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In this paper we study the structure of even-even Ba isotopes with neutron number N = 84-90 within the
framework of nucleon-pair approximation of the shell model. We use a phenomenological Hamiltonian, which
includes single-particle energies, monopole, quadrupole, and octupole pairing energies, as well as quadrupole-
quadrupole and octupole-octupole interactions. Our calculated energy levels and B(E2) values are in good
agreement with experimental data. The alternating parity doublets are well reproduced by considering F~
nucleon pairs with spin-three and negative parity, which demonstrates the importance of F'~ pair in octupole
deformation. The octupole-octupole interaction is found to favor stronger B(E3) transitions and suppress B(E?2)
transitions in the low-lying states of nuclei in these even-even Ba isotopes.
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I. INTRODUCTION

Octupole deformation in atomic nuclei has attracted much
attention in recent years, as it is quite useful in studies
of the electric dipole moment (EDM) problem. The exis-
tence of nonzero EDM provides us with direct evidence of
charge-parity violation, involving the new physics beyond
the standard model of particle physics [1,2]. Experimentally,
octupole deformation has been suggested in nuclei **Rn,
222.224228Ra [1,3] and '**146Ba [4,5], where alternating par-
ity rotational bands, large electric octupole transitions, and
nonzero electric dipole transitions within the bands were re-
ported. In Ref. [6], the coexistence of quadrupole and octupole
deformations was also reported.

From a theoretical point of view, this pear shape is pro-
duced by the strong octupole interaction between nucleons
in orbits with opposite parity, and with both the orbital and
total angular momenta of the two orbits, namely, / and j, dif-
fering by 374 [7-9]. Thus, pear-shaped nuclei are expected to
appear only in specific regions, where proton and/or neutron
numbers are close to the so-called ‘octupole magic’ numbers,
34, 56, 88, and 134 [7]. Theoretically, octupole deformation
has been studied in many frameworks, from macroscopic and
complex microscopic theories to phenomenological models.
In the macroscopic-microscopic models [10,11], the effect
of octupole deformation on nuclear ground-state masses was
investigated. The study of octupole deformed nuclei by self-
consistent mean-field theories can be traced back to the
1980s. Bonche er al. used the Hartree-Fock + BCS and
generator coordinate method with Skyrme SIII interaction
to study the structure of octupole-deformed nuclei [12-14],
and Robledo, Egido, and their collaborators carried out a
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series of studies of octupole deformation with Skyrme and
Gogny force within the framework of mean-field theory for
several regions of the nuclear chart [15-21]. For complete-
ness, we also list other relevant studies of Refs. [21-33].
A famous phenomenological model, the interacting boson
model (IBM) has been extensively applied to study octupole
deformation. For example, Engel and Iachello proposed a
description of octupole deformation in terms of bosonic U(16)
group [34,35]; the importance of p and g bosons in describing
E1 transitions was pointed out in Refs. [36,37], respectively;
in [38,39], it was suggested that octupole deformation arises
in the rotational limit; and recently, octupole deformation
of specific isotopes near the “octupole magic” number was
systematically studied in the framework of sdf-IBM [40—46]
based on the nuclear density-functional theory and spdf-
IBM-2 [47]. Other models, such as reflection-asymmetric
relativistic mean-field theory [48], collective models [49-51],
cluster models [52,53], and octupole phonon model [54,55],
were also used to study the alternating parity rotational bands
of octupole-deformed nuclei, as well as the electric octupole
and dipole transitions between states of alternating-parity
bands.

The nuclear shell model (NSM) is the fundamental theory
of nuclear structure. However, the configuration space of the
NSM explodes with the numbers of valence nucleons and
relevant orbits, therefore truncation to the NSM space is indis-
pensable. Towards this goal, the nucleon-pair approximation
(NPA) to the NSM is one natural and efficient truncation
scheme. A comprehensive review of the NPA can be found
in Ref. [56]. Developments of the NPA in the last two decades
can be found in Refs. [57-62]. Clearly, it is interesting to
apply the NPA to study the structure of nuclei near the ‘oc-
tupole magic’ numbers. Previously, NPA calculations were
performed for nuclei near '**Ba in Refs. [63,64], where states
with negative-parity therein were neglected from discussion.

