PHYSICAL REVIEW C 109, 015203 (2024)
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We study the Z(1620) resonance near the KA threshold in the light of recent experimental constraints.
The Belle Collaboration have found a resonance peak of E(1620) slightly below the K°A threshold in the
778~ invariant mass spectrum, and the ALICE Collaboration have determined the K~ A scattering length
from the measurement of the momentum correlation functions in heavy ion collisions. Using the effective range
expansion, we classify the nature of the pole of the near-threshold eigenstate in terms of the scattering length, in
the presence of the decay channel. It is shown that the quasibound state below the threshold can be described by
only the scattering length, while the description of the resonance above the threshold requires the contribution
from the effective range. Based on the chiral unitary approach, we construct a theoretical model which generates
the pole of E(1620) below the K A threshold with relatively narrow width, as reported by the Belle Collaboration.
It is quantitatively demonstrated that the spectrum of the E(1620) quasibound state is distorted by the effect of
the nearby K A threshold. We then construct another model which reproduces the K~ A scattering length by the
ALICE Collaboration. In this case, the eigenstate pole does not appear in the physically relevant Riemann sheet,
and the spectrum shows a cusp structure at the KA threshold. We finally examine the compatibility of the value
of the KA scattering length and the subthreshold pole of E(1620) including the experimental uncertainties.
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I. INTRODUCTION

The E baryon (strangeness § = —2, isospin I = 1/2) has
two charged components, E° and E, constructed by uss
and dss, respectively. While almost thirty excited states are
confirmed in the nucleon sector experimentally, only about ten
excited E baryons have been established so far [1,2]. Further-
more, the nature of the most of excited E states is not well
understood. This is because the study of the excited E states
requires double strangeness production, and therefore exper-
imental data have not accumulated very much. In theoretical
studies, various model calculations have been performed, but
the natures of the excited E states have not been well clarified,
due to the lack of experimental data.

Recently, there has been great progress in obtaining de-
tailed data of the low-lying E excited states experimentally.
In 2019, the Belle Collaboration observed peaks of E(1620)
and Z(1690) in the invariant mass distribution of 7 TE~ in
the 8, — E-wtx™ decay [3]. In 2020, the E(1690) reso-
nance was observed in the AK™ invariant mass distribution
in the 8, — J/¥ AK~ decay by the LHCb Collaboration [4].
In 2021, through the measurement of the two-body momen-
tum correlation function in the Pb-Pb collisions, the ALICE
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Collaboration reported the scattering length of K~ A, whose
threshold energy is close to the mass of E(1620) [5]. It is
expected that these detailed data will serve to elucidate the
nature of E(1620) and E(1690).

Theoretical studies were performed mainly before these
recent experimental developments. For instance, in the con-
stituent quark model [6], the masses of E(1620) and Z(1690)
are predicted to be much higher than those in Belle and LHCb
results. A study by the lattice QCD calculation with m, > 225
MeV obtained reasonable effective masses of the ground state
and E(1535), but the signals of other excited states are not
conclusive [7]. In contrast to these static frameworks, the
chiral unitary approach [8—11] dynamically generates the ex-
cited E states as resonances in meson-baryon scattering. In
Ref. [12], the mass of E(1620) is obtained at around 1600
MeV, but with a broad width. It is shown in the work of
Ref. [13] that E(1620) and Z(1690) can be generated simul-
taneously. Additionally, this work was expanded to an SU(6)
model in Ref. [14]. In a model with vector meson-baryon
channels, Ref. [15] shows that the narrow width of E(1690)
can be explained by small couplings to the decay channels. By
focusing on E(1690), Ref. [16] generates a pole near the KX
threshold as a hadronic molecule state. It is shown that the
model can reproduce the invariant mass distribution of KX
and KA in the A, decay [17]. A recent work [18] after the
Belle measurement indicates that £(1620) and E(1690) can
be reproduced simultaneously by taking into account the next-
to-leading order (NLO) chiral interaction, but again with a
broad decay width of about 150 MeV for E(1620). It is worth
mentioning that a narrow width E(1620) was predicted by the
flavor SU(3) symmetry in an analysis of the hypothetical light
nucleon resonance N’ [19].
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FIG. 1. The threshold energies of the meson-baryon channels
with strangeness —2 and the E resonances. The upper (lower)
panel shows the neutral channels with Q = 0 (charged channels

with 0 = —1).

Given that new data have been obtained by Belle and
ALICE, in this paper, we discuss the nature of E(1620) by
focusing on the location of the resonance pole in relation to
the K~ A scattering length. For this purpose, we classify the
eigenstates' near the threshold with respect to the value of
the scattering length based on the effective range expansion.
We then construct models which reproduce the experimental
results by using the chiral unitary approach. First, we con-
struct a model with the E(1620) quasibound state below the
threshold having a narrow width as indicated by Belle. Sec-
ond, we construct a model by reproducing the K~ A scattering
length obtained by ALICE. Note that there are neutral and
charged meson-baryon channels for 2°(1620) and E~(1620),
respectively, as shown in Fig. 1. The 7+ &~ spectrum of Belle
corresponds to the neutral channel while the K~ A scattering
length is in the charged channel.

When we investigate the spectrum of E(1620), it is im-
portant to pay attention to the effect from the threshold.
The peak of E°(1620) appears near the K°A threshold at
1613.3 MeV. In general, it is known that the near-threshold
spectrum is affected by the existence of the threshold, so we
need to consider the threshold effect on the spectrum of the
E(1620) resonance. The threshold effects can be examined in
the chiral unitary approach, where the threshold dynamics in
the coupled-channel meson-baryon scattering is built in.

The outline of this paper is as follows. In Sec. II, we intro-
duce the chiral unitary approach. We then discuss the relation
between the complex scattering length and the pole near the
threshold through the effective range expansion in Sec. III. In
Sec. IV, we first construct a model which generates E(1620)
slightly below the KA threshold as indicated by the Belle
result (Model 1). Next, using the K~ A scattering length by

'In this paper, we use the word “eigenstate” not only for the bound
state, but also for unstable states because they are obtained by the
same boundary condition for the Schordinger equation [2]. See also
Refs. [20,21].

TABLE I. Group theoretical factor C;; for the neutral channels.

