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Multinucleon transfer (MNT) reactions have received increasing interest in the synthesis of neutron-rich
nuclei due to the distinct limitations of other reactions, particularly in the N = 126 region, which represents
the last waiting point of astrophysical nucleosynthesis. However, it is still a challenging endeavor to describe
the MNT process between heavy nuclei. In this study, we develop a theoretical framework that couples the
Langevin dynamics iteratively with the master equation, which is based on the HICOL model (CLIM-H). The
random transfer process is achieved by solving the master equation using the Monte Carlo method, where the
parametric transfer probability with a Q window is employed. The isotope distributions for 58,64Ni + 208Pb,
as well as the angular and isotope distributions of the recently measured 206Pb + 118Sn, could be generally
reproduced based on this method. Contrary to previous theoretical predictions which show a high production
cross section of N = 126 nuclei, current calculations do not reveal appreciable cross sections. The distinguishing
characteristic of this approach is its ability to generate not only the mass distribution but also the charge
distribution self-consistently, which could provide references for many other studies using the multidimensional
Langevin equation considering only the mass asymmetry degree of freedom.
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I. INTRODUCTION

There is still an open problem about the natural origins of
nuclei heavier than iron. In astrophysical nucleosynthesis, it
is now widely supposed that the rapid neutron capture process
(r-process) leads the production of nuclei to shift to the right
and upwards on the chart of the nuclides until closed neutron
shells (N = 50, 82, and 126) are present. The closed neutron
shell, N = 126, as the last waiting point in the r-process,
plays an essential role in this process. Meanwhile, there is
an expectation in heavy neutron-rich nuclei that the energy
levels of single-particle states will noticeably change, which
may result in the emergence of new magic numbers [1].

As the exclusive means of synthesizing superheavy nuclei
and N = 126 neutron-rich nuclei, recent years have witnessed
a rise in interest in the multinucleon transfer (MNT) reaction
[2–4]. In most cases, the MNT reaction is understood to be
a damped binary reaction with significant charge and mass
rearrangements, including many reaction channels such as
quasielastic scattering, deep-inelastic scattering, and quasifis-
sion. These processes are characterized by a large number
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of productions and wide angular distributions, which make
it more challenging to identify the nucleus of interest from
the other numerous products. Despite these challenges, there
have been many experimental advances in the study of MNT
reactions [5–11]. It is demonstrated that the cross sections pro-
duced by MNT reactions are several orders of magnitude
higher than those produced by projectile fragmentation for
the N = 126 nuclei [7]. The 216,241U, 219Np, 223,229Am, and
233Bk were synthesized successively within ten years by MNT
reactions [12,13]. Additionally, it was pointed out that new
activities with Z as high as 116 are possibly produced in
MNT reactions with the aid of the energies and half-lives of α

emitters [14].
In addition, theorists have built confidence in the capability

of MNT reactions to produce neutron-rich nuclei. Till now,
the cross sections of MNT reactions have been predicted by
several theoretical models, including the dinuclear system
(DNS) model [15–18], the Langevin-type dynamical models
[19–21], the GRAZING model [22–24], the CWKB model
[25], the improved quantum molecular dynamics model
(ImQMD) [26–28], the time-dependent Hartree-Fork (TDHF)
theory [29,30], and so on. Based on the DNS model, it was
suggested that the production cross sections of neutron-rich
nuclei around the N = 126 closed-shell were higher when the
radioactive beam 144Xe was used to impinge on 208Pb
compared to using the 136,139Xe beam [18]. Another study
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based on the ImQMD model investigated the reaction of
136Xe + 198Pt [28], which showed that the reaction can
produce more than 50 new neutron-rich nuclei with cross
sections larger than 10−6 mb.

