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Estimating the magnetic field strength in heavy-ion collisions via direct photon elliptic flow
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There must be electromagnetic fields created during high-energy heavy-ion collisions. As the quark-gluon
plasma (QGP) starts to evolve hydrodynamically, although these fields may become weak compared to the energy
scales of the strong interaction, they are potentially important to some electromagnetic probes. In this work, we
focus on the dissipative corrections in QGP due to the presence of a weak external magnetic field, and calculate
accordingly the induced photon radiation in the framework of viscous hydrodynamics. By event-by-event
hydrodynamical simulations, the experimentally measured direct photon elliptic flow can be well reproduced.
Correspondingly, the direct photon elliptic flow implies a magnetic field strength around 0.1m2

π ≈ 1016 G. This
is indeed a weak field in heavy-ion physics that is compatible to the theoretical predictions, however, it is still an
ultrastrong magnetic field in nature.

DOI: 10.1103/PhysRevC.109.034917

I. INTRODUCTION

One of the most significant achievements in high-energy
heavy-ion experiments carried out at the Relativistic Heavy-
Ion Collider (RHIC) at Brookhaven National Laboratory, and
the Large Hadron Collider (LHC) at CERN, is the discovery
of a deconfined quantum chromodynamics (QCD) matter—
quark-gluon plasma (QGP) [1].

QGP has now been recognized as a perfect fluid with small
dissipations due to shear and bulk viscous effects. Both effects
are related to the conservation of energy and momentum,
which determines the three dimensional expansion of the QGP
system. Shear viscous effect in QGP can be identified through
the measurements of collective flow, observables that are used
to quantify the momentum anisotropy of the emitted hadrons
from high-energy nucleus-nucleus collisions [2]. As the QGP
expands, its fluid nature would allow for a conversion be-
tween the initial spatial geometry and final state momentum
spectrum [3]. Shear force, which presents as a fictional force
via the coupling between shear viscosity and gradients of
hydrodynamic fields, e.g., η∇μuν , on the other hand, reduces
the conversion ability, and hence suppresses collective flow
[4,5]. With respect to a large amount of experimental data on
hadron collective flow, and comparisons to the event-by-event
simulations based upon hydrodynamic modeling, the ratio of
shear viscosity to entropy density, η/s, has been estimated [6].
Similarly, the bulk viscous corrections in QGP can be revealed
from, for instance, the mean transverse momentum of the
observed hadrons, which gets reduced with respect to a finite
bulk pressure ζ∇μuμ [7]. With shear and bulk viscous correc-
tions implemented, the hydrodynamic modeling of heavy-ion
collisions has been successfully applied to the QGP evolution
[8], giving rise to theoretical characterizations of signatures

related to the hadron spectrum in a huge parameter space
including hadron species, momentum, and harmonic orders
[9,10].

QGP is dissipative as well with respect to the transport
phenomena associated with conserved currents. As a medium
system which is fundamentally dictated by strong (QCD)
and electromagnetic (QED) interactions, in QGP one has the
conservation of baryon charge and electric charge.1 These
conserved charges are expected substantial for low energy col-
lisions. For instance, baryon charge conservation plays a key
role in the search of QCD critical end point in the RHIC beam
energy scan program (cf. Ref. [11] and references therein).
However, for high energy nucleus-nucleus collisions, neither
of them has been seriously taken into account. Neglecting
baryon charge current appears reasonable at the top RHIC
energy, considering the smallness of the ratio of net baryon
charge over the charged particle multiplicity, Nbaryon/Nch ≈
10−4 [12]. The electric current, on the other hand, can result
in potentially sizable effect as it is related to the electromag-
netic forces exert on the QGP medium, σel �E . Here, σel is the
electrical conductivity.

For noncentral collisions, with respect to the space-time
configuration of the colliding nuclei, there must be finite
electromagnetic fields created in the collision region. At
the instant when the two nuclei collide, one expects a net
magnetic field pointing out of the reaction plane, with its mag-
nitude |eB|/m2

π ≈ 10 at the top RHIC energy and |eB|/m2
π ≈

102 at the LHC, with mπ the pion mass [13–16]. Albeit strong

1We ignore the conservation of strangeness and charm in the cur-
rent discussions.
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initially, as the system evolves, the magnetic field decays
drastically, which scales as 1/t3. Unless the QGP is suffi-
ciently conductive in its pre-equilibrium stage, the external
magnetic field should become weak when the medium starts to
evolve hydrodynamically [17–19]. In fact, theoretical analysis
found that the field can drop to 10−2m2

π ≈ 1015 G in the
QGP system in less than 1 fm/c, which is three orders of
magnitudes smaller compared to its initial value. However, let
us emphasize that although it is a weak field relative to the
energy scale in the QGP medium, e.g., temperature squared
in QGP in heavy-ion experiments can range from ≈1.2m2

π

to ≈10m2
π , it is still an ultrastrong magnetic field in nature.

For instance, the strongest magnetic field observed so far in
neutron star reaches 1.6 × 1013 G [20].

In this article, we would like to show that the weak mag-
netic field during the QGP evolution, and accordingly the
associated dissipative corrections, can be visible through the
observed electromagnetic probes. In particular, we focus on
the photon radiation from the QGP in the presence of a weak
external magnetic field. Following the formulation developed
in Ref. [21], with even more realistic event-by-event sim-
ulations, we find that the weak magnetic field is not only
responsible to the disagreement between theory and exper-
iments on the direct photon elliptic flow [22,23], but also
provides an extra source to the direct photon triangular flow.
As a consequence of its sensitivity, we propose to take the
experimentally measured elliptic flow of the direct photons as
an ideal probe to the magnetic field in QGP.

The paper is organized as follows. In Sec. II, we first give
a brief review on the derivation of dissipative corrections to
photon production in QGP, with respect to shear and bulk
viscous effects, using the Chapman-Enskog method. As a
generalization of Ref. [21], we then present the detailed for-
mulation for photon production in QGP in the presence of a
weak external magnetic field. In Sec. III, with the novel for-
mulation implemented, we calculate the weak magnetic field
induced photon production in QGP via the event-by-event
hydrodynamic simulations. With respect to the experimental
data on direct photon elliptic flow, we give an estimate on the
magnetic field at the top RHIC energy, in Sec. IV. Conclusion
and discussions will be given in Sec. V.

II. OFF-EQUILIBRIUM PHOTON EMISSION FROM QGP

Thermal radiations of photons from QGP out of local equi-
librium can be calculated in a kinetic theory approach. Given
the photon phase space distribution function, fγ (X, p), the
evolution of photon density in phase space satisfies [24]2

1

(2π )3
Pμ∂μ fγ (X, p) = Ep

d3R
d3 p

[1 + fγ (X, p)] − absorption.

