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Within the framework of the isospin-dependent quantum molecular dynamics model and statistical evaporation
model, the production of neutron-deficient 245–250Lr isotopes is investigated. The fusion probability in the reaction
44Ca + 209Bi is larger than that with 40Ca beam, especially at a lower incident energy and smaller impact
parameter, which is attributed to a lower dynamical barrier in 44Ca + 209Bi. The neck between the projectile
and target grows faster in the reaction with 44Ca beam, and the N/Z ratio in the neck is larger, resulting in a
lower dynamical barrier. Based on the fusion reactions of 40,44Ca + 209Bi and 46,48Ti + 203Tl, we predicted six
new Lr isotopes, 245–250Lr, with the maximal evaporation residue cross sections of 3.5 fb, 69 pb, 0.2 nb, 0.4 nb,
1.7 nb, and 1.8 nb, respectively.
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I. INTRODUCTION

The synthesis of superheavy nuclei (SHN) is one of the
most significant challenges in low-energy nuclear physics.
Over the past three decades, through systematic experimental
efforts, elements up to oganesson with Z = 118 have been
discovered, completing the seventh row of the periodic table
[1–5]. Both hot and cold fusion reactions have been exten-
sively and effectively employed to produce SHN [6–17]. The
discovery of new isotopes near the proton drip line can offer
valuable insights into the nuclear structure and properties, as
well as reveal the boundary behavior of nuclear systems [24].
The unique characteristics, including the novel decay modes,
halo structure, and shell evolution have been observed in that
region [18–20].

For instance, the odd-odd nuclei 236Bk, 240Es, and 244Md
near the proton drip line offer avenues for exploring β and
electron-capture delayed fission [21–23], thereby providing
new insights into the low-energy spontaneous fission pro-
cesses. The proton 1/2 −[ 521] Nilsson orbits, originating
from the f5/2 spherical orbit above the Z = 114 shell gap,
have been found near the ground states of neutron-deficient
isotopes of Md, Lr, and Db [25]. However, the relative energy
of this orbit can only be determined from 255Lr and its decay
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products [26]. Up to date, a total of 14 Lr isotopes have been
discovered [16,27–35]. The element Lawrencium (Z = 103)
was first discovered by Ghiorso et al. in 1961 [31]. The
isotopes 255,256Lr were successfully detected through the com-
plete fusion reactions of 16,18O + 243Am at Dubna [36,37].
The isotopes 257–260Lr were synthesized using hot fusion re-
actions with 15N or 18O beam [33], while the multinucleon
transfer reactions 22Ne + 254Es were conducted to produce
261,262Lr at Berkeley [38,39]. Last year, Oganessian et al.
discovered 264Lr in the decay chain of 268Db [35]. Shortly
thereafter, Huang et al. found a new isotope, 251Lr, with
the reaction 203Tl(50Ti, 2n) 251Lr [27]. Meanwhile, through
the cold fusion reactions of 50Ti + 209Bi and 54Cr + 209Bi,
252–254Lr were identified utilizing the velocity filter SHIP at
GSI [29,40,41]. The most Lr isotopes were synthesized via
fusion-evaporation reactions, except the isotopes 261,262Lr. All
experimentally produced Lr isotopes are neutron-deficient,
but not approaching the proton drip line so far.

Various theoretical models have been developed to de-
scribe low-energy fusion reactions. Microscopic dynamical
models, such as isospin-dependent quantum molecular dy-
namics (IQMD) model [42,43] and time-dependent Hartree-
Fock model [44–46], have shown reasonable success in
investigating the dynamical mechanism in heavy-ion colli-
sions. Additionally, semiclassical models such as the two-step
model [47], the dinuclear system (DNS) model [48–51], and
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Langevin equation [52–54] have been utilized to predict the
production cross sections of SHN. IQMD model is a transport
model that not only incorporates mean-field effects but also
introduces two-body collisions and Pauli blocking [55]. That
model has been applied widely to describe neck dynamics
and production mechanism of heavy nuclei in fusion reactions
[56,57].

The aim of this work is to search for the opti-
mal projectile-target combinations to synthesize unknown
neutron-deficient Lr isotopes. The reactions 40,44Ca + 209Bi
and 46,48Ti + 203,205Tl are chosen to produce these isotopes
with the goal of determining the optimal incident energy and
evaporation residue cross section (ER) of the new Lr isotopes.