©2024 American Physical Society


https://orcid.org/0000-0001-6291-9387
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevC.109.024322&domain=pdf&date_stamp=2024-02-23
https://doi.org/10.1103/PhysRevC.109.024322

X. YIN, C. MA, AND Y. M. ZHAO

PHYSICAL REVIEW C 109, 024322 (2024)

TABLE I. Single-particle energies (in the unit of MeV) adopted
in this paper, taken from Ref. [63].

2512 lds ), 1ds ), 0g7/2 Oh11)2
€r 2.990 2.690 0.963 0 2.760

1f7/2 0h9/2 lf5/2 2173/2 2171/2 0i13/2
€, 0.000 1.561 2.005 0.854 1.656 1.800

It is therefore the purpose of this paper carrying out a system-
atic NPA to study the low-lying, both positive and negative
parity, states of 40-142144146B " and to study the effect of
octupole deformation.

This paper is organized as follows. In Sec. II, we present
a short introduction to the theoretical framework of the NPA,
where octupole-octupole interaction is considered in the phe-
nomenological shell model Hamiltonian and a collective F~
nucleon pair is considered in addition to the conventional SD
nucleon-pair subspace. In Sec. III, we present our numerical
results and discussion. In Sec. IV we summarize this paper.

II. FRAMEWORK

In this section, we present a short discussion of the
framework of our NPA calculation. In this paper we use a
phenomenological shell-model Hamiltonian as

H= Y (Ho(0)+ V(o)) + Hr.,. ()

o=m,v

The first term in Eq. (1) corresponds to the single particle
energy,

Ho(0) =) €aoCyyCuo )

where, 0 = 7, v. o = (nl jm) denotes all necessary quantum
numbers to specify a single-particle state, while €, signifies
the single-particle energy taken from Ref. [63] and detailed
in Table I. The second term in Eq. (1) accounts for residual
interactions between like particles. In this paper, we consider
the monopole, quadrupole and octupole pairing interactions,
along with quadrupole-quadrupole and octupole-octupole in-
teractions. The form of V, is

3 GOV I(AY x AL)”

s=0,2,3

+ 3 kD=1 T 1(Q, x 0)7. (3)

=23

V(o) =

where A" is the collective pair creation operators, defined as

20
Zv]

AOT il )(0)’

Jo Jo

2)
Al = Zq(mzZ) (€} xcl )",

Jija
Aif = [(C;L/Zv x Cf3/2v) + (ClTs/zv x C;/zv)y]’

A?: = [(CsT/zn x C1+1/2n)37 + (CL/ZN x C;/Zﬂ)y]' )

3-

Q' is the collective multipole operator defined as
(@)
= q(ipn(C), x C;)" )
Jij2
The structure coefficients are taken as
) . ( 1)j|+[+1/2\/(2jl + 1)(2J2 + 1)
VAT 2t + 1)

1+(_1)11+lz+t
Ct[l/ZJZ 1/2f(N111|F1|N212)~ (6)

q(jijat

The last term in Eq. (1) corresponds to proton-neutron inter-
action, and in this paper we take the quadrupole-quadrupole
and octupole-octupole type, defined as

Hpy = > &, (~1)'V2r+1(Q, x 01)". )

=23

Our pair-truncated shell-model space is constructed by the
coupling proton-pair basis states with neutron-pair basis
states. For 2N identical nucleons, a nucleon-pair basis state
is generated by iteratively coupling collective pairs,

lTIyMy) = ((ArlT % AVZT)(Jz) % % ArNT)(JN)|O)’
where A’i" is a collective nucleon pair,

AT ="y (€ x €)™, ®)
Jija

where r; is the spin of collective pair and y(jj j»r;) is called

structure coefficient.

In this paper, we take collective S (spin-zero with positive
parity), D" (spin-two with positive parity), and F ~ (spin-three
with negative parity) pairs for both valence protons and neu-
trons; Additionally, for '**!46Ba, we include G* (spin-four
with positive parity) and I (spin-six with positive parity)
pairs. Owing to computational resource constraints, the num-
ber of G*, I, and F~ pairs is limited to fewer than two
for valence protons and valence neutrons, respectively. The
structure coefficients y(jj jor;) are determined as follows: S*
pairs are derived through variation

(SN ()™ [H (S )M (S,)™)
(S )M ()™ (S )Y (S)N)

and non-S pairs are obtained by diagonalizing the Hamilto-
nian in the subspace of one broken-pair states [65].

