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Maximally local two-nucleon interactions at N3LO in �-less chiral effective field theory
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We present new maximally local two-nucleon interactions derived in �-less chiral effective field theory up to
next-to-next-to-next-to-leading order (N3LO), which include all contact and pion-exchange contributions to the
nuclear Hamiltonian up to this order. Our interactions are fit to nucleon-nucleon phase shifts using a Bayesian
statistical approach, and explore a wide cutoff range from 0.6–0.9 fm (≈660–440 MeV). These interactions can
be straightforwardly employed in quantum Monte Carlo methods, such as the auxiliary field diffusion Monte
Carlo method. Together with local three-nucleon forces, calculations with these new interactions will provide
improved benchmarks for the structure of atomic nuclei and serve as crucial input to analyses of astrophysical
phenomena of neutron stars, such as binary neutron-star mergers.
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I. INTRODUCTION

Astrophysical explosions involving neutron stars (NSs),
like supernovae and NS mergers, are fascinating phenom-
ena to study nuclear physics at the extremes. NSs and their
mergers explore nuclear matter reaching the highest densities
in the cosmos, making them ideal laboratories to elucidate
strong nuclear interactions. These interactions manifest them-
selves in the form of the nuclear matter equation of state
(EOS), which connects NSs with experiments of neutron-rich
nuclei. Recently, multimessenger analyses, combining state-
of-the-art nuclear theory with astrophysical observations, have
provided a wealth of new information on the EOS [1–8].
These analyses used constraints on the EOS of dense matter
that were obtained from many-body calculations using inter-
actions from chiral effective field theory (EFT) [9–13]. Chiral
EFT provides a systematic expansion of nuclear interactions
and is connected to the fundamental theory of strong inter-
actions, quantum chromodynamics [14–16]. While there has
been a lot of progress in recent years to improve chiral EFT
constraints, it is crucial to reduce uncertainties of theoretical
models for nuclear interactions to fully exploit the multitude
of anticipated data from NS observations and nuclear experi-
ments in the coming years.
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One way to achieve this goal is to perform calculations at
higher orders in the chiral EFT expansion. In this paper, we
introduce a new family of local chiral EFT two-nucleon (NN)
interactions at next-to-next-to-next-to-leading order (N3LO)
that can be employed in quantum Monte Carlo (QMC) compu-
tational methods. QMC methods are among the most precise
many-body methods [17] but they require local interactions
as input; see Refs. [18,19] for details. In the past, local
interactions from chiral EFT have been developed up to
next-to-next-to-leading order (N2LO) in the �-less approach
[18,19] and including short-range pieces at N3LO in the �-
full approach [20,21]. Fully local chiral interactions have also
recently been developed in the �-less approach where all
available local operators up to N3LO were considered, even
those that would be connected by antisymmetrization and
the Fierz rearrangement freedom (FRF) [22]. In particular,
4 leading-order (LO) operators, 8 local next-to-leading or-
der (NLO) operators, and all 11 local N3LO operators were
considered while all nonlocal operators and their associated
physics were not included.

In this paper, we develop maximally local interactions for
use in QMC methods while using FRF [23]. By maximally
local, we mean a complete set of operators in which the num-
ber of nonlocal operators is as low as possible, consistent with
FRF. Local chiral EFT interactions up to N2LO, developed
following our approach, have been used in QMC methods and
provide a good description of nuclei with A � 20 [12,24,25]
and dense matter [12,26,27]. However, uncertainties in these
calculations are still sizable and result from both the trun-
cation of the chiral expansion and regulator artifacts. These
uncertainties affect QMC predictions of nuclei and the nu-
clear equation of state, including the nuclear symmetry energy
and related observables [7,27–29]. Forthcoming astrophysics
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constraints from gravitational-wave (GW) observatories will
provide precision data on dense matter [30] and it is key that
uncertainties in many-body calculations at low densities are
reduced to enable best-possible analyses of these exciting new
data. Here, we focus on developing novel maximally local
N3LO NN interactions that can be used in QMC calculations
of various nuclear systems. In a forthcoming paper, we will
include the parameter-free N3LO three-nucleon (3N) interac-
tions [31,32], the charge-symmetry and charge-independence
breaking corrections, and QMC calculations of many-body
nuclear systems. Calculations at higher orders in the EFT
expansion are expected to reduce theoretical uncertainties by
a factor of 2–3 [13,33].

The interactions developed here include a set of 21 contact
operators, out of which 4 are nonlocal. All pion-exchange
interactions are local and fully included. The local interactions
developed explore a wide range of cutoffs, R0 = 0.6–0.9 fm
(≈660–440 MeV), in order to reduce the impact of regulator
artifacts. This is an important aspect of our calculation since
previous studies have shown that regulator artifacts from local
regulators are larger than for nonlocal regulators [12,23,34].
High-cutoff interactions have smaller regulator artifacts and
can easily be employed in QMC calculations, in contrast to
most other many-body methods that require softer interactions
for convergence. Our N3LO interactions, which we name
N3LOLA-09 to N3LOLA-06, are fit to NN scattering phase
shifts using Bayesian methods. This allows us to explicitly
model EFT truncation uncertainties when performing the fits
and we show how these uncertainties evolve with the cutoff
R0. We also perform least-squares fits to the NN scattering
phase shifts that do not incorporate EFT truncation uncer-
tainties. The comparison between the two ways of fitting
indicates the importance of modeling the EFT truncation un-
certainties when chiral interactions are calibrated to data. We
demonstrate that local high-cutoff interactions perform better
than their softer counterparts, in the sense that they better
reproduce NN scattering phase shifts and lead to smaller
EFT truncation uncertainties. Finally, we show that although
our interactions are not fit to the properties of the deuteron,
our model predictions for these are in good agreement with
experimental data, especially for our high-cutoff interactions.

This paper is organized as follows. In Sec. II, we give the
explicit form of the interactions that we use in this work.
The couplings are fit to NN scattering phase shifts and the
details of this fit are given in Sec. III, where we discuss
both the Bayesian fit as well as the least-squares fit. We also
show how the np phase shifts and their associated theoretical
uncertainties change with increasing chiral order and varying
the cutoff. In Sec. IV, we use our interactions to study the
properties of the deuteron. Our main conclusions and sum-
mary are presented in Sec. V.

II. N3LO INTERACTIONS FROM CHIRAL EFT

In this section, we give the detailed expressions for the
interactions along with the local regulators employed in this
work. Since there are four nonlocal contact operators, we
present the momentum-space expression for all the contacts

that we use. The pion-exchange terms and the local regulators,
on the other hand, are treated in coordinate space.

A. Chiral EFT and QMC methods

In atomic nuclei and nuclear matter below about twice
the nuclear saturation density, chiral EFT is currently the
main framework to describe nuclear interactions in a sys-
tematic order-by-order expansion [14–16]. The chiral EFT
framework provides consistent NN , 3N , and higher-body in-
teractions, based on a low-momentum expansion of nuclear
forces where the expansion parameter Q is the ratio of a
typical momentum of the system under study with respect
to the breakdown scale �b, which determines where chiral
EFT becomes inapplicable. The effects of high momenta, that
would be resolved above the breakdown scale, are absorbed
into a set of low-energy couplings, the strengths of which
are adjusted to reproduce experimental data. The advantages
of chiral EFT over other approaches are that it (i) allows to
quantify theoretical uncertainties [33,35,36] and (ii) provides
consistent NN and many-body interactions, i.e., the same pro-
cesses between different particles are described by the same
low-energy constants (LECs) and operators. Order by order,
predictions become more accurate and precise by a factor of
2–3 at the cost of more involved calculations. Chiral EFT is
valid for relative nucleon momenta below ≈500–600 MeV,
translating into densities below about twice the nuclear satu-
ration density.

Solving the nuclear many-body problem is a challenging
task that requires advanced computational tools. QMC meth-
ods are among the most precise nuclear many-body methods
[17] and use stochastic techniques to extract ground-state
properties of nuclear systems, providing quasiexact solutions
with statistical uncertainties [24]. This is the main benefit
over other computational methods whose additional approx-
imations can lead to systematic uncertainties. However, QMC
methods require local interactions1 as input, i.e., interactions
with no derivatives acting on the wave functions, to nonpertur-
batively solve the nuclear many-body problem. While chiral
EFT is traditionally formulated in a nonlocal way and has
been used to construct NN interactions to N3LO and beyond
[37,38], local chiral EFT interactions have been introduced
only in the past decade [18,20,22]. Local interactions have
so far been developed up to N2LO in chiral EFT [18,19] on
the same footing as nonlocal interactions. In addition, max-
imally local interactions with selected N3LO contributions
have been developed [20] but these typically do not include
N3LO pion-exchange contributions. Finally, recent work saw
the development of local N3LO interactions where all nonlo-
calities were neglected and replaced by local operators where
possible, even when the latter are connected by FRF [22].
Here, we develop complete maximally local NN interactions
at N3LO in chiral EFT that are suited for QMC calculations,
i.e., interactions that account for all short- and long-range
contributions and all necessary local and nonlocal pieces up
to that order, using FRF. While FRF is violated when local

1Note that small nonlocalities can be treated perturbatively.
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regulators are applied [22,23], this effect induces regulator
artifacts that take the form of interaction pieces of higher
order in the EFT expansion and hence decrease in size. We
have shown that the most sizable regulator artifacts at LO can
be absorbed by the regular interactions pieces at NLO [23].
Similarly, artifacts at NLO and subleading artifacts at LO can
be absorbed at N3LO. Hence, the remaining artifacts are of
order Q6 and are therefore expected to be small. Furthermore,
we study interactions at large cutoffs where these regulator
artifacts further decrease in size. For these reasons, regulator
artifacts in the NN sector are small in this work.

