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Optimal incident energy of heavy ion fusion

Reddi Rani L. ,1 N. Sowmya ,2,* H. C. Manjunatha,3,† K. N. Sridhar ,3,4 and M. M. Armstrong Arasu1

1Department of Physics, St. Joseph’s College (Autonomous), Affiliated to Bharathidasan University, Tiruchirappalli, 620002 TN, India
2Department of Physics, Government First Grade College, Chikkaballapur-562101, Karnataka, India

3Department of Physics, Government First Grade College, Devanahalli-562110, Karnataka, India
4Department of Physics, Government First Grade College, Malur-563160, Karnataka, India

(Received 11 December 2023; accepted 11 January 2024; published 15 February 2024)

We systematically explored all conceivable combinations of projectiles and targets through experimental
studies, focusing on the synthesis of lanthanides to superheavy nuclei within the atomic number range of
58 � Z � 117. Utilizing the dinuclear system model, we evaluated evaporation residue cross sections for
each fusion reaction, identified optimal energies associated with larger evaporation residue cross sections. Our
study delved into the influence of entrance channel parameters such as mass asymmetry, charge asymmetry,
charge product, Coulomb interaction parameter, mean fissility, and fusion barrier height on these optimal
energies. Notably, a systematic variation in optimal energies was observed for the Coulomb interaction pa-
rameter. Additionally, the deformation parameter exhibited an influence on optimal energies, and pronounced
discrepancies were noted in specific fusion reactions such as 40Ar(181Ta, 4n) 217Pa, and for the reactions such as
16O(134Ba, 4n) 146Gd, 4He(166Er, 3n) 167Yb, and 48Ca(249Bk, 4n) 293Ts, when compared to other fusion reactions
explored. The empirical formula presented successfully replicates experimental optimal energies for the atomic
number range 58 � Z � 117. Its straightforward application involves inputting the atomic and mass numbers of
the projectile and target nuclei, along with deformation parameters, underscoring its simplicity and effectiveness
in predicting optimal energies in diverse fusion reactions. This simplicity underscores the predictive power of
the proposed formula, offering a valuable tool for understanding and predicting optimal energies in a wide range
of fusion reactions involving lanthanides and superheavy nuclei.

DOI: 10.1103/PhysRevC.109.024610

I. INTRODUCTION

Superheavy elements are extremely heavy chemical ele-
ments with atomic numbers greater than 103. These elements
are characterized by their very unstable nuclei due to the large
number of protons and neutrons they contain. Superheavy
elements are typically produced in nuclear reactions [1–3] and
have very short half-lives [1,4,5], often on the order of mil-
liseconds or even microseconds. These elements are typically
created by bombarding heavy target nuclei with accelerated
beams of lighter nuclei in particle accelerators [6–8]. The
resulting collisions can lead to the formation of new, heavier
elements. The superheavy elements are identified by their
decay products [9,10].

Further, the role of optimal energies in the synthesis
of superheavy elements is crucial to the success of cre-
ating these extremely heavy and unstable elements in the
laboratory [11–14]. Choosing optimal energies to synthe-
size superheavy elements is a critical aspect of experimental
nuclear physics. It involves precise control of the energy
of colliding nuclei to overcome the Coulomb barrier and
maximize the probability of successful fusion reactions,
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ultimately leading to the creation and identification of these
short-lived, heavy elements. A compromise between higher
incident energy and lower compound nucleus excitation re-
veals an optimum condition, yielding enhanced residue cross
sections in specific channels under certain cooling and fis-
sioning conditions [15]. Superheavy element 117 synthesis
is analyzed [16], with 48Ca + 249Bk identified as an optimal
combination. The 48Ca(250Bk, 4n) 294Ts reaction is hindered
experimentally. Evaporation residue cross sections depend ex-
ponentially on fission and neutron emission saddle point mass
difference, emphasizing isotopic composition importance. En-
trance channel effects favor 48Ca + 245Bk over 50Ti + 243Am
and 55Mn + 238U. Further, Li et al., [17] proposed dynamic
theory for superheavy element, treating fusion and fission
consistently through a time-dependent diffusion equation in
collective coordinate space.