=0, ()]

III. RESULT AND DISCUSSION

In this paper, strength parameters of the Hamiltonian are
obtained by optimizing energy levels of '“°Ba, 1**Ba, *Ba,
and '*°Ba. The resultant parameters are presented in Table II.
Figure 1 illustrates the energy ratio for yrast spin-/ states with
positive parity, compared to the energy of the first 2% state.
This comparison is based on both experimental data (extracted
from the NNDC database [66]) and our calculated results. Ad-
ditionally, Fig. 2 displays a comparison of low-lying energy
levels between experimental data and the NPA calculation.

From Fig. 1, it is evident that both experimental and
calculated energy ratios of given [ states increase with the
neutron number. This observation is understandable because
as the neutron number increases, the even-even Ba isotopes
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E(I)/E(27)

FIG. 1. Energy ratio E(I")/E(2]) versus I", wherewr = +1 for even values of I, and = = —1 for odd values of I. (a), labeled by “Exp.”,
corresponds to those extracted from experimental data compiled in the NNDC database [66], and (b), labeled by “NPA”, corresponds to those
calculated by using the nucleon-pair approximation of the shell model in this paper.

become progressively more deformed, as emphasized in
Ref. [67]. As for the energies of 21+ states, the calculated
values for even-even isotopes ranging from “°Ba to '“°Ba are
0.595,0.358,0.191, 0.191 MeV, respectively, demonstrating
good consistency with the corresponding experimental values

of 0.602,0.359,0.200,0.181 MeV. The calculated energy

ratios E(47)/E(2]) presented in Fig. 1(b), are 1.82, 2.33,
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2.85, and 2.83, respectively, which align well with the
experimental values (1.88, 2.32, 2.66, and 2.84). In this
regard, the present calculation enhances the agreement
between calculated energy levels and experimental data
compared to Refs. [45,63].

In previous studies, alternating parity doublets are em-
ployed as a primary feature in the analysis of octupole
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FIG. 2. Experimental and calculated energy levels for 1“°Ba, “*Ba, *Ba, and '**Ba. The experimental levels are taken from NNDC [66]

and Ref. [6].
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TABLE II. Strength parameters of Hamiltonian. In this paper we
fix monopole pairing parameters, G = —0.13 MeV, G = —0.15
MeV, and assume smooth values for «2), k) versus the number
of valence neutron pairs, N,: «{3) = —0.03 — 0.005N, MeV/r# and
k8 = —0.005 MeV/r§. The values of G?, G?, k¥, k¥ (in the
unit of MeV/r3), G, G (in the unit of MeV) and &, k& (in the
unit of MeV/r§) are adjusted individually.

1408, 1428, 144, 1468,
G@ —0.024 —0.03 —0.036 —0.037
G —0.015 —0.019 —0.022 —0.028
K@ —0.01 —0.015 —0.025 —0.04
k@ —0.01 —0.015 —0.025 —0.045
G® —0.45 —0.53 —0.66 —0.70
G® —0.34 —-0.43 -0.57 —0.62
k® —0.014 —0.019 —0.022 —0.024
s —0.008 —0.011 —0.012 —0.013

v

correlation. For the ideal alternating-parity doublets, the ra-
tio exhibits a quadratic dependence on spin. In the case of
octupole vibrational states, the positive parity and negative
parity bands remain decoupled, and an odd-even-spin stag-
gering is expected. As illustrated in Fig. 1, both experimental
and calculated ratios E(IT)/E (ZT) (w = +1 for even values
of I, and m = —1 for odd values of /) increase with spin / in
accordance with the odd-even staggering pattern.

Figure 2 presents a comparison between calculated energy
levels and corresponding experimental data for even-even
140-146B4  One sees a quite good agreement between theoret-
ical calculations and experimental results, with the exception
of the calculated energy level of 1] state, which is higher
than that of 3~ state, mirroring observations in the sdf-IBM
calculation as reported in Ref. [45]. This suggests the potential
contribution of P~ pair (spin-one with negative parity) to this
state. Towards clarification of this observation, studies of core
excitation effects is warranted in the future.