B. Maximally local intactions at N3LO

Chiral EFT interactions are given in terms of a momentum
expansion and can be decomposed into short-range contact
pieces and long-range pieces mediated by one and multiple
pion exchanges,

V (ν) = V (ν)
cont + V (ν)

π , (1)

where ν is the chiral order, indicating the power Qν .

1. Contact interactions

Up to N2LO, the contact interactions can be fully expressed
using only local operators and the nonlocal spin-orbit interac-
tion that can be treated by QMC methods [12,18,19,39]. The
leading-order (LO) momentum-independent contact interac-
tions are given by

V (0)
cont = CS + CT σ1 · σ2, (2)

where two out of four possible operators are chosen [19,23].
The remaining two operators are linearly dependent due to the
required antisymmetry of the wave function in nuclear sys-
tems. In other words, one can construct an antisymmetrized

potential VA,

VA = 1
2 (V − A[V ]), (3)

where A is the exchange operator given as

A[V (q, k)] = 1

4
(1 + σ1 · σ2)(1 + τ1 · τ2)

× V
(

q → −2k, k → −q

2

)
. (4)

By antisymmetrizing the potential in this manner, it can be
shown that any two out of four operators, describing both NN
S-wave interaction channels, can be selected using FRF; see
Refs. [18,19,23] for more details.

At NLO, the contact interaction is momentum dependent.
For initial and final relative momenta p and p′, momentum
transfer q = p′ − p, and momentum transfer in the exchange
channel k = (p′ + p)/2, the NLO interaction is given by

V (2)
cont = C1 q2 + C2 q2τ1 · τ2 + C3 q2σ1 · σ2

+ C4 q2σ1 · σ2τ1 · τ2 + i

2
C5 (σ1 + σ2) · (q × k)

+ C6 (σ1 · q) (σ2 · q) + C7 (σ1 · q) (σ2 · q)τ1 · τ2,

(5)

where, again, a subset of 7 independent out of 14 possible
operators has been chosen. At NLO, the operators are selected
such that the interaction is fully local (i.e., independent of k)
except for the spin-orbit interaction. Other choices are possi-
ble, too, which lead to nonlocal or partially local interactions
[37,38,40–42]. There are no new contact operators that appear
at N2LO.

We now turn to N3LO where there are a total of 30 possible
contact operators [41],

V (4)
cont = α1 q4 + α2 q4τ1 · τ2 + α3 q4σ1 · σ2 + α4 q4σ1 · σ2τ1 · τ2

+ α5 k4 + α6 k4τ1 · τ2 + α7 k4σ1 · σ2 + α8 k4σ1 · σ2τ1 · τ2

+ α9 q2k2 + α10 q2k2τ1 · τ2 + α11 q2k2σ1 · σ2 + α12 q2k2σ1 · σ2τ1 · τ2

+ α13 (q × k)2 + α14 (q × k)2τ1 · τ2 + α15 (q × k)2σ1 · σ2 + α16 (q × k)2σ1 · σ2τ1 · τ2

+ i

2
α17 q2(σ1 + σ2) · (q × k) + i

2
α18 q2(σ1 + σ2) · (q × k)τ1 · τ2

+ i

2
α19 k2(σ1 + σ2) · (q × k) + i

2
α20 k2(σ1 + σ2) · (q × k)τ1 · τ2

+ α21 q2 σ1 · q σ2 · q + α22 q2 σ1 · q σ2 · q τ1 · τ2 + α23 k2 σ1 · q σ2 · q + α24 k2 σ1 · q σ2 · q τ1 · τ2

+ α25 q2 σ1 · k σ2 · k + α26 q2 σ1 · k σ2 · k τ1 · τ2 + α27 k2 σ1 · k σ2 · k + α28 k2 σ1 · k σ2 · k τ1 · τ2

+ α29 σ1 · (q × k) σ2 · (q × k) + α30 σ1 · (q × k) σ2 · (q × k)τ1 · τ2. (6)

Note, that terms ∼(q · k)2 can be expressed in terms of q2k2 and (q × k)2, and hence, do not have to be included explicitly. Also,
the last two operators are related to a quadratic spin-orbit operator and the angular momentum operator by

1
2 [(σ1+ σ2) · (q× k)]2 = σ1 · (q× k) σ2 · (q× k)+ (q × k)2. (7)

Due to FRF, we can again choose a subset of 15 independent operators from this overcomplete set. When selecting the subset,
however, it is crucial to choose operators in such a way that upon antisymmetrization the complete operator set is recovered.
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Hence, for example, a nonlocal tensor operator cannot be replaced by a central local interaction piece, as physics information at
that order would be lost. One possible way to choose an independent set of operators would be to drop all terms in Eq. (6) that
contain the product of isospin matrices τ1 · τ2, as done in Ref. [41]. Alternatively, in this work, we choose the following subset
of operators:

V (4)
cont = D1 q4 + D2 q4τ1 · τ2 + D3 q4σ1 · σ2 + D4 q4σ1 · σ2τ1 · τ2 + i

2
D5 q2(σ1 + σ2) · (q × k)

+ i

2
D6 q2(σ1 + σ2) · (q × k)τ1 · τ2 + D7 q2 σ1 · q σ2 · q + D8 q2 σ1 · q σ2 · q τ1 · τ2

+ D9 q2k2 + D10 q2k2τ1 · τ2 + D11 (q × k)2 + D12 (q × k)2τ1 · τ2 + D13 k2 σ1 · q σ2 · q

+ D14 k2 σ1 · q σ2 · q τ1 · τ2 + D15 σ1 · (q × k) σ2 · (q × k). (8)

The operators D1 to D8 are local and D9 to D15 are nonlocal.
Note that the terms D5 and D6, while being nonlocal, can
be treated by Monte Carlo methods since the momentum k
appears only linearly. Hence we group them together with the
local operators at N3LO, just as we have grouped C5 along
with the other 7 local operators at N2LO.

We can further reduce the number of nonlocal contacts as
it has been found that there are redundancies among the 15
contact operators at N3LO [38,43]. By performing a unitary
transformation (UT) on the Hamiltonian, we can decrease the
number of independent nonlocal contacts from 7 to 4 [38].
Following Ref. [38], we consider the unitary operator

U = eγ1T1+γ2T2+γ3T3 , (9)

where Ti are the three anti-Hermitian generators of the UT
and γi are the corresponding transformation angles. Similarly
to Ref. [38], we choose the following generators:

T1 = mN

2�4
b

k · q, (10)

T2 = mN

2�4
b

k · q τ1 · τ2, (11)

T3 = mN

2�4
b

(σ1 · kσ2 · q + σ1 · qσ2 · k) τ1 · τ2. (12)

Note that Eqs. (10), (11), and (12) constitute one choice of
basis for the UT and other choices are possible due to FRF. For
example, Ref. [38] replaces the operator τ1 · τ2 with σ1 · σ2 in
Eq. (11) and τ1 · τ2 with 1 in Eq. (12). Moreover, apart from
the freedom in choosing the generator basis, there are only
three two-nucleon contact operators that are anti-Hermitian
and Galilean invariant at order Q2. Therefore, the unitary
operator U considered in this work represents all possible UTs
that can be generated at order Q2. We need to apply the UT
only to the LO Hamiltonian since the UT, when applied to
the higher-order interactions, will induce terms at order Q6

and above which is beyond the desired accuracy for this work.
The shift in the LO Hamiltonian is given by

δH0 = U †H0U − H0

=
∑

i

γi[H
0, Ti] + · · ·

=
∑

i

γi
[(

Hkin + V (0)
1π + V (0)

cont

)
, Ti

] + · · · , (13)

where the dots represent terms beyond the order of our calcu-
lation. It can be shown that [V (0)

1π , Ti] and [V (0)
cont, Ti] only induce

shifts to contact operators of order Q0 and Q2 and therefore do
not need to be considered explicitly [38]. On the other hand,
the commutator with the kinetic energy generates order Q4

terms (see Ref. [38]):
∑

i

γi[Hkin, Ti]