Synthesizing eighth-period elements faces challenges due
to quasifission. Experimental analysis indicates that deforma-
tion parameters play a major role, surpassing entrance channel
criteria. Five rules, including optimal beam energy selection,
are proposed as guidelines for superheavy element synthe-
sis [11]. Wada et al. [18] proposed a diffusion model for
superheavy element synthesis, employing a one-dimensional
Smoluchowski equation with a liquid drop model poten-
tial, incorporating temperature-dependent shell correction
energy. Competition between fission and neutron evaporation,
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influenced by temperature, yields an optimum evaporation
residue cross section. The isotope dependence is notable, fa-
voring neutron-rich compounds with small neutron separation
energy. Heavy ion fusion reactions are critical for synthesizing
superheavy elements. The proper selection of entrance chan-
nels and optimal beam energies is crucial [13] and the study
reveals improper beam energy choices contributed to low
production cross sections, hindering measurement success.
A dynamical model based on the dinuclear system concept
[19] is proposed to describe superheavy nuclei formation in
complete fusion reactions, incorporating relative motion and
nucleon transfer. Systematic investigations of cold fusion re-
actions provide insight into isotopic trends, proposing optimal
combinations and excitation energies for synthesizing super-
heavy elements Z = 110,112,114,116,118, and 120.

A comprehensive investigation focused on identifying
projectile-target combinations and predicting optimal ener-
gies that yield larger production cross sections. The studies
employed detailed analysis to determine the most suitable
conditions for achieving enhanced outcomes in terms of
cross-sectional production in the superheavy region [20–23].
In-depth investigations into optimal energies for heavy and
superheavy elements inspired the formulation of a semiempir-
ical formula. Integrating experimental data and an advanced
statistical model, our proposed formula aims to provide a
comprehensive and accurate framework for predicting out-
comes in heavy and superheavy element synthesis.

II. THEORETICAL FRAMEWORK

The evaporation residue cross sections in the atomic num-
ber region 58 � Z � 117 were evaluated using the dinuclear
system model. The evaporation residue cross sections were
evaluated as follows:

σ DNS,xn
ER =

∞∑
�=0

(2� + 1)σ DNS
fus (Ec.m.)P

xn
sur (E∗, l ). (1)

The symbol σ DNS
fus denotes the partial fusion cross section,

signifying the probability of nuclei transitioning beyond the
Coulomb barrier to form a dinuclear system (DNS). This
occurs as the kinetic energy Ec.m. and angular momentum � of
relative motion convert into the excitation energy and angular
momentum of the DNS. σ DNS

fus is given by

σ DNS
fus (E∗, l ) = σcap(Ec.m.)P

DNS
CN (E∗, l ). (2)

The compound nucleus formation probability PDNS
CN (E∗, l ) is

expressed as

PDNS
CN = ρ(E∗

DNS − B∗
fus)

ρ(E∗
DNS − B∗

fus) + ρ(E∗
DNS − Bq f )

. (3)

Here, ρ is the level density and it is a function of Bq f , B∗
fus,

and E∗
DNS, where Bq f is the barrier of the nucleus-nucleus

interaction potential, which must overcome if the dinuclear
system decays into two fragments. B∗

fus is the intrinsic fusion
barrier which is determined by the difference between the
maximum of a driving potential and its value at the point
corresponding to the initial charge asymmetry of the consid-
ered fusion reaction. Further, E∗

DNS is the excitation energy of
the dinuclear system given by the difference between beam

energy and a minimum of nucleus-nucleus potential (E∗
DNS =

Ec.m. − Vm) [24]. Here, Vm is the minimum of the nucleus-
nucleus potential. The term Bq f , B∗

fus, and E∗
DNS is evaluated

using nucleus-nucleus potential energy [25] which is defined
as follows:

V (R, Z1, Z2, β2i, l ) = Vc(R, Z1, Z2, β2i )

+ VN (R, Z1, Z2, β2i ) + Vrot (l, β2i ),
(4)

where VC , VN , and Vrot are the Coulomb, nuclear, and ro-
tational potentials, respectively. The Coulomb potential is
given by

VC (R, Z1, Z2, β2i ) = Z1Z2

R
e2 + Z1Z2

R3
e2

×
[(

9

20π

)1/2 2∑
i=1

R2
i β2iP2(cos αi )

+ 3

7π

2∑
i=1

R2
i [β2iP2(cos αi )]

2

]
. (5)

Z1 and Z2 are the charges of the nuclei forming the DNS. P2 is
the Legendre polynomial of the nuclei forming the DNS. The
nuclear potential is defined as

VN (R, Z1, Z2, β2i ) = Vo

{
exp

[−2(R − R12)α

R12

]

− 2 exp

[−(R − R12)α

R12

]}
. (6)

Here, Vo is the strength of the potential, α is the mass asym-
metry, and the quantity R12 is determined by

R12 = D1 + D2 + 0.1 fm, (7)

where

Di(i = 1, 2) = Ri

[
1 +

(
5

4π

)1/2

β2i − 1

4π
β2

2i

]
. (8)

The quantity α used in Eq. (6) is given by

α = (11.47 − 17.32a1a2 + 2.07R0)

[
1 + 0.25

2∑
i=1

β2i

]
.

