nonlinear term in the mean-field potential, are similarly
used in all codes. As a result of this work, we identify the sensitive aspects of a simulation with respect to
pion observables, and suggest optimal procedures in some cases. This work provides benchmark calculations of
heavy-ion collisions to be complemented in the future by simulations with more realistic physics models, which
include the momentum-dependence of isoscalar and isovector mean-field potentials and pion in-medium effects.

DOI: 10.1103/PhysRevC.109.044609

I. INTRODUCTION

Transport models are indispensable tools for extracting
information on the nuclear matter equation of state (EOS)
from experimentally measured observables in heavy-ion col-
lisions [1-4]. The EOS of isospin-symmetric nuclear matter
has already been rather well constrained by giant monopole
resonances in finite nuclei [5] as well as by the kaon yield [6,7]
and nucleon collective flows [8,9] in heavy-ion collisions up
to beam energies of the order of 1A GeV. On the other hand,
there are still uncertainties in the isospin-dependent part of
the EOS, i.e., the nuclear symmetry energy, particularly at
suprasaturation densities, as compared with the better con-
strained EOS at subsaturation densities (see, e.g., Ref. [10]).
Information on the density dependence of nuclear symmetry
energy is essential for understanding problems in nuclear
structure, nuclear reactions, and nuclear astrophysics [11-14].
As first proposed in Refs. [15,16], the nuclear symmetry en-
ergy at suprasaturation densities could be determined from
the 7~ /7" yield ratio in intermediate-energy heavy-ion col-
lisions. This is because the 7~ /7 yield ratio is essentially
determined by the neutron/proton ratio in the high-density
region of the collisions, which is affected by the stiffness of
the nuclear symmetry energy. Studying the 7~ /7T yield ratio
in intermediate-energy heavy-ion collisions has since attracted
considerable interest both theoretically and experimentally.
However, based on the same FOPI data on the 7~ /7™ yield
ratio [17], the extracted density dependence of the nuclear
symmetry energy was very different from studies based on
different transport models (see, e.g., Refs. [18-20]). It is not
easy to understand whether these different conclusions were
due to the inclusion of different physics effects, or due to
different treatments of the same physics inputs in the simula-
tion of heavy-ion collisions in transport models. For transport
models to be useful for providing information on the EOS
and, in particular, on the nuclear symmetry energy, it is thus
imperative to require that similar physics observables should

be obtained from different transport models with the same
physics inputs and under the same controlled conditions, or,
if this is not the case, to understand the differences due to
different approximations made in the simulation of heavy-ion
collisions. To achieve this goal has led to the international col-
laborative studies on the Transport Model Evaluation Project
(TMEP).

The activities of the TMEP started in 2014 at Shanghai
Jiao Tong University (Transport2014). With investigations
examining more closely the details in participant transport
models, further workshops were held in 2017 at Michigan
State University (Transport2017) [21,22] and in 2019 at ECT*
(Transport2019) [23]. In Transport2014, the focus was mainly
on the stability of initial nuclei, the collision rate and the
Pauli blocking, and on the comparison of observables such
as the stopping and the transverse flow in Au + Au collisions
at 100A and 400A MeV. Benchmark calculations were carried
out to quantify the theoretical uncertainties of the slope pa-
rameter of the transverse flow in transport models [24]. These
uncertainties, which are larger at low collision energies, could
be largely attributed to different initializations and implemen-
tations of Pauli blocking, as well as competition between
the nuclear mean-field potential and nucleon-nucleon (NN)
collisions. To better understand these differences, calculations
of nuclear matter in a box with periodic boundary conditions
were thus called for, because common initializations are easy
to implement in this case. Also, box calculations provide the
possibility of evaluating the accuracy of a transport model by
comparing its results from simulations to known theoretical
limits or exact numerical calculations. This is different from
heavy-ion simulations where results may only be compared
among different transport codes. Reference [25] presents the
first study of the TMEP for a box system, where the NN
collision rate as well as the Pauli blocking rate are compared
with the theoretical limits. The study in Ref. [26] is a direct
extension of that in Ref. [25], by incorporating also inelastic
collisions. There, the production of pion-like particles, i.e.,
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pions and A resonances, is compared with that from the rate
equations and to a thermal model with an ideal-gas mixture.
Starting from a sinusoidally distorted density distribution,
Ref. [27] investigated the dissipation during the density evo-
lution and compared the main component of the oscillation
frequency with that predicted by the Landau parameter of
the mean-field interaction. For recent overviews of the TMEP
activities, we refer the reader to Refs. [2,4]. The previous stud-
ies of nuclear matter in a box, Refs. [25-27] have helped to
optimize the implementation of elastic and inelastic collisions
as well as the momentum-independent mean-field potentials
in transport simulations. The aim of this paper is to incorpo-
rate this knowledge into transport simulations of heavy-ion
collisions to see whether one obtains more robust conclusions.

Recently, the STRIT Collaboration has performed a de-
tailed experimental study of Sn + Sn collisions with different
isospin contents at 270A MeV, focusing mainly on pion ob-
servables to constrain the symmetry energy at suprasaturation
densities. The experiment measured not only pion multiplici-
ties, spectra, and charged-pion ratios but also bulk observables
such as light cluster yields and spectra, as well as nucleon
momentum distributions, which will be published shortly.
This dataset provides an excellent opportunity to study in
detail the potential of pion observables to constrain the nuclear
symmetry energy at densities above saturation. To obtain an
impression on the status of such efforts, the TMEP Collabo-
ration performed a comparison by many codes to predict pion
yields and ratios. In the previous study [28], the codes used
their “best” models to calculate the pion production without
prior knowledge of the data. The results confirmed the diver-
gence of conclusions from different studies. The prediction of
the codes differed in such a way from each other and from the
data, revealed afterwards, that a constraint on the symmetry
energy was hardly possible.

Pion production in transport approaches involves many
issues on the physics model, which are still being debated
and were also discussed in Ref. [28]: Different mechanisms
contribute to pion production, e.g., a nonresonant mechanism
via processes of the type NN — NN, and a resonant mech-
anism proceeding via the excitation of a A resonance. In this
study, as in the previous box calculation [26] and realistic
heavy-ion calculations [28,29], we exclusively use the reso-
nant mechanism. For cross sections of nonresonant channels
and their relative importance to resonance (A) channels, we
refer the reader to Refs. [30—32]. The strong potential of the
A resonance is not directly accessible and is parametrized in
different ways. Also, the pion potential has s- and p-wave
components, which are employed in different ways [33-36].
The pion and A potentials should be momentum- and isospin-
dependent, just as the nucleon potentials. The A potential
is either calculated or extracted from comparison with ex-
perimental data (see, e.g., Refs. [37-44]). So far, only the
isoscalar momentum-independent A potential has been stud-
ied, and tensions between theoretical and empirical strengths
of the potential are observed. In inelastic collisions, there is
a discontinuous change in the particle potentials, resulting in
the change of the potential energies. Energy conservation has
to be taken into account in a two-body collision, and this in
particular leads to a shift of thresholds in inelastic collisions,

which can be crucial in collisions at energies close to pro-
duction thresholds [45,46]. The finite width of A resonances
(as, in principle, also of all other particles in a nonequilibrium
situation) in transport models is discussed in Refs. [47—-49]. It
is usually approximated by sampling a mass distribution, and
has to be considered in the detailed balance condition [50].
Clustering and light cluster formation may have considerable
effects in intermediate-energy heavy-ion collisions, and it has
been shown that they may also affect pion production [51].

We emphasize that the present study is not aimed at study-
ing these effects. We aim to understand the differences in
the results of different codes for a given physics model to
estimate the uncertainties of transport model studies in the
intermediate energy range. It still allows us to probe the sen-
sitivity of pion production to important physics ingredients,
such as the question of the influence of fluctuations, the Pauli
blocking including surface corrections, aspects of using effec-
tive many-body terms, and inelastic cross sections including
a strength function for the A resonance. We note that the
pion multiplicities and charged-pion yield ratios are in the
range of the experimental values and the study is thus qual-
itatively realistic. It does not include other important issues
mentioned above, particularly the momentum dependence of
the potentials and corresponding threshold effects. These are
studied in a parallel ongoing box calculation in a simpler
environment [52]. In this study, we keep the nuclear symmetry
energy fixed and thus do not study the sensitivity of nucleon
and pion observables to the symmetry energy as in Ref. [28].
We felt that this should be done in a more realistic study
of pion production, including, in particular, the momentum-
dependent mean-field potential. We also note, however, that
in the meantime, Ref. [29] with just one transport model
(TuQMD/dcQMD) has shown that a more realistic treatment
of the physics ingredients, like momentum-dependent mean-
field potential, threshold shifts, and pion and A potentials, can
yield constraints on the symmetry energy.

To better understand the model dependence of transport
simulations for Sn 4 Sn collisions at 270A MeV seen in
Ref. [28], we compare in the present study results from 10
transport models with better controlled setups. Thus one can
consider this work a follow-up investigation of the physics
issues on pion production in the uncontrolled comparison of
Ref. [28]. For the four BUU models and six QMD models
participating in the present study, the code names, authors
and/or correspondents, and representative references are all
summarized in Table I.

The list of previous works attempting to understand the
robustness of transport model predictions is extensive. Be-
low, we discuss briefly some relevant examples. In early
studies, the main emphasis was on the comparison of BUU-
and QMD-type approaches. A first comparison of bulk ob-
servables, including a comparison with the time-dependent
Hartree-Fock approach at a relatively low energy of about
80A MeV, was performed in Ref. [65]. A good agreement
of all methods was found. However, at this low energy the
evolution is dominated by the mean field, and collisions are
largely suppressed by the Pauli principle. A conference re-
port in Ref. [66] showed a similar study. Here the ability to
reproduce bulk observables in low-energy heavy-ion colli-
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TABLEI. Code names, authors and correspondents, and representative references of four BUU-type and six QMD-type codes participating
in the present study. SME and ImQMD-L only participate in the comparison of nucleon observables and are therefore listed separately in the last
Tow.

BUU-type Code correspondents References QMD-type Code correspondents References
IBUU? J. Xu, L.W. Chen, B.A. Li [14,53,54] IQMD-BNU J. Su, E. S. Zhang [55]
pBUU P. Danielewicz [50,56] IQMD-IMP? H. G. Cheng, Z. Q. Feng [57]
RVUU Z. Zhang, C.M. Ko [45,58] IQMD R. Kumar, Ch. Hartnack, A. Le Fevre [59]
JAM N. Ikeno, A. Ono, Y. Nara, A. Ohnishi [51,60]
TuQMD® M. D. Cozma [61]
SMF M. Colonna, H. Zheng [62] ImQMD-L¢ Y. X. Zhang [63,64]

*A new version using the lattice Hamiltonian framework, recently developed in Ref. [53], is mainly used in the present study. The original
version (called IBUU-O here) is described in Refs. [14,54].

b Also known as LQMD in literature.

“This code provides both traditional and accurate calculations of the nonlinear density-dependent term in the mean-field potential, with the
latter dubbed “TuQMD-L” in the present study. The dcQMD model, used in Ref. [29] to describe the pion spectra from the Sz RIT experiment,
is a recent offspring of the TuQMD transport code.

A lattice version of InQMD with a more accurate calculation of the nonlinear density-dependent term in the mean-field potential recently

developed in Ref. [63] is used in the present study. The original version is described in Ref. [64].

sions by a BUU and a QMD code was demonstrated. An early
example of a comparison at intermediate energies is that at
800A MeV with different versions of BUU codes, one QMD
code, and one cascade code [67], where agreement in the bulk
evolution was found. The in-medium cross sections, which
dominate at these energies, were the main object of the study,
while pion production was not considered. A comparison of
pion and kaon production at energies above 1A GeV was
performed in Ref. [68] (for a review, see Ref. [4]), where re-
sults among different codes were only qualitatively consistent.
However, the physics models were not strictly prescribed as in
the present study.

Common to these works, and in contrast with the compar-
isons performed by TMEP, very few codes were compared
for a limited number of observables, and usually not for a
well-prescribed physics model. The comparisons resulted in
qualitative statements on agreement among the codes. The
comparisons by TMEP and this paper follow a more extensive
aim. Since the comparisons are performed with controlled
conditions, the differences among codes, which do exist, must
be due to the simulation strategies. We aim to understand these
differences in detail, with the support of box calculations and
by following nonobservables, e.g., time evolution of densities,
asymmetries, and collisions. In this way, we hope to trace
back the differences to different strategies in the simulation,
and, hopefully, to identify sensitive issues of simulations and
to recommend successful strategies. The TMEP comparisons
and the present paper would then help to improve transport
code interpretations of heavy-ion collisions.

On the other hand, we do not intend to present a converged
result of all the codes or to identify the best code in this work.
Rather, we aim to quantify the systematic uncertainties of
transport analyses that originate from various sources, ranging
from numerical issues to fundamental model assumptions for
complicated many-body problems. While trying to quantify
differences, determine their origins among the codes, and
discuss optimized strategies for some simulation issues, we
must leave it to the code owners to implement lessons from

these comparisons. Different simulation strategies often in-
clude effects beyond what the underlying equations prescribe.
Thus, the optimal strategy or the best model assumptions
are not always clear. Some indications are given by com-
paring the results from box calculations with exact results.
Still, a box calculation of infinite matter and dynamic heavy-
ion collisions are very different systems, and strategies that
work well in box calculations may not necessarily be opti-
mal in heavy-ion collisions. There exist open questions in
transport approaches to heavy-ion collisions that we cannot
solve by simple comparisons, even in box calculations. The
most important one is the question of realistically including
fluctuations, which affect the results of collisions but go be-
yond the canonical BUU equations and are treated empirically
in QMD-like codes, thus constituting a basic difference be-
tween these two families of codes. Code comparisons, like
those performed by the TMEP Collaboration, can highlight
these various aspects and are valuable for understanding open
questions such as the above but cannot completely solve the
problem of achieving converged predictions. A possible way
to achieve this would be to construct a common code within
the Collaboration, which could be done in the future but
appears unrealistic at the present stage. In the conclusion, we
discuss our ideas to obtain at least uncertainty quantifications
for transport analyses.

The rest of this paper is organized as follows: The theoreti-
cal framework of BUU and QMD transport models, including
the implementation of the Coulomb potential and the revis-
iting of the Pauli blocking, is briefly reviewed in Sec. II.
Section III gives the details of the homework description that
was assigned to code correspondents, especially those related
to pion production. We first compare nucleon observables in
Sec. IV to check the agreement of the bulk evolution of the
collision, and then pion observables in Sec. V. In these dis-
cussions, we attempt to follow in great detail the differences
among the codes and to understand underlying reasons for
the differences. For a first reading of the paper, these detailed
explanations may not be necessarily needed to obtain the main
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message of the paper. In this case we recommend skipping
Sec. V except to take a look at Figs. 11 and 13, which contain
the main results of the paper with respect to pion observables,
and to continue with Sec. VI, where the results of the com-
parison are discussed from a more global point of view, and
finish with the conclusion and outlook in Sec. VII.

II. THEORETICAL FRAMEWORK OF TRANSPORT
MODELS

In this section, we briefly review the main features of
BUU and QMD transport models for the simulations of
intermediate-energy heavy-ion collisions. The major focus
will be on the Coulomb potential and the Pauli blocking
and their effects on the 7~ /7% yield ratio. One may consult
Ref. [4] and the corresponding references for more details and
default setups in the participated codes listed in Table I.