K-t K%  RA  xtg %8  pE°
KX+ 1 -2 0 0 —1/V2 =32
K's /2 0 0 —1/v/2 =172 374
ROA 0 0 0 V372 J3AE =32
P ascn 0 —1/v2 =32 1 -2 0
7°2°  —1/V2 —1/2  J3A -2 0 0
n€ =372 V34 =32 0 0 0

ALICE, we construct another model (Model 2) and search for
the pole of the scattering amplitude. The classification scheme
of Sec. III is applied to the results of Model 1 and Model
2 to investigate the nature of E(1620). Finally, we compare
Model 1 with Model 2 by considering the experimental un-
certainties in order to explore the model which satisfies both
the constrains. In the last section, we summarize this work and
present future prospects. The preliminary results of Sec. IV A
are reported in a conference proceedings [22].

II. FORMULATION OF CHIRAL UNITARY APPROACH

In this section, we formulate the coupled-channel scat-
tering amplitude by the chiral unitary approach [8-11]. In
general, the scattering amplitude 7;; satisfies the scattering
equation

L(W) = V(W) + ZVik(W)Gk(W)Tkj(W), (1)
k

which is written using the loop function G;(W') and the inter-
action kernel V;;(W). W is the total energy of the system and
the indices i, j, k specify the coupled channel. The meson-
baryon scattering channels related to the E resonance with
strangeness —2are 8%, #tE~, K°A, K- =%, K°2°, and
ne 2% in the neutral channels and 7~ 2%, 7°2~, K~ A, K~ X9,
K°%~, and nE~ in the negatively charged channels (Fig. 1).
The interaction kernel V;;(W) represents the interaction from
Jj to i channel. In this work, we use the Weinberg-Tomozawa
(WT) interaction

J W) =

S o — . — M)\/M+E M; +E
CAff ’

which is the leading-order term in chiral perturbation theory,
as an s-wave interaction which is dominant at low energy. f;,
M;, and E; are the meson decay constant, baryon mass, and
energy of the baryon in channel i, respectively. C;; is the group
theoretical factor expressing the nature of the interaction. Ex-
plicit values of C;; are shown in Tables I and II for neutral and
negatively charged channels, respectively.
The loop function G (W) is given as follows:

2M,, 1
Qm)* (P —q)* — M} +i0t ¢ — m} + 0+’
3)

Gi(W) =i
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TABLEII. Group theoretical factor C;; for the negatively charged
channels.

K=~ K2 KA 72 2% 8
Koz~ 1 V2 0 0 1/V2 =32
K20 V2 0 0 1/v2 —1/2 —J3/4
KA 0 0 0 V372 —=J3/& -=3)2
780 0 1/v2 =32 1 NG 0
%2 12 —12 =3/ 2 0 0
nE-  —=V3/2 —J3/4 -3)2 0 0 0

where P* = (W, 0) is the total four-momentum in the center-
of-mass system and m; is the meson mass in channel i.
Because the g integration of the loop function (3) diverges
logarithmically, some kind of regularization is required. When
we apply the dimensional regularization, the finite part of the
loop function is obtained as

Gi[W; ax(phreg)]

2Mk mkMk M]% — m]% M]%
= T, 5 re; 1 In —
1672 [“"(“ D Tt T M
A12
+ W{ln (W? —mj + M{ +2'7?)

+In (W2 +mi — M} +A1/2)
—In (=W?*+m; — M; + 1'?)

—1In (—Wz—m,§+M§+A‘/2)}], )

WP = W+ ME—2W 2 — 2mEME — 2MEW?,
(5)

where (. is the regularization scale and a;(fireg) is the sub-
traction constant of channel i.

The nonrelativistic scattering amplitude F;; (W) is obtained
from T;;(W) in Eq. (1) as

Fywy = — My

v == T

The imaginary part of the nonrelativistic scattering amplitude

F;j(W) corresponds to the spectrum. The scattering length of

channel i is determined by the elastic scattering amplitude at
the threshold energy as

(6)

ap,; = —F;(W =m; + M,). @)

For the interaction kernel V in Eq. (2), effects from the
higher order terms in chiral perturbation theory and from
higher partial waves can be important when the scattering
channels are coupled with large energy difference between
thresholds. However, in the meson-baryon scattering with
S = —1, the experimental results of K~ p scattering can be
reproduced with good accuracy by only the s-wave scattering
with the WT interaction, although the energy differences be-
tween thresholds are as large as thatin § = —2 [23-25]. In the
same way, the previous study including the p-wave interaction

concluded that the effects from p wave is very small for
meson-baryon scattering with S = —1 [26,27]. Therefore, it

is expected that the meson-baryon scattering with S = —2 can
also be written using only the s-wave scattering with the WT
interaction, as in the meson-baryon scattering with § = —1.

We note that a more precise analysis would require the
chiral expansion up to the NLO terms [23-25]. The interaction
from the NLO terms which are of higher order than the WT
term contains the low energy constants. Experimental results
are needed to determine these constants. But, for § = —2,
there are not enough experimental results to determine the
low energy constants in the higher order terms. So, in this
work, we performed a minimum calculation only with the WT
interaction, which has no free parameters.

III. SCATTERING LENGTH AND POLE POSITION

If a resonance state exists, the scattering amplitude has
a pole at the eigenenergy in the complex energy plane. To
perform the analytic continuation of the scattering amplitude,
it is important to consider the Riemann sheets of the com-
plex energy plane. For a single-channel scattering, the energy
corresponding to the upper half of the complex momentum
plane is called the [t] sheet (first Riemann sheet), and that
corresponding to the lower half is named the [b] sheet (second
Riemann sheet) [28]. In the complex energy plane, there is a
branch cut on the positive real energy axis with the branch
point at the origin. In a general coupled-channel scattering,
because the momentum in each channel should be determined
for a given energy E, there are two Riemann sheets ([t], [b])
in each coupled channel. Hence, for an n-channel scattering,
there are in total 2" Riemann sheets. We denote the choice of
the Riemann sheets as [bbtt- - - ] in the ordering of the channels
with lower threshold energy. Classification of the eigenstates
is important because the effects on the scattering amplitude on
the real axis depend on the position and the Riemann sheets
of the pole of the eigenstate.