In Fig. 3, our calculated energies of 278 and 17— 77
states are compared to experimental data and theoretical re-
sults of other models, including calculated results by Nomura
etal. [31] in terms of quadrupole-octupole collective Hamilto-
nian (QOCH), the IBM results by Nomura et al. in Ref. [45],
QOCH results calculated by Li ef al. [27], and calculated
results by Jia and collaborators [63] in terms of the NPA.
In general, all these calculations yield a correct tendency of
evolution of energy levels with respect to neutron number.
Yet, the two QOCH calculated energy levels for '“°Ba are
much higher than corresponding experimental data; the IBM
calculated energy levels of 4787 states are also considerably
higher than corresponding experimental results. Apparently,
calculated results in the present paper are more consistent with
experimental data (except for the 17 state). Similarly, in a
previous NPA calculation in Ref. [63], only SD nucleon pairs
were considered and yielded much higher yrast energies for
142,144,146 than experimental data.

—s—Exp. —e— NPA —4— QOCH (Nomura) —v—IBM (Nomura) —¢— QOCH (Li) NPA (Jia)
16 T T T T 3 O T T T T 4 T T T T
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08 | ] 20 B T
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< 04f -
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\E_/ 0.0L— v y v . v v v 1l v v v
- 84 86 88 90 84 86 88 90 84 86 88 90
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2 (e) 15 (9)57] 9 (h) 75 1
w o 4r y
3t 4t 1
3t -
2t ]
2t 3 ‘
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Neutron number

FIG. 3. Energies of 2,4, 61,8 and 17,37, 5], 7] states versus neutron number. The black squares are the experimental data complied
in NNDC. The red circles are the results in this work. Triangles in blue labeled by “QOCH (Nomura)” represent the quadrupole-octupole
collective Hamiltonian (QOCH) results by Nomura et al. [31], reversed triangles in green labeled by “IBM” represent IBM results also by
Nomura et al. taken from Ref. [45], diamonds in purple labeled by “QOCH (Li)” represent the QOCH results calculated by Li et al. in
Ref. [27], and stars in orange labeled by “NPA (Jia)” correspond to NPA results calculated by Jia et al. in Ref. [63].
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FIG. 4. Low-lying energy levels of '**Ba and '**Ba. “Exp.” represents the experimental data taken from the NNDC database. “SD”
represents the NPA calculation by using SD nucleon pairs, “SDF” represents the NPA calculation by using SDF nucleon pairs, and “SDFGI”

represents the NPA calculation by using SDFGI nucleon pairs.

As Refs. [63,64] only considered S and D pairs in the NPA
calculation, it is of interest to investigate the contribution of
other nucleon pairs to the even-even Ba isotopes studied in
this paper. Figure 4 displays the calculated energy levels of
144Ba and '“Ba by using the NPA calculation in different
nucleon-pair configurations, labeled by the “SD”, “SDF”’, and
“SDFGI”, respectively. As noted earlier, the G*, I, and
F~ pairs are less than two for valence protons and valence
neutrons, respectively. It can be observed that for '**Ba and
146Ba, the energy levels of 107—14* in the “SDF”-pair calcu-
lation are much lower than those of the “SD”-pair calculation.
This demonstrates that the F~ pair contributes significantly
to those states with relatively higher spins; in contrast, the
contribution of F~ pair to states with low spins are much
smaller. One also sees that for '**Ba, the calculated energy
levels of 4787 states and 9 —11" states in the “SDF GI”-pair
calculation are lower than those in the “SDF”-pair calcula-
tion. For '*°Ba, the energy levels of the 8+, 12+, 14% states
and 57—157 states in the “SDF GI”-pair calculation are more
consistent with experimental values than those in the “SDF”’-
pair calculation. These mean that the contribution from G*
and I" pairs are essential for both even-spin positive-parity
%izels and the odd-spin negative-parity levels of '“*Ba and

Ba.