A. The Boltzmann-Uehling-Uhlenbeck approach

The BUU approach solves numerically the BUU equa-
tion for the one-body phase-space distribution function
fa(r, p, t) which is typically of the form

0050 B G50 Uy a0
ot m2 + p? o7 a7 ap

= L(7, p,1). ey

The above equation is written for relativistic kinematics,
where the index a labels the different particle species, and m,
are their rest masses. For fully covariant forms of this equa-
tion used in pBUU, see Refs. [50,56]. In the present study, we
include only nucleons, pions, and A resonances of different
charge states or isospins, i.e., a € N U U A with the sets

N = {n, p}, )
T ={r", 79, 7T}, 3
A={A", A” AT, AT} 4)

While nucleons and pions have fixed masses, we take masses
of A resonances, ma, smoothly distributed according to a
spectral function of the Breit-Wigner form A(m, ) with a finite
width [see Eq. (38) for details]. U, denotes the mean-field
potential for species a, which is nonzero only for nucleons
and taken to be momentum-independent in this study. The
collision term I,(7, p,t) in Eq. (1) includes elastic binary
collisions between nucleons and A resonances, inelastic col-
lisions with the production and absorption of A resonances,
and the production and absorption of pions via respectively
the decay and formation of A resonances. Suppressing the
isospin indices for different particle species, the collision term
can be expressed for each species as

IN — I]]\]VN(—)NN +I[1VVA<—>NA +I[]VVN<—)NA +I]1V\/7!<—>A’ (5)
IA — IAAA<—>AA +I]AVA<—>NA +I§N<—>NA +12]7T<—>A, (6)
1” — 1711\/7r<—>A. (7)

INN<—>NN INA<—>NA IAA<—>AA INA<—>NA
N >IN *TA A

In the above, , and repre-
sent elastic scatterings between baryons, with Pauli blocking
effects only present for nucleons. The terms related to pion
production can be expressed in terms of the A production
cross sections (o) and/or decay widths (I") as

IgNeNA _ _ I[[\}’NeNA
_ & d’p>
(1+8wn)es J mh)?
doy
x /dsz i it R (1
d*p, /
— —— [ dQ Um
8N iy Sy favmol
Aoy A nyn,
X T(l —ny (1 —ny,), (8)
dm d*p,
1N71<—>A — EN8x / AA / a
A 25 . (ma) (27Th)3 Inf; UmolOnNr— A
1219 ,
- EfAFAaNn(l - nN)a (©))
a2 , dm
Irlym_)A =(Z_A/EfAFA—’N7T(1 —nN)—gN/ 27TAA(mA)
d3
X / ﬁfonvmolaNnaA' (10

In above equations, the integrals are generally taken over the
momentum p, of the second scattering particle in 1 + 2 —
3+4o0r1+42— 3 channels, gy =2, g, =4, and g, =1
are the spin degeneracy factors, v is the Mgller velocity
between two scattering particles and is given by

Vs — (my +my)*1ls — (my — my)?]
2E\E,

; (1)

Umol =
and the angular integrals are taken in the center-of-mass
(C.M.) frame of the particles. Moreover, s is the square of
the invariant mass of the scattering particle pair, and E| =
(m? + p})"/? and E, = (m} + p3)"/? are their energies. The
width Ty . = ma(mA + p3)~/*Ta—nx is that of the A
resonance in the computational frame, which is the rest frame
of the nuclear matter in the box calculations or the C.M. frame
of colliding nuclei in heavy-ion collisions, with j, being the
A momentum in the computational frame and I'p_, y, being
the A width in its rest frame. The Pauli blocking factors
(1 — ny) are introduced only for nucleons, with n, being their
occupation probability to be given in Sec. II D. We do not con-
sider Pauli blocking for A resonances or Bose enhancement
for pions, since their occupation factors are very small in the
reactions considered in the present study.

In the BUU approach, Eq. (1) is solved using the TP
method by expressing the particle phase-space distribution
functions according to [69,70]

AuNrp
> GGF- G (B —p),  (12)

icea

. Qrh)?
a(7v s t) =
Jalr. P 8aNtp
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where A, is the particle number for species a, Nyp is the
number of test particles (TPs) per particle, 7; and p; are the
centroid coordinate and momentum of the ith TP, and G and
G’ are the shape functions in coordinate and momentum space,
respectively. While G’ is typically chosen as a § function,
the use of a Gaussian function or a triangular function has
often been adopted for G(¥ — #;). For point TPs, this leads to
Hamiltonian equations of motion as shown in Ref. [70]. For
finite-size TPs, typically in the lattice Hamiltonian framework
[71], the coordinate space is divided into cubic cells with the
volume /3, and the density at the site 7, of the lattice is then
given by

AqNrp

pLF) = 5 > G, — ). (13)

iea

For example, in IBUU and SMF the shape function is defined as

Gy — 1) = 8(x)g(y)g(2), (14)

(nl)°
withx = x4 — X, y = Yo — Vi, 2 = 2o — Zi» and
glqg) = (nl — |ghOMl — |q)), (15)

where [ is the lattice spacing, n determines the range of G,
and O is the Heaviside function. pBUU uses a modified lattice
Hamiltonian framework with a different g function in calcu-
lating the density and mean-field potential [56] as follows: in
the interior of the computational volume, pBUU uses g(g) =
0.5 for |g|/l < 0.5, g(g) = 0.75 — 0.5]q|/Il for 0.5 < |q|/l <
1.5, and g(q) = 0 for 1.5 < |gq|/l. At a forward edge, pBUU
uses g(g) = 0.75 + 0.5¢/I for —1.5 < g/l < 0.5, and g(q) =
0 outside of that interval. The corresponding coefficient in
Eq. (14) is modified accordingly to satisfy I >, G(F, — ;) =
1. This code, however, modifies its default mean-field poten-
tial with a scalar nucleon mass [56] to fit the nuclear matter
properties described by the homework setup to be given later,
so it uses effectively a momentum-dependent mean-field po-
tential in the nonrelativistic reduction.

The total potential energy of the system is the sum of the

potential energy in each cubic cell, i.e., H?® =1*)", et

with €2 being the potential-energy density at site «. For a
momentum-independent mean-field potential U, the drift part
of the BUU equation, i.e., the left-hand-side of Eq. (1), is
solved by the canonical equations of motion for TPs, i.e.,

dr; i (16)
o men
dpi _ 3 3 ﬁaﬂ
dt = dpp OF;
P IG(Fy — )
=—— ) Ulp(Fy)]——, 17
N Z o1 (Fu)l == (17)

where U[p.(7,)] is the mean-field potential. In the case of
using point TPs, i.e., G(F — 7;) = 8(F — 7;), Eq. (17) reduces

to
dp; U
TN
The collision term in Egs. (8)—(10) is simulated stochasti-
cally. This is discussed in great detail for elastic collisions in
Ref. [25] and for inelastic collisions and A resonance decay in
Ref. [26] (as an overview, see Ref. [4]). Briefly, it is simulated
by stochastic particle (or test-particle for BUU) collisions.
This involves a determination of a collision probability, the
evaluation of the Pauli blocking factors, and the considera-
tion of energy-momentum conservation. The Pauli blocking
is discussed in Sec. IID below. The collision probability is
treated in different ways in the codes represented here. In most
codes, a geometric criterion is used based on the total cross
section, while some codes choose collision partners randomly
in a cell based on the mean-free path depending on the density
(see Sec. IIE below). The total momentum is conserved in
each collision. The total energy is conserved in each elastic
collision, and in the mean-field evolution within the numer-
ical accuracy as checked in Ref. [27]. Still, such constraint
could be violated in inelastic collisions or decays (see the
homework description in Sec. III), and possible effects due to
momentum-dependent potentials are not considered here (see
remarks at the end of Sec. III below). The effect of angular
momentum conservation in transport simulations of heavy-
ion collisions was first discussed in Ref. [72] and recently
revisited in Ref. [73]. To put the constraint of the angular-
momentum conservation more consistently, one should, in
principle, also incorporate a spin degree of freedom (see, e.g.,
Ref. [74]). The way to incorporate properly the total angular-
momentum conservation in elastic and decay channels needs
further investigation, and the effects on pion production are
largely unknown. For this study, our main concern is that the
treatment of the codes is comparable based on a canonical
setup that all code practitioners can practically incorporate.

(18)

B. The quantum molecular dynamics approach

In the QMD approach [75,76], instead of considering the
time evolution of the one-body phase-space distribution func-
tion as in the BUU approach, the phase-space distribution
function of each particle is followed in time. Approximating
the wave function of the ith particle by a Gaussian wave
packet of spatial width Ax, i.e.,

?—m>>2
h

o B i) - 7
PO = Ay CXP[ ( 2Ax }
19)

where 7;(t) and p;(t) are its centroid coordinate and mo-
mentum at time f, its phase-space distribution function is
calculated from the Wigner transformation of the wave func-
tion and has the form

£ ) = / 8 (F = 5/2):(F +5/2) exp (—ip - $)ds

5 52 2 SN2
_sexp [_(r—n) 2A)*(B— ) } 0,

2(Ax)? i
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To obtain the mean-field potential exerted on a particle, the
QMD approach starts from a many-body Hamiltonian with
the potential part expressed as HP' = 13" 2;(V)ij, where
V is an effective two-body interaction. Since the total wave
function of a system in most QMD models!' is taken to be the
direct product of single-particle wave functions, i.e., ®(7;¢) =
I1;¢(7, 7, pi;t), the expectation value of the effective interac-
tion can be calculated using the single-particle phase-space
distribution function given by Eq. (20), i.e.,

/fz(r PiFE' B

Ndrd®r d3pd3p'. (21)

(V)ij =

Qn h)6
xV((F -7

The centroid coordinate and momentum of the ith-particle
phase-space distribution function in the QMD approach
evolve in time according to the canonical equations based on
the many-body Hamiltonian. For a momentum-independent
effective two-body interaction as in the present study, the
corresponding equations of motion are

dqi _’i
sk p— (22)
a \/m? + 5
dp; VY,  OHP
ai_ Z Wy _ _9HT 23)
dt 81", o7

J(F#D)

Generally, a density-dependent potential is often derived from
an energy-density functional and used in Eq. (23), which often
contains a nonlinear term due to density-dependent forces. In
the present study, to be specified later, it is proportional to
pY with y > 1. One then has to calculate the spatial average
p?. In the traditional QMD calculation, the approximation
pY ~ pY is generally used, but such approximation may not
be valid in the case of large density fluctuations and large y . It
was seen in the box study of Ref. [27], that this approximation
effectively leads to weaker gradients of this repulsive mean-
field potential. In ImQMD-L [63] and also in the lattice version
of TUQMD (TuQMD-L), the p? term is calculated exactly by
numerical methods. In BUU models, where the event average
through the TP method is used, there is no corresponding ap-
proximation employed in calculating the repulsive nonlinear
density-dependent term in the mean-field potential, in contrast
with the event-by-event mean-field calculation in QMD mod-
els. We discuss later the impact of these different treatments
of this nonlinear term on the density evolution and the pion
yield.

C. Coulomb potential

For the electromagnetic field acting on a particle in
transport simulations of heavy-ion collisions, one should ide-
ally include its retardation effect. Since the implementation
of this effect is technically involved and computation-
ally time-consuming, most transport models for low- and

I'This is not the case for the antisymmetrized molecular dynamics
model [77] and the fermionic molecular dynamics model [78], where
the total wave function is antisymmetrized.

intermediate-energy heavy-ion collisions only include the
static Coulomb potential acting on a charged particle. The
static Coulomb potential is calculated by different methods in
different codes, which will be seen later to influence the final
results to some extent, especially the 7~ /7" yield ratio. In
the following, we briefly discuss these different methods.

In IBUU and RVUU models, the Coulomb force acting on the
ith particle is calculated from the Coulomb potential for point
particles as

_ Z;e* r
cou __ 1 l]
Fe=Ss 2 (24)
J D), rij>re ”

where Z; (Z;) is the charge number of the ith (jth) particle,
and 7;; = 7; — 7; is the relative coordinate vector. To avoid a
divergence or a very large value of the Coulomb force, for
the case that two TPs are close together,2 a cutoff radius r.
is introduced, below which the Coulomb force is taken to be
that at r;; = .. An additional procedure is sometimes applied
by taking the summation not only over the particles in one
event, but over all particles in N, parallel events, i.e., mixing
N,, events, and in this way the Coulomb force is further
smoothed. Thus, the Coulomb potential may depend on the
two smoothing parameters r. and N,,.

To be more consistent with the TP method in BUU models,
the Coulomb potential can be calculated in the lattice Hamilto-
nian framework, as has been done for IBUU in this study. Here
the Coulomb force acting on the ith particle is calculated from
the Coulomb potential energy density €;°" according to

aGCOU
3
1°7; , 25

Z 07 25)

F;.C()H —
with the summation over the lattice sites 7,. Including the
direct contribution as well as the exchange contribution based
on the local density approximation from the Coulomb in-
teraction, the Coulomb potential energy density €™ can be

expressed as
3¢ (7,) 142
ez[M} . (26)
b4

In the above, pf () is the net-charge number density at the
lattice site 7, and is calculated in a way similar to Eq. (13)
for the particle density. Substituting Eq. (26) into Eq. (25)
leads to the following Coulomb force acting on the ith charged
particle:

cou _ I o Z pL(ra)pL(ra) 3

o' (Fa) Dt_rDt| 4

, 1’z pf(F) 0G(Foy —F;)
Feou — _ e 2 : l3 2 : L\« o4 i
' Nrp [ Foa — T, o7;

Foy — Py
o a(Fa) a|

3 [3;);(70,)}'/330@; m}. -
T T a7

2This may happen in a decay process, e.g., A** — p+ 7+, where
the two charged particles in the final state are created at the same
point. In such cases, the Coulomb force is often calculated in the
next time step after the propagation of the charged particles.
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We note that the exchange contribution represented by the sec-
ond term in Eqgs. (26) and (27) is usually neglected in transport
model calculations, since it is generally much smaller than the
direct contribution.

In the pBUU model, the static electric field ¢ due to the
Coulomb interaction is obtained from the Poisson equation

V2p(F) = —4mep“(7), (28)

where p€ is the charge density. The above equation is solved
numerically on the three-dimensional spatial grid, with the
boundary condition determined by comparing with the inte-
gral representation of the potential field

PF) =e / d3r/|fc(7/) (29)

F—7'

with its values on the boundaries evaluated using the multipole
expansion of 1/|7 —7’|. An iterative relaxation method is
employed in Ref. [79] by updating ¢ at each time step of the
evolution of the system. For SMF, while the calculation with
the Coulomb interaction is not compared in the present study,
this code also solves the Poisson equation but with simpler
boundary conditions, corresponding to the potential obtained
at the boundaries of the box assuming that the total charge of
the system is concentrated at the center of the box.

In the QMD approach, the Coulomb interaction between
two particles at respective positions 7 and 7’ has the standard
form

ZZje

F=71

yeou —

(30)

Substituting it into Eq. (21) leads to the following Coulomb
force acting on the ith particle:

Fcou — _ i ézi Z éerf(i>
E)ri 2 G rij 2Ax

2 exp| — (r;;/2Ax%)%
B
JED VT Ax

1 l’,‘j Fij
——erf( =) [ =, 3D
rl.j 2Ax rij

where 7j; =7; —7; is the relative position vector between
the centroid coordinates of particle i and j, and erf(x) =
% I e “du is the error function. The above standard
method is used for most QMD models in the present work. It
is similar to the lattice Hamiltonian method described above,
and the summation is over all particles in the same event.
Since the Gaussian shape of the wave packets is explicitly
used, the strength of the Coulomb force depends on the width
parameter Ax. In the JAM calculation for the present work,
both the electric and magnetic force acting on the ith particle
are taken into account, and their effects on its motion are
calculated, as in Ref. [80], according to

dp'! dx;
LY ez B =NFY (32)
dt Jep dt b= Y

J(&FD)

by using the electromagnetic field tensor F/*" at the four-
coordinate of the particle x; , = (¢, —x;, —y;, —z;). The field
tensor F};" created by the jth particle is obtained by first
using the electrostatic Coulomb and magnetic fields for point
charges, i.e., E' = eZJ-F{j/(rlfj)3 and B' = 0, in the rest frame
of the jth particle and then Lorentz transforming them to the
computational frame. The electric field £ is assumed to be
zero for r} ; < 2 fm, instead of assuming a constant Coulomb
force for r} ;= |?lfj| less than a cutoff distance in the rest frame
of the jth particle as in some of the BUU models.