For a near-threshold resonance such as E(1620), it is ex-
pected that the scattering length is strongly affected by the
presence of the pole of the resonance. In this section, we
discuss the relation between the scattering length and the
near-threshold pole in a simple two-channel scattering (see
also Refs. [28,29]). We first summarize the basic properties
of the Riemann sheets of the complex energy plane for the
two-channel scattering, and classify the eigenstate represented
by the pole of the scattering amplitude in Sec. IITA. We
then consider the classification of the eigenstate in the cor-
responding complex momentum plane, in order to express it
by the eigenmomentum in Sec. III B. Finally, we relate the
eigenmomentum to the scattering length for the classification
of the eigenstate in Sec. IIIC.

A. Eigenstates in complex energy plane

Bearing in mind the 7 E-KA system with E(1620) near
the KA threshold, we consider the eigenstate near the higher
energy threshold. Because the Riemann sheet is specified by
the choice of the momentum of each channel, there are four
sheets, denoted by [tt], [tb], [bt], and [bb].
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FIG. 2. The physically relevant Riemann sheet of the complex
energy plane for the 7 E-K A scattering. The solid line represents the
physical domain.

Physical scattering occurs for a real and positive momen-
tum (physical domain) in a single-channel scattering. In the
complex energy plane, the physical domain exists on the posi-
tive real axis between the [t] sheet with positive imaginary part
(E + ie with € > 0) and the [b] sheet with negative imaginary
part (E — i€). Below the threshold, the physical domain is
analytically continued to the pure imaginary momentum with
a positive imaginary part, corresponding to the negative real
energy axis in the [t] sheet. In other words, the physical
domain is in the [t] sheet for E + ie for all energies, while
for E — i€ it is in the [t] sheet below the threshold and in
the [b] sheet above the threshold. Generalizing this for the
coupled-channel scattering, the physical domain is connected
to the sheet with the choice of [t] for all channels ([tt---]
sheet) for E + ie and the sheet with the choice of the [b] ([t])
sheet for the open (closed) channels for E — ie. In the follow-
ing, we call this the physically relevant Riemann sheet. The
physically relevant Riemann sheet for the 7 E-K A scattering
is illustrated in Fig. 2.

The eigenstate pole can be generated on the real energy
axis below the s E threshold and the lower half plane above
the 7 & threshold. The pole below the w E threshold repre-
sents the stable bound state (B), and the pole above the 7 E
threshold with a finite imaginary part stands for the unstable
resonance. In this work, we call the pole between the 7 &
and K A thresholds the quasibound state (OB), because it can
be interpreted as the bound state in the KA channel, which
acquires the decay width through the coupling to the 7 &
continuum. Although the quasibound state can be regarded as
a resonance in the 7 E scattering, here we use “quasibound
state” in order to distinguish it from the pole above the KA
threshold, which we call the resonance R. The pole of OB is
located on the [bt] sheet, which is different from the [bb] sheet
where R exists. In this way, because the Riemann sheet is dif-
ferent, OB below the threshold is not continuously connected
to R above the threshold.

In Fig. 3, we show the Riemann sheets of the complex
energy plane by setting the K A threshold at the origin. There
are four Riemann sheets, [tt], [tb], [bt], and [bb], for the
two-channel scattering. Above the 7 2 threshold, the physical
domain is in the [tt] sheet for E + ie, in the [bt] sheet for
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FIG. 3. Riemann sheets of the complex energy plane for the
7 E-KA scattering. Poles are classified into B (bound state, cross),
V (virtual state, diamond), R (resonance, filled triangle), R (an-
tiresonance, open triangle), OB (quasibound state, filled circle), OB
(quasibound state, open circle), QV (quasivirtual state, filled square),
QV (antiquasivirtual state, open square). The solid line represents the
physical domain.

— je between the 7 E and KA thresholds, and in the [bb]
sheet for E — ie above the KA threshold.

Next, we classify the eigenstates expressed by the pole of
the scattering amplitude. We define the resonance (R) as a pole
above the KA threshold in the lower half plane of the [bb]
sheet, and the quasibound state (QB) as a pole between the 7 E
and KA thresholds in the lower half plane of the [bt] sheet.
According to the Schwarz reflection principle, the existence
of a pole (either OB or R) in the lower half plane indicates
a pole in the upper half plane at the position symmetric with
respect to the real axis. The pole accompanied by the reso-
nance is called the anti-resonance (R), and here we call the
one associated with the quasibound state the antiquasibound
state (OB). While R and R (OB and OB) exist at the same
distance from the real axis, the pole of R (OB) has stronger
effect on the physical scattering because the physical domain
is in the lower half plane (see Fig. 3). The stable bound state
(B) can be found on the real axis below the 7 E threshold in
the [tt] sheet, and the virtual state is in the [bt] sheet.

Let us consider the behavior of the OB pole by gradually
adjusting the coupling to the 7 E channel. When the coupling
to the 7 E channel is reduced, the width of a quasibound state
OB becomes smaller, and the pole approaches the real en-
ergy axis. In the zero coupling limit [30], the pole eventually
reaches the real axis between the [tt] and [bt] sheets, which
is nothing but a bound state in the single KA channel. In the
same way, a virtual state in the single K A channel in the zero
coupling limit should exist on the real energy axis between
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FIG. 4. Riemann sheets of the complex momentum plane of the
KA channel for the 7 E-KA scattering. (2) py /s sheet, (b) P /s
sheet. Poles are classified into B (bound state, cross), V (virtual state,
diamond), R (resonance, filled triangle), R (antiresonance, open trian-
gle), OB (quasibound state, filled circle), OB (quasibound state, open
circle), QV (quasivirtual state, filled square), QV (antiquasivirtual
state, open square). The solid line represents the physical domain.

the [tb] and [bb] sheets. When the coupling to the 7 E channel
is switched on, it is expected that the virtual state pole moves
into the complex energy plane of the [tb] sheet.”> We call this
pole the “quasivirtual state” (QV'), which is a would-be virtual
state in the absence of the channel coupling.