Many dissipative physical phenomena, including the elec-
trical field in a laser, atom implantation in metal, and
dissipative heavy-ion reactions, can be understood in terms of
Brownian motion [31]. Equations of motion like the Langevin
equation can be used to explain the distribution functions of
Brownian motion, which has proved to be an effective tool
for exploring low-energy heavy-ion reactions involving trans-
fer, deep-inelastic scattering, fusion, and fission processes
[32–37]. As mentioned in Ref. [32], it is beneficial to describe
the transfers of neutrons and protons by solving the master
equation for the distribution function. However, it cannot be
used directly in a common set of coupled differential equa-
tions for coordinates like distance and deformation. By apply-
ing specific rules, the equation for nuclei rearrangement can
be transformed into the Langevin equation for the mass asym-
metry degree of freedom. In many studies using multidimen-
sional Langevin dynamics, the mass asymmetry or its equiva-
lent variant is usually adopted as one necessary degree of free-
dom, which changes continuously during evolution. However,
charge asymmetry is often not considered, partly due to its
complexity [32–36]. As a consequence, these models can only
predict the mass distribution but not the charge distribution.
References [19,21,38] attempted to construct an extra inde-
pendent charge asymmetry degree to represent the changes
of proton number in fusion and the MNT reactions, which is
similar in form to the evolution of the mass asymmetry.

In our previous work, we developed a dynamical dinu-
clear system model for MNT reactions that combines radial
dynamics and random transfer processes during the dinu-
clear evolution [39]. The equation of radial motion and the
master equation governing the transfer process are solved
iteratively. The solving of the master equation is based on
the Monte Carlo method, where the proton and neutron
are transferred randomly. The model could describe both
quasielastic and deep-inelastic transfers, yielding promising
results. However, the dynamical deformations and thermal
fluctuations during the radial evolution, like those in the mul-
tidimensional Langevin equation, were not considered. The
HICOL model, abbreviated as heavy-ion collisions, was pro-
posed in Ref. [40], which is a three-dimensional Langevin
model based on the one-body dissipative approach to describe
the deep-inelastic process. This model, including dynamical
deformations and the mass asymmetry, was used in many
subsequent studies on fusion and fission reactions [41–43].
However, since the thermal fluctuations are not included in
this model, typically only the mean trajectories predicted by
it are used to gain insight into the reaction dynamics. Besides,
there is no explicit cross section output in this model, so it has
not been used in comparisons with recent experimental MNT
reaction cross sections.

To properly estimate the final cross sections, in this letter,
we propose a model named the CLIM-H model. Furthermore,
we incorporate thermal fluctuations into the model. Instead
of using GEMINI for the de-excitation of fragments, CLIM-
H is linked with GEMINI + + to calculate the de-excited

cross sections [44,45]. It is expected that the description of
the MNT reactions could be improved. The MNT reaction
involving nuclei Pb will be studied, which is often used in
literature for the synthesis of N = 126 nuclei. The isotope
distributions for 58,64Ni + 208Pb, as well as the angular and
isotope distributions of the recently measured 206Pb + 118Sn,
will be investigated in depth for the test of this method.

II. METHODS

In this theoretical framework, we solve the equation of ra-
dial motion and the master equation for the general dinuclear
system iteratively. The transport master equation at different
excitation energies and angular momenta governing the mass
and charge distributions among the fragments is

∂

∂t
PZ,N (t ) = �

(−,0)
Z+1,N PZ+1,N (t ) + �

(+,0)
Z−1,N PZ−1,N (t )

+ �
(0,−)
Z,N+1PZ,N+1(t ) + �

(0,+)
Z,N−1PZ,N−1(t )