(2.1)
The first term on the right-hand side of the equation originates
from photon emission, with the differential rate Epd3R/d3 p

2Throughout the paper, we use capital letters for four-vectors,
while bold lower case letters are used as normal three vectors, e.g.,
Pμ = (Ep, p). We take the most negative matrix convention, gμν =
diag(+, −,−, −).

characterizing photon productions per unit space-time vol-
ume, while the second term describes the absorption of
photons. Note that absorption is related to emission via the
detailed balance condition. For a QGP medium in which the
mean free path of photons is much longer than the system
size, photon absorption can be neglected. Therefore, for the
two-to-two scattering processes in QGP, for instance, the pho-
ton emission rate per unit volume can be evaluated via the
collision integral. In terms of the phase space distribution
functions of quarks, antiquarks and gluons in the medium, it
is

Ep
d3R
d3 p

= g

2(2π )3

∑
i

∫
d3 p1

(2π )32E1

d3 p2

(2π )32E2

d3 p3

(2π )32E3

× |Mi|2 f1(P1) f2(P2)(1 ± f3(P3))

× (2π )4δ(4)(P1 + P2 − P3 − P), (2.2)

where g takes into account spin and color degrees of free-
dom, f1, f2, and f3 are phase space distribution functions
of gluons and quarks (antiquarks), respectively. The summa-
tion with respect to the scattering amplitude |Mi| is taken
over quark-antiquark annihilation and Compton scattering
processes [24,25].

For photons of energy scale much greater than the medium
temperature, Ep � T , two-to-two elastic processes are ex-
pected dominated by small angle scatterings. Accordingly, the
differential rate in Eq. (2.2) can be simplified [26,27] to

Ep
d3R
d3 p

≈ CαEMαsILc( fq + fq̄) (2.3)

with C a constant resulted from the summation over quark
spin, color, and flavor. Here, Lc is a Coulomb logarithm that
relies on the separation of hard and soft energy scales in the
medium, for instance, Lc ≈ log α−1

s . In practice, its explicit
value can be adjusted to match the analytical results of the
differential rate as a function of temperature. In the small
angle approximation, the effect of the QGP medium has been
absorbed into the constant I [28],

I =
∫

d3 p
(2π )3Ep

( fg + fq + fq̄), (2.4)

which, together with the product of the electromagnetic and
strong coupling constants αEMαs, effectively captures the abil-
ity of conversion between a quark (antiquark) and a photon
inside the QGP medium. Equation (2.3) simply relates the
photon spectrum to the phase space distribution of quarks
and antiquarks, from which, one expects anisotropic photon
emission from QGP as long as quarks or antiquarks in the
medium exhibit elliptic and triangular flow signatures. This
explains the origin of direct photon elliptic flow observed in
viscous hydrodynamic simulations [29–31].

The resulted differential rate Eq. (2.2) applies to medium in
or out of equilibrium, provided that out-of-equilibrium effect
does not affect the scattering amplitude substantially [32]. For
a QGP in local equilibrium, whose evolution is describable by
ideal hydrodynamics, the equilibrium distributions are known
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as the Bose-Einstein distribution for gluons,

ng(P) = 1

exp (P · U/T ) − 1
, (2.5)

and the Fermi-Dirac distribution for quarks (and antiquarks),

nq(P) = nq̄(P) = 1

exp(P · U/T ) + 1
. (2.6)

The flow four velocity U μ and temperature T of the medium
should be determined by a hydrodynamical modeling of the
system evolution, accordingly thermal radiations from an
equilibrated QGP are well determined. In both Eqs. (2.5) and
(2.6), we have neglected the effect of charge conservation,
so that chemical potentials associated with the conserved
charges vanish. This is a good approximation for high energy
heavy-ion collisions, where the net conserved charges (e.g.,
baryon, electric or strangeness, etc.) are negligible. However,
as the collision energy decreases as in the RHIC beam en-
ergy scan program, net charge density in the system increases
[12], a finite chemical potential should be taken into account.
Without the effect of chemical potential, Eq. (2.6) implicitly
assumes the identification of distribution functions between
quarks and antiquarks. However, deviations could arise, for
instance, from the difference in flow velocities when external
electromagnetic forces apply to the system evolution.

Inelastic process of the photon emission from QGP, such
as in-medium bremsstrahlung and inelastic pair annihilation,
could be as important as the two-to-two elastic scatterings,
due to the near-collinear singularities [24]. In the presence
of an external magnetic field, there also exists one-to-two
contribution, e.g., q → qγ [33–38], as quarks receive ex-
tra momentum transfer from the magnetic field and become
effectively off shell. In both cases, however, the produced
photons dominate over quite different kinematic regions, com-
paring to the elastic scattering process considered in this
study. The sum of the in-medium bremsstrahlung and inelas-
tic pair annihilation give rise to the major source of photon
production of large momentum [24], while the magnetic field
induced inelastic radiation favors photon radiated with small
transverse momentum [36]. Therefore, as most of the photons
from experiments are of intermediate transverse momentum,
where the elastic scatterings generate the largest contribution,
for the moment we neglect these inelastic contributions.

A. Dissipations in QGP driven by spatial gradients

When a QGP system is driven slightly out of local equi-
librium, its evolution can be described by dissipative fluid
dynamics. Correspondingly, the phase space distributions of
constituents must contain small dissipative corrections, which
can be solved in a perturbative manner by means of the
Chapman-Enskog approximation [39].

As an illustration, let us first consider the dissipative effects
in QGP driven by spatial gradients ∇, which in hydrodynam-
ics leads to a systematic expansion of the stress tensor,

�μν ≡ πμν − ��μν = 2η〈∇μU ν〉 − ζ�μν∇ · U + O(∇2),
(2.7)

where the projection operator is �μν = U μU ν − gμν and
∇μ = �μν∂ν . Here, and in what follows, the angular bracket

around a tensor is used to indicate it being symmetric, trace-
less, and transverse to the flow four velocity. At the leading
order of the expansion, shear and bulk viscous corrections
emerge and one has the Navier-Stokes hydrodynamics. In
phase space distributions, the gradient expansion leads to cor-
rections as well. With respect to the Boltzmann equation in
a relaxation time approximation, the distribution function fa

(with a = parton species) satisfies

Pμ∂μ fa = −P · U

τR
δ fa, (2.8)

where δ fa ≡ fa − na,eq characterizes the deviation of the
phase space distribution from local equilibrium. In the re-
laxation time approximation, scatterings among quarks and
gluons are captured by the scalar parameter τR. Effectively,
τR can be evaluated at the linearized order of the collision
integral. In general, τR depends on the medium properties such
as temperature, T , as well as the dynamical properties of the
particle such as momentum, P · U [40]. For a multicomponent
system, τR should also rely on constituent species. Throughout
the current study, we shall ignore the momentum dependence
in τR, and the dependence on particle species, unless when it
is necessary for discussions. In practice, as in hydrodynamics
where the underlying dynamical properties are constrained via
transport coefficients, τR can be also identified in terms of the
transport coefficients, such as the shear viscosity η and bulk
viscosity ζ .

