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Spin dynamics in intermediate-energy heavy-ion collisions with rigorous angular momentum
conservation
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We have revisited the spin dynamics in intermediate-energy heavy-ion collisions based on the improved spin-
and isospin-dependent Boltzmann-Uehling-Uhlenbeck (SIBUU) transport model, particularly with the constraint
of rigorous angular momentum conservation incorporated. We have studied the spin polarization of free nucleons
and tritons/ 3He as well as the spin alignment of deuterons, and predicted the flow splittings for their different
spin states. We have also demonstrated that the spin-dependent potential may enhance dissipations and thus have
a non-negligible effect on the spin-averaged transverse flow at low collision energies. When rigorous angular
momentum conservation in each spin-dependent nucleon-nucleon collision is incorporated, it affects the overall
dynamics, the flow, and also the spin polarization, while the effects of the spin-orbit potential on the spin-
related observables are still appreciable. The well-developed SIBUU model could be further extended to include
hyperons or vector mesons, or used as a hadronic afterburner for spin-related studies in relativistic heavy-ion
collisions, with more inelastic channels incorporated in the future.
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I. INTRODUCTION

Spin dynamics is of general interest in various fields. In
the nuclear physics community, spin and chiral dynamics in
relativistic heavy-ion collisions have been under extensive
investigations in the past 15 years [1–3]. Due to the high
energy density reached in relativistic heavy-ion collisions, the
chiral symmetry is restored for both quarks and antiquarks,
and they can be considered as massless particles, whose spins
are coupled with their momenta depending on their helicities.
Under the strong magnetic field and vorticity field produced in
relativistic heavy-ion collisions, the dynamics of these partons
exhibits various chiral anomalies, which have been proposed
theoretically [4–6] and investigated experimentally [7–10].
More recently, the spin polarizations of � and �̄ hyperons
[11] and the spin alignment of vector mesons [11] have been
measured through the angular distribution of their decays, and
these have attracted considerable attention and led to various
related studies, e.g., effects of the hadronic evolution on the
spin observables [12,13].

Compared to the extensive investigations in the high-
energy nuclear physics community, the spin dynamics in
low- and intermediate-energy heavy-ion collisions have not
attracted much attention. Since nucleons are massive parti-
cles, their spins and momenta are decoupled, and their spin
dynamics is mostly dominated by the nuclear spin-orbit in-
teraction and, to some extent, affected by the nuclear tensor
force (see, e.g., Ref. [14] for a review). Both the spin-orbit
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interaction and the tensor force have, for many years, attracted
interest in nuclear structure studies and may largely affect
the shell evolution of finite nuclei [15–20]. In low-energy
reactions, the spin-orbit nuclear interaction may lead to the
internal spin excitation of the colliding nuclei, enhance the
dissipation, increase the fusion threshold, and affect signifi-
cantly the fusion cross section based on the time-dependent
Hartree-Fock approach [21–23], while the tensor force may
have subdominant effects [24,25]. In intermediate-energy
heavy-ion collisions, we have developed a spin- and isospin-
dependent Boltzmann-Uehling-Uhlenbeck (SIBUU) transport
model [26,27] by incorporating spin degrees of freedom into
the IBUU transport model. We have observed different col-
lective flows for nucleons of different spin states with respect
to y direction perpendicular to the reaction plane [26,28]. We
have also observed global and local spin polarizations [29]
in the y direction and along the beam direction, respectively.
These phenomena originate from different forces on nucleons
of different spins, a general feature called the spin-Hall effect
[30] for particle transport under the spin-orbit interaction.

In the present study, we have further improved the SIBUU
transport model by incorporating the constraint of rigor-
ous angular momentum conservation. We have also made
minor improvements on the treatment of spin-dependent
nucleon-nucleon collisions and the spin-dependent coales-
cence procedure for the production of light clusters with
different spins. While the spin dynamics remains qualitatively
similar compared to our previous studies, we pay more at-
tention to some new features in the present work. First of
all, we find that the spin polarization as well as the splitting
of the collective flows for free nucleons can be affected by
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the constraint of angular momentum conservation. Second,
besides the spin polarization of nucleons and tritons/ 3He with
spin 1

2 , the spin alignment of deuterons with spin 1 can also
be observed. Third, we find that the spin-orbit potential has a
non-negligible effect on the spin-averaged transverse flow at
low collision energies.