− (
�

(−,0)
Z,N + �

(+,0)
Z,N + �

(0,−)
Z,N + �

(0,+)
Z,N

)
PZ,N (t ),

(1)

where the charge, neutron, and mass numbers are denoted as
ZP = Z, NP = N , and AP = Z + N for the projectile-like nu-
cleus, and ZT = Ztot − ZP, NT = Ntot − NP, and AT = Atot −
AP for the target-like nucleus. PZ,N (t ) is the probability of
finding the general dinuclear system in the state (Z, N ) at time
t . In this equation, we take only transitions Z � Z ± 1, N �
N ± 1 into account. The transition coefficients of the�Z,N for
cases of plus or minus one proton or neutron are calculated
as p0(r)/τ , where the collision time τ is determined by the
width h̄ω0 according to the formula τ = 1/ω0. We adopt
the energy-dependent transfer probability similar to those in
Refs. [22,46], namely,

p0(r) = 2π/(h̄ω0)2

1 + exp[2κ (r − r0)]
exp

[
−

(
Q − Qopt

h̄ω0

)2
]
, (2)

where r0 is the distance of the closest approach and
Q is the binding energy difference from ground state
to ground state. The wave number κ is the average
exponential slope of the single-particle wave function
of the projectile nucleus and the target nucleus, which

is
√

M(−εF)/2h̄2 +
√

M(−ε′
F)/2h̄2 for the neutron, and

FIG. 1. The development of the 206Pb + 118Sn composite sys-
tem’s form given by CLIM-H with L = 100h̄ at the indicated time.

024617-2



THEORETICAL STUDY OF MULTINUCLEON TRANSFER … PHYSICAL REVIEW C 109, 024617 (2024)

FIG. 2. Target-like isotopic production cross sections for reac-
tion 206Pb + 118Sn at Ec.m. = 437 MeV. The solid lines, dotted lines,
and dashed lines represent the theoretical results provided by the
CLIM-H model, the CLIM-H model without GEMINI + +, and the
GRAZING model. Solid circles represent experiment results [11].

√
M(−εF + ZT e2/RT )/2h̄2 +

√
M(−ε′

F + ZPe2/RP )/2h̄2 for
the proton. The RP and RT are the radius for the projectile
and the target. The εF and ε′

F are the approximate separation
energy for the projectile and the target. M is the nucleon
mass. The optimum energy Qopt is zero for neutron transfer,
(ZP − ZT )e2/r0 for proton stripping, and (ZT − ZP )e2/r0 for
proton pick-up. The average r0 is 1.25(A1/3

P + A1/3
T ), which

is similar for neutrons and protons [47,48]. The coefficient
(h̄ω0)2 = κ h̄2r̈0 = κ h̄2(2Ec.m. − VB)/μRB [46], where RB and
VB are the Coulomb radius and Coulomb barrier, and μ is the
reduced mass.

A large number of events for an impact parameter are
calculated to determine the transfer cross section according to
the final fragments. The kinetic Monte Carlo method is used
to solve the master equation as that in our previous work [39].
For each impact parameter, it is performed in the following

steps. At time t , we calculate the transition rates �ZiNi from
(Z, N ) to all possible states (Zi, Ni ) with total state num-
ber as SZ,N . Then we calculate the cumulative function Ci =
�t

∑i
j=1 �Z j Nj for i = 1, . . . , SZ,N . The total rate is conserved

to be one. After that a uniform random number u ∈ (0, 1] is
obtained to find the state i for which Ci−1 < u � Ci. Finally,
the state i is chosen as the final state and solves the radial
motion from t to t + �t . The above procedures are carried out
iteratively during the evolution and �t is fixed as 0.4 fm/c in
this study.

The radial dynamics part of the current model is based on
the HICOL model [40]. It is assumed that the profile func-
tion is composed of a circle and a hyperbolic curve with ten
parameters for bipartite shapes or eight parameters for single
shapes. All of the parameters could be characterized by three
collective degrees of freedom r, σ , and �, which represent
the distance between two sphere centers, neck volume divided

by total volume R3−R3
T −R3

P
R3 where R is the radius of the com-

pound sphere, and radius asymmetry (RP − RT)/(RP + RT),
respectively. The colliding nuclei are considered to be incom-
pressible Werner-Wheeler flows [49] allowing us to derive the
collective velocity field and the inertia tensor m. The collective
degrees of freedom q and their conjugate momenta p obey the
general Langevin equations:

dqi

dt
=

∑
j

(m−1)i j p j,

d pi

dt
= −∂Ekin

∂qi
− ∂V

∂qi
−

∑
j

γi j (m
−1 p) j +

∑
j

gi j� j (t ),

(3)

where Ekin represents the kinetic energy. The Yukawa plus
exponential double-fold potential energy V is adopted in