When fa is expanded in gradients,

fa = na,eq + δ f (1)
a + δ f (2)

a + · · · (2.9)

with the superscript introduced to label the expansion order
with respect to spatial gradient, Eq. (2.8) can be solved order
by order. The first order solution is

δ f (1)
a (X, P) = − τR

P · U
Pμ∂μna,eq + δn∗

a,eq

= − τR

P · U

n′
a,eq

T
{PμPν〈∇μUν〉

+
[

(P · U )2

(
c2

s − 1

3

)
+ m2

a

3

]
∇ · U

}

+ n′
a,eq

(
PμδU ∗

μ

T
− P · U

T 2
δT ∗

)
, (2.10)

where cs = √
∂P/∂e is the sound velocity and ma the mass

of parton species a. In Eq. (2.10), and in what follows, the
prime indicates derivative of the equilibrium distribution with
respect to P · U/T = Ep/T , therefore, n′

a,eq = −na,eq(1 −
sna,eq ) with s = 1 or s = −1 corresponding to quarks or glu-
ons, respectively. In principle, the gradient corrections affect
the Landau’s matching conditions order by order, which in
turn gives rise to gradient corrections in flow four-velocity
δU ∗

μ and temperature δT ∗. These are included in δn∗
a,eq. In ob-

taining Eq. (2.10), we have used the thermodynamic relations,
e.g., T s = e + P, and the equations of motion of hydrodynam-
ics have been considered up to the order of O(∇ ),

(e + P )DU α = ∇αP + O(∇2),

De = −(e + P )∇ · U + O(∇2), (2.11)
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where D = uμ∂μ. Note that these equations can be interpreted
as the acceleration of a fluid cell due to an external force
driven by gradient, and the conservation of energy in the
presence of gradients, respectively.

Distribution functions from kinetic theory and hydro-
dynamics are related with each other with respect to the
Landau’s matching conditions. For the stress tensor, one has

�μν =
∑

a

∫
d3 p

(2π )3Ep
PμPνδ fa. (2.12)

Substituting Eq. (2.10) into the matching condition, one finds

η = τRχshear, ζ = τRχbulk, (2.13)

where χshear and χbulk are effective susceptibilities defined
through the correlations among components of the energy-
moment tensor, with respect to the shear and bulk viscous
corrections. For instance, χshear ∝ e + P in the massless limit.
More details on these quantities are given in the Appendix.
Given the relations in Eq. (2.13), we are allowed rewrite
the viscous corrections to the distribution function in terms
of the shear and the bulk viscosities. For the shear viscous
correction, one finds

δ f (1)
a,π = − ηn′

a,eq

T P · Uχshear
PμPν〈∇μUν〉

= − n′
a,eq

2T P · Uχshear
PμPνπμν + O(∇2), (2.14)

while for the bulk viscous correction, one finds

δ f (1)
a,�

= − ζn′
a,eq

T δP · Uχbulk
∇ · U

[
(P · U )2

(
c2

s − 1

3
− ξ2

ξ4

)
+ m2

a

3

]

= �n′
a,eq

T P · Uχbulk

[
(P · U )2

(
c2

s − 1

3
− ξ2

ξ4

)
+ m2

a

3

]
+ O(∇2).

(2.15)

Note that the first order bulk viscous correction modifies the
matching condition regarding temperature, with δT ∗ ≈ ∇ · U ,
resulting in additionally a ratio between two integrals, ξ2/ξ4,
as shown in the Appendix. It can be seen that as the con-
formal limit is approached, either by ma → 0 or c2

s → 1/3,
Eq. (2.15), as well as χbulk, vanish.

Since we are considering a constant relaxation time, in
Eqs. (2.14) and (2.15), an extra P · U factor appears in the
denominator, which makes the expressions slightly different
from those used in Ref. [41]. This extra factor would be
absorbed if the relaxation time has a linear momentum depen-
dence as τR ∝ (P · U ), corresponding to the quadratic ansatz
considered in Ref. [40]. In both cases of the shear and the bulk
viscous corrections, the substitution of 2η〈∇μUν〉 and ζ∇ · U
has been made in the expressions by the shear stress tensor
πμν and bulk pressure �, respectively, which are valid up to
corrections of an order of ∇2. The substitution is practically
convenient since πμν and � are dynamical variables in the
hydrodynamical modeling of QGP evolution [2], which are
achievable from numerical simulations. Equations (2.14) and
(2.15) have been widely applied, especially for the cases of

thermal photon radiations in QGP considering viscous correc-
tions [31].

B. Dissipations in QGP due to the weak electromagnetic fields

In the presence of external electromagnetic fields, a
medium with charge carriers can be driven out of local equi-
librium owing to the electromagnetic forces. Accordingly, the
conserved current receives dissipative corrections,

jμ ≡ ncU
μ + Nμ = ncU

μ + σelE
μ + O(∇nc) + O(|eFμν |2),

(2.16)
where nc = e

∑
a Qana is the net charge density and Qa is the

electric charge number of constituent species a. The first order
dissipation due to electromagnetic fields follows the standard
Ohm’s law with electrical conductivity σel the corresponding
transport coefficient and Eμ = FμνUν the electric field in the
local rest frame of the fluid. In principle, there should be
diffusion contributions to the current via the gradients of the
net charge density, e.g., ∇μnc, which we shall nevertheless
neglect assuming that QGP created in high-energy heavy-ion
collisions satisfies the condition of local charge neutrality,
namely, nc ≈ 0.3

Following the strategy for the shear and bulk viscous
corrections, we now derive the dissipative correction to the
distribution function of QGP in the presence of a weak ex-
ternal electromagnetic field. With respect to the weak field
condition, |eFμν | � T 2, we first notice that the distribu-
tion function now admits an expansion in terms of the field
strength

fa = na,eq + δ f (1)
a,EM + δ f (2)

a,EM + · · · , (2.17)

where again the superscript labels expansion order. One ex-
pects that Eq. (2.17) solves the Boltzmann equation, but now
with a Vlasov term which takes into account the effect of
external electromagnetic fields [39],

Pμ∂μ fa + eQaFμνPμ

∂ fa

∂Pν
= −P · U

τR
δ fa. (2.18)

At the linearized order of the field strength, the solution can
be found as

δ f (1)
a,EM(X, p) = − τR

P · U
eQaFμνPμ

∂na,eq

∂Pν

= −eQaFμνPμUν

τR

P · U

n′
a,eq

T
. (2.19)

Apparently, the solution applies to quarks but not to gluons,
since gluons are electrically charge neutral.