Some remarks on the quasivirtual state QV are in order.
First, because the pole of QV is not on the physically rel-
evant Riemann sheet shown in Fig. 2, we do not expect
the peak structure in the corresponding spectrum on the real
axis. Nevertheless, the existence of a quasivirtual pole near
the threshold implies a strong cusp effect at the KA thresh-
old [29]. Second, when we consider the transition from the
quasibound state OB to the resonance R, the expected pole
trajectory goes through the quasivirtual state QV as indicated
by the arrows in Fig. 3 (see Ref. [28]). This is analogous to the
transition from the bound state to the resonance through the
virtual state in the single-channel scattering [31-33]. Third,
the imaginary part of the QV pole is positive, in contrast to
OB and R which have a negative imaginary part. From the
discussion of the pole trajectory, it is clear that the pole with a
positive imaginary part (QV) is closer to the physical domain
than that with a negative imaginary part (QV).

B. Eigenstates in complex momentum plane

Next, we consider the same classification of the eigenstate
pole in the complex momentum plane. The complex momen-
tum plane of the KA channel has two Riemann sheets to
specify the sign of the m & momentum. In Fig. 4 we show
two complex momentum planes of the KA channel. In panel
(a), the Riemann sheet of the 7w E channel is fixed to the [t]
sheet, and (b) to the [b] sheet. The upper half plane of Fig. 4

’In principle, the virtual pole can move into the [bb] sheet, but,
as we shall show below, the pole on the [bb] sheet cannot be re-
produced only by the scattering length. We therefore expect that the
near-threshold quasivirtual pole should move into the [tb] sheet.

bl " e
" Threshold

(a)Complex p plane
[tt]-[bb] sheet

(o)Complex p plane
[bt]-[tb] sheet

FIG. 5. Riemann sheets of the complex momentum plane of the
KA channel for the 7 8-KA scattering. (a) pym sheet, (b) P /b
sheet. Poles are classified into B (bound state, cross), V (virtual state,
diamond), R (resonance, filled triangle), R (antiresonance, open trian-
gle), OB (quasibound state, filled circle), OB (quasibound state, open
circle), QV (quasivirtual state, filled square), QV (antiquasivirtual
state, open square). The solid line represents the physical domain.

(a) corresponds to the [tt] sheet of the complex energy plane,
and the lower half plane to the [tb] sheet. We therefore call (a)
the complex py 4, plane and (b) the py b plane.

By measuring the energy E from the KA threshold, the
7 & threshold energy is negative, E = —A with A > 0. Since
the relation between the KA momentum p and the energy E
is p = £4/2uE, the pure imaginary momenta p = +i/2uA
correspond to the 7w & threshold, as seen in Fig. 4. In the
complex energy plane, the branch cut runs from the threshold
on the positive real energy axis. In the complex momentum
plane in Fig. 4, the branch cuts run also from the threshold
momenta to 00 on the real axis. The cut on the real axis in
Fig. 4(a) indicates that the [tt] sheet is not directly connected
to the [tb] sheet (see also Fig. 3). In the same way, the [bt]
sheet is separated from the [bb] sheet by the branch cut in
panel (b). The cut on the real axis in Fig. 4 can be eliminated
by exchanging the lower half plane, as shown in Fig. 5. The
complex py,pp plane consists of the [tt] sheet in the upper half
plane and the [bb] sheet in the lower half plane, and py /4
consists of the [bt] sheet in the upper half plane and the [tb]
sheet in the lower half plane. In this case, the upper and lower
half planes are smoothly connected without the cut.

We then classify the eigenstates in the complex momentum
plane. The poles of the quasibound state QB and OB appear in
the upper half plane of the py sheet in Fig. 5. By denoting
the phases of the complex momentum p and the energy E with
respect to the KA threshold as

p=Iple”, E=|E|e", ®)

the relation E = p*/(2u) leads to
20, = 05, ©)
where p is the reduced mass of the K A channel. From the [bt]

sheet of the complex energy plane in Fig. 3, the phase of the
energy 0 of OB isrestricted as w < 6 < 37w /2. Equation (9)
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then gives the corresponding phase of the momentum as

3
0B % <O <gr Dbl (10)

In addition, because the OB pole should appear above the 7 &
threshold energy £ = —A, the condition —A < Re E holds.
Denoting the complex momentum as p = y + ik with y,k €
R, this condition can be expressed as

—VY24+2uA <k <Vy?+2uA. (11)
Namely, the OB pole can be found in the py s, plane be-

low the hyperbola « = /y2 + 2uA with (10), as shown in
Fig. 5(b). The allowed region for the pole of QOB should be
symmetric with respect to the imaginary axis, as shown in
Fig. 5(b).

For the resonance R, the pole should appear above the KA
threshold and its phase of the complex energy satisfies

In <op <4m. (12)
The corresponding phase of the momentum is restricted as
R: Im <6,<2m [bb]. (13)

The pole region for the quasivirtual state QV is obtained in the
same manner as the quasibound state OB. The allowed phase
of the eigenenergy is

3w < g <3, (14)
which leads to

ov .
and the condition —A < Re E is given by

—/y2+2uA < k. (16)

C. Relation with scattering length

2r <6, < 3mltb], (15)

Now we are in a position to relate the eigenmomentum
with the scattering length. The scattering length of the higher
energy (K A) channel ay is determined by the elastic scattering
amplitude at the threshold as in Eq. (7). In contrast to the
single-channel scattering where the scattering length ag is
real, the scattering length has an imaginary part when the
coupling to the lower energy decay channel is switched on.
Note that the sign of the imaginary part of gy is shown to be
negative due to the optical theorem.

When the magnitude of the scattering length |ay| is suffi-
ciently large, the near-threshold scattering amplitude can be
approximated as f(p) = (—1/ag — ip)~', and the pole of the
scattering amplitude is given by

p=—. (17)
ap
To relate this with the classification of the eigenstate, we
define the phase of the scattering length 6,, as
ap = lagle™. (18)

From Eq. (17), the relation between 6,, and 6, is given by

v
O = 5 —

>~ 6 (19)

Thus, the conditions in Egs. (10), (13), and (15) are translated
into those for 6,, as

~

T

0B: =<6, <27,
T 3
R : E<9a0<77
Sm
QV: m <6, < R (20)

Namely, when the scattering amplitude has the quasibound
state OB, the real part of the scattering length is positive
and the imaginary part is negative with a smaller magnitude
than the real part. For the resonance R, the imaginary part is
positive and the real part is negative with a smaller magnitude
than the imaginary part. For the quasivirtual state QV, both the
real and imaginary parts are negative with the real part having
the larger magnitude than the imaginary part. These can be
summarized as

OB: Reayp>0, Imay<0, |Imay < Reay,
R: Reay<0, Imay>0, |Reay| <Imay,
QV: Reqy<0, Imagy<0, |Imay| <|Reay|. 21)

The result for R, however, shows the positive imaginary part,
which contradicts with the optical theorem. This indicates that
the resonance R above the K A threshold cannot be described
by the approximation f(p) = (—1/ag — ip)~!, and the contri-
bution from the effective range is necessary.