The rest of the paper is organized as follows. We
describe the details of the SIBUU transport model as well
as the improvements, especially the incorporation of the an-
gular momentum conservation, in Sec. II. We investigate the
spin polarization or spin alignment of free nucleons and light
clusters, as well as the splitting of collective flows for their dif-
ferent spin states, and compare the spin-averaged transverse
flow with and without the spin-orbit potential, in Sec. III. We
conclude and give an outlook in Sec. IV.

II. THEORETICAL FRAMEWORK

In this section, we first review the basic framework of
the SIBUU transport model. Next, we describe in detail how
we incorporate the constraint of rigorous angular momentum
conservation in each nucleon-nucleon collision and in the
mean-field evolution. We also present the improved treatments
for spin-dependent nucleon-nucleon collisions and coales-
cence procedures.

A. Basic framework of SIBUU

The SIBUU transport model solves the spin-dependent
BUU equation written as [31,32]

∂ f̂

∂t
+ i

h̄

[
ε̂, f̂

] + 1

2

(
∂ε̂

∂ �p · ∂ f̂

∂�r + ∂ f̂

∂�r · ∂ε̂

∂ �p

)

− 1

2

(
∂ε̂

∂�r · ∂ f̂

∂ �p + ∂ f̂

∂ �p · ∂ε̂

∂�r

)
= Ic, (1)

where the single-particle energy ε̂ and the phase-space distri-
bution f̂ are 2 × 2 matrices

ε̂(�r, �p) = ε(�r, �p)Î + �h(�r, �p) · �σ , (2)

f̂ (�r, �p) = f0(�r, �p)Î + �g(�r, �p) · �σ (3)

with �σ = (σx, σy, σz ) and Î being, respectively, the Pauli
matrices and the 2 × 2 unit matrix. In the above, ε(�r, �p)
and f0(�r, �p) are the spin-averaged single-particle energy and
phase-space distribution, and �h(�r, �p) and �g(�r, �p) represent
their spin-dependent contributions, respectively. Ic represents
the collision term.

We start from the Skyrme-type spin-orbit nuclear interac-
tion between nucleons at �r1 and �r2 expressed as [33]

vso = iW0(�σ1 + �σ2) · �k′ × δ(�r1 − �r2)�k, (4)

where W0 is the strength of the spin-orbit coupling whose
default value is set to be 133 MeV fm5 [34] in this study,
�σ1(2) are the Pauli matrices, �k = ( �p1 − �p2)/2 is the relative
momentum operator acting on the right with �p = −i∇, and
�k′ is the complex conjugate of �k. Based on the Hartree-Fock
method [35], the contribution to the energy-density functional

can be expressed as

Vso = V 0
so +

∑
τ

V τ
so

= −W0

2

[
ρ∇ · �J + �s · ∇ × �j

+
∑

τ

(ρτ∇ · �Jτ + �sτ · ∇ × �jτ )

]
, (5)

where both time-even and time-odd contributions are in-
cluded. From the variational principle and in the semiclassical
approximation, the contribution of the spin-orbit interaction to
the single-particle energy can be written as

ĥso = εso + �h · �σ (6)

with

εso = −W0

2
∇ · ( �J + �Jτ ) − W0

2
[ �p · (∇ × (�s + �sτ ))], (7)

�h = −W0

2
∇ × (�j + �jτ ) + W0

2
[∇(ρ + ρτ ) × �p]. (8)

In the above, τ = n, p is the isospin index, ρ = ∑
τ ρτ , �s =∑

τ �sτ , �j = ∑
τ

�jτ , and �J = ∑
τ

�Jτ are the number, spin, mo-
mentum, and spin-current densities, respectively. Omitting the
isospin index, these densities can be expressed in terms of f0

and �g in Eq. (3) as [27]

ρ(�r) = 2
∫

d3 p f0(�r, �p), (9)

�s(�r) = 2
∫

d3 p�g(�r, �p), (10)

�j(�r) = 2
∫

d3 p
�p
h̄

f0(�r, �p), (11)

�J (�r) = 2
∫

d3 p
�p
h̄

× �g(�r, �p). (12)

The spin-averaged energy density in Eq. (2) is

ε = p2

2m
+ UMID + εso (13)

with

UMID = a

(
ρ

ρ0

)
+ b

(
ρ

ρ0

)c

± 2E pot
sym

(
ρ

ρ0

)γsym
(

ρn − ρp

ρ

)

(14)

being the momentum-independent mean-field potential, with
the “+(−)” sign for neutrons (protons), and parameters a =
−209.2 MeV, b = 156.4 MeV, c = 1.35, E pot

sym = 18 MeV, and
γsym = 2/3 that reproduce the empirical nuclear matter prop-
erties.