D. Pauli blocking

The Pauli blocking of nucleons in N + N <> N 4+ A and
A — N + 7 channels has a large effect on pion production
and affects the 7~ /" yield ratio in collisions of nuclei with
unequal proton and neutron numbers [81]. In most transport
models, the Pauli blocking probability in a scattering or decay
process is evaluated according to 1 — (1 — n;)(1 — n;), where
ni(j) is the occupation probability of the ith (jth) particle in the
final state of the scattering or decay. Because of fluctuations
in the calculation of n; (n;), its value can sometimes be greater
than one and is taken to be one when this happens. The
occupation probability is further calculated separately for neu-
trons and protons in all transport models participating in the
present study. We briefly discuss in the following the methods
for the Pauli blocking used in different transport models, as
mentioned in Ref. [25], which are applied for nucleons in not
only elastic scatterings but also inelastic scatterings and A
decay processes.

In IBUU, RVUU, and SMF, the occupation probability for the
ith nucleon is calculated from

_ Qmhy
gNVer

n;

/ f# p)drd®p, (33)
i€V,.V,

where the integral is taken over the volume V,, of the phase-
space cell in coordinate (momentum) space around that of
the ith nucleon. While the phase-space cell is taken to be
cubic in the spatial and momentum spaces with V, = (Ar)?
and V, = (A p)? in the IBUU model, it is taken to be spheri-
cal with V, = 4w (Ar)*/3 and V, = 47 (Ap)3/3 in the RVUU
and SMF model. In both IBUU and RVUU models, an interpo-
lation method by smoothing the distribution in neighboring
cells is used in evaluating the occupation probability, while
a Gaussian weight of TPs in momentum space is applied in
SMF. In the pBUU model, the Pauli blocking probability is
calculated by parametrizing the local momentum distribution
in a cell in terms of two deformed Fermi distributions of
finite temperature, associated, respectively, with the target and
projectile distributions. Specifically, one first establishes the
local frames for the two groups of nucleons and then
calculates their momentum tensors (p'p’) in their respec-
tive frames. After diagonalizing (p'p’), the local momenta
are rescaled to make the respective tensors isotropic, and
the Fermi distribution parameters w' (u”) and T (T")
are determined for projectile (target) nucleons. Finally, the
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TABLE II. Summary of model specifics in the 4 BUU models and 6 QMD models used in the present study: TP shape and size,
implementation of the Coulomb potential and Pauli blocking, and the time step. SMF and ImQMD-L participated in the calculation without

Coulomb and for nucleon observables only. See text for more details.

TP shape and size Coulomb potential Pauli blocking At (fm/c)

IBUU n=2,1=1fm N,=1,r.=1fm Cubic cell, Ar = 2fm, Ap = 100 MeV /c, 100 TPs 0.2
pBUU Modified g,/ = 0.92fm  Poisson equation Fit with a superposition of two FD distributions 0.2
RVUU Point N,, =10,r., = 0.1 fm Spherical cell, Ar = 1fm, Ap = 150MeV/c, 1000 TPs 0.2
SMF n=21=1fm Poisson equation Spherical cell, Ar = 2.53fm, 0, = 29 MeV/c, 100 TPs 0.5
IQMD-BNU  Ax = 1.41fm Standard Overlap of wave packets 1

IQMD-IMP Ax = 1.41fm Standard Overlap of wave packets 0.2
IQMD Ax =1.41fm Standard Ar =3fm, Ap = 100 MeV /c, surface correction 0.2
JAM Ax = 1.41fm EB fields with . = 2fm  Overlap of wave packets 0

TuQMD Ax = 1.41fm Standard Ar =3fm, Ap = 100 MeV /c, surface correction 0.2
ImQMD-L Ax =1.41fm Standard overlap of wave packets 0.2

parametrized occupation probability at p is calculated as [50]

A/
i(p) =
r expl(ym? + p? — u)/T'1 + 1
A//

(34)

w/T+ 1

In the above, p’ (p”) represents p subjected to the same
transformation as projectile (target) nucleon momenta, and
A’ (A”) is a scaling factor to yield the correct density of
projectile (target) nucleons. The above method is referred to as
the “local statistic method” in later discussions. Although the
lattice Hamiltonian framework is used to calculate the density
distribution and the gradient of the mean-field potential in
IBUU and pBUU, point TPs are used to evaluate the occupation
probability for the Pauli blocking of nucleons.

In the IQMD-BNU, IQMD-IMP, and JAM models, the occu-
pation probability is calculated from the overlap of the wave
packets, i.e.,

+
expl(y/m? + 2 —

@ 1 [_ F — Ty
e Ty ,; P T S Axe
202 22
B 2(Ax) (h]?zj Pz) i|’ (35)

where the summation calculates the contributions from all
particles to the local phase space but with the self-contribution
subtracted. In IQMD and TuQMD, the occupation probability is
calculated using the hard-sphere overlap

(r) ()
oy ol

hi = Z 1 37 3
s 57‘[(Ar) §n(Ap)

(36)

where 05((p Y is the volume of the overlap region of spheres
with the radius Ar (Ap) for nucleons i and j in coordinate
(momentum) space. For the case of a nucleon close to the

surface, only part of the classically available phase space is

3IQMD-IMP uses this method only for the purpose of the present
study, while the occupation probability in this code is usually calcu-
lated from the overlap of hard spheres as shown in Ref. [25].

allowed. To correct for this effect, the occupation probabil-
ities of these nucleons are calculated in a different way in
TuQMD and IQMD (see, e.g., Ref. [82] for more details). The
criterion of determining surface nucleons can be based on,
e.g., a single-particle energy lower than 5 MeV, as is done
in the present comparison, possibly together with certain cuts
for the local density and momentum of the nucleon.

E. Summary of model specifics

Table II summarizes the model specifics on the TP shape
and size, the Coulomb potential, the Pauli blocking factor, and
the time step in the four BUU models and six QMD models
used in the present study. This information is given here for
completeness, and it does not imply that all the specific set-
tings are important in the comparison. This has partly been
checked in the box comparisons, and we summarize in the
following some of these findings. Most codes have checked
that the results are sufficiently stable under a shortening of the
time steps given in the table. JAM is a time-step-free code (see
Ref. [26]). A more realistic but time-consuming comparison
could be done in the future by extrapolating the results to
At — 0 as in Ref. [26]. For the TP size, which enters in the
mean-field calculation, while it is taken to be zero, i.e., point
TPs, in RVUU, the parameters n = 2 and / = 1 fm in the shape
function [Eq. (14)] are used in the lattice Hamiltonian formu-
lations of IBUU and SMF, and / = 0.92 fm is used in pBUU
with a modified shape function in the lattice Hamiltonian
framework [see text below Eq. (15)]. In Ref. [27] it was seen
that, for BUU calculations by a proper choice of TP size and
number, the results in the mean-field propagation are stable.
In the QMD models participating in the present study, the
same default widths of Ax = 1.41 fm are used in the Gaussian
wave packets. This is a reasonable choice in QMD codes,
which was found in the past to well initialize the surface of
the initial nuclei and give a reasonable amount of fluctuation
to reproduce fragmentation. Results from simulations using
different TP sizes are compared. For the calculation of the
Coulomb potential, the number of mixed events is one and
the default cutoff distance in Eq. (24) is 1 fm in IBUU, and
the corresponding values in RvUU are 10 and 0.1 fm. Results
from IBUU using an improved calculation based on the lattice
Hamiltonian framework as in Eq. (27) (denoted “cou-LH”)
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will also be compared. In pBUU, the Poisson equation is solved
to obtain the electrostatic field with a consistent boundary
condition from an iterative relaxation method. For the QMD
models in the present study, the standard treatment is used in
calculating the Coulomb potential as in Eq. (31) except for
JAM, which calculates the electromagnetic field with a cutoff
distance. We find, as discussed in Sec. VI, that the particular
method of incorporating the Coulomb potential influences
the pion observables to some extent, but does not contribute
significantly to the differences among the codes. For the
Pauli blocking probability, IBUU uses cubic phase-space cells
with Ar =2 fm and Ap = 100 MeV /¢, RVUU uses spherical
phase-space cells with Ar =1 fm and Ap = 150 MeV/c,
SMF uses spherical phase-space cells with Ar = 2.53 fm in
coordinate space, and pBUU fits the phase-space distributions
around the final state of the scattered particle by summing
two Fermi-Dirac distributions. Typically, IBUU and RVUU use,
respectively, 100 and 1000 TPs for evaluating the occupa-
tion probability with an interpretation method to smooth the
phase-space distributions among neighboring cells, SMF uses
100 TPs for evaluating the occupation probability with a
width of o, =29 MeV/c for the Gaussian weight in the
momentum space, and pBUU fits the phase-space distribution
with 1000 TPs. For QMD models, IQMD-BNU, IQMD-IMP, and
JAM calculate the occupation probability from the overlap
of wave packets [Eq. (35)], while IQMD and TuQMD calcu-
late the occupation probability from the overlap of the hard
spheres [Eq. (36)] with Ar =3 fm and Ap = 100 MeV/c.
It was seen in Ref. [25] that the particular parameters used
for the Pauli blocking for BUU do not lead to significant
differences. However, the method used in pBUU increases the
effectiveness of Pauli blocking. For QMD the width of the
wave packet influences the fluctuations and thus also the Pauli
blocking [25]. As seen in Ref. [27] it also affects the forces
in the mean-field propagation. In IQMD and TuQMD, surface
corrections for Pauli blocking are introduced for bound nu-
cleons and thus important in the presence of the mean-field
potential. Such a correction was already introduced early in
the development of transport models [76], but the way to
determine surface nucleons and the calculation method for the
occupation probabilities of these nucleons can be sources of
model dependence. Most codes employ the geometric method
for the attempted collisions using a maximum distance de-
termined from the total cross section, except SMF and pBUU
which employ a stochastic method using the collision rate at
the local density (see corresponding discussions in Ref. [25]
for details). SMF is mainly developed for low-energy nuclear
reactions where nonrelativistic kinematics is used, and in the
present study it has been modified to relativistic kinematics
for the propagation part, although the NN elastic collision
part is still treated nonrelativistically. Moreover, the parallel
ensemble treatment of NN collisions in SMF may lead to
additional differences compared with the full ensemble treat-
ment in pBUU, to be shown later. Settings of the Coulomb
interaction and the Pauli blocking in SMF and ImQMD-L are
also listed in the table, although they may not be actively
turned on in the present comparison, and these two codes
have provided baseline calculations for nucleon dynamics
only.

TABLE III. Different simulation modes in the present study.

Coulomb Pauli Mean-field

potential blocking potential
Cascade-nopb Off Off Off
Cascade-nopb-cou On Off Off
Cascade Off On Off
Cascade-cou On On Off
Full-nopb Off Off On
Full-nopb-cou On Off On
Full Off On On
Full-cou On On On

III. HOMEWORK DESCRIPTION

In the present homework calculation, we incorporate
inelastic collisions related to the production of pion-like parti-
cles, as in Ref. [26], into heavy-ion simulations with a similar
setup of nucleon dynamics as in Ref. [24] but for the reactions
in the S7RIT experiment. In particular, we consider the re-
action of '32Sn 4 12*Sn at the incident energy 2704 MeV and
an impact parameter » = 4 fm. Results for a less-neutron-rich
reaction of '12Sn+ 1%Sn at the same incident energy and
impact parameter are also considered to evaluate the double
ratio of observables of interest. To avoid the difference in final
results due to the use of different initial conditions adopted by
individual codes as found in Ref. [24], the results shown in
the present study are obtained from a common initialization
for all participant codes. Specifically, the coordinates of initial
nucleons in the colliding nuclei are sampled according to the
density profile generated by the Skyrme-Hartree-Fock (SHF)
calculation [83] using the MSLO force [84]. The distance
between the centers of the projectile and the target in the beam
direction is taken to be 16 fm. The momenta of initial nucleons
are sampled isotropically in the local Fermi sphere, with the
Fermi momentum depending on the local density. The dis-
tributions are then boosted according to the incident energy.
The distributions of the centroid coordinates in the nucleus
rest frame and the centroid rapidities after Lorentz boost for
neutrons and protons are displayed in Fig. 1 for reference.
Note that the physical density distribution depends further on
the size of the TPs in BUU models or on the width of the
Gaussian wave packet in QMD models. Collision information
and particle phase-space information are provided from sim-
ulations by each individual code in the different calculation
modes in order to compare separately the effects of different
ingredients on the final results. These calculation modes are
simulations with particle collisions only (Cascade) and full
calculations with both particle collisions and mean-field po-
tentials (Full), with and without the Coulomb potential and/or
Pauli blocking. Table III summarizes the different simulation
modes considered in this study. We note that using a common
initialization eliminates uncertainties from initializations in
the Cascade modes. This is not strictly true in the Full-mode
calculations, because the density distributions of initial nuclei
are calculated with a different force compared with the one
used in the transport calculation, and in different models the
nuclei may evolve differently before they touch each other,
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FIG. 1. (left) Distributions of centroid coordinates for neutrons and protons in the radial direction of '*2Sn and '?*Sn. (right) Distributions
of centroid rapidities for neutrons and protons in the initial stage of a 1**Sn 4 '2*Sn collision.

due to different implementations of the mean-field potential,
as we see later. Detailed comparison will be based on the
collision information and the phase-space information of final
pions from 100 000 events, and the phase-space information
of nucleons from 1000 events from BUU models using the TP
method and QMD models using 1000 separate events.

The simulation of the Sn 4 Sn reaction is carried out until
t =70 fm/c. The masses of nucleons and pions are fixed as
my = 938 MeV and m, = 139 MeV, respectively. Compared
with the study in Ref. [24], additional details are specified
in this homework calculation, e.g., allowing the collisions
between nucleons within the same nucleus, and turning off all
artificial thresholds or cuts on the C.M. energy and distance
in the treatment of scatterings or decays. Also, the code corre-
spondents in the present study have tried to incorporate what
we have learned in Refs. [25] and [26] by removing the spuri-
ous collisions and randomizing the NN collision order list in
each time step, which was seen to be a source of differences in
not only the collision rate but also the pion yield. A constant
and isotropic elastic scattering cross section of o = 40 mb
for collisions between baryons has been specified. Production
channels for particles other than nucleons, A resonances, and
pions, as well as processes that involve direct production of
pions, i.e., N+ N <> N 4+ N + m, have been turned off. The
energy-dependent isospin-averaged isotropic cross section for
N 4+ N — N + A is taken from Ref. [70], which has the form

20(4/5-2.015)°
0.015+(y/5—2.015)"" V522015 (37)

0, Js < 2.015,

ONN—>NA =

with o in mb and the C.M. energy +/s in GeV. The mass
distribution of A resonances is taken to have a Breit-Wigner
form

1 4m%°T(m,)

A (m% — mgz)2 + mg2r2(mA)

A(I’)’ZA) =

where mQ = 1.232 GeV is the pole mass, A~ 0.95 is
the normalization factor chosen to satisfy frzj m A(m,)
dmpa /27 = 1. The mass-dependent width function I"(m , ) has

the form
0.474°
r = —7, 39
(ma) m2 + 0.6¢> 39)
with ¢ = [(m% — m3, — m2)* — dm3m21"/?/2m, and it van-

ishes at m, = my +m_ . When a A resonance is produced
based on the above cross section, the mass of the resonance
is sampled within the range of my +m,_ <m, < /s —my
according to the probability

PamaA(my)

Js—m, dm,’
fm erNpAWlAA(WlA)2_7'[A

P(m,) = (40)

where

+mk— 232
pAZ\/(S mj —my) —

4s

is the A momentum in the C.M. frame of the collision. For the
cross section of the inverse reaction, it can be obtained from
the detailed balance condition as [50]

/ Ss—my ( ) ( ) Im
mA(m pilim)—,
ONN—>NA - 2

(41)

l mApf

o
NA—>NN = g pilm,)

with py = (5 — m3)"/? and

2 2)\2
pi(m):/w

- m2
4s

being respectively the final and initial momentum in the C.M.

frame of the collision, and g being the spin-isospin factor.