For a system with multicomponent contributions to the
charge carriers such as QGP, and ignore local net charge den-
sity, the charge current is related to the distribution function of

3There can be contributions from thermal fluctuations to the net
charge density, namely, nonvanishing contributions from the ther-
mal ensemble average of multipoint correlators to local net charge
density, such as 〈〈nc〉〉 ∝ 〈〈(δnc )2〉〉1/2 ∝ √

T σel. On an event-by-event
basis, net charge density receives also contributions from initial state
fluctuations, which approximately depends inversely on the square
root of charged multiplicity, nc ≈ 1/

√
Nc.
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charge carriers through the Landau matching condition, Nμ =
σelEμ = e

∑
a QaNμ

a , where the dissipative current associated
with species a is

Nμ
a = ga

∫
d3 p

(2π )3Ep
Pμδ f (1)

a,EM = egaQaτREμχa. (2.20)

Here, the scalar function determined via the integral,

χa = −1

3

∫
d3 p

(2π )3Ep
(PαPβ�αβ )

n′
a,eq

P · U
, (2.21)

quantifies nothing but the electric charge susceptibility of
parton species a. As a consequence, one finds the relation
between the electric charge conductivity, relaxation time τR,
and the electric charge susceptibility of QGP χel,

σel = τRχel, (2.22)

where

χel = 4παEM

∑
a

gaQ2
aχa,el. (2.23)

Accordingly, given the relation one may replace τR by the
electric conductivity, τR = σel/χel, so that the dissipative cor-
rection to the distribution function due to weak external
electromagnetic fields becomes

δ f (1)
a,EM(X, p) = − n′

a,eq

P · U

σel

T χel
eQaFμνPμUν

= − n′
a,eq

T χelP · U
eQaNμPμ. (2.24)

The first expression has been taken into account in Ref. [21],
while the second equation facilitates numerical applications
when the charge current Nμ becomes a dynamical variable
in simulations. Especially, with a proper formulation of the
conserved current, the second expression applies also to cases
with a finite local charge density of electric charge, baryon
charge, etc. Generalization to more complicated situations in
which relaxation time differs among particle species, such as
QGP with thermalized heavy quark components, or hadron
gas in which hadron masses can be order of magnitudes dif-
ferent, is straightforward.

There are a couple of comments in order. First, in deriving
Eq. (2.19), as expected in the Chapman-Enskog procedure,
there exist extra contributions from the equations of motion of
hydrodynamics up to order O(|eFμν |). Indeed, one has

(e + P )DU μ = Eμnc + O(|eFμν |2), (2.25)

which characterizes the acceleration of a charged fluid cell
due to the external electromagnetic forces. Accordingly, from
the Boltzmann-Vlasov equation one finds, in addition to
Eq. (2.19),

δ f (1)
a,EM(X, p) ⊃ − τR

P · U
Pμ∂μna,eq = nc

n′
a,eq

T

τR

e + P FμνPμUν .

(2.26)
However, again, we neglect this contribution as in QGP cre-
ated in high energy collisions, local net charge density is
negligible, nc ≈ 0. Of course, as the collision energy de-
creases, acceleration due to the external electromagnetic field

can be substantial, not only because of a finite local net charge
density in the medium, but also due to the fact that the external
electromagnetic fields become stronger. Secondly, as a pertur-
bation around local equilibrium, Eq. (2.19) implies that

δ f (1)
a,EM

na,eq
≈ eFμν

T 2
× (τRT ) ≈ |eFμν |

T 2

σel

T γ
� 1. (2.27)

The factor linear in the field strength can be recognized small
by the condition of weak external field. The relation is further
constrained by the appearance of the relaxation time τR. Since
τ−1

R captures the collisions, Eq. (2.27) reinterprets the fact
that the forces induced by external electromagnetic fields are
subleading in comparison to collisions among quarks and glu-
ons. Therefore, the system should always stay close to local
equilibrium irrespective of the presence of external fields. The
condition Eq. (2.27) validates the Chapman-Enskog method
for solving the Boltzmann-Vlasov equation.

C. Weak magnetic photon emission

With respect to the dissipative corrections to the quark
distributions, Eqs. (2.14), (2.15), and (2.24), photon thermal
radiations from a viscous QGP in the presence of a weak
external electromagnetic field can be calculated. Up to the
linearized order of spatial gradient and external field strength,
the emission rate now contains dissipative contributions:

Ep
dR
d3 p

≡ Ep
dR
d3 p

+ Ep
dREM

d3 p

≈ CαsαEMILc

∑
a

(
na,eq + δ f (1)

a,π + δ f (1)
a,� + δ f (1)

a,EM

)
,

(2.28)

where, for later convenience, we have identified separately,
EpdR/d3 p as the thermal radiation from a background system
without the influence of external electromagnetic fields, and

Ep
dREM

d3 p
≈ CαsαEMILc

∑
a

δ f (1)
a,EM

= −CαsαEMILc

∑
a

n′
a,eq

P · U

σel

T χel
eQaFμνPμUν,

(2.29)

as the thermal photon emission from QGP induced entirely by
the weak external fields. These separated sources of photon
emissions are illustrated in Fig. 1, which depicts, respectively,
the conversion of a quark and a quark inside external magnetic
field to a photon in the small angle approximation. Under
the weak field condition |eFμν | � T 2, the influence from the
weak magnetic field on the quark propagator and vertex can
be negligible [32], while the conversion ability, which is char-
acterized by the constant I (blobs in Fig. 1), is not affected by
the external magnetic field, since, δI = ∫ d3 p

(2π )3Ep
δ f (1)

a,EM = 0.