As shown in Ref. [27], the left-hand side of the spin-
dependent BUU equation can be solved if the time evolution
of the ith test particle is simulated according to

d�ri

dt
= ∂

∂ �pi
(ε + �h · �σi ), (15)
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d �pi

dt
= − ∂

∂�ri
(ε + �h · �σi ), (16)

d �σi

dt
= 2�h × �σi. (17)

In the above, �σi is now a unit vector describing the expectation
direction of the nucleon spin in the semiclassical case, and
the third equation describes the precession of �σi in the spin-
dependent mean-field potential. Different forces on nucleons
of different spins can be seen from Eq. (16). In the present
study, we extend the above framework by using the lattice
Hamiltonian method [36], so that the average number, spin,
momentum, and spin-current densities at the sites of a three-
dimensional cubic lattice are calculated, respectively, as [29]

ρL(�rα ) =
∑

i

S(�rα − �ri ), (18)

�sL(�rα ) =
∑

i

�σiS(�rα − �ri ), (19)

�jL(�rα ) =
∑

i

�piS(�rα − �ri ), (20)

�JL(�rα ) =
∑

i

( �pi × �σi )S(�rα − �ri ). (21)

In the above, α is a site index, �rα is the position of site α, and
S is the shape function describing the contribution of a test
particle at �ri to the average density at �rα , i.e.,

S(�r) = 1

N (nl )6
g(x)g(y)g(z) (22)

with

g(q) = (nl − |q|)�(nl − |q|). (23)

N is the number of parallel events, l is the lattice spacing, n
determines the range of S, and � is the Heaviside function.
We adopt N = 400, l = 1 fm, and n = 2 in the present study.
The Hamiltonian of the whole system is

H =
∑

i

�p2
i

2m
+ Nl3

∑
α

[VMID(�rα ) + Vso(�rα )], (24)

where VMID is the corresponding potential energy density
from UMID, and Vso is the potential energy density from the
spin-orbit interaction [Eq. (5)]. The canonical equations of
motion in the lattice Hamiltonian framework now become

d�ri

dt
= ∂H

∂ �pi
, (25)

d �pi

dt
= −∂H

∂�ri
, (26)

d �σi

dt
= 1

i
[�σi, H], (27)

which are similar to Eqs. (15)–(17), but with a smearing of the
test-particle size and more accurate numerical derivatives.

B. Spin-dependent nucleon-nucleon collisions

The above subsection describes the spin-dependent mean-
field evolution. For the collision term Ic in Eq. (1), we also

treat it as spin-dependent in SIBUU. We only consider elas-
tic nucleon-nucleon collisions, and all inelastic collisions are
turned off in the present study.

We use different spin-singlet and spin-triplet neutron-
neutron (proton-proton) and neutron-proton elastic scattering
cross sections as parametrized in Ref. [37], which were
extracted from the phase-shift analyses of nucleon-nucleon
scatterings in free space [38]. For two nucleons with their
expectation spin directions at

�σ1 = (sin θ1 cos φ1, sin θ1 sin φ1, cos θ1),

�σ2 = (sin θ2 cos φ2, sin θ2 sin φ2, cos θ2), (28)

where θ1(2) and φ1(2) are the polar angle and azimuthal angle,
respectively, for the spin direction of nucleon 1(2), the proba-
bility to form a spin-singlet state is

|〈χ0,0|�〉|2 = 1
4 [1− cos θ1 cos θ2 − sin θ1 sin θ2 cos(φ1 − φ2)]

with χ0,0 and � defined in the Appendix. The probability to
form a single-triplet state is thus 1 − |〈χ0,0|�〉|2. We have
also used the spin- and isospin-dependent Pauli blocking with
the local phase-space cell more specific for nucleons with
different spin and isospin states. While the isospin has only
two states, the expectation direction of the spin can be of any
direction (φ, θ ). We count the number of nucleons with their
spins in each bin (�φ, �θ ) in the solid angle, and the occupa-
tion probability for a certain phase-space cell with a particular
spin state is then evaluated from the projection contribution of
all bins.