The structure of this article is organized as follows. In
Sec. II, we introduce the IQMD and statistical evaporation
model briefly. The results and discussions are presented in
Sec. III. The conclusion is given in Sec. IV.

II. MODEL

In the IQMD model, as in the original QMD model [58],
each nucleon is represented by a coherent state of Gaussian
wave packets,

φi(r) = 1(
2πσ 2

r

)3/4 exp

[
− (r − ri )2

4σ 2
r

+ i

h̄
r · pi

]
. (1)

Here, ri and pi represent the centers of the ith wave packet
in coordinate space and momentum space, respectively. σr

is the width of the wave packet in coordinate space [59]. In
order to reduce computational complexity, the n-body wave
function of the entire system is taken as the direct product of
the coherent states,

�(r, t ) =
∏

i

φi(r, ri, pi, t ). (2)

We consider the width of the wave packet depends on the
system size, which is expressed as

σr = 0.09A1/3 + 0.88. (3)

By utilizing the Wigner transformation, one can derive the
density and momentum distributions of a given system:
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The time evolution of the coordinate and momentum
of the nucleons is subject to Hamiltonian equations of
motion:

ṙi = ∂H

∂pi
, ṗi = −∂H

∂ri
. (6)

The Hamiltonian H is composed of the kinetic energy T =∑
i p2

i /2m and the effective interaction potential,

H = T + U . (7)

The effective interaction potential comprises volume, symme-
try, surface, effective mass, and Coulomb terms, which are
calculated by the following expressions:
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where

ρi j = 1(
4πσ 2
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)3/2 exp

(
− r2

i j

4σ 2
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)
. (13)

To improve the nucleon’s fermionic nature, the phase space
occupation constraint is adopted, proposed by Papa et al. [60].
The occupancy rate fi in the phase space volume h3 around
nucleon i is defined as

fi =
∑

j

δτiτ j δsis j

∫
h3

f j (r, p, t )d3rd3 p. (14)

Here, si and τi represent the projection quantum numbers of
the spin and isospin of nucleon i, respectively.

The fusion cross section is obtained by integrating the
fusion probability over a certain impact parameter range with
this formula [61]

σfus(Ec.m.) = 2π
∑

bgfus(Ec.m., b)�b. (15)

Here, gfus represents the fusion probability at impact param-
eter b and incident energy Ec.m.. The fusion probability is
obtained by counting the number of fusion event under a large
number of simulated events.

In this work, we adopt the parameter IQ2 (see Table I),
with the z axis aligned along the beam direction and the x axis
aligned along the collision parameter direction [55,61]. The
dynamical simulations are terminated at 1000 fm/c.

The de-excitation process of the compound nucleus is in-
vestigated by the statistical evaporation model. The ER cross
section of SHN is calculated by the formula [48]

σER(Ec.m., J ) = σfus(Ec.m., J )Wsur(Ec.m., J ), (16)
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TABLE I. Model parameters (IQ2) adopted in this work.

α (MeV) β (MeV) γ gsur (MeV fm2) gτ (MeV) η Cs (MeV) κs(fm2) ρ0 (fm−3)

-356 303 7/6 7.0 12.5 2/3 32 0.08 0.165

where Wsur represents the survival probability of the SHN.
Taking into account the competition between neutron evap-
oration and fission, the survival probability of the SHN after
evaporating x (x > 1) neutrons can be written as follows:

Wsur(E
∗
CN, x, J ) = P(E∗

CN, x, J )
x∏

i=1

�n(E∗
i , J )

�n(E∗
i , J ) + �f(E∗

i , J )
.

(17)

Here, E∗
CN and J denote the excitation energy and angular

momentum of the compound nucleus, respectively. �n and �f

are the neutron evaporation width and fission width, which
can be calculated by Weisskopf’s evaporation theory [62] and
Bohr-Wheeler formula, respectively [63]. E∗

i is the excitation
energy of the SHN before evaporating the ith neutron, which
can be expressed as follows:

E∗
i+1 = E∗

i − Bn
i − 2Ti. (18)

Here, Bn
i represents the separation energy of the ith neutron.