In the A decay process A — N + m, the same mass-
dependent width given in Eq. (39) is used, and the momenta
of the nucleon and the pion are sampled isotropically in the
C.M. frame of the A resonance. The isospin-averaged cross
section for the inverse reaction, i.e., 7 + N — A, is obtained
from the detailed balance condition, i.e.,

(42)

ONg—A =

3p%,
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with p., being the pion or nucleon momentum in their C.M.
frame, +/s being the nucleon-pion C.M. energy, and A(/s)
and I'(4/s) being, respectively, the Breit-Wigner distribution
[Eqg. (38)] and the width of A [Eq. (39)] with mass equal to
the C.M. energy. All channels mentioned above are isospin-
dependent and satisfy the detailed balance condition. For
the isospin-dependent A resonance production cross sections,
they are

OptpesAttdn = Un+ne>A*+p = ONN<NA
OptpessAt+p = OngneAO4n = GNN<—>NA/37
OntpesAt+n = OpyposAOyp = UNN<—>NA/3~ (43)

Similarly, the isospin-dependent A decay widths and the A
production cross sections from pion-nucleon scatterings are

FA++—>]7+7T+ = FA*—)n-HT* =T,
Optat—A+t = Oppp-——A- = SO’NT[*)A/Zs

T pt o pimd = Tposypmo = 2T'/3,

Optr0—sA+ = Opgr05A0 = ONg—A,

Tatngrt = Tavcppn =T/3,

Optmgt—sAt = Jp-H'r‘—)AO = UN”*)A/Z. (44)

In the present comparison study, the time step Af in the simu-
lation, which may affect the production of pion-like particles
as discussed in detail in Ref. [26], is given in Table II for
each code. Except for SMF, IQMD-BNU, and JAM, all codes use
At = 0.2 fm/c, as recommended in the homework descrip-
tion. SMF checked the convergence already at At = 0.5 fm/c.

In the Full-mode calculations, a momentum-independent
mean-field potential4 is included for nucleons, similar to that
in Ref. [24], i.e.,

y 1.1
Upjp = a(ﬁ> + ﬂ(ﬁ) + 2Sp0t(ﬁ> 5. (45)
£0 £0 £0

In the above, the + (—) sign is for neutrons (protons), p =
Pn + pp is the nucleon number density with p, (p,) being
the neutron (proton) number density, and & = (o, — p,)/p
is the isospin asymmetry. The parameters are chosen to be
o = —209.2 MeV, B =156.4 MeV, and y = 1.35, and the
potential part of the symmetry energy at saturation density is
set to be S, = 18 MeV. These parameters lead to the satura-
tion density py = 0.16 fm~3, the binding energy at saturation
density Ey = —16 MeV, the incompressibility of symmetric
nuclear matter Ky = 240 MeV, the symmetry energy at sat-
uration density ESOym = 30.3 MeV, and its slope parameter at
saturation density L = 84 MeV.

We used some simplifications in the treatment of the A
and 7 propagation and collisions to avoid complications in
comparing the codes, which, however, will be important in
realistic descriptions of experiments. Thus, pions and A res-
onances propagate as free particles which are not affected

# Although RVUU uses by default a covariant mean-field potential, it
adopts for the present study the prescribed nonrelativistic mean-field
potential.

by nuclear mean-field potentials but only by the Coulomb
force if included. This could not be easily implemented in
the pBUU code, which is constructed in such a way that it
necessarily uses both isoscalar and isovector potentials for
A resonances and the s-wave isovector potential for pions.
Therefore, the pBUU results for different pion charge states are
not comparable to those from the other codes.” In principle,
threshold shifts may occur due to different mean-field poten-
tials of initial- and final-state particles in inelastic collisions,
especially in the presence of an isospin- and/or momentum-
dependent mean-field potential, and here in addition due to
the neglect of potentials for A resonances and pions. In the
present study, threshold effects are required to be neglected
by all participating codes, which results in energy noncon-
servation in inelastic collisions. We note, however, that the
overall dynamics of the studied reaction is not much affected
by the neglect of this effect, since very few pion-like parti-
cles are produced at the collision energy considered here. A
more rigorous investigation on the energy conservation in the
production of pion-like particles with momentum-dependent
mean-field potentials is in progress [52].

IV. NUCLEON OBSERVABLES

We begin by showing results for nucleons to understand
the overall heavy-ion collision dynamics, which is expected
to affect the production of pion-like particles. Particularly, we
revisit the results on density evolution, stopping, and trans-
verse flow, as in Ref. [24]. The Coulomb interaction is turned
off in this section, so that we can have a clear view on the
effects of NN collisions and the strong mean-field force.

A. Density evolution

To have a global picture of the nucleon dynamics in heavy-
ion collisions, we first compare the density contours in the
x-0-z plane at different times from BUU and QMD models
for the typical Full-nopb mode. Results from averaging the
density evolutions of 1000 events are displayed in Fig. 2, with
the method of calculating the physical density as used in each
individual code, i.e., using the shape functions of the (test)
particles in that code. As mentioned above, atz = 0 fm/c, the
same centroid coordinates and momenta for initial nucleons
or TPs are used in all codes. For BUU models, it is seen that
IBUU, SMF, and pBUU give an initially more diffuse physical
density distribution than RvUU, which is due to the larger TP
size used in the former cases. QMD models using the same
width parameter Ax for the wave packets give the same initial
density distribution and also have similar density evolutions.

SWe still keep this code in this comparison since the results of
this well-established and extensively used code for the nucleonic
observables are of interest, where this difference is unimportant. We
also show the results of this code for the pionic observables since we
think that it is of interest how these observables are affected by the
potentials of pion-like particles. However, in the final evaluation of
the differences and convergence of the codes in Sec. VI, these results
are not included.
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FIG. 2. Contours of reduced densities p/py in the x-0-z plane at different indicated times in the Full-nopb mode.

At around ¢ = 20 fm/c QMD models overall lead to higher
densities than BUU models, except for ImQMD-L and TuQMD-L
which are more similar to BUU models due to the more exact
evaluation of the nonlinear term in the mean-field potential.
As mentioned in Ref. [24], one should also keep in mind that
in BUU models 100 or more parallel events give the same
smooth density evolution, while in QMD models the density
evolution fluctuates strongly on an event-by-event basis.

To have a more quantitative view of the evolution of the
collision, we show in Fig. 3 the average reduced density
0/ po (left column) and the neutron-proton density ratio o,/ 0p
(right column) in the central region (5x5x5 fm?® volume)
of 132Sn 4+ '2Sn collisions as a function of time from both
BUU and QMD models. We show the time evolutions of
physical densities in the upper panels of Fig. 3, and the time
evolutions of centroid densities, i.e., densities of centroid co-
ordinates of (test) particles, in the lower panels of Fig. 3. The
centroid coordinates are propagated in the simulations and
thus determine the evolution of the system, in particular the
elastic and inelastic collisions and the production of pions.
The physical densities are calculated from folding the centroid
densities with the shapes and sizes of the (test) particles, and
are used to calculate the mean-field potentials. Thus, starting
from the same distribution of centroid coordinates, nucleons
may evolve differently, mostly due to different calculations
of the mean-field potential. From the time evolution of the
centroid coordinates (lower-left panel of Fig. 3) it is seen that
the conventional QMD models with the common initializa-
tion and with the same width parameter have a very similar

evolution. The BUU models also have a similar evolution
among themselves, but lead to a lower maximum density
compared with conventional QMD models. This is mainly a
consequence of the approximate calculation of the nonlinear
component in the mean-field potential in conventional QMD
codes, which leads to weaker repulsive forces and thus to more
compression, as already shown in the box-Vlasov study [27].
This is supported by the observation that the lattice versions
of QMD, i.e., ImQMD-L and TuQMD-L, which calculate the
spatial average of the nonlinear term in the mean-field po-
tential accurately by numerical integration, lead to a similar
centroid density evolution as BUU models, but small differ-
ences remain because of the different TP shapes or sizes of
nucleons and intrinsic difference between BUU and QMD
models. BUU-type models also do not agree exactly due to
the use of different TP shapes or sizes and different treatments
of the collision term, e.g., in SMF. This is seen more clearly
in the physical densities in the upper-left panel of Fig. 3.
Generally they are lower than the centroid densities, because
of the smearing with the (test) particle shapes. The physical
and centroid densities are identical only for RvUU, which uses
point TPs, and this code has a higher physical density and thus
evolves differently from other BUU codes. The conventional
QMD codes all have the same physical densities, as expected.
The central physical densities rise to a maximum of about 1.7
to 2 times pg at about ¢+ = 25 fm/c and become very small at
about 70 fm/c, when this calculation stops.

The neutron-proton density ratio, or the asymmetry, is
shown in the right column of Fig. 3. It is very large

044609-13



JUN XU et dl. PHYSICAL REVIEW C 109, 044609 (2024)
T T T Ly r : 1.45
251 Full without PB - 1) 132g0412%4g, -
~-— 1QMD W physical density
20t : IQMD-BNU : 1140
/:‘\\ ------ IQMD-IMP |
o Y *,\ . TUQMD 5
g ] 135 =
a 3 3
1.0
11.30
05
0.0 @) 1 . : (b). | 1 . .
"% Evll withen ' —— 1.45
25¢ /%, Full without PB | 132G 41245
/ 1AM centroid density
200 / \ IQMD-BNU
N\ - IQMD-IMP
o |, —-- TuQMD
g 157 Y — - TuQMD-L
< ImQMD-L
1.0
05
0.0 . . - ' 1.25

0 20 40 60
t (fm/c)

t (fm/c)

FIG. 3. Time evolution of reduced densities p/p, (left) and asymmetries p,/p, (right) in the central region of a volume 5x5x5 fm?
in the Full-nopb mode. Upper panels are for physical densities calculated from finite-size (test) particles, while lower panels are for
centroid densities calculated from point (test) particles. Asymmetries are only plotted up to 40 fm/c, since beyond this they fluctuate

strongly.

initially when the neutron-rich surfaces start to overlap in
the center of the collision region. It then reaches a minimum
of about 1.3 at the time of maximum compression, which
is lower than the overall N/Z ratio of 1.56. This is because
the symmetry potential is repulsive for neutrons especially
at high densities, and expels pre-equilibrium neutrons from
the central region, lowering its asymmetry. The asymmetry
then rises slightly, but begins to fluctuate strongly due to
statistical fluctuations, since the density in the central region
becomes very low. Therefore we display the asymmetry for
times only up to 40 fm/c. The minimum of the centroid
asymmetries in Fig. 3(d) is deeper compared with that of the
physical asymmetries in Fig. 3(b) because of the smearing
by finite-size (test) particles, since the asymmetry is lowest
in the most compressed region and rises towards the surface.
The asymmetries generally behave rather similarly among all
codes up to the maximum compression stage. An exception
to this general behavior is RvUU, for which the centroid and
physical asymmetries are again identical. It gives a substan-
tially higher centroid asymmetry compared with other codes
at the maximum compression stage but comes closer to the
other codes for the physical asymmetries. This must be due
to a somewhat different evolution with respect to the other
BUU codes when using point TPs, as remarked above. The

asymmetry differs more strongly among codes than the densi-
ties and does not show a systematic difference between QMD
and BUU models. However, one should keep in mind that
the vertical scale is very much enlarged, particularly when
comparing it to the overall N/Z ratio 1.56. On this scale there
are differences, even within QMD models, e.g., IQMD-BNU
and ImQMD-L give slightly smaller asymmetries compared
with other QMD models. We also note here that the statistical
errors are relatively large for 1000 events.

Although the time evolution of the nucleon densities and
asymmetries is not directly observable, the differences seen in
Fig. 3 will have consequences for observables. Their effects
on nucleon final momentum distributions, like the stopping
and flow, will be discussed in the next section. As for pion
production, a higher central centroid density is expected to en-
hance N + N — N + A collisions and increase the pion mul-
tiplicity, and a larger centroid asymmetry in the high-density
phase would favor moren +n — p+ A~ thanp+p — n+
AT reactions and thus increase the 7~ /7 yield ratio.

B. Stopping and transverse flow

In this section we discuss the rapidity distribution (stop-
ping) and the transverse flow of nucleons. These two
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FIG. 4. Final nucleon rapidity distribution (left) and transverse flow (right) in the Cascade mode, without Pauli blocking (upper) and with

Pauli blocking (lower).

observables represent the measurable asymptotic momentum
distributions of nucleons in the z and x directions, respec-
tively. The comparison gives the observational consequences
of the differences in the evolution of nucleon distributions in
space and momentum, which may have some influence on ob-
servables related to pions. To disentangle contributions from
different transport ingredients, we discuss these observables
first without the mean-field potential (Cascade).

Figure 4 displays the final rapidity distribution of nucleon
multiplicities (left) and transverse flows (right) from the Cas-
cade mode without and with Pauli blocking, in the upper
and lower panels, respectively. With a common initialization
and without the mean-field potential, the stopping and the
transverse flow from different codes are very similar. At this
collision energy and without the mean-field potential, the
Pauli blocking is not very effective, and the results with Pauli
blocking only show a slightly weaker stopping and transverse
flow, compared with those without Pauli blocking. Although
Pauli blocking is implemented differently in different trans-
port models, the resulting differences in nucleon observables
are seen to be small in the Cascade mode. pBUU gives a
slightly stronger stopping and a larger transverse flow than
other codes especially in the case without Pauli blocking.

This may be due to the different (stochastic) treatment of the
collision probability of the A absorption reaction, for which
the parametrized cross section used here is singular at the
threshold. SMF shows weaker stopping, as seen in Fig. 4(a),
since it does not include inelastic channels, while this effect is
not very evident in Fig. 4(c) since the inelastic processes are
partly Pauli blocked.

Similar comparisons as in Fig. 4 are shown in Fig. 5 for
different scenarios with the inclusion of nucleon mean-field
potentials. The left and right columns again display the rapid-
ity distribution and transverse flow of nucleons, respectively.
The upper two rows show results from calculations without
Pauli blocking, where the top row gives results for BUU
models using different TP shapes and numbers, and the middle
row shows results for QMD models using different widths of
the wave packet and lattice implementations. The bottom row
shows results for all participant transport models in the Full
mode with Pauli blocking in their standard implementations
and with standard parameters.

In the upper panels of Fig. 5, results from IBUU, pBUU, and
SMF using the lattice Hamiltonian framework, and RvUU using
point TPs, are compared. Results from IBUU are shown for
three different calculations, using the lattice version (IBUU)
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FIG. 5. Final nucleon rapidity and transverse flow distributions as in Fig. 4 but in the Full mode, in the top and middle rows without Pauli
blocking, and in the bottom row with Pauli blocking. The top row shows results for BUU models using different TP shapes and numbers, the
middle row shows results for QMD models with different widths of the wave packet, and the bottom row shows results for all codes in their
standard implementations and with standard parameters.

with 100 and 1000 TPs, where the shape of TPs is given by the calculation of the mean-field potential are sufficient for
Eq. (14), and using the original version (IBUU-0) with 1000 both the stopping and flow. Comparing the top-left and -right
TPs, where each nucleon contributes to the density in local panels of Fig. 5, it is seen that the TP shape or size does
and neighboring cells of the volume 1 fm>. IBUU-O thus has not affect much the stopping in BUU models but affects the
effectively a smaller (larger) TP size than IBUU (RVUU). The nucleon transverse flow, making it weaker when the TP size
comparison of the lattice versions shows that 100 TPs in becomes larger (see the decreasing flows from RVUU to IBUU-O
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and to IBUU with the increasing size of the TPs). This is un-
derstandable since a smaller TP size leads to a sharper density
distribution near the surface of the compressed matter, as seen
in Ref. [27], which thus results in a stronger density gradient.
For SMF, although the mean-field calculation is expected to
be the same as the lattice version of IBUU, it gives a weaker
stopping and transverse flow, due to the absence of inelastic
channels and the treatment of the collision integral with the
mean-free path method in parallel ensemble (see Sec. IIE).

For the results from QMD models in the middle row,
the choice of an identical initialization and the same width
Ax = 1.41 fm of the wave packets gives very similar results.
A calculation of TuQMD using Ax = 1.04 fm leads to stronger
fluctuations and thus more dissipation and, consequently, a
stronger stopping, and to a larger density gradient and thus
a stronger transverse flow, similar to the TP-size effect in
BUU models. The more accurate calculations of the nonlinear
repulsive term in the lattice versions of QMD, i.e., InQMD-L
and TuQMD-L, lead only to a slight increase in stopping and
flow compared with the traditional method, although it has
significant effects on the density evolution, as shown in Figs. 2
and 3. Compared with TuQMD-L, a slightly weaker stopping
from ImQMD-L may again be due to the absence of inelastic
channels.