After a space-time integral with respect to the QGP expan-
sion, the emission rate leads to the radiated thermal photon
spectrum, for instance, the background contribution leads to
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FIG. 1. Diagrammatic illustration of the photon emission without and with weak external magnetic fields from QGP in the small angle
approximation. The blobs represent the effect of QGP medium that has been integrated and absorbed into the function I.

photon spectrum

Ep
d3N

d3 p
=

∫
d4X

(
Ep

dR
d3 p

)

= v̄0

[
1 +

∑
n=1

2v̄n cos n(φp − �n)

]
, (2.30)

and similarly, the photon emission by the weak electromag-
netic fields has the spectrum

Ep
d3NEM

d3 p
=

∫
d4X

(
Ep

dREM

d3 p

)

= vEM
0

[
1 +

∑
n=1

2vEM
n cos n(φp − �n)

]
, (2.31)

where φp is the azimuthal angle of the photon, �n are the
reference planes of the nth order flow harmonics determined
by charged particles. In practical simulations as in the current
work, the photon emissions from the background system can
be generalized to include all possible sources. For instance,
for the calculation of direct photons in Epd3N/d3 p there
should be photons from prompt hard scatterings, QGP thermal
radiations from elastic and inelastic scatterings, as well as
thermal radiations from a hadron gas. In both Eqs. (2.30) and
(2.31), coefficients of the expansion into harmonics referred
to, respectively, as photon yields with n = 0, elliptic flow with
n = 2, and triangular flow with n = 3, etc. These are experi-
mental measurables that characterize the emission anisotropy
of photons. Taken both sources into account, one expects the
observed direct photon spectrum

Ep
d3Nγ

d3 p
= Ep

d3N

d3 p
+ Ep

d3NEM

d3 p

= v
γ

0 (1 + 2v
γ

2 cos 2(φp − �2)

+ 2v
γ

3 cos 3(φp − �3) + · · · ) (2.32)

with, in particular,

v
γ

0 = v̄0 + vEM
0 , v

γ

2 = v̄0v̄2 + vEM
0 vEM

2

v̄0 + vEM
0

,

v
γ

3 = v̄0v̄3 + vEM
0 vEM

3

v̄0 + vEM
0

, (2.33)

the yields, elliptic flow, and triangular flow of the direct pho-
tons, respectively.

The radiated photon spectrum from the background
medium has been analyzed extensively, especially in the
framework of viscous hydrodynamics [42]. The resulted emis-
sion anisotropy, e.g., v̄2 and v̄3, are mostly associated with
the medium expansion with respect to initial state geometries.
For the radiated photons induced by external electromagnetic
fields, on the other hand, the spectrum is highly anisotropic as
a consequence of the interplay between the external electro-
magnetic fields and the dynamics of the background medium
expansion [21]. In realistic heavy-ion collisions, space-time
configuration of the colliding nuclei demands that the external
fields are well oriented, �B = Byŷ and �E = Exx̂, both of which
contribute one dipole mode, cos φp, to the rate in Eq. (2.29),
as well as to the weak field emitted photon spectrum, in
Eq. (2.31). Provided that the background QGP exhibits az-
imuthal anisotropies with nonvanishing cos nφp terms in the
background quarks distributions, and in particular with a
dipole moment which is related to charged hadron v1, one
finds a cos 2φp mode which gives rise to photon elliptic flow,
vEM

2 . In principle, vEM
2 alone can be remarkably significant,

which leads to a finite increase in the observed direct pho-
ton elliptic flow, even though the induced photon yields are
marginal.

III. NUMERICAL SIMULATIONS OF WEAK MAGNETIC
PHOTON EMISSION

We now implement the dissipative corrections to the
calculation of direct photons in realistic simulations based
on event-by-event hydrodynamical modeling. In accordance
with corrections from spatial gradients, the evolution of
the medium should be described by viscous hydrodynamics
with shear and bulk viscous corrections. Analogously, in the
presence of weak external electromagnetic fields, the cor-
responding dissipation appears not only in the phase space
distribution, but also the characterization of the medium
evolution.

When the external electromagnetic fields are sufficiently
weak, as for the case we are considering for the evolving QGP
in high-energy heavy-ion collisions, and in particular when
|eFμν | � T ∇ ≈ T 2, conservation of energy and momentum
∂μT μν = 0 is barely affected. Therefore, the bulk evolution
of the background system should still be captured by the
standard modeling based on viscous hydrodynamics. As a
consequence, the charge independent observables, such as the
collective flow and mean transverse momentum of hadrons
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which need not to be distinguished with respect to electric
charges, should not be affected.

There could be charge dependent signatures in QGP gener-
ated owing to the weak magnetic field. Even for a QGP which
is locally charge neutral, weak external electromagnetic fields
induce deviations between different charge components. For
instance, let us consider a QGP medium with one flavor of
quarks and antiquarks, with their number density n+ and n−,
respectively. Local charge neutrality condition requires that

nc = eQ+(n+ − n−) = 0. (3.1)

In each fluid cell, the external electromagnetic fields drives
quarks and antiquarks differently, so their velocities split,

U μ
± = U μ ± �U μ. (3.2)

By the assumption of weak field, the drift flow four ve-
locity �U μ should be recognized as perturbations on top
of the background hydrodynamic flow, U μ, which implies,
U μ�Uμ = 0. These split velocities of quarks and antiquarks
satisfy, respectively, the equation of motion

(e + P)DU μ
± = −∇μP ± Q+Eμn± + O(∇2), (3.3)

where we have neglected higher order dissipative corrections.
Equation (3.3) describes the acceleration of the charged com-
ponents in a fluid cell due to gradient force as well as the
electromagnetic forces. Eq. (3.3) is equivalent to

(e + P)DU μ = −∇μP + O(∇2) and

(e + P)D�U μ = 1
2 Q+Eμ(n+ + n−) + O(∇2). (3.4)

While the first equation is the standard hydrodynamical equa-
tion of motion for the background neutral fluid, which gives
rise to the fluid four velocity of the fluid cell, the second
equation characterizes the development of velocity splitting.

A nonrelativistic version of Eq. (3.4) has been considered
previously [43], assuming the balance condition between the
gradient force and the electromagnetic force so that the QGP
stays close to local thermal equilibrium. Accordingly, the
splittings in the rapidity-odd direct flow �v1 between charged
particles were recognized [44]. At the top energy of RHIC,
the magnitudes of the splittings in direct flow of charged
particles is found comparable to the background direct flow,
i.e., �v1 ≈ v1. In fact, considering the fact that the electro-
magnetic force from the external magnetic field (as well as
the external electrical field which we do not include in the
current discussion) lies parallel to the direct flow, the balance
of the electromagnetic force and gradient force must lead
to �v1 ≈ v1. Of course, splittings in higher order flows are
more involved as the geometrical argument does not apply.
As a consequence, as an ansatz, we should be allowed to
simplify our simulations by assuming that the rapidity-odd
dipole modes associated with U μ and �U μ are comparable
in this work, and we leave the consistent solution of �U μ

for future analyses. In this way, the dipole mode can be cap-
tured correctly regarding the splittings in the charge dependent
direct flow, which results in reliable descriptions of photon
elliptic flow. However, since higher order modes are not fully

characterized, the current formulation is expected insufficient
for higher order flow signatures of the direct photon.