The nuclear temperature Ti before evaporating the ith neutron
is given by the relation

E∗
i = aT 2

i − 2Ti. (19)

In this work, we use a macroscopic liquid drop model with
microscopic shell correction to calculate the fission barrier Bf.
The fission barrier with an excitation energy-dependent shell
correction is expressed in the following form:

Bf = BLD
f + BM

f (E∗ = 0)e−E∗/ED , (20)

where ED denotes the shell damping factor. The macroscopic
part BLD

f can be calculated using the liquid drop model [64]

BLD
f =

{
0.38(0.75 − x)Es0 (1/3 < x < 2/3)
0.83(1 − x)3Es0 (2/3 < x < 1)

. (21)

Here, the fissility parameter x can be expressed as

x = Ec0

2Es0
. (22)

Here, Ec0 and Es0 represent the surface energy and Coulomb
energy of a spherical nucleus, respectively, which are deter-
mined by Myers-Swiatecki mass formula [65]

Es0 = 17.944

[
1 − 1.7826

(
N − Z

A

)2
]

A2/3, (23)

Ec0 = 0.7053
Z2

A1/3
. (24)

III. RESULTS AND DISCUSSION

To verify the reliability of the IQMD model and the
statistical evaporation model, the calculated fusion and ER
cross sections in several reactions were compared with

the experimental ones. As shown in Fig. 1, the fusion
cross sections were calculated in the reactions 16O + 238U,
40,48Ca + 208Pb, and 84Kr + 165Ho with the compound nuclei
around Z = 103. One can find that the calculated results re-
produce the experimental data very well in both cold and
hot fusion reactions. In Fig. 2, the ER cross sections in
48Ca + 208Pb and 48Ca + 209Bi reactions are presented, and the
calculated results show good agreements with experimental
data. It can be observed that as the excitation energy increases,
more neutrons can be evaporated, and the maximal ER cross
section in the 2n channel is larger than that in the 3n channel.

In order to analyze the impact of the isospin of the pro-
jectile on the fusion process, we calculated the fusion cross
sections in 40,44Ca + 209Bi reactions, shown in Fig. 3(a). One
can find that the fusion cross sections in the 44Ca + 209Bi
reaction are larger than those in the reaction 40Ca + 209Bi,
especially in the region below the Coulomb barrier. To further
investigate the enhancement of the fusion cross sections in-
duced by the 44Ca beam, we compared the static interaction
potential in both reactions, presented in Fig. 3(b). It can
be observed that the static barriers in the 44Ca + 209Bi and
40Ca + 209Bi systems are 174.86 MeV and 186.02 MeV, re-
spectively, hence the static barrier in 44Ca + 209Bi system is
lower than that in the latter reaction. Additionally, the barrier
width of 44Ca + 209Bi system is narrower compared to the
40Ca + 209Bi system, that makes it easier for the former to
overcome the Coulomb barrier, leading to a higher fusion
probability. As a result, compared to the 40Ca + 209Bi reaction,
the fusion cross section below the barrier in the 44Ca + 209Bi
system is enhanced. To investigate the fusion mechanism at
different impact parameters, the fusion probability as a func-
tion of the impact parameter in the reactions 40,44Ca + 209Bi is
calculated, displayed in Fig. 4. It can be seen that the fusion
probability gradually decreases with the increase of the impact
parameter at a certain energy. That is due to the increased
elastic scattering probability in peripheral collisions compared
to central collisions. In addition, it can be observed that the
fusion probability in the reaction with 44Ca beam is signifi-
cantly enhanced compared to the 40Ca + 209Bi system at the
central collision, which is particularly evident at a lower inci-
dent energy. As the incident energy increases from 175 MeV
to 190 MeV, the fusion probability is significantly enhanced
at peripheral collision. These results suggest that the fusion
reactions with a high incident energy and a neutron-rich beam
are more favorable for the formation of compound nuclei.