Results from Full-mode calculations with Pauli blocking
for both BUU and QMD models using the standard choices
of (test) particle shapes and the calculation method for the
mean-field potential (see Table II) are displayed in the bot-
tom panels of Fig. 5. Comparing BUU and QMD models, a
substantially stronger flow is seen for BUU. This is consistent
with the observation in Fig. 3 that BUU models lead to a lower
density as a result of the stronger repulsion of the accurately
calculated nonlinear force. This difference is further enhanced
by the use of an effectively larger particle size in QMD,
which reduces the gradients of the mean-field potential. The
differences within BUU models also follow from the same
connection that a smaller TP size leads to a stronger force
and thus to a stronger stopping and flow. Using the point TP,
RVUU has the largest flow and a large stopping. The difference
among BUU models is larger than that in Fig. 5(b), indicating
the effect from different Pauli blocking prescriptions. Among
the BUU models, pBUU has a small flow and weak stopping
as a result of its particularly effective Pauli blocking which
reduces the number of successful NN collisions, while SMF
has a weaker stopping again due to its special treatment of
collisions. QMD models in the standard versions agree well
among themselves for the transverse flow and a little less well
for the stopping. Here, differences due to different strategies
in treating the Pauli blocking are seen, in particular, the use of
a surface correction in the Pauli blocking by TuQMD and IQMD.
Compared with TuQMD, a stronger stopping and a similar
transverse flow are seen for TUQMD-L.

Summarizing this section, we compared the properties of
nucleonic matter in '*2Sn 4 12*Sn collisions at 2704 MeV to
check to what extent the codes describe a common evolution
of the reaction as a whole. The finding from Fig. 3 for nonob-
servables, i.e., the density and asymmetry evolution, and from
Fig. 5 for observables, i.e., the stopping and flow, is that the
evolution is not identical in spite of a common initialization

and common physics setups. We are able to trace the origins of
essentially all these discrepancies. First, there is a systematic
difference between BUU and QMD models, which is due to
the approximate evaluation of the nonlinear potential term in
the conventional QMD strategy. Thus, these QMD models
effectively use a different, and actually, a weaker repulsive
term of the interaction than BUU models. We see that this
can be avoided by using a more elaborate lattice formulation
for QMD. The larger fluctuations in QMD models, previously
found from the box studies [25], are expected to lead to
weaker Pauli blockings relative to BUU models. Differences
in the Pauli blocking effect are seen within BUU models
depending on the strategy used in its implementation (see,
e.g., pBUU), and also within QMD models depending on, e.g.,
whether a surface correction is implemented (see IQMD and
TuQMD). Thus, the differences in the evolution of a heavy-ion
collision can, in principle, be understood. They could be, in
principle, better controlled, but, as discussed in the introduc-
tion, constructing a unified code is not the aim here. The basic
difference between BUU and QMD codes in treating fluctua-
tions does not seem to affect the results in the present reaction
by much. Since pion production in heavy-ion collisions is
sensitive to the evolution of the nucleonic matter through the
reached densities and asymmetries, and consequently to the
rate of isospin-dependent NN collisions, we have to expect
also differences in pion observables. This will be seen in the
next section.

V. PION PRODUCTION

With the nucleon dynamics in Sn + Sn collisions at the
incident energy 270A MeV investigated in the previous sec-
tion, in this section we compare in detail the results on pion
production from different codes and try to understand the
differences. Specifically, we compare the rate of inelastic col-
lisions related to pion production, the pion multiplicity, and
the 7~/ yield ratio. We focus on the model dependence
caused by different implementations of the Pauli blocking
and the Coulomb potential. Our discussions are mostly on
the heavier '*2Sn + '*Sn system, and we only use the results
from '2Sn + 198Sn system to study the relevant double ratios
from two different collision systems.

A. Collision rate and Pauli blocking

Figure 6 shows the inelastic NN — N A collision rates for
the Cascade mode in the upper part [Figs. 6(a)-6(d)] and for
the Full mode in the lower part [Figs. 6(e)-6(h)]. We note
that the scales for rates are different between those from the
Cascade-mode and Full-mode calculations. The rates in the
Full-mode calculation are generally higher because of the
higher densities reached in the presence of the mean-field
potential. They are shown as functions of time or C.M. en-
ergy /s in the right and left columns, respectively, for each
case. The upper row of panels in Fig. 6 shows by thin lines
the collision rates for the attempted collisions, i.e., without
considering the Pauli blocking in the final state, and by thick
lines for the successful collisions, with different colors and
types for the different codes as given in the legend. The lower
row of panels in Fig. 6 gives the net A production rates

044609-17



JUN XU et al. PHYSICAL REVIEW C 109, 044609 (2024)
0.8 T T T T T T 80
(@) Cascade (0) . 132 124
Sn+“'Sn
N+N—>N+A a
—~06F 1a) L thick lines: 160 =
é IBUU . successful collisions 8
S 2 - _‘I)R?/LLJJLL'J -\ thinlines: S
504t \";l —— 1QMD 1L ’/ \\ attempted collisions | 40 &
5 i IQMD-BNU / '\ ®
pd | R— IQMD-IMP ! ¥ 2
T 0.2 ‘\ JAM 1 F ,’ \ 420 .
W --- TuamD ]
N
0.0 I ha L ! L I 0
0 20 40 60 2.0 21 2.2 2.3 2.4
t (fim/c) Vs (GeV)
= Z
c S ; ; . 3 . . . 15.Z,
S 0 25 ) Cascade & P2gn+ign | = F
= g
_o ~
= 10 %
% _ 041 @
23
Z o Q.
Z Z
© 58 %2
L 0.0 = %
7 5
z
1 =01} 0 &
Z O —_
Z . L L . L L @
© 0 20 40 60 20 2.1 2.2 2.3 24 2
t (fm/c) s (GeV) =
1.5 T T T T T 150
(e) A Full () 132G 4 124G,
A N+N—oN+A
2y {1 17 thick lines: 1120 %
£ !"* IBUU {0 successful collisions ]
S 09 P H % thin lines: 90 =
o BIr 1Ay - - -pBUU 17 ! ] a
= lf \‘ - RVUU A ‘\attempted collisions ﬁ
o H i ey g
Ts06F AL - lavb 1t 160 ©
a i IQMD-BNU o)
< § <
5 L e IQMD-IMP 1A
0.3F R TuQMD 1r ) 4130 —
0.0 : B 0
2.2 2.3 24
Vs (GeV)
Q
E : : 2055
132, 124, =
g 0.2 Sn+“'Sn %
§ 115 o
z @
T _ 0.1 10 !
23
Z 0 Q.
Z OZ
© 5 <3 E
r 0.0 {
5 z
= o &
2 =-01 o1
Z o [
pd . . . . . . 5 @
) 20 40 60 20 21 22 23 24 &
t (fm/c) s (GeV) =

FIG. 6. Successful and attempted rate of NN — N A reactions and the net A production rate as a function of time and C.M. energy in the

Cascade [(a)—(d)] and Full [(e)—(h)] mode with Pauli blocking.

in the NN <> NA channel, i.e., the difference between the
production of A particles and the inverse absorption reaction,
again as functions of time or C.M. energy. We note that the
attempted inelastic collision rates (thin lines in the upper pan-
els) should be roughly proportional to the attempted elastic

NN — NN collision rates with the ratio similar to the total
inelastic to elastic cross sections, especially when considered
as a function of /s, since the multiplicities of A particles
and pions are small at this energy and they do not influence
significantly the nucleonic evolution. As nonobservables,
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FIG. 7. C.M. energy dependence of net A production at different time slots in the Cascade (left) and Full (right) mode for IBUU, pBUU,
IQMD, and IQMD-BNU. The net production summed over time is shown as a solid line.

these collision rates also characterize the nucleonic evolu-
tion of the heavy-ion simulation, similarly as the density and
asymmetry evolution in the last section.

Let us first discuss the results of the Cascade-mode cal-
culation in Figs. 6(a) and 6(b). The attempted NN — NA
collision rates (thin lines), and thus also indicative of the
attempted elastic NN collision rates, generally agree well
among the codes, as should be expected with an identical
initialization and using the same inelastic cross sections (ex-
ceptions are the pBUU and IQMD-BNU codes, see below). As a
function of time, the rates peak around the time of maximum
overlap. As a function of C.M. energy, the peak is at an energy
higher energy than the C.M. energy of the initial boosted
nucleon pair of about 2.01 GeV due to the Fermi motion. The
low rate from pBUU could be due to the stochastic method
used for calculating the collision probability. The successful
collisions (thick lines) show some small differences, which
should be due to the treatment of the Pauli blocking on the
nucleons in the final state of the NN — N A reactions, and
the exceptions are still ppUU and IQMD-BNU, which already
give lower attempted collision rates.

Figures 6(c) and 6(d) show the net A production rates
for the Cascade mode as functions of time and C.M. energy,
i.e., the difference between the A production rates shown in
Figs. 6(a) and 6(b) and corresponding rates for the inverse re-
action. The time dependence is very similar among the codes,
showing net A production at early times, and net A absorption
at later times in the decompression phase, as expected. A
similar behavior is also seen for pBUU which gives a lower
successful inelastic collision rate, indicating that the absolute
scale in A production largely cancels in its net production. The
energy distribution has a more complex behavior, consisting
of two components at energies lower and higher than the peak
energy of the total NN — N A collision rates in Fig. 6(b).

It may be worthwhile to investigate the above behavior in
more detail, since different codes show large differences. This
is done in Fig. 7, where the energy distributions of the net A
production rates are shown in different time slots of length 5
fm/c and for the initial and final times for four selected codes
of IBUU, pBUU, IQMD, and IQMD-BNU, for the Cascade mode
in the left window of Fig. 7 and the Full mode in the right
window of Fig. 7. The distributions of the net production rates
summed over the time slots are shown for each code as dashed
lines, which are the same as those shown in Figs. 6(d) and
6(h) for the respective codes. We first discuss these time-slot
plots for IBUU in the Cascade mode in Fig. 7(a). It is seen
that at early times A resonances are produced at higher C.M.
collision energies centering at /s = 2.105 GeV, which reach
the highest rate at 10-15 fm/c and then start to decrease.
These are first-chance inelastic NN collisions which produce
high-energy and massive A resonances. At later times, these
A particles are destroyed to a considerable amount by the
inverse NA — NN reactions. In the time interval around 20
fm/c which is the time of maximum overlap, a second peak
starts to appear at a lower collision energy of about /s = 2.05
GeV. These collisions have to be interpreted as inelastic NN
collisions in the dense compression zone among NN pairs
that have already lost some of their energy in previous elastic
or inelastic collisions. One could call this the second-chance
A production. These A resonances are mostly not destroyed
by NA — NN reactions, since there are almost no negative
values for the net A production in this energy region at later
times, showing that they decay preferentially viathe A — Nz
channel. Summing the net A production over time then results
in two peaks of about equal height for IBUU. The behaviors of
the two QMD codes in Figs. 7(c) and 7(d) show a roughly
similar patten, except that the second-chance peak is more
pronounced for IQMD. pBUU in the Cascade mode has a rather
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different behavior, in that the second-chance peak does not ap-
pear. This could indicate that the Pauli blocking in pBUU is so
strong that it has blocked most secondary inelastic collisions.

We now return to Fig. 6 for the collision rates from the
Full-mode calculation including the mean-field potential in
Figs. 6(e) and 6(f). Now the rates peak at the time of maximum
compression (see Fig. 3), while the peak in energy is the same
as that from the Cascade-mode calculation. It is seen that the
attempted collision rates (thin lines) in this case already show
larger differences among the codes, which, according to the
above argument, also indicates different attempted elastic NN
collision rates. In fact, there is a strong correlation between the
centroid density evolution in Fig. 3(c) and the attempted col-
lision rates. The QMD models, which reach higher densities
for the reasons discussed there, also have higher NN collision
rates (IQMD-BNU is again somewhat an exception), while the
BUU models with lower densities have lower rates. One sees
that results from IBUU and RVUU agree rather well, while ppUU
has a considerably larger attempted NN — NA rate. This
is opposite to the behavior in the Cascade mode, and could
be again due to the stochastic method used in pBUU, which
may have a different influence in the Full-mode calculation,
where the density dissolves in a slower pace compared with
that in the Cascade-mode calculation. The successful collision
rates (thick lines) follow largely the behavior of the attempted
collision rates with some variations, indicating differences in
the Pauli blocking effect. Compared with the QMD mod-
els, the BUU models again have lower successful collision
rates, and agree with each other fairly well in the present
case.

The net A production rates in the Full-mode calculation are
shown in Figs. 6(g) and 6(h). The time behavior in Fig. 6(g)
is more similar among the QMD and BUU models than
the forward reaction rates in Fig. 6(e), showing again some
cancellation between the forward and backward reactions.
However, differences among the codes remain. The QMD
models generally show a systematically higher net production
and absorption rates, especially in the late absorption phase.
On the other hand, the BUU models are close together. The
energy distribution of the net A production rate in Fig. 6(h)
again shows the two components as in the Cascade-mode
calculation [Fig. 6(d)], but now the low-energy component is
more enhanced by all codes. Thus the inclusion of a mean-
field potential affects the two components differently.

For a more detailed understanding of these energy distri-
butions in the Full mode, we again go to Fig. 7 and examine
Figs. 7(e)-7(h). We first discuss again IBUU in Fig. 7(e). The
first-chance production of A resonances is reduced, since the
repulsive mean-field potential at high densities suppresses
the production of high-energy A particles. Also, the pro-
duced high-energy A particles are destroyed to a greater
degree at later times because of the higher density, such
that the summed contribution of the high-energy peak is re-
duced relative to the situation in the Cascade mode. On the
other hand, the mean-field potential keeps the system together
longer and thus enhances the second-chance A production,
compared with the Cascade-mode calculation. Thus in the
summed net production rate, the low-energy peak is enhanced
and the high-energy peak is reduced relative to the results

from the Cascade mode. This is similar or even enhanced
for the two QMD codes, where the density is higher and the
second-chance production is enhanced, while at the same time
the destruction of high-energy A particles is stronger. For
IQMD (and similarly for TuQMD not shown here), the surface
correction to the Pauli blocking suppresses even more the first-
chance production and results in a negative total balance (solid
line) for this component. For pBUU one now also observes a
similar second-chance component as in other codes, which is
consistent with the more convergent behavior of pBUU for the
Full-mode calculation in Fig. 6. Here also the high-energy A
resonances are completely destroyed, and the negative tail in
the C.M. energy dependence of net production reaches out
to higher energies than that in other codes, indicating that
some A particles are accelerated during their evolution in the
expanding nuclear matter, due to the A potential incorporated
only in pBUU.

In Fig. 8 we compare Pauli blocking factors, i.e., the ratio
of blocked to attempted collision processes, as a function of
C.M. energy from Cascade- and Full-mode calculations. The
scales are different between the two modes, since the blocking
is generally weaker in the Cascade mode. The range of C.M.
energies has been slightly reduced compared with the previous
figures to avoid plotting large fluctuations where the rates are
very low. The left window [Figs. 8(a)-8(d)] shows the Pauli
blocking factors for the NN — N A reaction and its inverse
reaction averaged over the isospin states. Generally, the factor
is larger at lower C.M. energies, where the phase space is more
densely populated, especially around the maximum compres-
sion stage. In the NN — N A reaction, systematically larger
Pauli blocking factors in BUU models than in QMD models
are observed in the Cascade mode, as a result of the smaller
fluctuations in the occupation probability from BUU models
than QMD models, similar to what we have already observed
in the box-Cascade study [25]. With the local phase-space
distribution fitted with a superpositions of two Fermi-Dirac
distributions, pBUU shows the highest Pauli blocking factor in
the Cascade mode, while IQMD and TuQMD with the surface
correction to the Pauli blocking give very high Pauli blocking
factors in the Full-mode calculation, although the surface cor-
rection in these two codes is not active in the Cascade mode.
RVUU using 1000 TPs suffers less from the fluctuation effect
in the calculation of the occupation probability, and thus has
a stronger Pauli blocking than IBUU using 100 TPs, and the
reason has also been discussed in Ref. [25]. On the other hand,
the overall Pauli blocking factor in the NA — NN reaction is
smaller, and the agreement among the codes is better. This is
understandable since nucleons in the final state of NA — NN
are more energetic compared with those in the final state of
NN — NA, leading to a phase space that is not as dense
and thus has a weaker Pauli blocking effect. Since the net A
production rate is exactly equal to the pion production rate, the
total pion multiplicity is mostly sensitive to the Pauli blocking
factor in the NN — N A reaction and thus depends strongly
on how the Pauli blocking is implemented in a code for this
reaction channel.