In general, the phase of the scattering length 6,, is related
to the Riemann sheet as

% <O, <m: [bb],
3
T < bgy < 77 [tb],
37
<Oy <2m: bl 22)

which can be expressed by the real and imaginary parts of the
scattering length as

Reag <0, Imay>0: [bb],
Reay <0, Imay<O0: [tb],
Reay >0, Imay<O0: [bt]. (23)

As mentioned above, the scattering length for the pole in the
[bb] sheet does not satisfy the optical theorem, and therefore
this pole cannot be represented by the scattering amplitude
approximated only with the scattering length.

When the effective range r, is included, the inverse scat-
tering amplitude can be expanded by neglecting the O(p*)
terms as

1
fp) = m7 (24)

do

where the pole of the scattering amplitude is obtained as

i /_ 2r,
i+ 1+ s (25)

Te

p:
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TABLE III. Subtraction constants of Model 1, Model 2, and Set
1 in Ref. [12].

TABLE IV. Deviation of pole position 6z with variation of the
subtraction constant a;.

drg AgA Aags ayz (23 agy ags anz
Ref. [12] Set 1 —2.00 —2.00 —2.00 —2.00 5z (MeV) 46-57 28-47 5-6 2-5
Model 1 —4.26 —0.12 —2.00 —2.00
Model 2 —2.90 0.36 —2.00 —2.00

In this case, the resonance pole R in the [bb] sheet can be
realized thanks to the contribution from the effective range.
In other words, the description of R requires the contribution
of the effective range r, in addition to the scattering length
ap. In fact, it is known for the single-channel scattering that a
negative effective range with a large magnitude is needed to
obtain a narrow resonance above the threshold [31].

IV. NUMERICAL RESULTS
A. Model 1: Narrow width = (1620)

In this section, based on the previous work of the chiral
unitary approach [12], we construct a model which generates
the E(1620) resonance in accordance with the Belle result.
The reported values of the mass My and decay width 'y of
2(1620) are as follows [3]:

Mg = 1610.4 £ 6.0(stat.) *$ (syst.) MeV,
Tr = 59.9 & 4.8(stat.) 28 (syst.) MeV. (26)

The pole position ze corresponding to the central values of
Eq. (26) is determined as

Zex = 1610 — 30i MeV, @7)

which is lower than the K°A threshold at 1613.3 MeV. In
this case, therefore, E(1620) is classified as the quasibound
state OB. We aim at constructing the model with a pole at
Zex, starting from Set 1 in Ref. [12], which has a pole at
1607 — 140i MeV.

Numerical calculations are performed in the physical basis
for the neutral channels with O = 0 because the Belle result
has been obtained from the 7™ &~ spectrum [3]. In this case,
there are six meson-baryon channels, as shown in Fig. 1. The
masses of hadrons are taken from Particle Data Group (PDG)
[1], including the isospin symmetry breaking effect. We set
the meson decay constants as f; = fx = f,;, = 104.439 MeV
according to Ref. [12].

The subtraction constant a; at the regularization scale
Mreg = 630 MeV can be used to adjust the model to reproduce
the pole position (27). Here we do not consider the isospin
symmetry breaking in a;, and treat four constants shown in
Table III. By examining the dependence of the E(1620) pole
position on the subtraction constants, we find that the pole
depends strongly on the subtraction constants in the 7 & and
KA channels, while it is insensitive to those in the KX and
n & channels. In fact, varying the subtraction constant of chan-
nel i in the region —1.5 < a; < —2.5 while keeping other
constants as —2, we find that the pole position moves about
several tens of MeV by changing a,z or ag,. On the other
hand, the pole position moves at most several MeV with the

change of agy or a,z. In Table IV, we show the quantitative
deviation of the pole position 6z = |z — zji| from the initial
point zi, = 1607 — 140i MeV, obtained with all a; = —2.
This can be understood from the fact that the energy of the
E(1620) pole is close to the 7 E and K A thresholds, as shown
in Fig. 1. Hence, in this work, we fix agy = ayz = —2 as
in Ref. [12], and adjust a,z and ag, to reproduce the pole
position in Eq. (27).

Denoting the pole position in the theoretical model as z,,
we define the distance of zy from Eq. (27) in the complex
energy plane as

Az = |Zth - Zex|~

Because zy, depends on the subtraction constants, we search
for (arz, aga) which minimize Az. In Fig. 6, we show the
density plot of Az in the a,z-ag, plane. Note that the pole
can move to the region above the K OA threshold in the [bbtttt]
sheet. If the pole locates above the threshold energy, the nature
of the solution is qualitatively different. Thus, we formally set
Az to 100 MeV to reject such qualitatively different solutions.
Because z¢ is very close to the KPA threshold, near the best-
fit region, Az abruptly changes to the large value. Az can be
minimized with a,g = —4.26 and ag, = —0.12, giving the
pole position at

Zth = 1610 — 30i MeV, (28)

which reproduces Eq. (27) with 1 MeV precision. In the fol-
lowing, this parameter set is called Model 1. The subtraction
constants are summarized in Table III together with those of
Set 1 in Ref. [12].

To examine the peak structure of the spectrum on the real
axis, we plot the scattering amplitude in Fig. 7 in comparison
with Set 1 in Ref. [12]. The real and imaginary parts of the
elastic 7T E~ scattering amplitude F (W) defined in Eq. (6)

—
[0
o

— 0.5 ¢ B 70

3

3 o 1 B 60

C

©-05 - 50

(2]

S -1 ) : 40

c Previous work

§'15 Set 1 7 30

g -2 O - 20

S 251 ; 1| 10
85 45 4 35 3 25 2 15 1, %,IV

a,= [dimensionless] z [MeV]

FIG. 6. Density plot of Az in the a,gz-ag, plane. The square
(circle) denotes the parameters of Model 1 (Set 1 in Ref. [12]).