(9)

The quantity R0 is defined as follows:

R0 = R1R2

R1 + R2
. (10)

The rotational potential of the DNS is defined as

Vrot (R, l, β2i ) = h̄2�(� + 1)

2�DNS(R, A, β2i )
, (11)

where � is the angular momentum and �DNS is the moment of
inertia of the DNS. The driving potential is written as

U (Z, A, R) = V (R, Z1, Z2, β2i, l ) − Q (12)

and the mass excess energy Q is as

Q = B1(Z1) + B2(Z2) − BCN (ZCN ). (13)
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FIG. 1. A plot of evaporation residue cross sections of
54Cr + 208Pb for 1n and 2n channel as a function of center of mass
energy. A hollow sphere with green and blue fill corresponds to the
experimental values. A continuous line specifies the values obtained
using the present work.

The binding energies, denoted as B1(Z1), B2(Z2), and
BCN (ZCN ), represent the ground state binding energies of frag-
ments in the DNS, as well as that of the compound nucleus.
These values are sourced from [26].

III. RESULTS AND DISCUSSIONS

We initially investigated all projectile-target combinations
available through experiments, forming lanthanides to super-
heavy nuclei within the atomic number range 58 � Z � 117.
Further, using the DNS model, we evaluated evaporation
residue cross sections of all experimentally available fusion
reactions as explained in theory section.

In the investigation of fusion reactions, optimal energies
are critical for achieving larger evaporation residue cross sec-
tions. For the 54Cr + 208Pb fusion reaction, the evaporation
residue cross section was studied. Experimental results, de-
picted in Fig. 1, revealed a maximum cross section of 2.52 nb
at 202.01 MeV, compared to the theoretical value of 3.73 nb
at the same energy. Additionally, the 2n channel exhibited a
noteworthy cross section of 0.504 nb at 208.72 MeV with

FIG. 2. A plot of evaporation residue cross-sections of fusion reactions leading to form (a) 140Ce to (s) 209Fr for a particular channel for
which a larger cross section is observed. Other details are similar to Fig. 1.
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FIG. 3. A plot of evaporation residue cross-sections of fusion reactions leading to form (a) 219Ac to (s) 292Fl for a particular channel for
which a larger cross section is observed. Other details are similar to Fig. 1.

a corresponding theoretical value of 0.46 nb. Remarkably,
both experimental and theoretical assessments consistently
identified 202.01 MeV as the optimal energy, yielding larger
cross sections. Accordingly, this energy corresponding to a
larger cross section is considered as optimal energy. Hence,
the optimal energy refers to the point where the highest ob-
served evaporation residue cross-sections occur. It signifies
the energy level at which the fusion reaction is most efficient
in producing evaporation residues, providing insights into the
optimal conditions for synthesizing heavy nuclei in nuclear
experiments.

By employing this approach, we determined the optimal
energies for all fusion reactions documented in the litera-
ture, encompassing the formation of isotopes from 140Ce to
209Fr (Fig. 2) and 219Ac to 292Fl (Fig. 3). In majority of
cases, we noticed larger cross sections both experimentally
and theoretically. However, a discrepancy of about 10 MeV
is observed in the case of predicted optimal energy using the
present model. Which also results in an order of magnitude
of evaporation residue cross sections. In all these investigated
fusion reactions, we noticed optimal energy at which a larger
evaporation residue cross section is observed experimentally.
Further, to construct an empirical formula, we investigated
entrance channel parameters. The effect of entrance chan-
nel parameters on fusion reactions is a critical aspect as it
determines the primary influence among entrance channel
parameters on optimal energies, highlighting the key factors
governing the success of fusion reactions.

Entrance channel parameters such as mass symmetry
(ηA = |A1−A2

A1+A2
|), charge asymmetry (αZ = | Z1−Z2

Z1+Z2
|),

charge product (Z1Z2), Coulomb interaction parameter
(ZCoul = Z1Z2

A1/3
1 +A1/3

2

), mean fissility (χm = 0.25χCN + 0.75χeff ),

where χCN = Z2/A
χ

= Z2/A
50.883[1−1.7826( A−2Z

A )2]
and χeff =

4Z1Z2

(A1/3
1 +A1/3

2 )×(A1A2 )1/3

50.883[1−1.7826( A−2Z
A )2]