We further investigate the effect of the isospin-dependent
Pauli blocking in the NN <> N A reaction. The right panels of
Fig. 8 compare the Pauli blocking factors in the two typical
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energy in the Cascade [(e), (g)] and Full [(f), (h)] mode.

production channels of A~ and A*™", ie., nn — pA~ and
pp — nA1T in both Cascade and Full modes. The blocking
factors for the isospin-dependent reactions generally follow
the behavior of the isospin-average blocking factors, shown in
the left window of the figure. However, there are interesting
isospin-dependent effects. A stronger Pauli blocking is ob-
served in the pp — nA™™ reaction than in the nn — pA~
reaction, especially at lower C.M. energies. This is due to
the larger neutron occupation probability in the neutron-rich
system, especially in the high-density phase where A reso-
nances are mostly produced. Since the Pauli blocking factors
generally agree among the codes in the inverse reaction, i.e.,
NA — NN, the discrepancies of the calculated Pauli block-
ings in the pp — nA*" and the nn — pA~ reactions are
responsible for those in the final 7~ /7 * yield ratio, as A~
(A1) eventually decays into 7~ (7 ™).

In Fig. 9 we provide information about the A — Nm decay
for the Cascade mode on the left and the Full mode on the
right panels of Fig. 9. The decay rates are shown in the upper
panels, where again thin lines represent the attempted and
thick lines the successful decay rates as a function of the
C.M. energy, and the corresponding Pauli blocking factors are
given in the lower panels of Fig. 9. Here we only show the
C.M. energy dependence of the rates and blocking factors as
in Fig. 8. The blocking factors numerically fluctuate strongly
at threshold and are therefore only shown from slightly above
threshold. The decay rates as a function of C.M. energy are
determined by the A mass distributions at the time of their de-
cay. The peak is somewhat below the pole mass of the spectral
function [Eq. (38)], since the A mass is sampled according to
Eq. (40) within my +m_ < m, < /s — my, and the limit of
/s shifts the A mass distribution to the lower side. The time
dependence of the A decay (not shown here) peaks somewhat

after the time of the maximum A production rate as shown
in Fig. 6 because of the finite lifetime of A resonances. This
delay effect is stronger in the Full-mode calculation, since the
lifetime is effectively increased because of the stronger Pauli
blocking, as is seen in the lower panels. The higher decay rates
in most QMD models are due to the larger multiplicity of A
resonances produced in the NN — N A reactions, as a result
of the higher density reached in QMD models compared with
BUU models. Generally, the behavior of the decay rates is
similar to that of the A production rates in Fig. 6(f). However,
the detailed relation depends on the strategy and collision
sequence used in treating inelastic collisions and A decays
in the collision term, as was analyzed in detail in a box
calculation in Ref. [26] for the case without Pauli blocking. In
the Cascade-mode calculation [Fig. 9(a)], the QMD and BUU
models are close together, and the particularly low rate for
PBUU as in Fig. 6(b) is not seen. In the Full-mode calculation,
the behavior shows larger differences among the codes, simi-
lar to the A production rates for the same scenario in Fig. 6.
The blocking factors are generally higher for the A decay
than for the A destruction reaction, i.e., NA — NN, since the
pion takes part of the energy and the nucleon thus has a lower
energy and is more blocked. The Pauli blocking effect in the
A decay is small in the Cascade-mode calculation because
of the lower density reached, but significant in the Full-mode
calculation, where it is seen that about 15%-30% of the
A decays in the maximum compression stage can be Pauli
blocked. Here, ppUU and the QMD codes with surface cor-
rection in the Pauli blocking again have the highest blocking
factors.

Considering the isospin-dependence of the Pauli blocking,
neutrons in the A~ — nm~ decays are more blocked than
protons in ATt — pr*. Therefore, the lifetime of A~ is
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FIG. 9. (upper) Successful and attempted rates of A — Nm decays as a function of C.M. energy in the Cascade (left) and Full (right)
mode. (lower) Pauli blocking factor for A — N decays as a function of C.M. energy in the Cascade (left) and Full (right) mode.

increased compared with A™ in neutron-rich matter. In the
present study, we have not considered a calculation mode with
Pauli blockings only in the NA <> NN reaction and without
Pauli blocking in the A — Nm channel. A test study of this
case using IBUU shows that the Pauli blocking effect in the
A — N reaction on the total pion yield is comparable to that
in the NA <> NN channel, while the isospin-dependent Pauli
blocking effect on the 7~ /7 yield ratio mostly comes from
the NA <> NN reaction rather than the A — N channel. For
more details on the Pauli blocking effect of the A decay on the
7~ /™ yield ratio, we refer the reader to Ref. [81].

Taking another look at Figs. 6, 8, and 9, one sees that the
collision rates are generally higher in the Full mode compared
with the Cascade mode, due to the higher density reached in
the Full-mode calculation. However, the discrepancies among
codes are also larger in the Full-mode calculation compared
with those from the Cascade-mode calculation. We can ex-
plain these in most cases as due to different calculations of the
mean-field potential and different strategies in implementing
the Pauli blocking. However, as a consequence we have to
expect similar differences in the pion observables, to be shown
in the next section.

B. Pion multiplicity

In this section we compare the pion multiplicities and
study the role of the Coulomb force on pion observables.
Figure 10 shows the time evolution of the multiplicities of
pion-like particles, i.e., the different charge states of pions and
A resonances, from different codes for all simulation modes.
The results for Cascade calculations without and with Pauli
blocking are shown in the two top rows of Fig. 10, and corre-
spondingly for the Full calculations in the two bottom rows of
Fig. 10. Calculations without the Coulomb force are shown
as solid lines, and those with Coulomb as dashed curves.
Generally, for all codes and for all modes, the multiplicities
of A resonances reach a maximum around the maximum
compression stage of heavy-ion collisions, and those of pi-
ons continue to increase due to successive A decays as the
compressed nuclear matter expands. There are almost no A
resonances at ¢ = 70 fm/c when the calculation ends, except
for IQMD-IMP. The multiplicity of different charge states de-
creases from negative to positive values of their charges for
both A resonances and pions, since the system is neutron-rich.
Considerable differences are seen among the codes, even in
the simplest case of the Cascade mode without Pauli blocking.
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FIG. 10. Time evolution of the multiplicities of pion-like particles in different scenarios (see legend and text).

This mode is comparable to but still different from the box
calculation of Ref. [26], where the codes agreed much bet-
ter. This is understandable, since the abundance of pion-like
particles does not change after reaching chemical equilib-
rium in the box calculation [26], while it undergoes further
evolution in heavy-ion collisions in the expansion stage. The
effect of turning on the Coulomb force is qualitatively similar
for each code. Due to its repulsive nature in the globally
positively charged system, the Coulomb force reduces the
density and also the total yield of pions. The Coulomb force
also pushes protons outward and thus the high-density region
becomes more neutron rich. The change of the multiplicity of
7~ due to the Coulomb force is a competition between two
effects, and the balance is different in the Cascade and the
Full calculation, respectively: the Coulomb force increases the
7~ multiplicity in the Cascade calculation mostly due to the
more neutron-rich high-density region, and it reduces the 7~
multiplicity in the Full calculation mostly due to the overall
lower density, compared with the case without the Coulomb
force.

For a more quantitative view, the total pion multiplicities
are compared in Fig. 11, by summing over all charge states
and by enforcing the decay of all remaining A resonances at
the final time of the calculation, in Fig. 11(a) for Cascade and
in Fig. 11(b) for Full calculations. The symbol types are the
same in both Figs. 11(a) and 11(b): open and closed symbols
are used for calculations without and with Pauli blocking,
respectively, and black squares and red circles show the re-
sults of the calculations without and with the Coulomb force,
respectively. Figure 11(b) shows symbols for some variants
in some of the codes, which are explained below. We first
discuss the Coulomb effects for total pion multiplicities, i.e.,
compare the black and red symbols of the same type. Gener-
ally, these effects are small in the Cascade calculations, and
are a bit larger in the Full calculations, since the mean-field
potential leads to an overall higher density in the simulations.
Systematic differences due to the different ways of calculating
the Coulomb potential, as explained in Sec. I C, are not very
evident. In the Full calculations, the Coulomb effects are
smaller for IBUU and RVUU, which use a cutoff distance in
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the calculation of the Coulomb force between point charged
particles, and larger for most QMD models, which avoid sin-
gularities by a smearing of the particle charges from the finite
width of the wave packets. The Coulomb effect is particularly
small for pBUU which solves the Poisson equation. A lattice
Hamiltonian method in IBUU (coul-LH) does not lead to a big
difference relative to the standard cutoff method used in this
code.

We now discuss the differences in the total pion yields
from different codes and the effect of the Pauli blocking on
the pion multiplicities, i.e., difference between the closed and
open symbols of the same type in Fig. 11. For the Cascade
calculation, the total pion yields are reasonably similar among
the codes, since the densities without the mean-field potential
are also similar. IBUU, pBUU, IQMD-BNU, and TuQMD give
slightly larger pion multiplicities at the final stage, which is
consistent with the results in Ref. [26] where these codes
also predicted larger pion multiplicities especially with a finite
time step. This has been understood as due to the way the
sequence of NN <> NA and A < N reactions is treated in
each time step by different codes. The high pion yield from
IQMD-IMP can be related to the already high total yield of
pions and A resonances in the box-pion study [26]. With
Pauli blocking for nucleons (full symbols), the final pion
multiplicity is suppressed, since the Pauli blocking suppresses
more NN — NA than NA — NN. Therefore, one expects
that the pion multiplicity should decrease with the increasing
Pauli blocking factor, and vice versa, i.e., the pion multi-
plicities should reflect the behavior of the blocking factors,
which were shown in Fig. 8. While this is generally true,
especially for pBUU in which the pion multiplicity is more
strongly suppressed by the Pauli blocking, this similarity is
weakened by the discrepancies in the attempted collision rate
shown in Fig. 6, which did not similarly exist in Ref. [26]. The
slightly larger pion multiplicities due to the sequence effect
in IBUU, IQMD-BNU, IQMD-IMP, and TuQMD remain also with
Pauli blocking.

With the inclusion of the mean-field potential, QMD mod-
els generally lead to a higher density during the maximum
compression stage compared with BUU models. As a result,
a larger multiplicity of A resonances around the maximum

compression stage in heavy-ion collisions (Fig. 10) and also a
larger total multiplicity of pions at the final stage are produced
in QMD models [Fig. 11(b)]. In Fig. 11(b) we also show
the results for TuQMD-L with its more accurate calculation
of the nonlinear term leading to a lower density in Fig. 3.
Consistent with this, it gives a lower pion multiplicity than
the conventional TuQMD, although not as low as the one for
the BUU models. Besides this large separation between the
BUU models and the QMD models for the Full modes, we
see in Fig. 11 that the relative differences among the codes in
the Cascade-mode calculation of the pion multiplicity remain
in the Full-mode calculation, particularly with the inclusion
of Pauli blocking. pBUU shows a strong suppression due to its
more effective Pauli blocking. We show the result of a separate
calculation, labeled “tradPB”, where the traditional method
for implementing the Pauli blocking by calculating the final-
state occupation probabilities is used. The Pauli blocking from
this method is less effective, leading to an increased pion
multiplicity, with the magnitude similar to that in IBUU and
RVUU. In IQMD and TuQMD, the surface correction to the
Pauli blocking discussed in relation to Figs. 6 and 8 leads
to a strong suppression of the pion multiplicity, such that the
pion yields of these two codes are comparable to those from
BUU models. It appears that the surface correction in QMD
models compensates the coarser representation of the phase
space relative to BUU models. Here we show the results of
separate calculations for TuQMD without a surface correction
labeled “PB without surface”, and these calculations lead to a
considerably increased pion multiplicity, with the magnitude
comparable to that in other QMD models.

In Fig. 12, we display the pion kinetic spectra from the
Full-mode calculation with Pauli blocking, separately for 7w~
and w*. The spectra have a plateau at low energies and
an exponential tail at higher energies. Thus the total pion
multiplicities are dominated by low-energy pions. For the
neutron-rich collision system, the 7 ~ are naturally more abun-
dant. It is interesting to see that the Coulomb potential has
a strong effect on the kinetic spectra of 7~ and 7+. Due to
the attractive (repulsive) potential from the Coulomb force
on = ("), they are pulled into (pushed out of) the low-
energy region, and their kinetic-energy spectrum is softened
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FIG. 12. Pion kinetic spectra in the Full modes with Pauli blocking.

(stiffened). In pBUU the separation between the 7~ and 7
energy spectra is larger than that in other codes, due to the
s-wave isovector potentials for pions. For IBUU we show sep-
arately the result from the lattice version of the Coulomb
potential (cou-LH, dotted lines), which gives similar total pion
yields as the default cutoff method in Fig. 11, but is seen here
to reduce the Coulomb effect on the kinetic energy spectra of
different pion charge states.

C. n~/n* yield ratio

The final 7~/ yield ratios from different simulation
modes for all participant codes are compared in Fig. 13,
where the symbols have the same meaning as in Fig. 11 for
the total pion multiplicities. As in Fig. 11, all remaining A
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resonances are forced to decay at the final time. We first
discuss the ratios in the Cascade mode in Fig. 13(a). The small
differences in the 7~ /7™ yield ratio in the Cascade mode
without Pauli blocking and Coulomb potential (open black
symbols) are consistent with those seen in the corresponding
box calculation in Ref. [26]. Including the Coulomb potential
increases the ratios strongly, since, as discussed above, the
Coulomb force pushes out the protons and makes the high-
density region more neutron-rich. This is also seen in Fig. 12
from the behavior of the low-energy pions, which dominate
the total pion yields. Regarding IBUU and RVUU, it is seen
that a larger cutoff distance r. in IBUU and a small cutoff
distance together with mixing events in RVUU (see Table II)
lead to similar Coulomb effects. For IBUU, we note that the
7~ /™" yield ratio changes from 3.09 & 0.02 to 2.84 & 0.02
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FIG. 13. 7~ /7" yield ratios in different scenarios (see legend and text).
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when . changes from 0.1 to 2 fm, compared with 2.89 + 0.02
from the default r. = 1 fm. The Coulomb effect is smaller in
PBUU using a Poisson approach, as was also seen in Fig. 11.
Except for JaMm, all QMD models incorporate the Coulomb
potential in the standard way (see Table II), and they give
similar 77~ /7 yield ratios. With the use of a width param-
eter of Ax = 1.41 fm, they have similar Coulomb effects as
IBUU and RVUU with their default cutoff parameters. With
isospin-dependent Pauli blocking included for nucleons (solid
symbols), the 7~ /7t yield ratios are significantly increased,
consistent with the discussions regarding Figs. 8(e)-8(h), that
the pp — nA*™" reaction, which leads to 7+ production, is
more blocked than the nn — pA~ reaction, which leads to
m~ production. We note that generally one expects an anti-
correlation between the pion yield and the charged-pion yield
ratio, since with larger pion yields, differences between the
charge states become less important. BUU models with a
stronger Pauli blocking generally give a larger 7~ /7" yield
ratio compared with QMD models, and this is particularly true
for pBUU with a more effective Pauli blocking. With Pauli
blocking included, turning on the Coulomb potential leads to a
similar increase of the 7~ /7 yield ratio. As a whole, the pion
ratios are rather consistent among all models in the Cascade
mode, with the exception of pBUU which has a rather small
Coulomb effect with and without Pauli blocking.