A. Event-by-event hydrodynamic simulations

In this current work, we take the existed results of ther-
mal photon spectrum from the background medium from
Ref. [31]. For the induced photon radiation from QGP by
the weak external electromagnetic fields, we carry out event-
by-event simulations of 3 + 1 dimensional (3 + 1D) viscous
hydrodynamics. By doing so, harmonic modes containing
cos nφp would arise automatically due to the initial geomet-
rical fluctuations. Especially, the rapidity-odd dipole mode,
namely, the mode associated with cos φp with respect to
a tilted fireball configuration [46], contributes to the pho-
ton elliptic flow [21]. In a similar manner, the rapidity-odd
quadrupole mode, namely, the mode associated with cos 2φp

with respect to a torqued fireball configuration [47], con-
tributes to the photon triangular flow.

We solve viscous hydrodynamics using the state-of-the-art
MUSIC program [48], with respect to the 3 + 1D TRENTo
initial condition [49], both of which have been applied ex-
tensively, for instance, by the JETSCAPE analyses [41].
Following Ref. [50], we apply a quite standard set of param-
eters to these simulations, so that the hadron spectra from
experiments are well reproduced. These parameters include
those characterizing the initial geometry of the system on an
event-by-event basis, the ratio of shear viscosity to entropy
density η/s and a temperature dependent ratio of bulk viscos-
ity to the entropy density ζ/s. In particular, to be consistent
with the previous calculations of thermal photon radiation
from the background medium evolution, we choose the ini-
tial time at τ0 = 0.4 fm/c, and record all photons induced
by the external electromagnetic fields up to the crossover
temperature Tc = 150 MeV. As an illustration, from the event-
by-event simulations, the resulted pseudorapidity dependent
charged particle yields and direct flow v1 are shown in Fig. 2,
in comparison to the experimental data from RHIC [51,52].

Equation (2.24) requires the space-time information of the
electromagnetic fields. Although the external electromagnetic
fields can be well determined initially from the colliding nu-
cleus, and are well orientated due to the collision geometry,
how they evolve along with the medium expansion remains
undetermined so far. In particular, the electric conductivity
σel in QGP, which plays an essential role in the evolution of
the electromagnetic fields, has large theoretical uncertainties.
For instance, there can be order of magnitudes difference in
σel/T , depending on whether the QGP is strongly coupled or
weakly coupled [53–56]. In this work, we focus on the effect
of magnetic fields, and consider in the laboratory frame of the
nucleus-nucleus collisions with only a nonzero y component
�B = Byŷ. To avoid uncertainties from σel and its temperature
dependence, as well as the unknown time evolution of the
magnetic field, etc., we introduce a dimensionless and con-
stant parameter in our simulations:

ρ ≡ σel

T

eBy

m2
π

, (3.5)
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FIG. 2. Pseudorapidity dependent charged hadron yields (left panel) and charged hadron direct flow (right panel) at the top RHIC energy.
Solid lines are corresponding results from event-by-event hydrodynamics simulations carried out in this work.

where eBy can be regarded as the time averaged magni-
tude of the external magnetic field during the QGP stage, in
the center of the fireball. Similarly, with a constant ρ in the
simulations, the ratio σel/T can be also understood as a time
averaged value. In realistic simulations, we shall allow ρ to
vary in order to reproduce experimental observables. Let us
emphasize that treating ρ a constant parameter in simulations,
one implicitly takes into account of the medium effect on the
decay of the magnetic field. For instance, in the most opti-
mistic scenario, a constant eB could be due to a sufficiently
large electrical conductivity in QGP. In general, no matter
how the magnetic field evolves in time, it is the time averaged
field strength. As a somewhat preliminary calculation, we
ignore the dependence of the magnetic field in the transverse
directions (directions perpendicular to the beam axis). The
longitudinal profile of the magnetic field is dominantly gov-
erned by the colliding nuclei, regardless of the generation of a
QGP medium [17], which can be deduced via the Lienard-
Wiechert potential, viz., eBy(τ, ηs) = eBy�(ηs) with a time
independent and normalized profile

�(ηs) ∝ 1(
b2/4 + γ 2τ 2

0 (sinh ηs + v cosh ηs)2
)3/2

+ 1(
b2/4 + γ 2τ 2

0 (sinh ηs − v cosh ηs)2
)3/2 (3.6)

and �(ηs = 0) = 1. In practice, we fix τ0 = 0.4 fm/c in
the above equation. Here, the space-time rapidity ηs =
tanh−1(z/t ). The impact parameter b and the Lorentz factor
γ = 1/

√
1 − v2 are to be fixed according to the centrality and

the center-of-mass energy of the nucleus-nucleus collisions,
respectively.

B. Direct photon yields, v
γ

2 and v
γ

3 , from RHIC and the LHC

We first present our numerical results on the direct pho-
ton yields from the AuAu collisions at

√
sNN = 200 GeV

in Fig. 3, with respect to the experimental measurements
from three different centrality classes from the PHENIX

collaboration. To be consistent with experiments, we also
collect photons from the same rapidity window, y ∈ [−1, 1].
In comparison to the direct photon productions from the
background medium (green dot-dashed lines), the external
magnetic field induces a small extra contribution. As one
would expect, the resulted enhancement in the yields is pro-
portional to the field strength. For instance, in the centrality
class 20–40% and with photon transverse momentum pT =
1 GeV, as we choose ρ from 0.025 to 0.2, the direct photon
yields receive an increase from 1% to 15%, respectively. Note
that the 1% increase is barely seen in the difference between
the green dot-dashed line and the blue line in Fig. 3.

Although it is insignificant to the yields, the magnetic field
has a remarkable influence on the direct photon elliptic flow,
as can be seen in Fig. 4. Again, as an example, one notices
that in the centrality class 20–40% and with photon transverse
momentum pT = 1 GeV, v

γ

2 can rise from 30% to a factor of
2.5, when ρ is taken between 0.025 and 0.2. As a consequence
of the sensitivity, one is allowed to use the experimentally
measured direct photon elliptic flow to constrain the param-
eter ρ, which leads to the yellow band in Fig. 4. For all
the given centrality classes, the experimental data are well
described as the effect of magnetic field is included. Although
the procedure of extracting ρ is not accurate, and despite the
large experimental errors, we find that the identified values of
ρ from v

γ

2 grow systematically as the centrality increases. This
increase of ρ is in qualitative agreement with theoretical ex-
pectations, that from central to peripheral collisions, there are
more spectator nucleons in the colliding nucleus contributing
to the generation of the external electromagnetic fields.