= γ1

�4
b

(k · q)2 + γ2

�4
b

(k · q)2τ1 · τ2 + γ3

�4
b

(k · q)

× (σ1 · kσ2 · q + σ1 · qσ2 · k)τ1 · τ2. (14)

Using the identity

(k · q)2 = q2k2 − (q × k)2 (15)

and Eq. (10) of Ref. [38],

(k · q)(σ1 · kσ2 · q + σ1 · qσ2 · k)

= −(q × k)2σ1 · σ2 + q2σ1 · kσ2 · k

+ k2σ1 · qσ2 · q + σ1 · (q × k) σ2 · (q × k), (16)

we can express Eqs. (13) and (14) as

δH0 = γ1

�4
b

q2k2 + γ2

�4
b

q2k2τ1 · τ2

− γ1

�4
b

(q × k)2 − γ2

�4
b

(q × k)2τ1 · τ2

− γ3

�4
b

(q × k)2σ1 · σ2τ1 · τ2

+ γ3

�4
b

q2σ1 · kσ2 · kτ1 · τ2

+ γ3

�4
b

k2σ1 · qσ2 · qτ1 · τ2

+ γ3

�4
b

σ1 · (q × k) σ2 · (q × k)τ1 · τ2. (17)

Note that some of the new operators,

{(q × k)2σ1 · σ2τ1 · τ2, q2σ1 · kσ2 · kτ1 · τ2,

σ1 · (q × k) σ2 · (q × k)τ1 · τ2}, (18)
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are not explicitly chosen in Eq. (8), but they are linearly
dependent operators; see Eq. (6). Therefore, we do not need
to consider them explicitly any further.

Having carried out the UT and including the shift
to the Hamiltonian, the N3LO contact interaction is
now

V (4)
cont = D1 q4 + D2 q4τ1 · τ2 + D3 q4σ1 · σ2 + D4 q4σ1 · σ2τ1 · τ2 + i

2
D5 q2(σ1 + σ2) · (q × k)

+ i

2
D6 q2(σ1 + σ2) · (q × k)τ1 · τ2 + D7 q2 σ1 · q σ2 · q + D8 q2 σ1 · q σ2 · q τ1 · τ2

+
(

D9 + γ1

�4
b

)
q2k2 +

(
D10 + γ2

�4
b

)
q2k2τ1 · τ2 +

(
D11 − γ1

�4
b

)
(q × k)2

+
(

D12 − γ2

�4
b

)
(q × k)2τ1 · τ2 + D13 k2 σ1 · q σ2 · q

+
(

D14 + γ3

�4
b

)
k2 σ1 · q σ2 · q τ1 · τ2 + D15 σ1 · (q × k) σ2 · (q × k). (19)

The variables γ1, γ2, and γ3 are completely arbitrary pa-
rameters of the UT and can be chosen to remove nonlocal
operators. The parameter γ1 can be chosen to be either −�4

bD9

or �4
bD11, removing either of the two corresponding contact

operators. Similarly, γ2 can be chosen as either −�4
bD10 or

�4
bD12. Finally, γ3 can be set to −�4

bD14.
2 Therefore, we see

that using the UT we can remove 3, leaving only 4 nonlocal
operators.

In this paper, we set γ1 = −�4
bD9, γ2 = −�4

bD10 and γ3 =
−�4

bD14. The nonlocal part of the N3LO contact interactions
then consist of only 4 operators:

V (4)
cont,nonlocal = D̃11 L2 + D̃12 L2τ1 · τ2 + D̃13 k2 σ1 · q σ2 · q

+ D̃15 (σ1 · L)(σ2 · L), (20)

where we have used the relative orbital angular momentum
operator L = (q × k). We will refer to our maximally local
N3LO interactions with this choice of 4 nonlocal operators
by N3LOLA-09, N3LOLA-08, N3LOLA-07, and N3LOLA-06,
where the number refers to the cutoff in coordinate space. The
coordinate space expressions of the N3LO contact operators
are given in Appendix A and the matrix elements of these
operators in the partial wave basis is given in Appendix B.
We have also considered other possible choices for the set
of 4 nonlocal operators—see Appendix C—but found the
set chosen in this work to be best suited for QMC meth-
ods because three operators can be directly mapped into the
18 operator channels of the phenomenological Argonne V18
(AV18) interaction [45] that has been used extensively in
QMC simulations.

In summary, our N3LOLA interactions contain 21 contacts
in total, out of which 4 are nonlocal. The corresponding 21
LECs are determined by fits to np phase shifts; see Sec. III
for details. In future work, we will also include the isospin-
breaking contributions to the EFT interaction, following the
strategy of Refs. [18,19] to calculate neutron matter for the
physical scattering length at all orders.

2In fact, due to the Fierz ambiguity, γ3 can be used to remove also
other nonlocal operators; see Eq. (18).

2. Pion-exchange interactions

The long-range and intermediate-range parts of chiral
EFT interactions are mediated by pion exchanges. All pion-
exchange interactions to N3LO are either fully local or
accompanied by the spin-orbit operator, and thus we directly
give the coordinate space expressions here.

Without loss of generality, the pion-exchange contributions
can be decomposed as [22,41]

Vπ = VC (r) + WC (r)τ1 · τ2

+ (VS (r) + WS (r)τ1 · τ2) σ1 · σ2

+ (VT (r) + WT (r)τ1 · τ2) S12

+ (VLS (r) + WLS (r)τ1 · τ2) L · S, (21)

where S12 = (3σ1 · r̂ σ2 · r̂ − σ1 · σ2) is the tensor operator
and S = (σ1 + σ2)/2 is the total spin operator.

At LO, only the one-pion exchange (OPE) contributes. It is
given by [18,19,22]

WS (r) = g2
Am2

π

48πF 2
π

e−x

r
, (22)

WT (r) = g2
A

48πF 2
π

e−x

r3
(3 + 3x + x2) (23)

where x = mπ r, mπ is the pion mass, gA is the axial-vector
coupling constant, and Fπ is the pion decay constant. For
the constants mπ , Fπ , gA, and the nucleon mass MN , we use
the same values as in Ref. [19]. Here, we use the charge-
independence breaking form of the OPE as we have done
before; see Ref. [19] for details.

At NLO and beyond, Vπ receives contribution from two-
pion exchange (TPE) diagrams. For these TPE pieces, we
employ the expressions using spectral-function regularization
(SFR) [18,22,41]. Under this representation, the TPE potential
is written in terms of spectral functions as

VC (r) = 1

2π2r

∫ �̃

2mπ

dμμe−μr ImVC (iμ), (24)
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TABLE I. πN couplings used in this work. The couplings at
N2LO are taken from Refs. [18,19] whereas the couplings at N3LO
are taken from Ref. [46].

πN coupling N2LO N3LO

c1 (GeV−1) −0.81 −1.07

c2 (GeV−1) 3.20

c3 (GeV−1) −3.4 −5.32

c4 (GeV−1) 3.4 3.56

d̄1 + d̄2 (GeV−2) 1.04

d̄3 (GeV−2) −0.48

d̄5 (GeV−2) 0.14

d̄14 − d̄15 (GeV−2) −1.90

VS (r) = − 1

6π2r

∫ �̃

2mπ

dμμe−μr[μ2 ImVT (iμ) (25)

− 3 ImVS (iμ)], (26)

VT (r) = − 1

6π2r3

∫ �̃

2mπ

dμμe−μr (3 + 3μr + μ2r2)

× ImVT (iμ), (27)

VLS (r) = 1

2π2r3

∫ �̃

2mπ

dμμe−μr (1 + μr) ImVLS (iμ), (28)

and similarly for WC,S,T,LS . All TPE contributions to the
Hamiltonian at NLO, N2LO, and N3LO can therefore be
specified in terms of the spectral functions VC,S,T,LS (iμ). The
explicit expressions for these spectral functions can be found
in Appendix A of Ref. [22]. We note that we add to V (4)

π the
1/MN corrections to the N2LO TPE potential. These correc-
tions nominally appear at fifth order in chiral EFT but, as
is common practice [22,41], we include it at N3LO in order
to arrive at an improved intermediate-range attraction. Also,
note that unlike Ref. [22] we do not take the limit �̃ → ∞
but leave the SFR cutoff finite. In this work, the SFR cutoff
�̃ is fixed at the value of 1 GeV, similarly to Refs. [18,41],
and we have verified that changing it to �̃ = 2 GeV does not
significantly affect our results; see Appendix D.

The strength of the TPE potential is determined by the
πN couplings which are constrained by chiral symmetry and
can be determined by analyses of low-energy πN scattering.
Here, we employ the values obtained from a Roy-Steiner (RS)
analysis of πN scattering [46] at N3LO. At N2LO, we chose
the same values as in Ref. [18,19] for consistency with our
previous interactions. These values are very close to the values
extracted from the RS analysis at N2LO except for c4. The
values of the couplings employed in this work are given in
Table I.