Differences in the 7~ /7" yield ratio among models be-
come larger after the inclusion of mean-field potentials, as
seen in Fig. 13(b). A systematically larger 7~ /7" yield ratio
is seen for BUU models compared with QMD models, already
in the Full-nopb mode and more pronounced with Pauli block-
ing included. This is related to the lower total pion multiplicity
in BUU models compared with QMD models, as a result of
lower densities reached in BUU models. For QMD models,
the 7w~ /7" yield ratios are similar among codes that use the
traditional method for the mean-field calculation. We show
again a lattice calculation with TuQMD as in Fig. 11, which
gives a larger 7~ /7t yield ratio compared with other QMD
models, related to the smaller total pion yield, as shown in
Fig. 11.% Generally, the 7~ /7 * yield ratios are increased after
incorporating the Coulomb potential. With the inclusion of
the isospin-dependent Pauli blocking, the 77~ /7T yield ratios
are further increased, especially in pBUU among BUU models
and in IQMD and TuQMD among QMD models. The higher
7~ /™" yield ratios for TuQMD and IQMD are due to the use
of the surface correction to the Pauli blocking, which reduces
the pion yields as was seen in Fig. 11 and thus increases
the w~/m* yield ratios, making them comparable to those
from the IBUU and RVUU codes. We also show the results of
TuQMD calculations without the surface correction (PB with-
out surface) which have larger pion multiplicities (Fig. 11)
and consequently smaller 7~ /7t yield ratios. Compared with
the traditional TuQMD, the reduction of the 7~/ yield ratio
without the surface correction for the Pauli blocking is partic-
ularly strong in the TuQMD-L calculation, probably due to the

%The TuQMD-L results show a larger error bar of about 6% com-
pared with others since these were obtained from a time-consuming
calculation with a considerably smaller number of events.
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FIG. 14. Correlation between the 7~ /m* yield ratio and the
average asymmetry ratio p,/p, for centroid densities in the central
region of '**Sn 4 '>*Sn collisions in the time period of 20 < ¢ <
30 fm/c in the Full-nopb mode. For SMF and ImQMD-L, which do
not calculate pions, the asymmetry ranges are indicated by symbols
outside the frame.

isospin-dependent effect from the surface correction as well
as the different neutron and proton densities from TuQMD and
TuQMD-L [see Fig. 3(d) as an illustration]. It is remarkable to
see the good agreement between TuQMD-L calculations with
the surface correction on the Pauli blocking and the results of
IBUU and RVUU (full red circles in Fig. 3). The large charged
pion yield ratios for pBUU is related to the fact that in this
code pions and A resonances are subject also to the symmetry
energy in contrast with all other codes, unlike the setup in the
homework specifications. Thus, the results of this code are not
really comparable with the other codes. We further show the
“tradPB” scenario from pBUU using a traditional Pauli block-
ing approach, which then has a weaker Pauli blocking and thus
gives a smaller 7~ /7t yield ratio, comparable to that in IBUU
and RvUU. The stronger Pauli blocking in RVUU relative to
IBUU as seen in Fig. § leads to a larger increase in the 7~ /7t
yield ratio after incorporating the Pauli blocking. Incorporat-
ing the Coulomb potential increases the 7~ /7" yield ratios
from all codes and in all scenarios, as was already seen in
the Cascade mode. The Pauli blocking effect on the 7~ /7 ™+
yield ratio is seen to be stronger (especially for TuQMD) after
incorporating the Coulomb potential. This is understandable,
since the Coulomb potential makes the high-density phase
more neutron-rich, and thus enhances the isospin dependence
of the Pauli blocking.

The assumption of chemical equilibrium would lead to
the relation w~ /7t ~ (,0,1/,0,,)2 [15,16]. Besides a lack of
strong evidence for chemical equilibrium, there are also other
arguments that such relation is not valid for various rea-
sons [51]. For example, the different treatments of the Pauli
blocking may have minor effects on the evolutions of the
density and isospin asymmetry, but will affect significantly
the 7~ /x" yield ratio, as already observed in Fig. 13. To
investigate this more quantitatively, we display in Fig. 14
the correlation between the 7~ /7 yield ratio and the cen-
tral asymmetry ratio p,/p, for centroid densities around the
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FIG. 15. Double 7~ /z* yield ratios in different scenarios (see legend and text).

maximum compression stage (20 < ¢ < 30 fm/c, see Fig. 3)
for the Full-nopb mode. For the SMF and ImQMD models,
which cannot calculate pions, we only give the asymmetry
values indicated by symbols outside the frame. We assume
a conservative error bar of +0.01 for the central p,/p, to
account for the statistical error with 1000 events and the
uncertainties of the time and volume for choosing p,/0p,.
Qualitatively, the results from QMD models are close together
while BUU models give strongly different results. As was
already seen in Fig. 3, all codes including SMF and ImQMD-L
lead to similar central p,/p,, while, as discussed there, RvUU
shows a much larger asymmetry. However, the 7~ /7" yield
ratios differ considerably, as was already discussed in Fig. 13.
The different 7~ /7 yield ratios for IBUU, pBUU, and RVUU
are already present in the Cascade mode but the differences
are larger in the Full mode. TuQMD-L leads to a comparable
7~/ yield ratio to IBUU and RVUU. Generally it can be
seen, that a clear correlation between the asymmetry in the
central region of the reaction and the 7~ /7 yield ratio is
not evident, showing that the pion ratio is not only a reflec-
tion of the nucleon asymmetry, but also influenced by other
aspects of the simulations as discussed above, which include
the method of implementing the Pauli blocking, the sequence
effect in treating inelastic collisions and decay, and the basic
differences between BUU and QMD models.

In Fig. 15 we show the ratios of the 7~ /m " yield ratios
of the neutron-rich system '*2Sn 4 '2*Sn over the neutron-
deficient system ''>Sn 4 1%8Sn, the so-called double yield
ratios, in a similar form as in Fig. 13. These double ratios are
often preferred in experiments, e.g., the double n/p yield ratio,
for which the different efficiencies for proton and neutron de-
tection cancel approximately. Comparing Fig. 15 with Fig. 13
they are seen to be very similar, except that the Coulomb
effect is strongly reduced, particularly in the Cascade mode.
The approximate cancellation of the Coulomb effect is due to
the identical charge in the two systems, and the differences
in the procedure to calculate the Coulomb force also become
less important. However, the cancellation is not exact, espe-
cially in the Full-mode calculation, where the charge densities
evolve differently due to the different mean-field potentials in
the two systems. Since the asymmetry effect, which leads to
unequal multiplicities of 7~ and 7 T, for the neutron-deficient

system are considerably smaller, the double ratio is dominated
by the asymmetry effect of the neutron-rich system, which
explains why the behavior in Figs. 13 and 15, disregarding the
Coulomb effect, are very similar. Generally, taking the double
yield ratio may weaken the asymmetry effect, compared with
the single yield ratio in the neutron-rich system, making the
double yield ratio a less sensitive isovector probe.

We return to a more detailed discussion of the 7~ /7™t
yield ratios. Taking the ratio of the 7~ and 7 kinetic-energy
spectra in Fig. 12 gives the kinetic-energy dependence of the
7~ /™" yield ratio shown in Fig. 16(a). Let us first disre-
gard the unusual behavior of pBUU. The Coulomb potential
is seen to affect dramatically the kinetic-energy dependence
of the =/ yield ratio. Without the Coulomb force (thin
lines) all the codes collapse rather well into a single behavior,
which is rather flat as a function of pion energy. With the
Coulomb force, one sees opposing effects for the low- and
high-energy pions: a strong enhancement of the ratio for the
low-energy pions and similarly a common reduction for pions
of energies above about 80 MeV. This was already seen in
Fig. 12 and is due to the effect that the Coulomb force attracts
7~ and shifts them to lower energies, while it repels 7™
and shifts them to higher energies, in addition to the larger
integrated 7~ /7" yield ratio with Coulomb. The incorpora-
tion of the isovector potentials for pion-like particles in ppUU
increases significantly the 7~ /7" yield ratio at high kinetic
energies, as already seen in Fig. 12. In the present study, the
Coulomb potential for protons and charged pions are turned
on and off simultaneously. While it is known that the inte-
grated 7~ /7 yield ratio is affected by the Coulomb force
on protons, Ref. [51] shows that activating or deactivating the
Coulomb force only for charged pions changes the 7~ /7"
Kkinetic-energy spectrum but not the integrated 7~ /7" yield
ratio. Because of the sufficiently small statistical errors for
E;, < 300 MeV, discrepancies in the results among the codes
can still be seen, indicating that the results depend on the fine
details of the code. Similar to the integrated ratio, taking the
double ratio of the 7~ /7™ kinetic spectra in *2Sn + '24Sn
to 1?Sn+'%Sn systems largely cancels the Coulomb
potential effect, as shown in Fig. 16(b). The double ratio is
seen to be nearly independent of the pion kinetic energy for
E; <300 MeV. Taking the double ratio generally reduces
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FIG. 16. (left) 7~ /7 kinetic spectra in the Full modes with Pauli blocking. (right) Double 7~ /7 kinetic spectra ratio in the Full modes

with Pauli blocking.

the difference from different implementation methods of the
Coulomb potential as shown in Fig. 16(b), see, e.g., for IBUU
the difference between results from the default cutoff method
and the cou-LH method. Again, the pBUU code shows a rather
different behavior for the differential double ratio, due to
the incorporation of the isovector potentials for both A res-
onances and pions, compared with other codes.

It has been argued that the 7~ /7 T yield ratios for energetic
pions are more sensitive probes for extracting information on
the symmetry energy at suprasaturation densities, and this was
used, e.g., in Refs. [29,85,86]. Figure 17 compares the 7~ /7™
yield ratios for energetic pions with kinetic energy E; > 0.1
GeV from Full-mode calculations. Except for pBUU, results
without the Coulomb potential are similar to the total 7~ /7
yield ratios, as can be seen from the weak kinetic-energy
dependence of the 7~ /nt yield ratio from Fig. 16. After
incorporating the Coulomb potential, the 7~ /7" yield ratio
for energetic pions is generally reduced, opposite to the effect
of the Coulomb potential on the total 7~ /7 yield ratio, and
this is understandable from Fig. 16(a). While the behaviors
of different models are mostly similar to those observed in
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FIG. 17. =~ /n™ yield ratios for energetic pions (E; > 0.1 GeV)
from Full-mode calculations.

Fig. 13(b) for the total 7~ /nt yield ratio, one sees that
the Coulomb potential effect is strongly enhanced. It is thus
important to implement the Coulomb potential properly in
order to extract accurate information on the symmetry energy
from the 7~ /7 yield ratios for energetic pions. We note the
difference in vertical scales in this figure and in Fig. 13. Since
the pion ratios for the energetic pions are absolutely smaller
than those for the total yields, the relative differences among
the codes are actually even larger for this selection.

VI. DISCUSSION

In this study we compared different transport models un-
der controlled conditions for intermediate-energy heavy-ion
collisions to study the production of pions of different charge
states. This comparison can be viewed as a particular stage of
the TMEP activities: In 2016 we compared different transport
models in similar heavy-ion collisions as the present one
[24], and found considerable discrepancies, which were not
easy to disentangle. Then, in different box calculations we
investigated separately and under very transparent conditions
the different ingredients of transport simulations: the mean-
field propagation [27], elastic collisions as well as the Pauli
blocking in the collision term [25], and inelastic collisions
[26]. While we did not see complete convergence of the codes
in these studies, we could identify the reasons behind the
differences due to different strategies of the simulations, and
could eliminate some of the problems. In the present compar-
ison we come back to investigate the results in full heavy-ion
collisions. On the other hand, the present study can also be re-
lated to a recent TMEP comparison [28] of predictions of pion
observables for the recent St RIT experiment. In this compari-
son the physics inputs were not prescribed, and the predictions
were requested before the release of the experimental data. It
was found that the predictions of the codes differed from each
other and from the experiment in such a way that a constraint
on the symmetry energy could not be determined from pions.
Thus the present study with controlled conditions for the same
experimental system is also motivated by the attempt to better
understand these differences, neglecting in this comparison
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some more realistic but also more complicated physics inputs,
e.g., the momentum-dependent mean-field potential, pion in-
medium effects, etc., which will certainly contribute to the
discrepancies in Ref. [28]. The discussions in the previous
sections have shown for the present comparison that the re-
sults of different codes still show considerable differences
among each other. In the above, we discussed in considerable
detail the different results and the possible explanations for
the differences, in the light of what was understood from the
box calculations. In this section we critically discuss these
differences from a broader perspective and try to derive some
lessons from them.

We discussed first the nucleonic evolution, as it manifests
itself in nonobservables, like the evolution of the densities
or the time and energy dependence of the collision rates,
and in observables, such as the rapidity distribution and the
sideward flow. If the evolution of the nucleon phase space
already differs, we cannot expect pion observables to con-
verge. The opposite does not necessarily hold, i.e., even if
the bulk evolution were similar, the pion observables may still
differ to a larger degree, especially for the pion charge states,
since they may depend sensitively on subtle differences in the
proton-neutron evolution. One has to keep in mind that in the
open system of a heavy-ion collision, small differences in the
evolution may propagate, amplify, and lead to large effects
in final observables. This is in contrast with box calculations,
where the system is effectively closed, and some quantities
such as the number and isospin densities stay constant on
the average. In this respect, the dependence of the results on
the initialization of the colliding system may also become
important as was seen in the first heavy-ion comparison [24].
Here we tried to minimize this effects and provided a common
initialization of the colliding nuclei.

In the present comparison, as in all the previous ones, par-
ticipating models are of the Boltzmann-Vlasov (BUU) or of
the quantum-molecular (QMD) type. We discussed previously
that the two types of models differ basically in the treatment
of fluctuations, such that one cannot expect complete conver-
gence of their results. It was found in box calculations that
fluctuations have several effects in transport simulations. They
influence the mean-field propagation, since they lead, on aver-
age, to stronger density gradients and thus to stronger forces
[27], and stronger dissipations as well. They also affect the
final-state blocking in the collision term, since the fluctuating
phase-space density effectively reduces Pauli blocking [25],
and thus increases the successful collision rate, enhances the
dissipation, and affects particle production. However, in the
present comparison the bombarding energy is considerably
higher than the Fermi energy and thus the Pauli blocking,
at least in primary elastic collisions, is not dominating for
nucleonic observables. Thus, e.g., in the Cascade calculations
of Fig. 4, there is no large difference seen between QMD and
BUU models, and similarly in Fig. 8 the blocking factors are
similar and rather small. There are systematic differences seen
in mean-field effects between QMD and BUU, which are also
due to the different amounts of fluctuations, but mainly in an
indirect way.

It was seen in Fig. 3 that the densities reached in QMD cal-
culations are systematically higher than those in BUU models,

similarly the inelastic NN collision rates are systematically
higher, and this propagated into differences in pion production
in the two approaches. This was traced back to the treatment
of the nonlinear term in the energy-density functional, and
the fact that p? is not equal to p” for y > 1. The difference
increases with the amount of fluctuations of the density. BUU
calculations using point TPs do not have this problem, and
for finite-size TPs this is treated consistently in the lattice-
Hamiltonian method. On the other hand, the approximation is
used in standard QMD models, which weakens the repulsive
force and leads to stronger compression as seen in Figs. 3(a)
and 3(c). It was also shown that for QMD calculations without
making this approximation (called lattice-QMD calculations
here) the agreement with BUU calculations was better. Thus
this difference can be avoided at a considerably larger numer-
ical cost. Different calculations of the nonlinear term in a stiff
symmetry energy may also lead to different neutron-proton
asymmetries, and can be investigated in further studies.

We have seen differences among BUU codes which we
have traced to the use of different shapes and sizes of TPs,
from point TPs (RVUU) to finite-size TPs of different shapes
(IBUU, pBUU, and SMF). With finite-size TPs, the lattice-
Hamiltonian method is the proper formulation, which takes
into account the density variations due to the shape of TPs. It
was seen, e.g., in Fig. 5(b), that this does have some influence
on the transverse flow. The width of the wave packets in QMD
models, even without the effects for a nonlinear term, averages
out the forces according to Eq. (23), so smaller wave packets
generally lead to larger flows as seen in Fig. 5(d).