How the spins of nucleons change after a successful colli-
sion is largely unknown. In the present study, we assume that
during the collision the colliding nucleons interact with each
other through the short-range spin-orbit interaction vLS =
vr

so(r)�Lc.m.
r · �S, where �S = �σ1 + �σ2 is the total spin of the col-

liding nucleons, �Lc.m.
r is the orbital angular momentum of the

colliding nucleons with respective to the center of mass (c.m.)
of the collision. It is known that the zero-range Skyrme-type
spin-orbit interaction is a reduced form of the finite-range
spin-orbit interaction [33,39]. Here, we take vr

so(r) as that
fitted by proton-proton scatterings [40], i.e.,

vr
so(r) = IT 2

μ (r) + [P + Q(μr) + R(μr)2]W (r), (29)

with

Tμ(r) =
[

1 + 3

μr
+ 3

(μr)2

]
e−μr

μr
(1 − e−cr2

)2 (30)

and

W (r) = [1 + e(r−r0 )/a]−1. (31)

In the above, μ is the pion mass, and a = 0.2 fm, r0 = 0.5
fm, and c = 2.1 fm−2 are the shape parameters. For the spin-
singlet state (S = 0) of nucleon pairs, vr

so(r) vanishes. For
the spin-triplet state (S = 1) of nucleon pairs, the values of
I , P, Q, and R for different isospin states (T ) are given in
Table I. While the above short-range spin-orbit interaction
is that in vacuum, the corresponding in-medium interaction
is expected to have a similar magnitude, by comparing, e.g.,
the spin-dependent cross sections from nuclear interaction in
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TABLE I. Parameters of the finite-range spin-orbit interaction in
MeV for different isospin states (T ) of nucleon pairs.

T I P Q R

1 −0.62697 −570.5571 −309.3605 819.1222
0 0.10180 86.0658 46.6655 −356.5175

free space and that in nuclear medium based on the Dirac-
Brueckner approach [41].

In each time step for the collision process, the short-
range spin-orbit interaction may lead to the procession of the
nucleon spin according to

d

dt
�σ1,2 = vr

so(r)�σ1,2 × �Lc.m.
r . (32)

In the present study with spin degree of freedom, �Lc.m.
r is

not a conserved quantity, while the total angular momentum
�Lc.m. = �Lc.m.

r + �S is conserved. Defining ��σ = �σ1 − �σ2, the
above equations can be rewritten as

d

dt
�S = vr

so(r)�S × �Lc.m., (33)

d

dt
��σ = vr

so(r)��σ × (�Lc.m. − �S). (34)

The above coupled equations can be solved numerically. Actu-
ally, it turns out that the spin procession angle from the above
equations is rather small, which means that the spin direction
is largely unchanged after a successful nucleon-nucleon colli-
sion.

C. Angular momentum conservation for each collision

The angular momentum conservation for nucleon-nucleon
collisions in a transport simulation was first investigated
in Ref. [42] and recently revisited in Ref. [43]. Without
considering nucleon spin, the conservation of the orbital angu-
lar momentum requires in-plane nucleon-nucleon collisions.
While there are different prescriptions for such in-plane col-
lisions, considerable effects on the overall dynamics due to
the constraint of angular momentum conservation have been
observed [43]. In the following, we present an improved
treatment in the presence of nucleon spins compared to that
discussed in Ref. [43].

The total angular momentum conservation for a collision
between nucleon 1 and nucleon 2 with coordinates �r1(2),
momenta �p1(2), and spins �σ1(2) requires

�r1 × �p1 + �r2 × �p2 + �σ1 + �σ2

= �r′
1 × �p′

1 + �r′
2 × �p′

2 + �σ ′
1 + �σ ′

2. (35)

From now on, we take the convention that quantities with
(without) “′” represent those after (before) the nucleon-
nucleon collision, and quantities with (without) an asterisk
represent those in the c.m. (lab) frame of the collision. Defin-
ing the central and relative coordinates and momenta as

�R = (�r1 + �r2)/2, �r = (�r1 − �r2)/2,

�P = �p1 + �p2, �p = �p1 − �p2,

Eq. (35) is identical to

�R × �P + �r × �p + �σ1 + �σ2 = �R′ × �P′ + �r′ × �p′ + �σ ′
1 + �σ ′

2.