FIG. 3. Angular distributions of the 206Pb + 118Sn reaction for the indicated transfer channels. Theoretical results by the GRAZING model
and the CLIM-H model with GEMINI + + are shown as the dashed and the solid lines, respectively. The experimental data are taken from
Ref. [11].
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FIG. 4. Target-like isotopic production cross sections for reaction 64Ni + 208Pb at Ec.m. = 268 MeV. The solid lines and dashed lines
represent theoretical results provided by CLIM-H and SMF. Solid circles represent experiment results [50].

the current model. The coefficients in potential energy re-
main consistent with Eq. (3.37-44) in Ref. [40] except as.
It is adjusted slightly as 23 MeV in the calculations to de-
scribe the peak position of the grazing angle. As for the
strength of the random force gi j , it meets the fluctuation-
dissipation theorem by

∑
k gikg jk = γi jT , where T is the

mean temperature related to the heat energy and γi j de-
notes the friction tensor [34]. Dissipation in the model
consists of wall dissipation and window dissipation. When
the distance between two nuclei is not too small, window
dissipation, also known as the particle exchange mechanism,
can properly explain the major dissipative phenomena. Wall
dissipation is used to explain the dissipation phenomena
brought by the moving of single-particle potential at a closer
distance.

It is worth noting that the radius asymmetry � is par-
ticularly critical as it serves as a connection between the
master equation and the Langevin Equation. In our current
CLIM model, we have modified the HICOL model’s three-
dimensional Langevin equation to a two-dimensional version,
focusing on the independent collective variables r and σ . The
variable � is derived by solving the master equation in Eq. (1).
Once the numbers of protons and neutrons in the projectile-
like and target-like fragments are determined, � can be
calculated using the cubic equation derived from Eq. (3.103)
in Ref. [40]:

AP = Atot

2

(1 + �)3

1 + 3�2
, (4)

FIG. 5. Similar to those in Fig. 4 but for reaction 58Ni + 208Pb at Ec.m. = 270 MeV. The experimental data are transformed from Ref. [52].
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FIG. 6. Similar to those in Fig. 4 but for projectile-like isotopic production cross sections. The experimental data are transformed from
Ref. [50].

which is

�3 + 3

(
1 − 2AP

Atot

)
�2 + 3� + 1 − 2AP

Atot
= 0, (5)

where AP = ZP + NP and Atot = ZP + NP + ZT + NT repre-
sent the mass numbers of the projectile-like fragments and the
system, respectively. The unique real root of this equation in-
dicates a one-to-one correspondence between AP and �.

In summary, our process involves:
(1) Determining the variables ZP, ZT, NP, and NT at time t

by solving the master equation using Monte Carlo methods,
which then allows us to calculate � using Eq. (4) in this
document.

(2) Updating the reaction quantities such as shape, mass
tensor, and frictions based on the newly derived �, and then
solving the two-dimensional Langevin equation from time t
to t + �t to obtain new values for r, σ . Other quantities like
new momentum and kinetic energies could then be obtained.

(3) Repeating this procedure iteratively until the MNT
process for that event is complete.

Consequently, we have named our theoretical framework
CLIM, as it iteratively couples the Langevin dynamics with
the master equation. This novel framework enables us to si-
multaneously address proton and neutron transfers other than
solely the mass degree of freedom in the original HICOL
model. The validity of the CLIM methods will undergo testing
through comparisons with both experimental data and other
theoretical models below.