Different strategies are used for the collision probabilities
and the Pauli blocking, as discussed in Sec. IID. In con-
trast with the usual geometric method, pBUU and SMF use
a stochastic method to determine collision probabilities. As
mentioned above, while the effect of the Pauli blocking on
nucleonic bulk observables is not large, the Pauli blocking
has considerable effects on pion observables. To reduce the
effect of fluctuations in the calculation of the phase-space
occupation, pBUU uses a local statistic method for the Pauli
blocking, which leads to a more effective blocking of colli-
sions, as is seen in Figs. 8(a) and 8(b). In box calculations this
led to a good agreement with analytical results [25]. TuQMD
and IQMD employ a surface correction to the Pauli blocking
in order to compensate for the nonuniform occupation of the
final-state phase-space distribution, which leads to a much
stronger blocking relative to the usual procedures [see also
Fig. 8(b)]. The validity of different strategies to implement
the Pauli blocking in the collision term has to be investigated
further.

Now we turn to the influence of these differences in the
nucleonic evolution on pion observables. A dominating pat-
tern is the dependence of the pion multiplicities on the density
reached in the nucleonic evolution. This explained the large
differences between BUU and QMD models in inelastic col-
lision rates in Figs. 6(e)-6(h), in total pion multiplicities in
Fig. 6(b), and in charged-pion yield ratios in Fig. 13(b). To
increase the sensitivity to the symmetry energy, one com-
monly investigates differences in the production of pions of
different charge states, and, in particular, ratios of charged-
pion observables to partially cancel some effects of different
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evolutions and of experimental uncertainties. In these ratios,
small effects which are hardly seen in the bulk evolution
can become much more visible. Generally, larger total pion
multiplicities for similar asymmetries are expected to lead to
smaller charged-pion yield ratios, as is indeed observed in
these comparisons. But there are more subtle effects, which
are due to the increased sensitivity to the isospin-dependent
Pauli blocking, the effect of using different strategies in the
sequence of simulating inelastic collisions and A decays, and
in higher-order correlations in inelastic processes [26]. All
these had to be considered to understand the different results
in Figs. 11 and 13.

In this comparison we took particular care to investigate
the effects of the Coulomb force on 7~ /7" yield ratios. The
Coulomb force is treated by various methods and approxima-
tions in different codes as discussed in Sec. IIC. Of course,
the Coulomb force has an influence on the bulk evolution of
the system, i.e., it reduces slightly the maximum density in
heavy-ion collisions and makes the compressed region more
neutron-rich [87], and thus reduces slightly the overall pion
yield and increases considerably the total 7~ /7" yield ratio.
The effect on the spectral ratios, however, is more involved,
since the Coulomb force attracts 77 ~ and repels 7 *. Therefore,
the yield ratios increase for low-energy pions and decreases
for high-energy pions. As was discussed in connection with
Fig. 8, these effects depend sensitively on the way the Pauli
blocking acts in reactions in which A resonances or pions of
different charges are produced. This leads to some differences
among the various methods to implement the Coulomb force
on the pion yield ratios, as seen in Fig. 13(b). While Coulomb
effects are not mainly responsible for the differences in the
results in Fig. 13, as seen by the largely similar behavior be-
tween the results from codes with (red symbols) and without
(black symbols) Coulomb, they add to the discrepancies. To
take double ratios between two different collision systems
with the same charge numbers reduces strongly, but does not
completely cancel, the Coulomb effect, as seen in Fig. 15 for
the yield ratio and in Fig. 16(b) for the spectra. In particular, it
does not reduce the differences among the codes due to other
effects, as seen in Fig. 15.

Pions have been investigated in heavy-ion collisions, since
they are considered to be sensitive probes to the symmetry
energy [15,16]. The primary effect of the symmetry energy
is the difference in the evolution of neutrons and protons,
and pions should reflect these differences. In transport sim-
ulations, this expectation can be studied more quantitatively
by considering the correlation between the nucleonic isospin
asymmetry effect of the dense region and the final # = /7
yield ratio. This correlation is shown in Fig. 14 for the case
without Pauli blocking or the Coulomb force. The correlation
among different codes is overall not very strong, while, of
course, it may be present for a single code using different
symmetry energies. One could argue from Fig. 14 that for the
QMD models there is a weak correlation, but this could be due
to the fact that these codes are rather closely related, since they
are derived from a common original code. The BUU models
show large differences, which indicates that they also differ
considerably in the different strategies adopted in the simu-
lation. This demonstrates that the charged-pion yield ratios

are not just a reflection of the neutron-proton asymmetries,
but are also strongly affected by the chosen strategies in the
simulation.

Summarizing these discussions, we find that we do not
achieve a complete convergence of the results, not even for the
nucleonic evolution. The pionic observables also show con-
siderable differences, not only because of the different bulk
evolutions, but also because some of these effects are magni-
fied in pion observables. We discuss this for the charged-pion
yield ratio in Fig. 13, which is a very important observable,
in particular for the determination of the symmetry energy.
As discussed in Sec. III, the results for the pBUU code, which
differ most from the other codes, are really not comparable,
since the code has some simulation features, which are rather
different from the other codes and, most importantly, uses
ingredients which are different from the homework specifi-
cations. For example, pions and A resonances feel the strong
symmetry force in pBUU, while in the other codes they are
treated as free particles only subject to the Coulomb force.
Thus it should be left out of a final evaluation, which, of
course, does not mean that the results are not valid. Then the
mean and standard deviation of the charged-pion yield ratio
of the codes is 3.24 4 0.17, which amounts to an uncertainty
of about 5.2% in the complete calculation with Pauli blocking
and the Coulomb force. The uncertainty is reduced to about
3.2% if the Pauli blocking is artificially turned off, showing
that the treatment of the Pauli blocking is a sensitive issue in
simulations. Qualitatively, these differences are not reduced in
double-ratio type of observables, and are not much changed
when considering only high-energy pions as in Fig. 17. These
differences among the codes would have to be compared
with the sensitivity to different forms of the symmetry energy
which was not investigated here. But from the results of the
(uncontrolled) comparison in Ref. [28], we see that the sen-
sitivity is of the same order. Turning the argument around,
it would mean that from the same measured pion yield ratio
different transport codes could derive symmetry energies that
may differ by that amount.

However, we can evaluate the results presented in Fig. 13
in more detail. As stated above we should not consider the
results of the pBUU code. We can then discuss the remain-
ing differences with respect to two issues which are treated
differently in the codes. One is the surface correction to the
Pauli blocking, used in some QMD codes (IQMD and TuQMD)
but not in the others. The other is the approximate calcula-
tion of the nonlinear term in the mean-field potential used
in all traditional QMD codes. We can estimate the first ef-
fect by comparing the TuQMD calculations shown in Fig. 13
without and with surface correction, which amounts to an
increase of the charged-pion yield ratio by about 6.3%. If
we increase the results of IQMD-BNU and IQMD-IMP by this
amount, then a first group of codes including IQMD, IQMD-
BNU, IQMD-IMP, and TuQMD have a mean and deviation of
3.22 4 0.05 in the 7~ /7" yield ratio, which is an uncertainty
of about 1.4%. Such a scaling from the effect of the surface
correction appears reasonable, as may be seen when looking
at the results of these conventional QMD codes without Pauli
blocking (and with Coulomb), and they agree without any
scaling at 2.54 £ 0.02, with a variation of less than 1%. A
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second group includes two BUU-type codes, i.e., IBUU and
RVUU, and TuQMD-L, where the latter has been shown to give
similar 7~ /7t yield ratio as BUU codes. For these three
codes we find an agreement of the ratio of 3.40 £ 0.06, with a
similar uncertainty of about 1.7%, by neglecting the statistical
uncertainty of the TuQMD-L result. The two groups converge
among themselves rather well, and do not overlap within their
variances. We find a difference of about 0.18 between the two
groups which relative to the mean 7~ /7 yield ratio amounts
to about 5.6%. From a similar estimate for the case with no
Pauli blocking, we find a difference between the two groups
of 0.14, with again an uncertainty of about 5.5% of the mean.

We can also attempt to understand better this difference
between the two groups from an estimate of the effect
from different calculations of the nonlinear term on the
7~ /" yield ratio from the difference between the TuQMD
and TuQMD-L results. For the case with Pauli blocking and
Coulomb it amounts to 0.16 (neglecting the statistical error
40.06 of the TuQMD-L result) or 4.8%. This agrees rather
well with the difference (0.18) between the average results
of two groups determined above. If we scale the conventional
QMD calculations by these 4.8%, then we find for all the six
codes a mean and deviation of 3.39 £ 0.06, or an uncertainty
of 1.6%. For the case of calculations without Pauli blocking
and with Coulomb, the corresponding numbers are 0.14 for
the difference in the two groups and 0.12 for the difference
between TuQMD and TuQMD-L, which correspond to a similar
accuracy taking into account the lower absolute value of the
7~/ yield ratio for this case. As a result of these discus-
sions we find that we can explain very well the remaining
differences in the results in Fig. 13(b). One may argue that
an agreement below a level of 2% among all models can be
achieved, as long as the same (or similar) ingredients, i.e.,
the surface correction to the Pauli blocking and the accu-
rate calculation of the nonlinear term, are included in each
code.

VII. CONCLUSION AND OUTLOOK

In the present study, we compared simulations for typical
heavy-ion collisions studied in the recent StRIT experiment.
These collisions reach a maximum density of about twice
saturation density, and thus could be useful to constrain the
nuclear matter EOS, in particular the symmetry energy, in
the range of densities between those accessible to nuclear
structure and those connected to neutron stars as well as
their mergers. We included the production of pions and A
resonances, since pions are expected to be messengers of the
high-density symmetry energy. For this comparison, we used
a simple physics model for the mean-field potential and the
elastic and inelastic cross sections. The purpose of the present
comparison was to investigate the status of simulations for
heavy-ion collisions after extensive studies on the separate
ingredients of transport calculations had been made in box
simulations. Relative to previous comparisons of different
codes in low- and intermediate-energy heavy-ion collisions,
here we unify the collision setups and the physics model as
much as possible and follow the time evolution of the system
in detail. Thus, we focus on the uncertainties resulting from

different implementations of transport codes rather than the
effect of different assumptions of the physics model.

It is not easy to give a quantitative estimate of the dif-
ferences among the codes in the charged-pion yield ratio,
which is the main observable used for constraining the EOS
in these types of experiments. However, we tried to do so
by estimating carefully the effects which result from sys-
tematic differences in the codes. Leaving out the pBUU code
which is rather different in many respects, while the agree-
ment amounts to about 5% for the complete calculation, we
expect that it can be reasonably reduced to 1.6%, once the
same or similar ingredients, i.e., an improved Pauli blocking
and calculation of the nonlinear term, are included in each
code. This may bring the accuracy of transport simulations
into a range which would be sufficient for a determination of
the EOS, especially the density dependence of the symmetry
energy. We think that this is a notable achievement of the
present comparison. Of course, unlike in box simulations, in
this comparison it is difficult to make a statement on which
code is more realistic.

These differences result from different strategies used in
the solution of the transport equations by simulations, which
are not fixed by the equations themselves. These strategies
were partially checked in the box calculations, where exact an-
alytic or numerical solutions are sometimes available. While
box calculations are useful in calibrating each component of
transport simulation, the effects of these different strategies
are usually enhanced in the open system of a heavy-ion col-
lision, which has a nonequilibrium dynamical evolution. As
a positive result of this comparison, we have identified those
strategies which influence pion observables sensitively, and
should therefore be well controlled. Clearly, pion observables
are sensitive to the nucleonic evolution, like the densities and
isospin asymmetries reached. Thus the mean-field potentials
should be precisely implemented, and observables such as
momentum distributions should be controlled. The collision
term and the NN collision rates influence directly A and pion
production. The method chosen for implementing the Pauli
blocking in the collision term is found to have a large effect on
pion observables, via not only the nucleon evolution, but also
the blocking of NN inelastic collisions and A decay processes.
The representation of the phase space and the coarse-graining
procedures also have a large influence, since they determine
the fluctuations in the system. In BUU with finite TP sizes,
the lattice-Hamiltonian method should be used, but it also
contains parameters that affect the fluctuations. The Coulomb
potential, of course, has to be included, and the particular
method of implementation does not seem to be the main
source of discrepancies in the charged-pion yield ratios com-
pared with other effects.

There are, however, open problems in transport simula-
tions, where the proper treatment still has to be clarified.
A major question is the correct amount of fluctuations in
transport calculations, which, as discussed, is different in
QMD- and BUU-type approaches. In the QMD approach,
the width parameter of the wave packet gauges the mag-
nitude of fluctuations, and is only roughly constrained by
considerations of nuclear structure [63,88] or properties of the
nuclear interaction. In BUU, the more exact is the solution
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of the BUU equation (e.g., with more TPs), the weaker are
the fluctuations, and they should be included via a physically
motivated fluctuation term as in the Boltzmann-Langevin ap-
proach. However, codes that include these are rather few and
have to make approximations. Actually, it would be more
meaningful to compare QMD with Boltzmann-Langevin cal-
culations. Furthermore the treatment of the Pauli blocking
has a large influence. We have seen that equally justifiable
treatments based on overlaps of wave packets or TPs, or local
statistic methods, lead to considerable differences.

There are important physics issues of heavy-ion colli-
sions and pion production, which are not considered in
this comparison. One of them is the consequences of the
momentum-dependence of the isoscalar and isovector mean-
field potentials, which in inelastic collisions lead to threshold
shifts due to energy conservation. This is presently being
investigated in a separate box simulation [52]. Light clus-
ters are produced abundantly in heavy-ion collisions, and the
treatment of their dynamic formation in transport simulations,
in contrast with a-posteriori coalescence or evaporation ap-
proaches, is a question of intensive debate. It has been shown
that cluster formation can sensitively affect results including
pion observables (see, e.g., Refs. [1,51]). Short-range cor-
relations in nuclei, which lead to a high-momentum tail in
the momentum distribution of nucleons, have been clearly
identified in nuclear structure studies, and they may also have
an impact in transport calculations at energies near relevant
thresholds. However, how they should be implemented in
transport calculations, whether by empirical high-momentum
tails, by three-body collisions, or in off-shell transport calcu-
lations, is a matter of much debate.

Besides the sensitivity to simulation strategies, the sen-
sitivity to the physics inputs is of major interest, although
it was not included in the present comparison. The relevant
physics inputs could be the density-dependence of the symme-
try energy, and the momentum dependence of the mean-field
potential, or the nucleon effective masses as well as the
neutron-proton effective-mass difference. The choice of the
A potential is a major challenge, since there are no direct
experimental constraints. It is of great interest to study how
similar the sensitivities to these physics inputs are among
different codes.

Finally, an important question is how to quantify the un-
certainty of transport model analyses of a given experiment.
This will be a project in the near future by TMEP, and is
needed in the present multimessenger era, when results from
different physics systems on the same quantity are compared,
as in this case the EOS from nuclear structure, heavy-ion
collisions, and astrophysical observations. As seen from the
present comparison, different codes do not agree for the same
physics model, and therefore will deduce different physics
ingredients from describing the same experiment. The present
study also shows, that it may not be possible to reach suf-
ficiently good convergence in heavy-ion collisions for all
codes to constrain tightly a given physics quantity, since the
differences lie in different simulation strategies. To take the
mean of the predictions of different codes and the variance
as its uncertainty as the result of an analysis is certainly not
satisfactory.

In the absence of exact solutions of transport equations,
comparisons with experimental data could perhaps provide a
way to error quantification. What is needed, at minimum, is
to compare models to measured observables that correspond
to the degrees of freedom, which here are the nucleons, that
dominate the reaction dynamics. Any model that attempts
to study the EOS or other quantities of interest, using rare
probes such as pions, should first be calibrated to describe the
global features of the reaction. While often this will already
provide some information about the EOS, the rare probes may
lead to an increased accuracy or perhaps a different range of
probed densities, asymmetries, or temperatures. The quality
and robustness of the predictions of a transport analysis could
then be judged by the degree to which a code succeeds in
this. In an analysis of an experiment with several codes, the
result and its uncertainty could be found in a multi-observable
multi-model Bayesian analysis. Schemes for Bayesian model
averaging have been proposed, which average predictions of
several models with weights depending on the capability to
reproduce given data [89-91]. Such methods could be applied
to the problem of constraining the nuclear matter EOS in
heavy-ion collisions.
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