Since �R = �R′ and �P = �P′ are satisfied, the task is to find
proper �r′ and �p′ which lead to a given orbital angular momen-
tum �L′

r = �r′ × �p′ once �σ ′
1 + �σ ′

2 is determined. To do that, first
we need to select properly the direction of the c.m. momentum
�p∗′

1 in such a way that the relative momentum �p′ is perpendic-
ular to the angular momentum �L′

r , i.e., �p′ · �L′
r = 0. Through

Lorentz transformation, �p′ · �L′
r can be further expressed as

�p′ · �L′
r = �p∗′

1 ·
(

2�L′
r + 2γ 2

γ + 1
�β · �L′

r
�β
)

+ γ�e∗ �β · �L′
r .

In the above, �β is the velocity of the c.m. frame of the nucleon-
nucleon collision with respect to the laboratory frame, γ =
1/

√
1 − β2 is the Lorentz factor, and �e∗ =

√
p∗′

1
2 + m2

1 −√
p∗′

2
2 + m2

2 is the energy difference between two particles
after collisions in the c.m. frame, which vanishes for elastic
collisions with m1 = m2 = m. The above equation shows that
the direction of �p∗′

1 should be perpendicular to

�q = 2�L′
r + 2γ 2

γ + 1
�β · �L′

r
�β. (36)

In the collision treatment, we first determine the polar angle
θ according to the differential cross section. Afterwards, we
select the direction of �p∗′

1 perpendicular to �q by setting

�p∗′
1 = p∗′

1 (cos ϕ �̂e1 + sin ϕ �̂e2) (37)

with the unit vectors �̂e1 and �̂e2 written as

�̂e1 = �q × �p∗
1

| �q × �p∗
1|

, �̂e2 = �q × �p∗
1 × �q

| �q × �p∗
1 × �q| . (38)

It is easy to see that �̂e1 and �̂e2 form a plane perpendicular to �q,
and the angle ϕ characterizes the direction of �p∗′

1 in that plane.
By substituting Eq. (37) into �p∗′

1 · �p∗
1 = p∗′

1 p∗
1 cos θ , we get

sin ϕ = cos θ

�̂e2 · �p∗
1

. (39)

Since we have the constraint | sin ϕ| � 1, the range of cos θ is
also limited to |�̂e2 · �p∗

1| � | cos θ |, and this is equivalent to

−| �p∗
1 × �q|
qp∗

1

� cos θ � | �p∗
1 × �q|
qp∗

1

. (40)

Now the direction of �r′ × �p′ is the same as �L′
r . To ensure

that they have the same magnitude, the relative coordinates �r′
of the colliding nucleons must satisfy

�r′ = A�̂e �p′ + L′
r

p′ �̂e �p′×�L′
r
, (41)

where �̂e �p′ and �̂e �p′×�L′
r

are the unit vector in the direction of �p′

and �p′ × �L′
r , respectively. A can be any real number, and its

value is determined by minimizing |�r′ − �r|, which leads to
[42]

�r′ = (�r · �̂e �p′ )�̂e �p′ + L′
r

p′ �̂e �p′×�L′
r
. (42)
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It can be verified that the total angular momentum is now
conserved with a minimum |�r′ − �r|.

D. Angular momentum conservation for mean-field evolution

Besides nucleon-nucleon collisions, the mean-field evolu-
tion may also violate the conservation of the total angular
momentum, which includes the contribution from the orbital
angular momentum and the nucleon spin. To correct for that,
we use the following method similar to that in Ref. [44]. At
each time step, we correct the momentum of each particle with
a small amount � �pi to ensure the conservation of the total
angular momentum, with its each component expressed as

�Jc =
∑

i

εabcri,a�pi,b, (43)

where εabc is the Levi-Civita symbol, a, b, and c represent
symbols of the Cartesian coordinate, and double symbols im-
ply summation. To make the global correction small enough,
we define a function

L=
∑

i

�pi,a�pi,a + λc

(∑
i

εabcri,a�pi,b − �Jc

)
, (44)

and the values of �pi,a and λc can be obtained by taking the
partial derivatives of this function⎧⎨
⎩

∂L
∂�pi,a

= 0

∂L
∂λc

= 0
⇒

{
�pi,a = 1

2εabcri,bλc

λc
∑

i ri,ari,a − λa
∑

i ri,ari,c + 2�Jc = 0
.