As for electromagnetic transitions, we use the following
transition operators for E2 and E3 transitions:

T(E2) = ;0% +¢,0%,

T(E3) = ;0% +¢,0%, (10)

where e, and e, are effective charges of valence neutrons
and protons that include bare charges, respectively, and cor-
responding transition strengths B(E2) and B(E3) are

BE2 I — I = L rEny
i = il
, ¢ T

21 1
BE3. I — ) = 0 (| TE3L),

2L+ 1

where I;, I represent the angular momentum of initial and
final states, respectively. In this paper, we take the effective
charge as e, = 2.4e and ¢, = 1.3e for both E2 and E3 transi-
tions.

In Fig. 5, we plot our calculated B(E2, ZT — OT),
B(E3,3] — Of) (denoted by NPA) and compare them to all
accessible experimental data. As comparison, we also plot
results obtained by using other theoretical models, namely
the QOCH and the IBM by Nomura et al. [31,45], as well
as the QOCH results by Li ef al. [27]. In general, both the
magnitudes of B(E?2, 2;L — Of) and their evolution versus
neutron number are satisfactorily reproduced in these mod-
els. However, the B(E3,3] — Of) values show significant
discrepancies. The measured values are smaller than the ex-
perimental values (albeit with large errors).

In Table III we tabulate our calculated B(E2), B(E3) as
well as the electric quadrupole moments Q of even-even
140-146Ba " and compare them with accessible experimental
data. One sees good agreement for B(E2) and Q(2f) values.
Our calculated B(E3) value reaches its maximum at '“*Ba,
different from calculated results by using the other models
and are thus warranted in future studies. In this study, we
also examine the role of octupole-octupole and quadrupole-
quadrupole interactions in our calculation. To achieve this,
we artificially scale k>, «(¥, and %) by a parameter o, or
scale @, k@, and «? by a parameter 8. In panel (a) of
Fig. 6, the resulting B(E3) and B(E?2) are plotted against «,
while keeping other parameters constant as listed in Table II.
It is observed that B(E3) increases with «, while B(E?2) de-
creases with «. Conversely, in panel (b), where B(E3) and
B(E2) are plotted against parameter 8 with other parame-
ters the same as in Table II, one sees that B(E3) decreases
while B(E2) increases with 8. This indicates that in low-
lying states of these nuclei, the octupole-octupole interaction
favors stronger B(E3) and reduces the B(E2) values between
low-lying states; the quadrupole-quadrupole interaction, on
the contrary, favors stronger B(E2) and reduces B(E3)
values.
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TABLE III. Calculated B(E2) and B(E3) (in the unit of W.u.) and quadrupole moment Q(27) (in the unit of eb), and corresponding
experimental data. Effective charges e, = 2.4e, ¢, = 1.3e. Experimental data are taken from the NNDC [66] database and Refs. [4,5,68,69].

140Ba 142Ba 144Ba 146Ba

Exp Cal Exp Cal Exp Cal Exp Cal
B(E2,2} — 0) 22.4+18 24.3 31.8(17) 38.7 484711 48.7 60.0(21) 64.3
B(E2,4] — 21) 29.7 54.7 85.777% 71.4 94.4(134) 95.0
B(E2,6] — 41) 21.0 52.7 54410 772 93.1+}3% 104.7
B(E2,8 — 6) 11.0 40.5 54.6"1%8 50.3 60.61353 105.0
B(E3,3™ — 07) 6.5 18.6 491458 19.0 477503 122
B(E3,5 — 2) 5.5 16.9 20.6 732155 14.0
B(E3,7~ — 4) 2.9 11.6 15.5 824118 11.0
02 —0.52(34) —0.287 —0.550 —0.838 —0.986

The above picture for octupole-octupole and quadrupole-
quadrupole interactions might be conjectured by intuition, and
here, we investigate this scenario in the perspective of occu-
pations in single-particle orbits, both for valence protons and
valence neutrons. In Fig. 7, we plot the occupation number
in valence orbits versus spin /, where panels (a) and (a’), (b)

—&— Exp. —e— NPA
—w— IBM (Nomura) —€— QOCH (Li)

70 T T T T T T T

—A— QOCH (Nomura)

—~ 60|

>
= S0

=40t

Neutron number

FIG. 5. B(E2,2f — 0) and B(E3,3] — 07) (in the unit of
W.u.) versus neutron number. The notations are the same as in Fig. 3.

and (b"), and (c) and (c) correspond to cases (k¥ #£ 0, k® =
0), (k® #£0,k® #£0),and (k@ # 0, k® = 0), respectively.
From panels (a, b) and (a’, b’), respectively, one sees that the
occupation number in proton 1ds;; and neutron 1f7/, orbits
decreases with quadrupole-quadrupole interaction switched
on. From panels (b, ¢) and panels (b/, ¢’), the occupation
number of the proton 1ds,, and neutron 1 f7/, orbits increases
significantly with octupole-octupole interaction switched on.