Considering that the nucleon density evolves with the re-
action time, the interaction potential between projectile and
target is dynamical. In Fig. 5, we calculated the dynamical
interaction potential in 40,44Ca + 209Bi reactions at different
incident energies. It is evident that the dynamical fusion
barrier becomes higher with increasing incident energy. At
a higher incident energy, not all of the kinetic energy is
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FIG. 1. Comparisons of calculated fusion cross sections with the experimental data in 16O + 238U, 40Ca + 208Pb, 48Ca + 208Pb, and
84Kr + 165Ho reactions. The solid lines represent the calculated fusion cross sections and the circles denote the experimental data, which
are obtained from Refs. [66–68].

converted into internal excitation energy of the composite
system, and there is still some relative motion between the
two colliding nuclei. Hence, the interaction time between two
nuclei is less than the relaxation time, and the densities of the
two nuclei cannot adjust in time to reach the lowest poten-
tial. As a result, the dynamical barrier becomes higher at a
higher incident energy. It can be seen that the fusion barrier in

44Ca + 209Bi is lower than that in 40Ca + 209Bi at Ec.m. = 180
and 190 MeV. That makes the 44Ca + 209Bi system more likely
to penetrate the barrier than the 40Ca + 209Bi system at a low
energy.

The neck dynamics is crucial to understand the lower-
ing of dynamical barrier. The evolution of the N/Z ratio in
the neck in the reaction 40,44Ca + 209Bi at Ec.m. = 180 MeV

FIG. 2. The ER cross sections in the 48Ca + 208Pb and 48Ca + 209Bi reactions. The solid and dashed lines indicate calculated results in 2n
and 3n channels, respectively. The diamonds and circles represent the experimental data [69] in 2n and 3n channels, respectively.
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FIG. 3. (a) The fusion excitation functions in 40,44Ca + 209Bi reactions denoted by the solid and dashed lines, respectively. (b) The static
interaction potential in 40,44Ca + 209Bi reactions are indicated by the solid and dashed lines, respectively.

is depicted in Fig. 6(a). The evolution time starts at the
stage of the neck formation. The neck region is defined as
a cylindrical shape along the collision orientation extending
up to 4 fm. It can be observed that the N/Z ratio first in-
creases with time, and then gradually decreases, eventually
approaching the N/Z value of the compound nucleus. The
increase in the N/Z ratio is mainly caused by the interplay
between the symmetry potential and Coulomb potential. The

symmetry potential tends to drive the nucleons towards a
symmetric distribution, causing the neutron-rich system to
move the excess neutrons towards the surface of the nucleus,
while the Coulomb potential causes the protons to move away
from the collision axis. That leads to an increase in the N/Z
ratio in the neck region. As the two nuclei overlap further with
time, the number of nucleons in the neck region increases,
leading to a rapid decrease in the N/Z ratio until the system

FIG. 4. Fusion probability as a function of impact parameter in 40,44Ca + 209Bi reactions at Ec.m. = 175, 180, 185, and 190 MeV. The square
and circle symbols denote the fusion probability in 40Ca + 209Bi and 44Ca + 209Bi, respectively.
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FIG. 5. The dynamical potential in the head-on collisions of 44Ca + 209Bi and 40Ca + 209Bi at Ec.m. = 180, 190, and 200 MeV, represented
by the square, circle, and triangle symbols, respectively.

reaches equilibrium and forms a compound nucleus. For the
system 44Ca + 209Bi, the increase in the N/Z ratio after neck
formation is more pronounced. The increase in the N/Z ratio
can result in the dynamical lowering of the fusion barrier,
thereby causing an enhancement of the fusion cross sections.

The time evolution of the radius of the neck at Ec.m. = 180
MeV are shown in Fig. 6(b). The neck radius is defined as the
transverse radius along the collision direction at the central
point of the neck region. It is evident that over time, the neck
radius gradually increases to a maximum value, correspond-
ing to the radius of the compound nucleus. One can find that
the neck in the 44Ca + 209Bi reaction grows faster compared to
the 40Ca + 209Bi reaction, which can also be applied to explain
the enhancement of the fusion cross sections.

The optimal projectile-target combinations and the corre-
sponding optimal incident energy to produce the new isotopes
is significant in the experiments. Several stable projectiles
and targets are selected to predict the production of new Lr
isotopes. The ER cross sections in the 40,44Ca + 209Bi and
46,48Ti + 203,205Tl systems are shown in Fig. 7. The optimal
reactions for the production of unknown neutron-deficient
isotopes 245–250Lr are as follows, 209Bi(40Ca, 4n) 245Lr,
209Bi(40Ca, 3n) 246Lr, 203Tl(46Ti, 2n) 247Lr,
203Tl(48Ti, 3n) 248Lr, 203Tl(48Ti,2n) 249Lr, and
209Bi(44Ca, 3n) 250Lr, and the corresponding optimal incident
energies are 201.7, 187, 191.5, 202.7, 193.9, and 186.8 MeV,
respectively.