In this way, the correction of the momentum �pi,a can be
obtained once we solve a ternary system of equations about
λc, which can help us to conserve the total angular momentum
in the mean-field evolution. The resulting �pi is about a few
keV/c for each nucleon. Since there are many test particles
used in the study, we note that the violations of the total energy
and the total momentum are of the order 0.0001%, smaller
than the numerical fluctuation.

E. Spin-dependent coalescence model

We use a spin-dependent coalescence model to study the
production of light clusters with different spins with minor
improvement compared to that in Ref. [45]. The yields of
deuterons (d) as well as tritons (t) and 3He from free nucleons
are expressed by the following Wigner function forms [46,47]:

fd = 8gd exp

(
−ρ2

σ 2
d

− p2
ρσ

2
d

)
, (45)

ft/3He = 82gt/3He exp

(
−ρ2 + λ2

σ 2
t/3He

− (
p2

ρ + p2
λ

)
σ 2

t/3He

)
.

(46)

In the above,

�ρ = 1√
2

(�r1 − �r2), �pρ = 1√
2

( �p1 − �p2),

�λ = 1√
6

(�r1 + �r2 − 2�r3), �pλ = 1√
6

( �p1 + �p2 − 2 �p3)

are relative coordinates and momenta, and σd = 2.26 fm, σt =
1.59 fm, and σ3He = 1.76 fm are the width parameters for the
Wigner functions that reproduce the root-mean-square radii of
corresponding light clusters [48]. In the spin-averaged case,
the statistical factors have the values gd = 3/4 and gt/3He =
1/4. With the information of nucleon spin explicitly available,
the statistic factor gd for deuterons with a neutron and a proton
forming a spin-triplet state can be calculated from

gd = |〈χ1,1|�〉|2 + |〈χ1,0|�〉|2 + |〈χ1,−1|�〉|2
= 1 − |〈χ0,0|�〉|2
= 1

4 [3 + cos θ1 cos θ2 + sin θ1 sin θ2 cos (φ1 − φ2)],

(47)

where θ1(2) and φ1(2) are the azimuthal angle and polar angle
for the spin direction of nucleon 1(2), and the definitions of
χ1,1, χ1,0, χ1,−1, χ0,0, and � can be found in the Appendix.
The ρ0,0 term of the spin arrangement matrix characterizing
the spin alignment can be written as

ρ0,0 = |〈χ1,0|�〉|2
1 − |〈χ0,0|�〉|2

= 1 − cos θ1 cos θ2 + sin θ1 sin θ2 cos (φ1 − φ2)

3 + cos θ1 cos θ2 + sin θ1 sin θ2 cos (φ1 − φ2)
, (48)

where the sin θ1 sin θ2 cos(φ1 − φ2) term is a small correction
term compared to that in Ref. [49]. The spin state of tritons
(3He) is determined by the additional neutron (proton), and
the rest neutron-proton pair form a spin-singlet state, so the
statistic factor can be calculated from

gt/3He = |〈χ0,0|�〉|2

= 1
4 [1 − cos θ1 cos θ2 − sin θ1 sin θ2 cos (φ1 − φ2)].

(49)

III. RESULTS AND DISCUSSIONS

We explore the spin dynamics in intermediate-energy
heavy-ion collisions based on the improved SIBUU transport
model, and compare extensively the spin-dependent observ-
ables with and without the constraint of rigorous angular
momentum conservation (AMC). These spin-dependent ob-
servables include the global and local spin polarizations as
well as transverse and elliptic flows for nucleons and light
clusters of different spin states. Compared with traditional
IBUU calculations, we will also illustrate the effect of the
spin-dependent potential on the spin-averaged transverse flow.
According to our previous studies, the spin polarization as
well as the spin splitting of the collective flow are largest at
the beam energy of around 100A MeV [28,29]. To have an
appreciable angular momentum and bulk medium to illustrate
the effect of the spin-orbit potential, the following discussions
will be mainly focused on midcentral Au+Au collisions at the
beam energy of 100A MeV.