C. Regulators

Chiral EFT interactions need to be regulated at short dis-
tances and/or high momenta:

V (ν)
cont −→ V (ν)

cont × fshort(r), (29)

V (ν)
π −→ V (ν)

π × flong(r). (30)

To define maximally local interactions, we choose regulators
that are fully local. We choose Gaussian regulators in position
space, that can be expressed as

fshort(r) = n

4πR3
0	(3/n)

exp

[
−

(
r

R0

)n]
, (31)

flong(r) =
{

1 − exp

[
−

(
r

R0

)n1
]}n2

, (32)

with n = n1 = 2, n2 = 6. We therefore, have one position-
space cutoff R0 that regulates both the short- and long-range
pieces of the interaction. Upon Fourier transformation (FT)
of the regulator functions, the position-space cutoff can be
related to the momentum-space cutoff �c as R0 = 2/�c. In
this paper, we study four different cutoffs, R0 = 0.9, 0.8, 0.7,
and 0.6 fm, leading to four different interactions, N3LOLA-09
to N3LOLA-06.

III. ANALYSIS OF NN SCATTERING

In this work, the 21 operator LECs are determined by fits
to np phase shifts, while in the future we will explore fits
to scattering data. We perform the fits directly in momentum
space using the formalism developed in Ref. [47]. This allows
us to fit interactions that include nonlocal pieces, which is
crucial at N3LO. We take the phase-shift values from the Ni-
jmegen partial-wave analysis (NPWA) [44], and incorporate
EFT truncation uncertainties by performing Bayesian fits to
these data. Bayes’ theorem defines the posterior P as

P = L × 


Z
, (33)

where 
 is the prior distribution on the LECs, L is the likeli-
hood function that incorporates information from the phase
shifts, and the normalization constant, i.e., the evidence Z
can, in principle, be used to perform model comparison, but
we will not pursue this here. We take the prior 
 to be
uniform everywhere in parameter space, because the LECs
can vary strongly in size as we vary the cutoff. We require
our likelihood function to incorporate a model for the EFT
truncation uncertainties. In order to do so, we assume that the
EFT expansion holds for any scattering observable X (p), i.e.,

X (p) = Xref(p)
k∑

n=0

cnQn(p), (34)

where the expansion parameter Q ≡ max(mπ ,p)
min(�b,�c ) . Here, p is the

relative momentum, �b is the breakdown scale which we
take to be 600 MeV [35,38], and �c is the momentum-space
cutoff. Note that in the Weinberg power counting scheme [41],
c1 = 0. For sufficiently large k, one might expect that the un-
certainty stemming from the truncation of the EFT expansion
at order k can be approximated by the contribution to the
observable X at order k + 1, i.e.,

�X k (p) ≈ Xref Qk+1ck+1. (35)

However, since ck+1 is unknown, Epelbaum, Krebs, and
Meißner (EKM) [35] proposed approximating Eq. (35) as

�X k
EKM = Xref Q jmax(|c0|, |c1|, . . . , |ck|), (36)
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where j = max(2, k + 1). Note that this expression provides
an estimate of the systematic truncation uncertainty but it
does not have a strict probabilistic interpretation. However,
it makes minimal assumptions regarding the nature of cn

and the underlying probability distribution from which the
cn are drawn. On the other hand, if one assumes that the
expansion coefficients are drawn from a Gaussian distribution,
the BUQEYE Collaboration showed that the EFT truncation
uncertainty, when summed to infinite order, also follows a
Gaussian distribution whose variance is given as [43]

σ 2
theo,BUQEYE = c̄2X 2

ref
Q2(k+1)

1 − Q2
, (37)

where c̄2 is the root mean square of the expansion coefficients
cn up to order k. Equation (37) holds in the limit where
all correlations across different kinematic points are ignored;
see Ref. [43] for the corresponding expression in the fully
correlated limit. Assuming that experimental uncertainties are
also Gaussian distributed, the BUQEYE approach leads to a
Gaussian model for the likelihood function,

LBUQEYE ∝
∏

i

exp

{
−1

2

(
X exp

i − X theo
i

σi,BUQEYE

)2}
, (38)

where σ 2
i,BUQEYE = σ 2

i,exp + σ 2
i,theo,BUQEYE. The product over i

indicates a product over all considered partial waves and
kinematic variables (laboratory energies). The variable X de-
notes an observable which, in this case, is the phase shift for
a given laboratory energy and partial wave. This likelihood
function, along with priors that enforce naturalness of the
LECs, was extensively used in Bayesian analyses of phase
shifts in Ref. [43].

The BUQEYE prescription Eq. (38) holds under the as-
sumption that the expansion coefficients cn are Gaussian
distributed. The systematic uncertainties induced by truncat-
ing the EFT expansion does not necessarily need to follow
such a distribution. Therefore, in this work, we turn to the
EKM prescription (36) that makes fewer assumptions regard-
ing the expansion coefficients cn, i.e., it assumes a uniform
distribution of these parameters. As mentioned earlier the
EKM expression (36) provides only an estimate of the EFT
truncation uncertainty and does not have a robust probabilistic
interpretation, but see Ref. [48] for a mapping of the EKM er-
ror bars to the BUQEYE statistical distributions. Therefore, as
an ansatz, we choose �X k

EKM to set the scale of our likelihood
function, i.e., we take σtheo,EKM = α�X k

EKM, where α is a con-
stant. We also add experimental uncertainties in quadrature to
the theoretical truncation uncertainties, completing our ansatz
for the variance of our likelihood function,

σ 2 = σ 2
exp + σ 2

theo,EKM. (39)

We emphasize that Eq. (39) is merely a model for the vari-
ance of our likelihood function, i.e., we do not claim to have
derived it and no assumptions have been made regarding the
distribution followed by the expansion coefficients cn. We now
turn to the form of the likelihood function. For this, we use the
principle of maximum entropy which states that, among all
real-valued functions with a specific variance σ 2, the function
that maximizes the differential entropy is a normal distribution

with that variance. This fixes our likelihood function to be,

L ∝
∏

i

exp

{
−1

2

(
X exp

i − X theo
i

σi

)2}
, (40)

where σi is given by Eq. (39).
As mentioned above, in this work we take the EFT trun-

cation uncertainty to be σi,theo,EKM = α�X k
EKM. In the limit

σ 2
i,theo 	 σ 2

i,exp (which we have verified for all i), the pa-
rameter α turns out to be only an overall constant in the
log-likelihood function. In the case of uninformative uniform
priors on the LECs, the choice of α, therefore, has negligible
impact in our Bayesian analysis, eliminating the impact of
differences of the EKM confidence interval at different or-
ders. For simplicity, we take α = 1 and we have checked that
changing it to α = 1/2 has no impact on our results. The ex-
perimental uncertainties σi,exp are taken to be the uncertainties
provided by the NPWA [44].

The likelihood employed in this work, Eq. (40), and that
in Eq. (38) are similar, with the only difference being the
contribution of the EFT truncation uncertainty to the variance
of the Gaussian likelihood, i.e., σtheo,BUQEYE vs σtheo,EKM. In
Appendix E, we compare these two quantities and show that
these two choices are almost identical, leading to a similar
Bayesian fit of our interactions. With this justification, we
will henceforth focus on the posterior defined using Eq. (40)
and leave a more detailed comparison with the BUQEYE
approach for future work. Finally, we note that our approach
to modeling theoretical truncation uncertainties does not in-
corporate the correlation of these uncertainties across different
kinematic points [43,49]. In Ref. [50], it has been shown that
incorporating such correlations doubles the variance of the
marginal posteriors of all LECs, but it leaves the structure of
the LEC posteriors unchanged. Here, we thus limit ourselves
to the uncorrelated case, and will perform a more sophisti-
cated analysis that includes these correlations in the future.

For the fits at N2LO and N3LO, we set X LO = 0 because
we have otherwise found very poor Bayesian fits at high
laboratory energies, with many samples including resonances
or spurious bound states. The reason for this is that, due to
the large differences between the data and the LO predictions
at high laboratory energies, the EKM uncertainty estimates
are dominated by the poor LO predictions and are very large,
removing the constraining power of any higher-energy data
points and leading to spurious structures. Hence, we treat
the LO contribution as an outlier in the expansion; see also
Ref. [50] for a similar treatment of the LO predictions.