015203-7



TAKUMA NISHIBUCHI AND TETSUO HYODO

PHYSICAL REVIEW C 109, 015203 (2024)

0.6
0.5/ |
0.4 s
0.3| . '
E 0.2¢
W 01[_ .o
0 L
0.1}
0.2}

1600 1650

W [MeV]

-0.3 ‘
1500 1550 1700

FIG. 7. Comparison of the 7 E~ elastic scattering amplitude of
Model 1 (thick lines) with that of Set 1 in Ref. [12] (thin lines). Solid
(dashed) lines stand for the real (imaginary) parts. Vertical dotted
lines represent the thresholds of K°A, K~X*, K°X° from left to
right.

are shown as functions of the total energy W. The imaginary
part of the amplitude of Ref. [12] (thin dashed line) does not
show a prominent peak structure at the real part of the pole
position (1607 MeV). This is because the large magnitude
of the imaginary part (—140i MeV) suppresses the effect of
the pole on the real energy axis. In contrast, the result of
Model 1 (thick lines) shows a typical resonance behavior
of the scattering amplitude; the peak of the imaginary part
and the zero of the real part at around W = Re zy, = 1610
MeV. In this way, we construct the model of chiral unitary
approach which generates the E(1620) quasibound state with
a relatively narrow width, as indicated by the Belle result.

It should, however, be noted that the position of the
E(1620) pole is very close to the K°A threshold at
1613.3 MeV. In general, the peak near the threshold is known
to be distorted by the effect of the threshold. To examine the
threshold effect in Model 1, we plot the scattering amplitude
of Model 1 together with the Breit-Wigner amplitude having
a pole at the same position in Fig. 8. From the comparison of
the imaginary parts in Fig. 8, we find that the peak of Model 1
is distorted by the presence of the KA threshold. In fact, the
peak of Model 1 is at 1606 MeV, which is shifted about 4 MeV
downward from the real part of the pole position (1610 MeV).
In this way, we quantitatively show the KA threshold effect
on the E(1620). This result indicates the importance of the
threshold effect for the discussion on the mass and width of
the near-threshold quasibound state.

So far we have discussed the model of E(1620) in the
neutral meson-baryon channels where the pole (1610 MeV) is
slightly below the K°A threshold (1613.3 MeV). It is worth
studying the E(1620) state in the negative charge channel
where the threshold of the K~ A is at 1609.4 MeV, which
is lower than the pole of the neutral channel. We calculate
the O = —1 scattering amplitude with the C;; coefficients in
Table II and the corresponding hadron masses, using the same
subtraction constants as Model 1. The pole of the scattering

0.6
0.5/
0.4
0.3}
g 0.2}
L 0.1f
0
0.1}
0.2} | =

1600
W [MeV]

-0.3 :
1500 1550 1650 1700

FIG. 8. Comparison of the 7 E~ elastic scattering amplitude of
Model 1 (thick lines) with the Breit-Wigner amplitude having the
pole at the same position (thin lines). Solid (dashed) lines stand
for the real (imaginary) parts. Vertical dotted lines represent the
thresholds of K°A, K~ X+, K°%° from left to right.

amplitude is obtained at
zn = 1607 — 29i MeV(Q = —1), 29)

which is lower than the K~ A threshold. Namely, the nega-
tively charged E(1620) is obtained also as a quasibound state,
as in the Q = 0 channel.

B. Model 2: K~ A scattering length

The ALICE experiment determines the K~ A scattering
length from the measurement of the correlation functions in
the high-energy heavy ion collisions. The scattering length is
obtained as [5]

Re fo = 0.27 & 0.12(stat.) £ 0.07(syst.) fm,
Im fy = 0.40 £ 0.11(stat.) & 0.07(syst.) fm, (30)

where fj is related to the scattering length in Eq. (7) as ap =
— fo- In general, because the scattering length determines the
real and imaginary parts of the scattering amplitude directly, it
gives a stronger constraint on theoretical models than the fit to
the spectrum. In the numerical calculation, we again adopt the
physical basis with Q = —1, which contains the K~ A channel
as shown in Fig. 1. As before, isospin symmetric subtraction
constants are used.

First, we compare the scattering lengths of Set 1 in
Ref. [12] and Model 1 with the result of the ALICE data. The
central value of the ALICE measurement in the convention of
ap is given by

dyex = —0.27 — 0.40i fm. 31)

The result of the K~ A scattering length of Set 1 is ay =
0.07 — 0.21i fm and that of Model 1 is ay = 0.80 — 0.92i fm,
in disagreement with the ALICE result in Eq. (31).

Here we construct a model which reproduces Eq. (31). As
in the previous section, we optimize the subtraction constants
in the 7 E and KA channels with agy, = a,z = —2 to repro-
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FIG. 9. Density plot of Aag in the a,g-ag, plane. The triangle,
square, and circle denote the parameters of Model 2, Model 1, and
Set 1 in Ref. [12].

duce the scattering length. Denoting the scattering length in
the theoretical model as ag , we define its deviation from the
experimental data of ag ¢ in Eq. (31) as

Aag = |ag,m — ao,ex|. (32)

To search for the set of a, z and ag, which minimize Aag, we
show the density plot of Aaqyp in the a,z-ag, plane in Fig. 9.
We find the optimized subtraction constants at a,g = —2.90
and ag, = 0.36, which gives the K~ A scattering length as

apm = —0.27 — 0.40i fm, (33)

which reproduces ag¢x in the accuracy of 0.01 fm. This is
called Model 2 in the following. In Table III, we show the
subtraction constants of Model 1 and Model 2 in comparison
with those of Set 1 in Ref. [12].