—= B(E3;3; >0} e B(E3;5; > 2
= B(E2, 25 > 05) e+ B(E2 4% —2))

60 ; ; ;
. (@) o 1100 —
5 s0f 3
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FIG. 6. B(E3) and B(E2) versus « and B, exemplified by us-
ing the "Ba nucleus. (a) ¥ = —0.022a, «¥ = —0.012¢, and
k¥ = —0.005¢, with all other parameters the same in Table II;
() k2 = —0.0258, k@ = —0.0258, and «2 = —0.068, with all
other parameters the same in Table I1.
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This is understood from the definition of collective multipole
operators, the structure coefficients g(cdt) (t = 3) in Eq. (6)
are large only between lds;, and Ohy,, orbits for protons
and between 1f7,, and 0i3/, orbits for neutrons; in contrast,
q(cdt) with (f = 2) are considerably large for most orbits with
the same parity. Therefore attractive octupole-octupole inter-
action favors valence protons in the 1ds/, orbit and valence
neutrons in the 1f7,, orbit, while quadrupole-quadrupole in-
teraction relatively favors other orbits. This is also reflected
in the pair structure coefficients. In the case with octupole-
octupole interaction switched on, our resultant y(5/2,5/2, 0)
and y(5/2,5/2,2) for proton SD pairs, and y(7/2,7/2,0)
and y(7/2,7/2, 2) for neutron SD pairs, are much larger than
those in the case without octupole-octupole interaction. This
is very important in reproducing the alternating-parity band
structure and considerably large B(E3).

IV. SUMMARY

In this paper, we study the low-lying states of
140,142, 144,146 5 within the framework of the nucleon-pair

approximation (NPA) of the nuclear shell model, with
considerable focus on octupole deformation. We adopt
monopole, quadrupole, and octupole pairing interaction plus
quadrupole-quadrupole and octupole-octupole interactions.
The nucleon-pair subspace is constructed by using spin-three
nucleon pairs with negative parity, spin-four, and spin-six
nucleon pairs with positive parity, in addition to conventional
spin-zero and spin-two SD nucleon pairs, with constraint that
the number of nucleon pairs beyond SD subspace exceeds
two, neither for valence protons nor valence neutrons.
Experimental low-lying energy levels of these nuclei and
the E2 transition rates between low-lying states are well
reproduced in our NPA calculations.

The alternating parity doublets, represented by the energy
ratio of E,Iv /E21+ versus I, are well reproduced in our cal-
culation. We demonstrate the important roles played by F~
pairs, i.e., nucleon pairs with spin-three and parity-negative,
and G, I pairs, i.e., nucleon-pairs with spin-four, spin-six,
and parity-positive for low-lying states in these nuclei with
relatively high spin and low-lying states with negative par-
ity. As in previous studies, the calculated B(E3) values are
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systematically smaller than experimental data (albeit with
large errors). One possible solution to this deviation might be
to consider other interactions which lower down the energies
of levels with negative parity in our phenomenological shell
model Hamiltonian.

We investigate the roles of quadrupole-quadrupole and
octupole-octupole interactions in the B(E2) and B(E3) of
low-lying states of these even-even Ba isotopes. We find
that the octupole-octupole interaction favors stronger B(E3)
and reduces the B(E2) values between low-lying states; the
quadrupole-quadrupole interaction, on the contrary, favors
stronger B(E2) and reduces B(E3) values. This scenario is
also reflected in the occupation numbers of valence protons in

the 1ds,, orbit and valence neutrons in the 17/, orbit, as well
as in corresponding SD-pair structure coefficients.
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