Evaluating the EKM uncertainty, Eq. (36), at a given order
requires knowledge of the phase shifts at all lower orders.
Therefore, as an initial step to performing Bayesian fits, we
first determine the LECs via a least-squares minimization of
the objective function,

χ2 = 1

m

∑
i

(
X exp

i − X theo
i

σi,exp

)2

, (41)

where m is the number of experimental data points included
in the fit. At LO, the least-squares optimizations are done
by fitting to the 1S0 and 3S1 partial waves up to a labora-
tory energy of Emax = 50 MeV. At NLO and N2LO, we fit
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FIG. 1. (a) The local part of our N3LOLA interactions in the 1S0 channel (i.e., 17 local contacts and all the pion-exchange pieces) for
the least-squares fit as a function of particle separation r. The LECs are obtained via least-squares fits as described in Sec. III. We show the
interactions for different cutoff values, i.e., N3LOLA-09 to N3LOLA-06. (b) Cutoff dependence of the LO spectral LEC in the 1S0 partial wave
at N3LO. The solid blue line shows the least-squares results whereas the band represents the 95% confidence level (CL) calculated using a
Bayesian analysis; see Sec. III.

the 1S0, 3S1, ε1, 1P1, 3P0, 3P1, and 3P2 partial waves up to
Emax = 150 MeV. For these orders, we fit to phase shift values
at energies specified in Ref. [19]. At N3LO, we additionally
include 3D1, ε2, 1D2, 3D2, and 3D3 in the fit and we fit up
to Emax = 250 MeV, additionally including points at 200 and
250 MeV.3 The results of these fits serve as an order-by-order
estimate of the EFT convergence that is used to estimate the
EKM uncertainty Eq. (36) which, in turn, is used as an input
for our Bayesian fits. Note that the χ2 function used in the
least-squares fit does not incorporate theoretical EFT trunca-
tion uncertainties. Therefore, the least-squares fits also serve
as complementary analyses to the Bayesian fits and can be
used to estimate the importance of modeling EFT truncation
uncertainties when chiral EFT interactions are calibrated to
scattering phase shifts.

In Fig. 1, the left panel shows the local component of
our N3LO interactions in the 1S0 channel, with the LECs
determined via the above mentioned least-squares fits. The
interaction becomes increasingly hard for smaller R0 because
the LO 1S0 spectral LEC C̃1S0 increases rapidly with decreas-
ing R0; see right panel of Fig. 1. This growth is required to
counter the attractive pion-exchange potential that becomes
increasingly singular for lower coordinate-space cutoffs [23].

The Bayesian analyses are carried out by a Markov-chain
Monte Carlo (MCMC) sampling of the posterior distribution
defined in Eq. (33). The details of the Bayesian fits, i.e., the
partial waves involved and Emax at a given order, are the same
as in the least-squares fit. The MCMC sampling results in a
large number of samples drawn from the posterior distribu-
tion. We used the EMCEE Python package [51] to carry out
the MCMC sampling and we used 5000 walkers. To check
the convergence of the MCMC sampling, i.e., to ensure that
sufficient iterations were performed, we imposed that the
total number of sampler iterations was larger than 50 times

3For the least-squares fit at R0 = 0.7 fm alone, we chose Emax =
350 MeV in order to remove a spurious resonance in the 1P1 channel
at E ≈ 350 MeV. We verified that this change of Emax has a negligi-
ble effect on the phase shifts below 350 MeV in all other channels.

the autocorrelation time for all the sampling parameters, i.e.,
for all the LECs. We also checked that our estimate of the
autocorrelation time, as computed by the EMCEE package,
remained stable (to within 1%) as a function of the sampler
iteration. Once the MCMC sampling was terminated based
on these convergence criteria, we discarded the first 2τmax

samples, where τmax is the largest autocorrelation time across
all sampling parameters, to make sure that we used only
the “burnt-in” samples. We also thinned our sample chains
by 0.5τmin to remove any spurious correlations among our
samples. Finally, we found that a small percentage (<5%)
of the samples at N3LO contained spurious resonances. We
discarded these samples and verified that this did not modify
the posterior distribution significantly. In this manner, we
obtained a posterior distribution over the entire parameter
space, which at N3LO is a parameter space spanned by the
21 LECs. This posterior can be converted to posteriors over
any two-body observable, such as np phase shifts.

In Fig. 2, we show our results for the np phase shifts in the
1S0 and 3S1 - 3D1 partial waves for both the least-squares fit
(dashed lines) and the Bayesian fits (solid lines that represent
the maximum of the posterior and the bands that correspond
to the 95% confidence level (CL) given the definition of un-
certainty discussed above). In the top row, we demonstrate
the effect of varying the cutoff R0 at N3LO, i.e., we show
results for our interactions N3LOLA-09 to N3LOLA-06. In the
middle (bottom) row, we vary the chiral EFT order with the
cutoff fixed at R0 = 0.6 fm (R0 = 0.9 fm). Figures 3 and 4
show similar results but for P and D waves respectively. In
general, regardless of the cutoff, we find good convergence
order by order, with our results approaching the NPWA data
with reduced uncertainty bands when going to higher orders.
By comparing results for different cutoffs, we see that the
softer interactions deviate significantly from the data at higher
laboratory energies in several partial waves, especially the D
waves.

Several comments are in order. First, note the large de-
viations of the LO phase shifts from the data in almost all
channels. This effect enhances the contribution of the LO
phase shifts to the EKM uncertainties, which is why it is
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FIG. 2. Phase shifts in the 1S0 and 3S1 - 3D1 partial waves. In panels (a)–(d), the chiral EFT order is fixed to be N3LO and we show results
for different cutoffs as indicated in the legend. In panels (e)–(h) [panels (i)–(l)], we show results for different chiral EFT orders at R0 = 0.6 fm
[R0 = 0.9 fm]. The bands correspond to the 95% CL. The solid lines represent the solutions that maximize the Bayesian posterior distributions
while the dashed lines represent the least-squares fit results. For comparison, we show the Nijmegen partial-wave analysis (NPWA) [44] (black
squares) and the phase shifts of the AV18 potential [45] (blue stars), which has been used in past QMC calculations.

important to set X LO = 0 in Eq. (36) for the fits at N2LO
and N3LO. Second, it is important to keep in mind that the
uncertainty bands shown here, reflecting the Bayesian poste-
riors obtained in the fit, describe the LEC uncertainties and are
not necessarily the same as the bands obtained following the
EKM prescription a posteriori, as was done in Ref. [35]. This
can be understood by considering an LO interaction where
the EKM uncertainties widen with the laboratory energy due
to the almost constant phase shift. However, parts of such an
EKM uncertainty band would not be accessible in an actual
fit. For example, describing phase shifts that decrease with the
laboratory energy, as provided by the lower bound of an EKM
uncertainty band, requires effective-range contributions which
are only provided at NLO. Therefore, the results of a Bayesian
fit will differ and show a less dramatic energy dependence.
For this reason, we do not show the 95% CL bands for the LO

results, and we plot only the least-squares and the maximum
posterior results (dashed and solid lines, respectively). Finally,
our interactions at lower orders are not fit to the D waves but
the N3LO interactions are. As a consequence, the differences
between N2LO and N3LO bands in the D f waves are larger
than the differences between NLO and N2LO.

The impact of the inclusion of the EFT truncation un-
certainties that guide the Bayesian fits can be gauged by
comparing the solid and dashed lines in all panels in Figs. 2–4.
Especially at lower cutoffs, the impact of the EFT truncation
uncertainties is important and the Bayesian analysis yields a
better reproduction of the data at lower energies as compared
to the least-squares fits. At higher energies, the least-squares
fits perform better generally. Note however that, since we do
a global fit involving several partial waves, there are some
channels in which the Bayesian fit gives better results at
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FIG. 3. Same as Fig. 2, but for the 1P1, 3P0, 3P1, and 3P2 - 3F2 partial waves.
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FIG. 4. Same as Fig. 2, but for the 1D2, 3D2, and 3D3 partial waves.

higher energies, e.g., for the mixing angle ε1 for our N3LOLA

interactions.
In general, we also find that the high-cutoff interactions

give a better reproduction of the NPWA data than low-
cutoff interactions; see the top rows in Figs. 2–4 where the
phase shifts at N3LO are compared for different cutoffs. The
Bayesian fits clearly demonstrate the reduction of uncertainty
when decreasing R0, which is equivalent to increasing the
momentum-space cutoff �c. In order to stress this point, in
Fig. 5 we show the objective function defined in Eq. (41)
divided by the number of fit parameters (21 at N3LO) as
a function of R0. We see the strong decrease in χ2 as in-
teractions become harder, before plateauing and eventually
increasing at R0 ≈ 0.55 fm.

The LECs that we obtain for our N3LOLA interactions
are given in Table II for both fitting strategies: least-squares
fits and Bayesian fits (maximum posterior estimate). Similar
results for the LECs at LO, NLO, and N2LO are given in
Appendix F.

IV. DEUTERON

Finally, we study properties of the deuteron, which can be
completely described by the NN interactions developed here.
In this work, we do not fit the interactions to reproduce any
properties of the deuteron, and instead choose experimental
data on deuteron properties as a benchmark for our interac-
tions.