A. Spin dynamics and polarization

We begin with showing contours of nucleon number den-
sity and spin density in the reaction plane (x-o-z plane) in
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FIG. 1. Left: Contours of the reduced density ρ/ρ0 (first row), and the y component of the spin density with (second row) and without
(third row) angular momentum conservation in the x-o-z plane, in Au+Au collisions at the beam energy of 100A MeV and impact parameter
b = 8 fm. Right: Spin polarization of free nucleons in y direction as a function of reduced rapidity yr/ybeam

r in the same reaction of the
left window.

the left window of Fig. 1, for the typical midcentral Au+Au
collisions at Elab = 100A MeV. Here, we only show the den-
sity evolution with AMC, which leads to a slightly lower
density compared to the calculation without AMC (see Fig. 5
of Ref. [43]). Generally, the global spin polarization, shown
by the y component of the spin density sy, is generated by
the dominating contribution of the time-odd term (∇ × �j)y

over that of the time-even term (∇ρ × �p)y, as demonstrated in
Ref. [29]. The lower density with AMC thus generally leads
to a weaker sy in both participant and spectator regions. The
right window of Fig. 1 displays the rapidity distribution of the
global spin polarization of free nucleons, with the latter iden-
tified by their low densities ρ < ρ0/8 in SIBUU simulations.
The global spin polarization in y direction perpendicular to the
reaction plane is defined as

Py =
Nsy=+ 1

2
− Nsy=− 1

2

Nsy=+ 1
2
+ Nsy=− 1

2

, (50)

where Nsy=± 1
2

is the number of free nucleons at spin state

sy = ± 1
2 . Such spin polarization was measured for � hy-

perons in relativistic heavy-ion collisions [50], and here we
are discussing the spin polarization for free nucleons in
intermediate-energy heavy-ion collisions. The global spin po-
larization is generally stronger at midrapidities, where it is
dominated by the spin density sy of the participant, and weaker
at large rapidities, where it is affected by the spin density
sy of the spectators. It is seen that SIBUU with AMC pre-
dicts a slightly weaker global spin polarization compared to
that without AMC. This is consistent with the weaker sy

with the constraint of AMC shown in the left window of
Fig. 1.

The density contours in the transverse plane (x-o-y plane)
may provide us with additional information of the spin dy-
namics in a different point of view, and they are displayed
in the left window of Fig. 2. While the general features
of the evolution of nucleon number density as well as
the y and z components of the spin densities sy and sz,

respectively, are similar to those shown in Ref. [29], weaker
sy and sz are observed with AMC compared to that without
AMC in both participant and spectator regions. This is again
due to the slightly lower density reached with AMC. We
also display the azimuthal angular distribution of the spin
polarization for free nucleons in y and z directions in the
right window of Fig. 2, with the azimuthal angle calculated
from φ = atan2(py, px ). Here, φ = 0 and ±π correspond to
nucleons that emit in ±x directions, and φ = ±π

2 corresponds
to nucleons that emit in ±y directions. It is seen from panel
(a) that the Py of total free nucleons, which include those from
both participant and spectator regions, has a flat φ distribu-
tion. The φ dependence becomes stronger for nucleons with
larger transverse momenta pT , since they emit at early stages
and their Py reflect the different sy in the participant and
spectator regions. It is seen that the Py are affected differently
by the constraint of AMC for low- and high-pT nucleons. The
spin polarization Pz in z direction, which is defined similarly
as Eq. (50), is called the local spin polarization, and for �

hyperons its azimuthal angular dependence measured by the
STAR Collaboration [51] has attracted considerable attentions
[52–55]. Without the constraint of AMC, the φ distribution
of Pz is consistent with sz shown in the left window, and
it has an opposite sign compared to that for � hyperons at
relativistic energies [51]. With the constraint of AMC, while
the φ dependence is qualitatively similar, the Pz has a smaller
magnitude.