, and fusion barrier height (VB) have

been investigated. Figures 4(a)–4(f) shows a plot of optimal
energy as a function of different entrance channel parameters.
When compared to mass and charge asymmetry, optimal
energy shows systematic variation for charge product,
Coulomb interaction parameters, χm, and fusion barrier
height. In order to assess this systematic variation, a linear
equation was fitted, aiming for a maximum coefficient
of determination (R2 ≈ 1), as discussed in [27]. Notably,
while the coefficient of determination is maximized for
various entrance channel parameters such as Z1Z2, ZCoul, χm,
and VB, the analysis reveals that ZCoul exhibits the highest
coefficient of determination, reaching R2 = 0.993. Hence, a
fitted equation for optimal energy as a function of ZCoul is as
follows:

Eopt (MeV) = 6.2555 − 0.9998 × ZCoul. (14)

Here, ZCoul = Z1Z2

A1/3
1 +A1/3

2

.

Influence of deformation parameter on optimal energy

Further, we investigated the influence of the deformation
parameter on optimal energy. To verify the influence of
the deformation parameter on optimal energy, we tried
many functions such as ZCoul + (exp β2P + exp β2T ),
ZCoul(exp β2P + exp β2T + exp β2C ), ZCoul exp(β2P + β2T ),
ZCoul + (exp β2P + β2T ), ZCoul(exp β2P + exp β2T ),
ZCoul exp(β2P + β2T + β2C ), and ZCoul + ln(β2P + β2T ) +
exp(A1 + A2) and so on. Among all the investigated functions,
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FIG. 4. A plot of optimal energies of fusion reactions leading to form 141Ce to 292Fl as a function of (a) mass asymmetry, (b) charge
asymmetry, (c) charge product, (d) Coulomb interaction parameter, (e) mean fissility, and (f) fusion barrier height.

the function ZCoul + (exp β2P + exp β2T ) shows a systematic
variation and coefficient of determination is increased from
0.993 to 0.996 (see Fig. 5). The best fitted equation for
optimal energy is as follows:

Eopt = 0.79 + 1.025 × [ZCoul + (exp β2P + exp β2T )]. (15)

Here, β2P and β2T are quadrupole deformation parameters
of projectile and target nuclei. Hence, variations in the de-
formation parameter were found to significantly impact the
optimal energy levels, providing insights into the relationship
between structural deformations and the energy requirements
for achieving optimal outcomes. Further, we tabulated exper-
imental optimal energy and optimal energy obtained using
Eqs. (14) and (15) in Table I. From this table it is inferred
that the optimal energy obtained using Eqs. (15) and (14)

are in good agreement with experimental values. However,
a deviation of about 10 MeV is observed in case of fusion
reactions such as 16O(134Ba, 4n) 146Gd, 4He(166Er, 3n) 167Yb,
40Ar(181Ta, 4n) 217Pa, and 48Ca(249Bk, 4n) 293Ts which is also
in concurrence with the earlier studies [12].

Further, we investigated the E exp
opt − Eopt for assessing the

accuracy and consistency of the proposed empirical formula
for optimal energy. Hence, E exp

opt − Eopt plotted as a function of
ZCoul and it is shown in Fig. 6. The difference in the predicted
and experimental optimal energy lies between ±10 MeV for
the majority of cases. However, the difference in the energy is
found to be larger by about 30 MeV for the fusion reaction
of 40Ar + 181Ta, and for the reactions such as 16O + 134Ba,
4He + 166Er, and 48Ca + 249Bk the predicted energy varies
between 13 to 20 MeV.
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FIG. 5. A plot of optimal energy as a function of ZCoul +
(exp β2P + exp β2T ).

IV. SUMMARY

We investigated all possible projectile-target combina-
tions available through experiments forming lanthanides to
superheavy nuclei in the atomic number range 58 � Z �
117. The evaporation residue cross sections have been eval-
uated using the dinuclear system model. For each fusion
reaction, optimal energy is identified corresponding to larger
evaporation residue cross sections. Further, the effect of en-
trance channel parameters such as mass asymmetry, charge
asymmetry, charge product, Coulomb interaction parameter,
mean fissility, and fusion barrier height has been studied
on optimal energies. Optimal energies show systematic vari-
ation for the Coulomb interaction parameter. Further, we
noticed an influence of the deformation parameter on opti-
mal energies. The larger deviation of about 13 to 30 MeV
were observed for 40Ar(181Ta, 4n) 221Pa, and for the reac-
tions such as 16O(134Ba, 4n) 150Gd, 4He(166Er, 3n) 170Yb, and
48Ca(249Bk, 4n) when compared to other fusion reactions in-

FIG. 6. A plot of the difference in experimental optimal energy
and optimal energy predicted from present work as a function of
ZCoul using (a) with deformations and (b) without deformations of
projectile and target nuclei.