In Fig. 6, we show the deuteron binding energy as a func-
tion of cutoff, for different orders. The bands represent the
Bayesian posteriors at the 95% CL whereas the least-squares
results are shown as dashed lines. We see that, at N3LO,
the least-squares results which do not include any theoretical
uncertainty estimates are compatible with the predictions ob-
tained from the Bayesian fits. However, for NLO and N2LO,
there is a clear difference between the two analyses. This, once
again, illustrates the importance of incorporating theoretical
uncertainties when EFTs are calibrated to experimental data.
Also, note that the uncertainties decrease significantly with
the chiral order as well as when decreasing R0, which is
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FIG. 5. Objective function defined in Eq. (41) divided by the
number of fit parameters N (21 at N3LO) as a function of cutoff for
our N3LOLA interactions. The calculated values are written explicitly
in the figure.

consistent with our results for the phase shifts. Our N3LOLA

interactions reproduce the experimental deuteron binding en-
ergy within theoretical uncertainties for all considered cutoffs.

In Fig. 7, we show results for the deuteron wave function.
In the top row, we show the coordinate space wave function
in the S wave, ψL=0(r), and D wave, ψL=2(r). Note that these
wave functions are related to their components u(r) and w(r),
which are sometimes reported in the literature [20,38,41], as
ψL=0(r) = u(r)/r and ψL=2(r) = w(r)/r. In the bottom row,
we show the momentum-space representation of the wave
functions in the S wave, ψ̃L=0(p), and D wave, ψ̃L=2(p),

FIG. 6. Deuteron binding energy as a function of cutoff for dif-
ferent orders, as indicated in the legend. The bands correspond to
the 95% CL obtained from the Bayesian analysis whereas the dashed
lines represent the least-squares results. The dashed black line shows
the experimental binding energy.

showing the squared momentum-space wave functions in a
logarithmic scale. As our fitting code is written in momentum
space, we first solve for the momentum-space wave functions
and then obtain the coordinate-space representations as

ψL=0(r) =
√

2

π

∫ ∞

0
d p p2 j0(pr)ψ̃L=0(p), (42)

ψL=2(r) =
√

2

π

∫ ∞

0
d p p2 j2(pr)ψ̃L=2(p). (43)

TABLE II. LECs for our N3LOLA interactions for different cutoffs. We give results obtained from the Bayesian analyses (left) and least-
squares fits (right). For the former, the quoted LECs correspond to the maximum of the posterior distribution.

Maximum posterior estimate Least-squares fit

LEC 0.9 fm 0.8 fm 0.7 fm 0.6 fm 0.9 fm 0.8 fm 0.7 fm 0.6 fm

CS (fm2) 2.371 4.784 13.293 27.649 3.698 5.436 15.28 27.595
CT (fm2) 0.785 0.79 2.503 2.304 1.029 0.704 2.552 2.742
C1 (fm4) −0.098 −0.001 0.276 0.365 0.167 0.088 0.416 0.352
C2 (fm4) 0.129 0.011 0.032 0.013 0.086 0.003 0.023 0.016
C3 (fm4) 0.031 0.009 0.075 0.003 0.013 −0.003 0.077 0.004
C4 (fm4) −0.0 −0.019 0.011 0.03 0.025 −0.019 0.004 0.031
C5 (fm4) −1.765 −2.01 −2.358 −2.231 −2.047 −2.072 −2.309 −2.168
C6 (fm4) 0.043 0.07 0.154 0.241 0.118 0.074 0.16 0.291
C7 (fm4) −0.171 −0.15 −0.175 −0.186 −0.217 −0.144 −0.165 −0.179
D1 (fm6) −0.013 0.007 0.019 0.023 −0.009 0.007 0.029 0.023
D2 (fm6) 0.01 0.006 0.007 0.008 0.025 0.007 0.01 0.008
D3 (fm6) −0.012 −0.012 −0.006 −0.004 −0.02 −0.017 −0.006 −0.005
D4 (fm6) −0.004 0.0 0.007 0.008 0.009 0.007 0.012 0.009
D5 (fm6) 0.111 0.032 −0.01 −0.053 0.148 0.076 0.009 −0.058
D6 (fm6) 0.042 0.035 0.026 0.01 −0.037 −0.01 0.001 0.001
D7 (fm6) 0.042 0.033 0.031 0.024 0.07 0.036 0.037 0.029
D8 (fm6) −0.051 −0.03 −0.028 −0.019 −0.069 −0.036 −0.032 −0.02
D̃11 (fm6) 0.005 −0.09 −0.101 −0.092 −0.163 −0.133 −0.12 −0.092
D̃12 (fm6) −0.059 −0.009 −0.007 −0.004 −0.064 −0.007 −0.005 −0.006
D̃13 (fm6) −0.033 −0.042 −0.036 −0.032 −0.083 −0.044 −0.035 −0.037
D̃15 (fm6) −0.001 −0.008 0.005 0.015 0.061 0.037 0.023 0.016
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FIG. 7. Deuteron wave function in coordinate space [panels
(a) and (b)] and momentum space [panels (c) and (d)]. The results
for different R0 correspond to the least-squares phase shifts analyses.
The AV18 [45] analysis is shown as a reference.

In coordinate space, our models do not contain any oscilla-
tions in the wave function at intermediate or large r, unlike
some chiral interactions developed in the past [40,41]. In-
teractions at different cutoffs are identical at large r but
have different small-r behavior. In the D wave, the harder
interactions, i.e., N3LOLA-06 and N3LOLA-07, lead to more
pronounced peaks as compared to their softer counterparts
N3LOLA-08 and N3LOLA-09.

We have used the deuteron wave functions at N3LO to cal-
culate other deuteron observables, which we show in Table III.
We give results for both our Bayesian fits (at the 95% CL)
and least-squares fits. For the Bayesian fits, our results are in
good agreement with the experimental data within theoretical
uncertainties, except for the quadrupole moment which is to
be expected since we do not take electromagnetic two-body
currents into account. Note that the agreement between the
median model predictions and the experiment is better for

interactions with smaller coordinate space cutoffs. Further-
more, these harder interactions have smaller uncertainties,
similar to what was observed in the phase shift analyses.
The least-squares results are also in good agreement with
the experimental data, and the agreement improves for harder
interactions. We note that, since we fit our interactions to the
phase shifts in the 3S1 - 3D1 channel, it is not surprising that we
get reasonable deuteron properties. However, this calculation
still serves as a valuable model check. Finally, note that our
interactions result in D-state probabilities Pd � 6%, which is
larger that what has been found for other local N3LO interac-
tions [20,22].

V. SUMMARY AND OUTLOOK

We have constructed maximally local interactions at N3LO
in �-less chiral EFT. Our interactions include a total of 21
contact operators at N3LO, out of which four are nonlocal.
We have also included all pion-exchange contributions consis-
tently up to N3LO. We have employed the method of Bayesian
statistics in order to calibrate our maximally local interactions
to np phase shifts, explicitly taking into account EFT trunca-
tion uncertainties. We have demonstrated the importance of
incorporating these uncertainties in the fit. Finally, we have
explored a range of cutoffs that is significantly larger than
what is typically explored in the literature, showing explicitly
that high-cutoff interactions lead to smaller EFT truncation
errors and a better reproduction of experimental data. Fur-
thermore, it is expected that these interactions significantly
reduce uncertainties due to the violation of the Fierz rear-
rangement freedom, particularly from 3N interactions [12].
We will demonstrate this explicitly in a forthcoming work.

Future QMC calculations using the interactions developed
in this work will allow us to reduce theoretical uncertainties
for nuclei and dense nuclear matter, which is important to
improve nuclear-physics inputs to nuclear structure and re-
actions, and for analyses of multi-messenger observations of
neutron stars and related simulations.
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Bayesian fit Least-squares fit

Observable 0.9 fm 0.8 fm 0.7 fm 0.6 fm 0.9 fm 0.8 fm 0.7 fm 0.6 fm Experiment

Ed (MeV) −2.1+0.2
−0.2 −2.1+0.1
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−0.1 −2.2+0.1
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−0.03 1.983 1.975 1.973 1.97 1.9753(11)

AS (fm−1/2) 0.85+0.03
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APPENDIX A: FOURIER TRANSFORMATIONS OF N3LO CONTACT OPERATORS

In this Appendix, we give the Fourier transform (FT) of the N3LO contact operators for a local regulator f (r); see Sec. II C
for the specific form of f (r) used in this work. We start with the local operators D1–D4 of Eq. (8). Let us denote by Vτ,σ the part
of the operator that contains the spin-isospin operator structures (momentum-independent part) as well as the LEC. We find

〈r|Vτ,σ q4|ψ〉 = Vτ,σ�2 f (r)ψ (r). (A1)

For typical regulators of the form f (r) = a exp(−(r/R0)n), the squared Laplacian is given as

�2 f (r) = n

[
− (n + 1)(n − 1)(n − 2)rn−4

Rn
0

+ n(7n + 1)(n − 1)r2n−4

R2n
0

− 2n2(3n − 1)r3n−4

R3n
0

+ n3r4n−4

R4n
0

]
a exp[−(r/R0)n]. (A2)