III. ANALYSIS AND RESULTS

We take the MNT reaction 206Pb + 118Sn with the center of
mass incident energy Ec.m. = 437 MeV as a typical example.
Figure 1 shows how the profile of the nucleus evolves during
the collision process. The relative angular momentum L is
set to 100h̄. At the initial moment of evolution, the initial
deformation is not considered, and both nuclei are spherical.
When it evolves to a certain moment, such as 640 fm/c, due to
the influence of nuclear interaction and the set of profile func-
tions, the two nuclei undergo large deformation at the contact
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FIG. 7. Similar to those in Fig. 6 but for reaction 58Ni + 208Pb at Ec.m. = 270 MeV. The experimental data are transformed from Ref. [52].

distance, while still maintaining a spherical shape at the far
end. When they separate at the last moment of evolution, such
as 960 fm/c, the two nuclei return to their spherical shape.

Most previous theoretical work made calculations and
predictions on the total production cross sections of MNT
fragments, which represent the integrated values of angu-
lar distributions and energy over their entire range. This is
suitable for experiments such as those measured with the γ

coincidence analysis, which does not depend on the angle
coverage of the detectors.

However, to describe experiments such as those performed
at the large solid angle magnetic spectrometer PRISMA of
Legnaro National Laboratory, one should take into account the
position of the detector since they are usually placed at a cer-
tain angular range. The MNT reaction 206Pb + 118Sn with the
center of mass incident energy Ec.m. = 437 MeV was recently
measured with the PRISMA [11]. The incident energy was 1.1
times the empirical Coulomb barrier [51]. The experiment de-
tector was placed at two positions covering the angular range
20.5◦ < θlab. < 28.5◦ and 30.5◦ < θlab. < 38.5◦ according to
Fig. 2 of Ref. [11]. We calculate the angular integrated cross

sections and the angular distributions of target-like fragments
for this reaction by using the current model within the an-
gular range 20.5◦ < θlab < 38.5◦. The comparisons between
the experiment results and the GRAZING model are shown in
Figs. 2 and 3.

As we can see, the general trends of the differential cross
section dσ/d� of each nucleus predicted by the CLIM-H
model roughly match the results of the experiments. More-
over, compared to the results given by the GRAZING model,
the cross sections calculated by the CLIM-H model are higher
and closer to the experimental data in most cases. This is
because GRAZING is better suited to compute the grazing
collisions. The experiment grazing angle of this reaction is
around 109◦, which is also the experiment peak value for
each case shown in Fig. 3. However, one could see that the
theoretical peak angle of the CLIM-H calculations is around
120◦. This means that attractive nuclear potential should be
larger to decrease the theoretical grazing angle. It could also
be seen that in some cases, the CLIM-H calculations are
much lower than the experimental angular distributions. This
could also be reflected in the angular integrated cross sections,

024617-6



THEORETICAL STUDY OF MULTINUCLEON TRANSFER … PHYSICAL REVIEW C 109, 024617 (2024)

FIG. 8. Similar to those in Figs. 4–7 but for the mass distri-
butions of 64,58Ni + 208Pb. The experimental data are transformed
from Refs. [50,52]. In the A � 30 region, there are lots of de-excited
products from heavy nuclei.

which have been given in Fig. 2. It could be seen that when
Z = 50, the results of both the CLIM-H model and the GRAZ-
ING model coincide well with the experimental data. When
there are more nucleons transferred at Z = 48, 49, and 51,
both theoretical models underestimate the cross sections. The
results of the CLIM-H model are closer to the experiment due
to considering deeper collisions than the GRAZING model.
However, they are still lower than the experiment data in cases
like the left side of the peak at Z = 48–49, which might be
caused by the evaporation of neutrons from other nuclei with
larger excitation energies. This can be attributed to the fact
that the amplitude and distribution of the excitation energy
between the fragments might not be fully appropriate yet.
We will try to improve the potential and other details of the
CLIM-H model in the following works.