With the same ρ values identified with respect to the direct
photon elliptic flow, we also calculate the triangular flow of
the direct photons v

γ

3 . In the previous work in Ref. [21], the
initial medium density has been chosen from a smooth and
tilted profile which does not lead to a rapidity-odd cos 2φ

mode in the expanding fireball, and as expected, triangular
flow of photons cannot be generated via the weak magnetic
field. However, when geometrical fluctuations are considered
on an event-by-event basis in a three-dimensional system,
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FIG. 3. Direct photon yields with also contributions from the weak magnetic photon emissions from AuAu collisions with
√

sNN =
200 GeV at RHIC [45]. Comparing to the background radiations, the weak magnetic fields lead to a small increase of photon yields. Given the
values of ρ that are compatible with the experimental data of v

γ

2 , the increase ranges from less than 1% to a few percents (0–20% centrality),
to about 10% (20–40% centrality) and to about 40% (40–60% centrality), respectively.

rapidity-odd cos 2φ mode emerges, we find a finite triangular
flow contribution to the induced photons due to the weak
magnetic field. As shown in Fig. 5, v

γ

3 of the direct photons
gets increased when a larger external magnetic field is applied,
yet it is less sensitive to the field strength comparing to v

γ

2 .
It should be emphasized that the triangular flow of the di-

rect photons induced from a weak magnetic field is absolutely
a novel effect. In the conventional mechanism of photon radia-
tion involving a magnetic field, only even orders of harmonics
in the photon spectrum appear according to the geometrical
symmetry of the magnetic field. For instance, photons radiated
via a synchrotron radiation has generically an elliptic flow,
but no triangular flow. The generation of v

γ

3 from the weak
magnetic field demonstrates again the nontrivial interplay be-
tween the magnetic field and the longitudinal dynamics of the
medium, with now the mode coupling involving the rapidity-
odd cos 2φ mode in the system expansion.

As we have mentioned previously, the current framework
cannot give rise to appropriate characterization of the higher
order charge dependent harmonic modes in the fireball evo-
lution. Consequently we do not expect good agreement of v

γ

3
comparing to experiment.

The ALICE collaboration measured the yields and elliptic
flow of direct photons from the PbPb collisions at the LHC,
with

√
sNN = 2760 GeV [23]. Following the same strategy,

we can in principle use the measured elliptic flow to constrain
the values of ρ in the our simulations. However, since the
systematic uncertainties are too large, we only match the
numerical solutions with respect to the data points with statis-
tical errors. As shown in Figs. 6 and 7, although the induced
increase in the direct photon yields is marginal, the effect on
the elliptic flow is remarkable. For both centrality classes, the
experimental data are well reproduced when the effect of a
weak external magnetic field is included. Correspondingly, we
notice a systematic growth in the values of ρ, from the central
collisions (0–20%) to the midcentral collisions (20–40%).

IV. EXTRACTION OF THE MAGNETIC FIELD
FROM DATA

We have extracted the dimensionless parameter ρ from
the measured data of v

γ

2 from the PHENIX collaboration,
which allows us to further constrain the strength of the mag-
netic field. We take the ratio of electrical conductivity to

FIG. 4. Direct photon elliptic flow with also contributions from the weak magnetic photon emissions for three centrality classes at the
RHIC with

√
sNN = 200 GeV. In order to be compatible with the experimental data from the PHENIX collaboration [22], theoretical results

are shown as colored bands with respect to varying input values of parameter ρ = σel/T × eBy/m2
π .
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FIG. 5. Direct photon triangular flow with also contributions from the weak magnetic photon emissions for three centrality classes at the
RHIC with

√
sNN = 200 GeV, comparing to experimental data from the PHENIX collaboration [22]. Theoretical results are shown as colored

bands with respect to input values of parameter ρ = σel/T × eBy/m2
π determined according to v

γ

2 .

temperature with respect to perturbative QCD calculation to
the leading log order, to be consistent with the photon produc-
tion rate that has been considered [31], with σel/T ∈ [0.2, 2]
[56]. Given the theoretical uncertainties associated with the
electrical conductivity, as well as the experimental error, the
estimated values of the magnetic field for the corresponding
three centralities are shown in Fig. 8. In units of pion mass
square, the mean values of the magnetic fields in these colli-
sions are found around 0.1. In context of QGP physics, these
are indeed weak fields, especially one notices that the mean
temperature square during the QGP evolution in heavy-ion
experiments is 〈T 2〉 ≈ 4m2

π . However, this extracted magnetic
field in heavy-ion experiment is still rather strong in nature,
considering, for instance, that the strongest magnetic field that
has been deduced from the neutron star from x-ray spectrum
is around 1013 Gauss [20].

For comparisons, in Fig. 8 the theoretical prediction of the
field strength is shown as the black solid line. This prediction
is obtained by solving the vacuum time evolution of the exter-
nal magnetic field, and evaluated at τ = 0.4 fm/c with respect

FIG. 6. Direct photon yields with also contributions from the
weak magnetic photon emissions from PbPb collisions with

√
sNN =

2760 GeV at the LHC [57]. Given the values of ρ that are compatible
with the experimental data of v

γ

2 , the increase ranges from less than
1% to a few percent (0–20% centrality), to about 10% (20–40%
centrality), and to about 40% (40–60% centrality), respectively.

to the center of the fireball,

By(τ, z = 0, x⊥ = 0) ∝ 2Zeff b

[b2/4 + (γ vτ )2)]3/2
, (4.1)

where Zeff characterizes the electrical charge of the colliding
nucleus. Namely, it is the theoretically expected initial value
of the magnetic field as the QGP system starts to evolve
hydrodynamically. One first notices a very similar centrality
dependence of the extracted field strength (red points) and
the theoretical expectation (black line), which is consistent
with the fact that magnetic field should grow from central
towards peripheral collisions, as more spectators are involved
in the creation of the field. Despite the agreement within error
bar, there exists apparent overestimate of the extracted field
strength. The overestimate should be expected, at least for
a couple of reasons. First, the effect of electrical fields is
neglected in the current framework. Second, the current calcu-
lation considers the magnetic field induced photon radiations
above the crossover temperature, while the similar mechanism
which should also be applicable to the hadron gas has not been
included. It is not surprising that both effects can lead to ad-
ditional photon productions with large momentum anisotropy,
hence reduce the extracted value of the field strength.