Next, the FT for the N3LO spin-orbit term Vτ iq2(σ1 + σ2) · (q × k), i.e., operators D5 and D6 of Eq. (8), can be written as

〈r|iVτ q2L · S|ψ〉 = Vτ

(
∂3

r f (r)

r
+ 2∂2

r f (r)

r2
− 2∂r f (r)

r3

)
L · Sψ (r), (A3)

where we have set S = σ1 + σ2. Next, we consider the FT of the tensor operators of the form Vτ q2σ1 · q σ2 · q. This corresponds
to operators D7 and D8 in Eq. (8). The result is given by

〈r|Vτ q2σ1 · q σ2 · q|ψ〉 = Vτ

[
σ1 · σ2

(
∂3

r f (r)

r
+ 2∂2

r f (r)

r2
− 2∂r f (r)

r3

)

+3 σ1 · r̂ σ2 · r̂
(

∂4
r f (r)

3
+ ∂3

r f (r)

3r
− 2∂2

r f (r)

r2
+ 2∂r f (r)

r3

)]
ψ (r). (A4)

We now turn to the nonlocal operators used in this work, quoted in Eq. (20). First, let us consider the operators proportional
to D̃11 and D̃12. These are of the form Vστ (q × k)2. We find

〈r|Vστ L2|ψ〉 = −Vστ

(
∂2

r f (r)

r2
− ∂r f (r)

r3

)
L2 + 2Vστ

[
∂r f (r)

r
� +

(
∂2

r f (r)

r2
− ∂r f (r)

r3

)
r · ∇

]
ψ (r). (A5)

Next, consider the operator proportional to D̃13. For this, we find

〈r|k2σ1 · qσ2 · q|ψ〉 = 1

4
〈r|q2σ1 · q σ2 · q|ψ〉 +

(
−∂r f (r)

r2
+ ∂2

r f (r)

r

)
(σ1 · r̂ σ2 · ∇ + σ2 · r̂ σ1 · ∇ + σ1 · σ2r̂ · ∇ )ψ (r)

+
(

3
∂r f (r)

r2
− 3

∂2
r f (r)

r
+ ∂3

r f (r)

)
σ1 · r̂ σ2 · r̂ r̂ · ∇ψ (r)

+
(

∂r f (r)

r
(σ1 · σ2 − σ1 · r̂ σ2 · r̂) + σ1 · r̂ σ2 · r̂ ∂2

r f (r)

)
�ψ (r). (A6)

Note that the first term in the above result, i.e., 〈r|q2σ1 · q σ2 · q|ψ〉, is given in Eq. (A4).
The last operator we have to consider is D̃15 of Eq. (20) which has the form (σ1 · L)(σ2 · L). Note that

(L · S)2 = 2[q2k2 − (q · k)2 + (σ1 · L)(σ2 · L)].

Therefore, the coordinate space expression of (σ1 · L)(σ2 · L) is equivalent to considering the FT of the three operators (L · S)2,
q2k2, and (q · k)2. For these three cases, the FT is given by

〈r|(L · S)2|ψ〉 = −
(

∂2
r f (r)

r2
− ∂r f (r)

r3

)
(L · S)2ψ (r) + ∂r f (r)

r
(S × ∇ )2ψ (r) +

(
∂2

r f (r)

r2
− ∂r f (r)

r3

)
(S × r) · (S × ∇ )ψ (r),

(A7)
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〈r|q2k2|ψ〉 = 1

4

(
�2 f (r)

)
ψ (r) + ∂2

r f (r)�ψ (r) + ∂3
r f (r)

r
r · ∇ψ (r) + 2

(
∂r f (r)

r
� +

(
∂2

r f (r)

r2
− ∂r f (r)

r3

)
r · ∇

)
ψ (r),

(A8)

〈r|(q · k)2|ψ〉 = 1

4

(
�2 f (r)

)
ψ (r) + ∂3

r f (r)

r
r · ∇ψ (r) +

(
∂2

r f (r)

r2
− ∂r f (r)

r3

)
(r · ∇ )2ψ (r)

+
(

∂r f (r)

r
� +

(
∂2

r f (r)

r2
− ∂r f (r)

r3

)
r · ∇

)
ψ (r). (A9)

APPENDIX B: PARTIAL-WAVE DECOMPOSITION OF THE CONTACT INTERACTIONS

The matrix elements of the N3LO contact operators, presented in Sec. II B 1, in the partial-wave basis are given as follows:
〈1

S0

∣∣V (4)
cont

∣∣1
S0

〉 = D1
1S0 p2 p′2 + D2

1S0(p4 + p′4),
〈3

S1

∣∣V (4)
cont

∣∣3
S1

〉 = D1
3S1 p2 p′2 + D2

3S1(p4 + p′4),
〈1

P1

∣∣V (4)
cont

∣∣1
P1

〉 = D1P1 pp′(p2 + p′2),
〈3

P1

∣∣V (4)
cont

∣∣3
P1

〉 = D3P1 pp′(p2 + p′2),
〈3

P0

∣∣V (4)
cont

∣∣3
P0

〉 = D3P0 pp′(p2 + p′2),
〈3

P2

∣∣V (4)
cont

∣∣3
P2

〉 = D3P2 pp′(p2 + p′2),
〈1

D2

∣∣V (4)
cont

∣∣1
D2

〉 = D1D2 p2 p′2,
〈3

D2

∣∣V (4)
cont

∣∣3
D2

〉 = D3D2 p2 p′2,
〈3

D1

∣∣V (4)
cont

∣∣3
D1

〉 = D3D1 p2 p′2,
〈3

D3

∣∣V (4)
cont

∣∣3
D3

〉 = D3D3 p2 p′2,
〈3

S1

∣∣V (4)
cont

∣∣3
D1

〉 = D1
3D1−3S1 p2 p′2 + D2

3D1−3S1 p4,
〈3

D1

∣∣V (4)
cont

∣∣3
S1

〉 = D1
3D1−3S1 p2 p′2 + D2

3D1−3S1 p′4,
〈3

P2

∣∣V (4)
cont

∣∣3
F2

〉 = D3F2−3P2 p3 p′,
〈3

F2

∣∣V (4)
cont

∣∣3
P2

〉 = D3F2−3P2 pp′3, (B1)

where we have used the spectroscopic LECs that are related to the operator LECS by

D1
1S0 = 2π

3
[20D1 + 20D2 − 60D3 − 60D4 − 20D7 − 20D8 + 4D̃11 + 4D̃12 − D̃13 − 4D̃15],

D2
1S0 = π [4D1 + 4D2 − 12D3 − 12D4 − 4D7 − 4D8 − D̃13],

D1
3S1 = 2π

9
[60D1 − 180D2 + 60D3 − 180D4 + 20D7 − 60D8 + 12D̃11 − 36D̃12 + D̃13 + 4D̃15],

D2
3S1 = π

3
[12D1 − 36D2 + 12D3 − 36D4 + 4D7 − 12D8 + D̃13],

D1P1 = −16π

3
[D1 − 3D2 − 3D3 + 9D4 − D7 + 4D8],

D3P1 = −2π

3
[8D1 + 8D2 + 8D3 + 8D4 − 4D5 − 4D6 + 12D7 + 12D8 + D̃13],

D3P2 = −2π

15
[40D1 + 40D2 + 40D3 + 40D4 + 10D5 + 10D6 + 4D7 + 4D8 − D̃13],

D3P0 = −4π

3
[4D1 + 4D2 + 4D3 + 4D4 − 2D5 − 2D6 − 8D7 − 8D8 − D̃13],

D1D2 = 8π

15
[4D1 + 4D2 − 12D3 − 12D4 − 4D7 − 4D8 − D̃11 − D̃12 + D̃13 + D̃15],

D3D2 = 4π

15
[8D1 − 24D2 + 8D3 − 24D4 − 2D5 + 6D6 + 12D7 − 36D8 − 2D̃11 + 6D̃12 − 3D̃13 + 4D̃15],

D3D1 = 4π

45
[24D1 − 72D2 + 24D3 − 72D4 − 18D5 + 54D6 − 20D7 + 60D8 − 6D̃11 + 18D̃12 + 5D̃13 − 16D̃15],

D3D3 = 8π

15
[4D1 − 12D2 + 4D3 − 12D4 + 2D5 − 6D6 − D̃11 + 3D̃12 − D̃15],

D1
3D1−3S1 = 2

√
2π

9
[28D7 − 84D8 − D̃13 − 4D̃15], D2

3D1−3S1 = 2
√

2π

3
[4D7 − 12D8 + D̃13],

D3F2−3P2 = −4
√

6π

15
[4D7 + 4D8 − D̃13]. (B2)
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FIG. 8. Differences between the phase shifts obtained using the full interaction and the predictions with all nonlocal parts set to zero. We
show results for the N3LOLA-06 interaction as well as the interactions defined in Eqs. (C1) to (C4), i.e., Set 1 to Set 4.