Figures 4 and 5 display the experimental and theoreti-
cal target-like secondary production cross sections of 64Ni,
58Ni + 208Pb reactions at Ec.m. = 268, 270 MeV, respectively.
Similarly, their projectile-like secondary production cross sec-
tions are shown in Figures 6 and 7. The stochastic mean-field

(SMF) model is built on top of the three-dimensional TDHF
results and especially considers the quantum diffusion, which
is clarified to be more applicable to describe the MNT reaction
in Ref. [30]. For the (+xp) channel shown in Figs. 4 and 5, the
CLIM-H model produces similar results to those produced by
the SMF approach, which are all closed to the experimental
data. As for several reaction channels in the (−xp) chan-
nels such as the cases of Z = 78–81, there is an outstanding
agreement between the CLIM-H model and experiment data
for 64Ni + 208Pb. As a contrast, the SMF approach evidently
overestimates the width of isotopic distributions, which partly
owes to the linearization of the Langevin equation in obtain-
ing the variance and the covariance of neutron and proton
numbers [30]. Our results are narrower in the isotopic distri-
butions, which is also comparable with the experimental data
for many cases. For reaction 58Ni + 208Pb, the results of the
CLIM-H model and the SMF model are similar to the experi-
mental data. However, it should be noted that the experimental
data for this reaction are less complete than the other due
to the lack of the off-line radioactivity measurement [52]. In
addition, for the projectile-like fragments shown in Figs. 6 and
7, the calculations of the CLIM-H model agree also with most
of the experimental data, which are similar to the results of the
SMF model but with a relatively narrower distribution width.

The contrast between the results of the two models and the
experimental results is more obvious in the mass distribution,
which is shown in Fig. 8 for these two reactions. The distri-
bution widths of the SMF model are generally larger than the
experimental data at almost the whole mass range. The current
model calculations are closer to the experimental results near
the peaks on both sides, but lower in the middle for reaction
64Ni + 208Pb. This is due to the fact that the separation after
capture or the fission of the heavy nuclei is not well treated
in the CLIM-H model, which could be better described in the
DNS model as in Ref. [53]. The lightest already known iso-
tone with N = 126 is 202Os with Z = 76. The next N = 126
neutron-rich nuclei that researchers are very concerned about
are 200W (Z = 74), and 201Re(Z = 75). The SMF model pre-
dicts that the cross sections of these two nuclides can reach
more than 10−4 mb shown in Fig.12 of Ref. [30]. However,
in the calculations of the CLIM-H model, no appreciable
production cross sections are found for these two nuclei. More
systematic studies should be performed in the future to find
the optimum reactions for producing N = 126 nuclei.

IV. CONCLUSION

In summary, a approach for MNT reactions is developed
namely the CLIM-H model. The model incorporates the use of
kinetic Monte Carlo methods to solve the master equations for
the proton and neutron self-consistently. The parametrized ex-
ponential transfer probability is adopted similarly to that in the
GRAZING model. Compared to the results of the GRAZING
model, the outcomes of the CLIM-H model could depict the
experimental angular distributions of reaction 206Pb + 118Sn,
as well as the isotope distributions. The isotope distributions
and mass distributions given on the system 58Ni, 64Ni + 208Pb
are also more consistent with experiments when compared to
the results provided by the SMF model. Going forward, we
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envisage the following aspects to improve the transfer prob-
ability, such as considering its dependence on the excitation
energy or obtaining them from the microscopic two-center
shell model. We will also systematically calculate more MNT
reactions to find out the optimum system and energy to pro-
duce N = 126 nuclides, as well as give the angular and energy
distribution appropriate for detection. Besides, as a general
approach, the CLIM approach based on another dynamical
model like TORINO will also be studied to test the multipole
dynamical deformations [54]. At the submission of this paper,
we noticed Prof. Zhu has also a similarly developed theo-
retical framework by combining the Langevin equation and
master equation [55]. The unique aspect of this approach is
its capability to calculate the mass distribution and the charge
distribution in a self-consistent manner. This feature can serve
as a valuable reference for other studies that employ the mul-
tidimensional Langevin equation considering solely the mass
asymmetry degree of freedom.
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