Figure 9 and Table III indicate that the subtraction con-
stants of Model 2 are different from those of Model 1 and Set 1
in Ref. [12]. To study the behavior of the spectrum, we plot the
real and imaginary parts of the K~ A elastic scattering ampli-
tude in Fig. 10 together with the scattering length measured by
the ALICE Collaboration indicated by the error bar. The K~ A
elastic scattering amplitude of Model 2 goes across the error
bars at the threshold, but shows a different behavior from that
of Model 1 in Fig. 7. The spectrum obtained in the experiment
corresponds to the imaginary part in Fig. 10, which shows a
cusp at the threshold without a clear peak structure. This may
be caused by the pole with a large decay width as in Set 1 in
Ref. [12], but may also be accompanied by the quasivirtual
pole as discussed in Sec. III.

We therefore search for the pole of the scattering
amplitude in the complex energy plane. First, we investigate
the physically relevant sheet: the [bbtttt] sheet below the
K~ A threshold and the [bbbttt] sheet above the threshold.
In this sheet, no pole is found in the energy region
1500 < ReW < 1700 MeV and 0 < |ImW| < 100 MeV.
Next, we look for the pole in the [bbitttt], [bbbttt], and [ttbttt]
sheets in the energy region 1400 < Re W < 1700 MeV and

0.6
0.5
0.4 T

£0.3]

w 0.2

-0.1
1500

1600 1650 1700

W [MeV]

1550

0.6
0.5
0.4/

£0.3]

02|

0.1¢ |
ot J

-0.1

1500 1600 1650

W [MeV]

1550 1700

FIG. 10. K~ A elastic scattering amplitude. Solid (dashed) lines
stand for the real (imaginary) parts. The real and imaginary parts
of the K~ A scattering length by the ALICE Collaboration [5] are
shown by the error bars using (38). Vertical dotted lines represent the
thresholds of K°A, K~ X+, K°%° from left to right.

0 < |ImW| < 300 MeV. A pole is found in the [ttbttt] at®
z = 1725 4+ 76i MeV, (34)

which corresponds to the quasivirtual (QV) state discussed in
Sec. 111

We also calculate the scattering length of the neutral K°A
channel, using the same subtraction constants with the Model
2. The result is

ap = —0.27 — 0.40i fm, (K°A). (35)

To study the isospin breaking effects, we summarize the KA
scattering lengths and the pole positions of E(1620) in dif-
ferent charge sectors in Table V. Isospin symmetry breaking
effect is of the order of 1072 fm in the scattering length and

3In the [ttbttt] sheet, there is also a pole at 1725 — 76i MeV. As
discussed in Sec. 111, the pole with a negative imaginary part corre-
sponds to the QV state. In Eq. (34), we present the pole in the upper
half plane which is connected to R and OB continuously.
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TABLE V. Isospin symmetry breaking effects in the KA scatter-
ing length and the pole position of E(1620).

Model 1 Model 2
ago, (fm) 0.80 — 0.89; —0.27 — 0.40i
ag- (fm) 0.80 — 0.92{ —0.27 — 0.40¢
E9(1620) (MeV) 1610 — 30i 1726 + 80i
E7(1620) (MeV) 1607 — 29i 1725 + 76i

a few MeV in the pole position. In Model 1, the E(1620)
pole is near the KA threshold, and hence the magnitude of the
scattering length is enhanced. As a consequence, the isospin
symmetry breaking effect in the scattering length is also en-
hanced. On the other hand, in Model 2, there is no significant
isospin breaking effect in the KA scattering length, because
the E(1620) pole is not close to the threshold.

C. K~ A scattering length and = (1620) pole

As shown in Sec. III, the pole near the threshold is closely
related to the scattering length. In this section, we discuss the
nature of the E(1620) state in Model 1 and Model 2 in relation
with the K~ A scattering length. In Table VI, we summarize
the scattering length @ and its magnitude |ag| of Model 1
and Model 2. It is seen that Model 1 has larger magnitude
lag|, reflecting the closer E(1620) pole to the threshold. From
the discussion in Sec. IIIC, when the magnitude of |ay| is
sufficiently large, the energy of the pole z can be estimated as

Z:2—12+MA+mK_7 (36)
MK-AG

where pug-p = 1/[1/mg- 4+ 1/M,] is the reduced mass of
the K~ A system.

The pole positions estimated by Eq. (36) from the scatter-
ing length are also shown in Table VI together with the exact
pole positions in Egs. (29) and (34). The estimated result of
Model 1 (1615 — 38i MeV) is obtained close to the exact pole
position at 1607 — 29i MeV. This reflects the large magnitude
of the scattering length. The deviation of about 10 MeV is
caused by the contribution from the higher order terms in the
effective range expansion. On the other hand, Eq. (36) gives a
pole on the [ttbttt] sheet, because both the real and imaginary
parts of the scattering length of Model 2 are negative. In
this case, the discussion in Sec. III indicates that the pole
is not on the physically relevant Riemann sheet. This is in
agreement with the exact pole in the [ttbttt] sheet found in
Sec. IV B. At the same time, the position of the estimated
pole substantially deviates from the exact one. In order for
the estimation (36) to work, the magnitude of the scattering
length should be sufficiently large. In Model 2, the magnitude

is as small as 0.48 fm, which causes the deviation of about
150 MeV.

In the following, we discuss the ALICE scattering length in
relation with the quasibound (QB) state near the K~ A thresh-
old, based on Eq. (36). First, we consider the narrow width
OB state near the K~ A threshold with small |E| = |z — M —
mg-|. Equation (36) gives an accurate result when |E| is small,
i.e., when the pole locates close to the K~ A threshold. In other
words, the scattering length can be estimated from the position
of the near-threshold pole. For example, if a pole is located at
about 1 MeV from the threshold in the complex energy plane,
the absolute value of the scattering length |ag| will be about 6
fm, and if a pole is located at about 10 MeV away, |ag| will
be about 2 fm. Equation (21) shows that the scattering length
corresponding to the OB state has a positive real part.

On the other hand, the ALICE gives the K~ A scattering
length as —0.27 — 0.40i fm, with negative real part and small
absolute value |ag| ~ 0.48 fm. In principle, it is possible to
have a OB pole with a small scattering length with nega-
tive real part due to the effects from the higher order terms,
but it is expected that such cases are not realized, unless
the higher order terms of the effective range expansion are
fine tuned. Based on the above discussion, we expect that
there is unlikely to be a pole near the K~ A threshold with the
ALICE scattering length (|ag| ~ 0.48), when the contribution
from the higher order terms of the effective range expansion
is small.