APPENDIX C: TESTING DIFFERENT SETS OF
NONLOCAL OPERATORS

In this work, we have chosen a set of four nonlocal
operators specified in Eq. (20), leading to the construction
of the interactions N3LOLA-09 to N3LOLA-06. However, as

discussed in Sec. II B 1, other choices for these nonlocal op-
erators are possible due to FRF and the freedom in choosing
the parameters of the UT. In this Appendix, we will briefly
investigate four other possible sets of nonlocal operators, with
the cutoff fixed at R0 = 0.6 fm, and compare them with our
N3LOLA-06 interaction.
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FIG. 9. Impact of changing the SFR cutoff �̃. The solid blue line corresponds to our N3LOLA-06 interaction with �̃ = 1 GeV and the
dashed orange curve is obtained with the same interaction but with �̃ = 2 GeV.

The alternative sets, Set 1 to Set 4, are defined by the choice
of 4 nonlocal operators as follows:

VSet 1 = D̃9 q2k2 + D̃10 q2k2τ1 · τ2

+ D̃13 k2 σ1 · q σ2 · q

+ D̃15 (σ1 · L)(σ2 · L), (C1)

VSet 2 = D̃9 q2k2 + D̃12 L2τ1 · τ2

+ D̃13 k2 σ1 · q σ2 · q

+ D̃15 (σ1 · L)(σ2 · L), (C2)

VSet 3 = D̃10 q2k2τ1 · τ2 + D̃11 L2

+ D̃13 k2 σ1 · q σ2 · q

+ D̃15 (σ1 · L)(σ2 · L), (C3)

VSet 4 = D̃11 L2 + D̃12 L2τ1 · τ2

+ D̃14 k2 σ1 · q σ2 · qτ1 · τ2

+ D̃15 (σ1 · L)(σ2 · L). (C4)

An important consideration in choosing the operator set is
regarding the perturbativeness of the nonlocal pieces, which is
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FIG. 10. Comparison of the BUQEYE estimate of the EFT truncation uncertainties with the EKM estimate in different S-wave channels.
This serves as input to our Bayesian analysis—see Eq. (40)–and similar error estimates will result in similar Bayesian fit posteriors. The blue
distribution is obtained using Eq. (E1) and the solid black lines are the corresponding 68% CL. The EKM uncertainty, i.e., Eq. (36) with k = 4,
is shown as dashed red lines. Different panels correspond to different partial waves and laboratory energies as written in the upper left of each
panel.

important for their application in QMC calculations. In Fig. 8,
we show the differences between the phase shifts in several
partial waves for these interactions and the predictions with
all nonlocal parts set to zero. By examining these differences,
we can judge the relative strength of the nonlocal terms, i.e.,
the extent to which the full solution is determined by the local
operators alone. While the question of the perturbativeness of
the nonlocal operators depends on the observable in question,
this phase shift analysis could indicate the sets of nonlocal
operators that would be best suited for a perturbative treatment
in many-body calculations. Generally, the performances of all
sets are comparable, indicating that the choice of nonlocal
operators made in this work, Eq. (20), might present no par-
ticular roadblock for QMC applications of nuclei and nuclear
matter.

APPENDIX D: IMPACT OF THE SFR CUTOFF

Next, we study the impact of changing the SFR cutoff;
see Sec. II B 2. In Fig. 9, we show the phase shifts in several
partial waves for our N3LOLA-06 interaction with �̃ = 1 GeV
and compare this with results for the interaction with �̃ = 2
GeV using the same fit protocol. Since the two cases are
almost identical, we conclude that the SFR cutoff does not
significantly impact our results. This is consistent with what
was observed for the local interactions at N2LO [18,19].

APPENDIX E: COMPARISON OF THE BUQEYE AND EKM
PRESCRIPTIONS FOR EFT TRUNCATION ERRORS

We compare the EKM [Eq. (36)] and BUQEYE [Eq. (37)]
models for the EFT truncation errors at N3LO for the cutoff
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FIG. 11. Same as Fig. 10 but for P waves.

R0 = 0.6 fm. As shown in Eq. (37), the authors of Ref. [43]
obtain a Gaussian distribution for the EFT truncation errors.
In this Appendix, we will use the updated work of Ref. [49].
In this approach, the BUQEYE prescription for the posterior
on the observable calculated at order k, X k is given by the

Student-t distribution,

P(X ) ∝ tν

[
X k, X 2

ref
Q2(k+1)

1 − Q2
τ 2

]
, (E1)

TABLE IV. Same as Table II but at N2LO.

Maximum posterior estimate Least-squares fit

LEC 0.9 fm 0.8 fm 0.7 fm 0.6 fm 0.9 fm 0.8 fm 0.7 fm 0.6 fm

CS (fm2) 0.666 1.971 4.196 8.641 1.299 2.679 4.965 9.157
CT (fm2) 0.467 0.508 0.699 1.426 0.684 0.749 0.951 1.607
C1 (fm4) −0.001 −0.05 −0.097 −0.211 −0.057 −0.04 −0.072 −0.172
C2 (fm4) −0.034 0.024 0.035 0.072 0.127 0.096 0.072 0.064
C3 (fm4) −0.093 −0.095 −0.087 −0.096 −0.092 −0.086 −0.081 −0.08
C4 (fm4) 0.06 0.073 0.103 0.156 0.112 0.108 0.122 0.151
C5 (fm4) −1.948 −1.991 −2.23 −2.897 −2.158 −2.168 −2.354 −2.948
C6 (fm4) 0.303 0.208 0.18 0.196 0.287 0.23 0.2 0.202
C7 (fm4) −0.479 −0.353 −0.308 −0.356 −0.507 −0.406 −0.353 −0.361
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FIG. 12. Same as Fig. 10 but for D waves.

where ν and τ are hyperparameters given as

ν = ν0 + nc,

ντ 2 = ν0τ
2
0 + ck

2, (E2)

where we make the uninformed choices ν0 = τ0 = 1, ck is the
vector containing the expansion coefficients cn, and nc is the
number of expansion coefficients.

In Figs. 10–12, the posterior distribution function as given
in Eq. (E1) is shown in blue and the corresponding 68% CL is

TABLE V. Same as Table II but at NLO.

Maximum posterior estimate Least-squares fit

LEC 0.9 fm 0.8 fm 0.7 fm 0.6 fm 0.9 fm 0.8 fm 0.7 fm 0.6 fm

CS (fm2) 0.083 0.95 2.576 7.954 0.043 1.503 4.952 17.72
CT (fm2) 0.326 0.662 1.045 0.329 0.881 1.082 1.946 5.068
C1 (fm4) 0.125 0.598 0.59 0.887 0.256 0.483 0.553 0.848
C2 (fm4) 0.095 0.173 0.091 −0.017 0.162 0.24 0.277 0.42
C3 (fm4) 0.109 −0.242 −0.11 −0.116 −0.07 −0.169 −0.097 −0.137
C4 (fm4) 0.148 0.037 0.043 −0.028 0.128 0.066 0.123 0.275
C5 (fm4) −1.876 −1.948 −2.103 −2.386 −2.22 −2.304 −2.659 −3.713
C6 (fm4) 0.367 0.321 0.261 0.132 0.355 0.337 0.393 0.63
C7 (fm4) −0.472 −0.369 −0.277 −0.125 −0.509 −0.432 −0.442 −0.643
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TABLE VI. Same as Table II but at LO.

Maximum posterior estimate Least-squares fit

LEC 0.9 fm 0.8 fm 0.7 fm 0.6 fm 0.9 fm 0.8 fm 0.7 fm 0.6 fm

CS (fm2) −2.527 −1.983 −1.38 −0.634 −2.627 −2.074 −1.464 −0.712
CT (fm2) −0.061 0.029 0.141 0.302 −0.08 0.013 0.126 0.287

shown as black vertical lines. In each figure, the rows corre-
spond to different partial waves and the columns correspond to
different laboratory energies. We also show the EKM estimate
obtained using Eq. (36), with k = 4, as red dashed lines. We
find that, in all partial waves, the two methods are almost
identical at lower energies, with the EKM estimate producing
smaller bands at higher energies. This is due to the fact that the
EKM estimate takes into account only the first omitted term
in the EFT expansion, whereas the BUQEYE prescription
sums all the higher-order terms as well. Note, however, that at
E = 200 MeV the two estimates still provide similar results.

Given that we use the EKM estimate as the variance of our
likelihood function only until Emax = 250 MeV, we conclude
that using Eq. (40) instead of Eq. (38) as our likelihood func-
tion would not significantly impact the results of our Bayesian
fits.

APPENDIX F: OPERATOR LECs AT LO, NLO, AND N2LO

Finally, we give the operator LECs that we have obtained
from our phase shift analyses at LO, NLO, and N2LO. The
LECs are quoted in Tables IV, V, and VI.
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