It can be observed that for 40,44Ca + 209Bi systems, in the
same neutron evaporation channels, the maximal ER cross
sections in the 44Ca + 209Bi system are significantly larger
than those in the 40Ca + 209Bi system. From Fig. 4, one can
find that the fusion probability in the 44Ca + 209Bi system is
only a few times larger than that in the 40Ca + 209Bi system,
and the enhancement of fusion probability becomes not ob-
vious at a higher incident energy. Therefore, the significant
differences in ER cross sections are mainly caused by the
survival probability. Similarly, for 46,48Ti + 203,205Tl systems,
the maximal ER cross sections in the 48Ti + 205Tl system are
notably larger than those in the 48Ti + 203Tl, 46Ti + 205Tl, and
46Ti + 203Tl systems. The phenomenon can be explained as

follows. The dynamical barrier in the fusion reaction with
neutron-rich beam or target is reduced, leading to an increase
of the fusion cross section. From the perspective of survival

FIG. 6. (a) The N/Z ratio in the neck region and (b) the radius
of the neck as functions of the evolution time at Ec.m. = 180 MeV.
The solid and dashed line denote the cases of 40Ca + 209Bi and
44Ca + 209Bi, respectively.
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FIG. 7. The calculated ER cross sections in the reactions 40,44Ca + 208Pb and 48,46Ti + 203,205Tl. The calculated results in 2n, 3n, and 4n
channels are indicated by solid, dashed, and dotted lines, respectively.

probability, it is because the fission barrier of a Lr nucleus
with more neutrons is higher, resulting in a larger survival
probability.

Figure 8 shows the heavy nuclei region around Lr on the
nuclide chart. The filled and open squares represent discov-
ered and predicted isotopes, respectively. The olive, yellow,
blue, and red colors correspond to spontaneous fission, α

decay, β− decay, and β+ decay, respectively. The decay prop-
erties of 251,264Lr have not been measured, denoted by grey
color. Six new neutron-deficient isotopes, 245–250Lr, are shown

in the nuclear chart, with their maximum ER cross sections of
3.5 fb, 69 pb, 0.2 nb, 0.4 nb, 1.7 nb, and 1.8 nb, respectively.

IV. CONCLUSIONS

In summary, the production of new 245–250Lr isotopes is
investigated based on the IQMD and statistical evaporation
models. The calculated fusion and ER cross sections in the
fusion reactions with a compound nucleus around Z = 103 re-
produce the experimental data well. The impact of the isospin

FIG. 8. Heavy nuclei region near Lr (Z = 103) on the nuclear map. The filled and open squares denote the known and new isotopes,
respectively. Olive, yellow, blue, red, and gray colors show the spontaneous fission, α decay, β− decay, β+ decay, and unknown decay property,
respectively. The production cross sections of the predicted Lr isotopes are indicated in the figure.
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of projectile on fusion cross sections is studied. The fusion
probability in 44Ca + 209Bi is larger than that in 40Ca + 209Bi,
especially at a lower incident energy and smaller impact pa-
rameter. That is because the dynamical barrier in 44Ca + 209Bi
is lower than that in the reaction with the 40Ca beam at lower
incident energy. By investigating the neck dynamics in the
fusion processes, it is found that the neck grows faster and the
N/Z ratio is larger in 44Ca + 209Bi compared to 40Ca + 209Bi,
resulting in a lower barrier in 44Ca + 209Bi.

By comparing the 40,44Ca + 209Bi and 46,48Ti + 203,205Tl
reactions, it is evident that neutron-rich projectile-target
combinations lead to an enhancement of the ER cross
sections. Six new neutron-rich Lr isotopes, 245–250Lr,
are predicted, with the maximal ER cross sections of

3.5 fb, 69 pb, 0.2 nb, 0.4 nb, 1.7 nb, and 1.8 nb,
respectively, and the corresponding fusion-evaporation
reactions are 209Bi(40Ca, 4n) 245Lr, 209Bi(40Ca, 3n) 246Lr,
203Tl(46Ti, 2n) 247Lr, 203Tl(48Ti, 3n) 248Lr, 203Tl(48Ti, 2n)
249Lr, and 209Bi(44Ca, 3n) 250Lr.
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