D. Comparison of Model 1 with Model 2

We have constructed Model 1 which has the E(1620) qua-
sibound state with a narrow width as indicated by the Belle
data in Sec. IV A and Model 2 which reproduces the K~ A
scattering length of the ALICE measurement in Sec. IV B.
While both Model 1 and Model 2 are based on experimental
data, the fitted values of the subtraction constants show a
sizable difference. Here we try to construct a model which
satisfies both the constraints by taking into account the exper-
imental uncertainties.

First, we determine the constraints on the pole position by
taking the quadrature of the statistical and systematic uncer-
tainties of the Belle result (26):

1603.1 MeV < Rezy < 1616.5 MeV,
and 25.7MeV < Imzy, < 32.8 MeV. 37
In the same way, the K~ A scattering length from Eq. (30) is
—0.41 fm < Reapp < —0.13 fm,
and —0.53fm < Imapm < —0.27 fm. (38)

In Fig. 11, we show the region of the subtraction constants
which gives the E°(1620) pole satisfying Eq. (37) and the

TABLE VI. Scattering lengths ay and the pole positions of Model 1 and Model 2.

ag (fm) |ag| (fm) zn (MeV) z estimated by Eq. (36) (MeV)
Model 1 0.80-0.92i 1.21 1607-29i [bbtttt] 1615-38i [bbitttt]
Model 2 —0.27-0.401 0.48 1725+76i [ttbttt] 17014-228i [ttbttt]
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FIG. 11. Comparison of the parameter regions of the models
with Eq. (37) and those with Eq. (38) in the a, z-ag, plane. Triangle,
square, and circle denote the parameters of Model 2, Model 1, and
models in Ref. [12].

region with the K~ A scattering length satisfying Eq. (38). For
comparison, we also plot the subtraction constants of Sets 1-5
in Ref. [12]. We find that there is no solution which satisfies
both the pole position in Eq. (37) and the K~ A scattering
length in Eq. (38). Based on the analysis in Sec. III and the
results in Sec. IV C, we expect that this discrepancy is rooted
to the nature of the quasibound state (QB) pole in Eq. (37)
and the sign of the real and imaginary parts of the scattering
length in Eq. (38). We also note that the Belle result (26) is
obtained from the fit to the experimental & E spectrum by the
Breit-Wigner distribution. For more quantitative comparison,
it is necessary to perform the fit to the w ¥ spectrum directly,
rather than the assumption of the pole position as in Eq. (37).

V. SUMMARY

In this work, focusing on E(1620) for which new exper-
imental constraints are available, we study the nature of the
near-threshold state and the scattering length using numeri-
cal calculations with the chiral unitary approach. In Sec. III,
we discuss the eigenstate represented by the near-threshold
pole in the complex energy plane from the viewpoint of the
scattering length in a two-channel problem. We show that the
resonance above the threshold R and the quasibound state
below the threshold OB are not directly connected due to
the structure of the Riemann sheets, and in between R and
OB there is a pole on the [tb] sheet which can be called the
quasivirtual state QV. We show that the pole representing
OB, QV, and R can be classified by the sign of the real and
imaginary parts of the scattering length. In particular, the
resonance R above the threshold cannot be expressed by only
the scattering length, and the contribution from the effective
range is necessary.

In Sec. IV A, we constructed Model 1 which reproduces the
pole of the E(1620) quasibound state as indicated by the Belle
result. It is found that the imaginary part of the 7+ £~ scatter-
ing amplitude shows a peak of E(1620) in Model 1. At the

same time, the threshold effect is quantitatively demonstrated
through a comparison with the Breit-Wigner amplitude which
has a pole at the same position.

Model 2 is constructed in Sec. IV B by reproducing the
K~ A scattering length by the ALICE experiment. We find
that the K~ A scattering amplitude shows a cusp structure at
the threshold in Model 2. The pole of E(1620) is not in the
physically relevant Riemann sheet, but in the [ttbttt] sheet as
a quasivirtual state.

In Sec. IV C, we estimate the pole positions from the K~ A
scattering lengths of Model 1 and Model 2 as an application
of the discussion in Sec. III. As a result, we find that the
estimated pole appears in the same Riemann sheet with the
exact pole for both Model 1 and Model 2. Quantitatively,
the pole is estimated with 10 MeV precision for Model 1,
where the absolute value of the scattering length is of the
order of 1 fm, while Model 2 with a smaller magnitude of
the scattering length shows a deviation of about 150 MeV.
We also discuss the near-threshold quasibound (QB) state in
relation to the ALICE scattering length. We expect that the
near-threshold OB states have a scattering length with large
absolute value and positive real part. On the other hand, be-
cause the ALICE scattering length has small absolute value
and negative real part, it is difficult to have a near-threshold
OB state for the scattering amplitude with the ALICE con-
straint as long as the effects from the higher order are
negligible.

In Sec. IV D, we examine the compatibility of the assump-
tion of the quasibound E(1620) state in Model 1 and the K~ A
scattering length using the ALICE measurement in Model 2
including the experimental uncertainties. At the same time,
it should be kept in mind that the Belle data do not directly
constrain the pole position of the scattering amplitude, and
the near-threshold pole should be determined together with
the threshold effect as shown in this paper.

As a future prospect, the calculation of the 7+ E~ invariant
mass spectrum in the E, — 7 7T E~ decay, as was done in
Ref. [34], is important for comparison with the Belle data.
This may provide a description of the Belle data in a way
that is consistent with the ALICE measurement of the K~ A
scattering length. In this paper, we have discussed the KA
threshold effect on the E(1620) state. A similar threshold
effect is expected for E(1690) whose peak is located near
the K¥ threshold at 1686.1 MeV. In this case, the threshold
effect should be much more complicated because there are
two thresholds (K~X+ and K°%° for the neutral channel)
due to the isospin symmetry breaking. It is also important
to investigate the internal structure of E(1620) based on the
models constructed in this paper. The internal structure can be
extracted, for instance, by the method of the natural renormal-
ization scheme in Ref. [35] and by the evaluation of the com-
positeness through the residue of the resonance pole [36,37].
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