V. CONCLUSION AND DISCUSSION

Through the event-by-event simulations of 3 + 1 dimen-
sional hydrodynamics, we have demonstrated that a small
dissipative correction due to the weak external magnetic field
does induce an extra contribution to the thermal photon ra-
diation from QGP. The weak magnetic photon emission is a
novel effect that relies on the interplay of the QGP longitu-
dinal expansion and the weak magnetic field. Although it is
not of significance to the yields, the photons produced are
highly anisotropic. With respect to the rapidity-odd dipole and
quadrupole modes in the expanding QGP, elliptic flow and
triangular flow of the photons can be generated in the presence
of the weak magnetic field.
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FIG. 7. Direct photon elliptic flow with also contributions from the weak magnetic photon emissions for two centrality classes at the
LHC with

√
sNN = 2760 GeV. In order to be compatible with the experimental data from the ALICE collaboration [23] considering only the

statistical errors, theoretical results are shown as colored bands with respect to varying input values of parameter ρ = σel/T × eBy/m2
π .

In many perspectives, the current framework is still crude:
The space-time profile of the magnetic field is simplified.
Dissipations from the magnetic forces correct only the quark
distribution function, while their influences on the hydro-
dynamic equations of motion have been neglected. Effects
from the electrical field have not been taken into account.
Nonetheless, with the weak magnetic photon emission, we are
able to provide the first realistic hydrodynamic modeling of
photon production that successfully explains the observed di-
rect photon momentum anisotropy, with only a weak external
magnetic field that is consistent to theoretical expectations.
We therefore conclude that the weak electromagnetic field,
which must have been created in heavy-ion experiments, but
has never been implemented in previous hydrodynamic calcu-
lations, is very likely responsible to the direct photon puzzle.
Accordingly, we propose that the direct photon elliptic flow

FIG. 8. Extracted external magnetic field in RHIC AuAu colli-
sions at

√
sNN = 200 GeV, from the direct photon elliptic flow. The

black line corresponds to the solution of the magnetic field evolution
in vacuum in the center of the fireball at τ = 0.4 fm/c.

can be taken as a probe to detect the magnetic field in heavy-
ion experiments. In fact, it is a more sensitive probe to the
magnetic field, than many other known signatures, such as
the split between hyperon and anti-hyperon polarization [58].
Moreover, direct photons detects QGP in the early stages, in
which magnetic field is expected stronger.
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APPENDIX A: FIRST ORDER SHEAR AND BULK
VISCOUS CORRECTION δ f (1)

With respect to the symmetry of the tensor structure, the
first order shear viscous correction in the distribution function
is related to 〈∇μUν〉. From the matching condition, one finds
an integral equation according to the first term in Eq. (2.10),

2η〈∇μUν〉 = −τR

T

∑
a

∫
d3 p

(2π )3Ep
PμPνPαPβ〈∇αUβ〉 n′

a,eq

P · U
.

(A1)
For simplicity, we have neglected the species label in the mo-
menta, but it should be aware that the operations of integration
and summation are not commutable in the above equation.
The integral equation implies a solution η = τRχshear with

χshear = − 1

15T

∑
a

∫
d3 p

(2π )3Ep

n′
a,eq

P · U
(PαPβ�αβ )2

−−→
m→0

e + P
15c2

s

. (A2)

We introduce χshear as the effective susceptibility associ-
ated with the shear viscous correction. It can be understood
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by noticing that the relaxation time τR plays the role
of momentum diffusion constant. It can be also under-
stood in terms of the equal-time two-point correlations of
fluctuations. For instance, from the equal-time two-point cor-
relation of the distribution function, 〈〈δ fa(x, p)δ fb(x′, p′)〉〉 =
−n′

eq(2π )3δ(3)(p − p)δabδ
(3)(x − x′) [59], for the equal-time

two-point correlations of the energy-momentum tensor fluc-
tuations, one has

〈〈δT μν (t, x)δT αβ (t, x′)〉〉
≡ 2T �μναβχshearδ

(3)(x − x′) + · · · , (A3)

where the double brackets is used to indicate ensemble
average over thermal fluctuations with respect to systems
in local equilibrium. In the conformal limit, as shown in
Eq. (A2), χshear reduces to a quantity proportional to the
enthalpy density, and one recovers the well-known relation
τR = 5η/sT .

The remaining of terms in Eq. (2.10) all contribute
to the bulk viscous correction to the distribution func-
tion. According to the matching condition, one obtains an
equation

−ζ∇ · U = −
∑

a

∫
d3 p

(2π )3Ep
PμPν τR

P · U

n′
a,eq

T

[
(P · U )2

(
c2

s − 1

3

)
+ m2

a

3

]
∇ · U

+
∑

a

∫
d3 p

(2π )3Ep
PμPνn′

a,eq

(
PμδU ∗

μ

T
− P · U

T 2
δT ∗

)

= τRT 4(ξ1�
μν + ξ2U

μU ν )∇ · U − (ξ3�
μν + ξ4U

μU ν )T 3δT ∗ + AμδU ∗
μ, (A4)

where ξ ′
i s and Aμ are dimensionless functions defined from

various integrals involving the equilibrium distribution,

ξ1 = − 1

3T 5

∑
a

∫
d3 p

(2π )3Ep
(PαPβ�αβ )

n′
a,eq

(P · U )

×
[

(P · U )2

(
c2

s − 1

3

)
+ m2

a

3

]
, (A5)

ξ2 = − 1

T 5

∑
a

∫
d3 p

(2π )3Ep
(P · U )n′

a,eq

×
[

(P · U )2

(
c2

s − 1

3

)
+ m2

a

3

]
, (A6)

ξ3 = 1

3T 5

∑
a

∫
d3 p

(2π )3Ep
(PαPβ�αβ )P · Un′

a,eq, (A7)

ξ4 = 1

T 5

∑
a

∫
d3 p

(2π )3Ep
(P · U )3n′

a,eq. (A8)

In the massless limit, ma → 0, one finds ξ1 = ξ2/3 and
ξ3 = ξ4/3. Comparing the tensor structure on both sides
of Eq. (A4), one recognizes the following solution to the
equation:

δU ∗
μ = 0, (A9a)

τRξ2∇ · U = ξ4
δT ∗

T
, (A9b)

τRT 4

(
ξ3

ξ4
ξ2 − ξ1

)
= τRχbulk = ζ . (A9c)

The last equation defines accordingly the effective suscep-
tibility associated with the bulk viscous correction

χbulk = T 4

(
ξ3

ξ4
ξ2 − ξ1

)
. (A10)
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