TABLE I. A tabulation of fusion reactions, fusion barrier height,
optimal energies obtained using experimental result, with deforma-
tions [Eq. (15)] and without deformations [Eq. (14)].

VB Eopt(MeV)

Compound nucleus MeV exp Eq. (15) Eq. (14)

12C(128Te, 3n) 137Ce [28] 38.4 52.8 46.4 48.8
16O(134Ba, 4n) 146Gd [29] 54.8 79.5 63.0 64.9
7Li(144Sm, 2n) 149Tb [30] 22.4 26.7 29.5 32.3
9Be(144Sm, 2n) 151Dy [31] 30.0 37.6 38 40.1
6Li(159Tb, 3n) 162Er [32] 23.4 29.5 31 33.2
4He(166Er, 3n) 167Yb [33] 16.2 39.0 23.0 25.5
12C(159Tb, 4n) 167Lu [34] 46.8 64.3 55.1 56.9
48Ti(122Sn, 3n) 167Hf [35] 132.0 139.3 134.2 134.2
9Be(169Tm, 3n) 175Ta [36] 32.6 39.9 40.5 42.5
12C(169Tm, 3n) 178Re [28] 49.3 55.1 57.6 59.2
16O(169Tm, 3n) 182Ir [28] 65.6 74.9 73.6 74.83
9Be(186W, 4n) 191Pt [37] 34.5 42.9 42.1 44.3
9Be(187Re, 3n) 193Au [36] 35.0 38.4 42.5 44.7
6Li(198Pt, 4n) 200Tl [38] 27.2 36.7 34.1 36.9
19F(181Ta, 5n) 195Pb [39] 76.8 89.6 84.3 85.2
48Ca(154Gd, 4n) 198Po [40] 146.8 150.1 149.1 148.5
44Ca(159Tb, 4n) 199At [41] 150.0 148.7 152.2 151.5
50Ti(160Gd, 4n) 206Rn [42] 160.7 160.8 161.8 161
50Ti(159Tb, 4n) 205Fr [42] 163.6 162.8 164.4 163.3
50Ti(162Dy, 4n) 208Ra [42] 165.7 167.3 166.3 165.2
22Ne(197Au, 4n) 215Ac [43] 90.8 90.8 97.3 97.9
124Sn(94Zr, 3n) 215Th [44] 224.8 223.5 217.7 216.0
40Ar(181Ta, 4n) 217Pa [45] 149.7 120.3 151.6 151.0
22Ne(208Pb, 4n) 226U [43] 93.4 98.8 99.9 100.2
4He(235U, 2n) 237Pu [45] 20.8 25.1 27.4 30.0
4He(237Np, 2n) 239Am [46] 21.0 28.2 27.7 30.2
34S(207Pb, 3n) 238Cf [47] 148.2 145.4 149.5 149.5
48Ca(197Au, 2n) 243Es [48] 175.7 172.9 174.1 173.4
16O(238U, 2n) 252Fm [49] 83.3 88.0 89.7 90.7
48Ca(208Pb, 2n) 254No [47] 181.0 176.07 178.7 177.8
48Ca(209Bi, 2n)255Lr [48] 183.2 176.8 180.7 179.7
18O(248Cm, 5n)261Rf [50] 85.6 88.4 91.6 92.5
50Ti(209Bi, 5n)254Db [51] 202.0 193.2 198 196.1
54Cr(208Pb, 1n)261Sg [52] 217.1 202.0 210.9 209.0
26Mg(248Cm, 1n)273Hs [53] 127.8 130.7 130.6 130.8
64Ni(208Pb, 1n)271Ds [54] 251.0 240.1 239.7 237.6
48Ca(238U, 3n)283Cn [55] 199.4 193.8 195.0 193.4
48Ca(244Pu, 3n)289Fl [55] 203.1 201.5 198.2 196.4
48Ca(243Am, 3n)288Mc [55] 205.6 206.8 200.4 198.6
48Ca(245Cm, 3n)290Lv [55] 207.6 211.7 202.2 200.3
48Ca(249Bk, 4n)293Ts [55] 209.2 212.7 232.1 229.5

vestigated. Hence, the proposed empirical formula reproduces
experimental optimal energies in the atomic number range
58 � Z � 117 with the simple input of an atomic and mass
number of a projectile and target nuclei in addition to defor-
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mation parameters. This simplicity underscores the predictive
power of the proposed formula, offering a valuable tool for un-

derstanding and predicting optimal energies in a wide range of
fusion reactions involving lanthanides and superheavy nuclei.
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