The spin polarization of nucleons may affect the produc-
tion of nuclear clusters in different spin states, and for light
clusters this can be studied through a spin-dependent coales-
cence method as discussed in Sec. II E. In Fig. 3(a), we display
the rapidity dependence of the triangular components of the
spin arrangement matrix for deuterons, and here, ρ1,1, ρ0,0,
and ρ−1,−1 correspond to the relative fractions of deuterons
in spin states Sy = +1, 0, and −1, respectively. It is seen that
ρ1,1 and ρ−1,−1 have oppositive rapidity dependence, while
ρ0,0 has almost no rapidity dependence and is slightly smaller
than 1/3. The deviation of ρ0,0 from 1/3, which is called
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the spin alignment, has attracted considerable interest [56,57].
Referencing the situation here, in relativistic heavy-ion colli-
sions one expects that ρ1,1 and ρ−1,−1 of vector mesons could
be more sensitive to the spin polarization of the quark-gluon
plasma, while ρ0,0 is more easily measurable [11,49]. For
tritons, the neutron-proton pair form a spin-singlet state, so the
triton spin is determined by the residue neutron. In Fig. 3(b)
it is seen that the spin polarization of tritons is similar to that
of free nucleons. The result is similar for 3He as shown in
Fig. 3(c), except that the Py distribution is a little narrower
and the Py with AMC is larger compared to that of tritons,
since now the residue proton dominates the spin of 3He. In
Fig. 3 one observes a weaker global spin polarization for
light clusters with the constraint of AMC, consistent with the
weaker global spin polarization of nucleons shown above. For
the local spin polarization, it is rather weak for light clusters.

We devote Fig. 4 to the global spin polarizations for free
nucleons at different beam energies and impact parameters.
As already observed in Ref. [29], Py for midrapidity nucleons
is larger at about 100A MeV but smaller at lower or higher
energies, and this is due to a weaker vorticity characterized
by the ∇ × �j term at lower energies, and due to more free
nucleons at higher energies. The Py is also seen to be stronger
in more peripheral collisions, since the spin-orbit potential de-
pends on the density gradient and is stronger near the surface
of the nuclear matter. While a weaker sy with AMC compared
to that without AMC is observed in each scenario, the result-
ing Py of free nucleons may depend on various competition
effects. Generally, one sees that the constraint of AMC has
some influence on the spin polarizations, while the resulting
Py are still appreciable at midrapidities in most cases. At larger
rapidities and especially at smaller beam energies Py becomes
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negative, since it is dominated by the spectator matter with
a negative sy (see the left window of Fig. 1). Compared to
the results without AMC, the weaker spin-orbit potential with
AMC leads to a less negative sy of the spectator matter, and
thus a less negative Py at larger rapidities especially at lower
beam energies.

B. Spin-dependent flows

We now turn to the flows of nucleons in different spin
states. Due to the coupling between the nucleon spin and
the angular momentum in y direction, nucleons with differ-
ent spins sy = 1

2σy are expected to be affected by different
spin-orbit potentials, and this is called the spin-Hall effect
[30]. As shown in the upper panel of Fig. 5, nucleons with
sy = − 1

2 (+ 1
2 ) are affected by a more repulsive (attractive)

spin-orbit potential, and they thus have a stronger (weaker)
transverse flow. We can define the spin up-down differential
transverse flow as [26]

Fud (yr ) = 1

N (yr )

N (yr )∑
i=1

(σy)i(px )i, (51)

where N (yr ) is the nucleon number at rapidity yr , and (σy)i

and (px )i are the y component of the spin and the momentum
in x direction for the ith nucleon. As shown in the middle
panel of Fig. 5, the spin up-down differential transverse flow
has an appreciable magnitude, and it actually characterizes the
strength of the spin-orbit potential [26,45]. The elliptic flow of
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function of transverse momentum pT , in Au+Au collisions at the
beam energy of 100A MeV and impact parameter b = 8 fm with and
without angular momentum conservation.

free nucleons at midrapidities, as shown in the lower panel of
Fig. 5, also demonstrates the spin splitting, with nucleons of
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2 ) tritons (right) in Au+Au
collisions at the beam energy of 100A MeV and impact parameter b = 8 fm with and without angular momentum conservation.

spin sy = − 1
2 (+ 1

2 ) affected by a more repulsive (attractive)
spin-orbit potential and thus leading to a stronger (weaker)
v2. Incorporating the constraint of AMC, a lower density is
reached, and this generally leads to a weaker transverse flow
as shown in Fig. 5(a), and also weakens slightly the spin up-
down differential transverse flow in Fig. 5(b). The preferred
in-plane collisions with AMC generally enhance the in-plane
flow and thus v2 at lower pT , but weakens the squeeze-out
flow in ±y direction and thus leads to less negative v2 at
higher pT .

The spin-dependent flows of free nucleons may also lead
to the spin splitting of flows for light clusters at different spin
states, and this is displayed in Fig. 6 where the productions of
deuterons and tritons are calculated from the spin-dependent
coalescence method. Note here, the transverse flow is divided
by the constituent nucleon number, i.e., 2 for deuterons and 3
for tritons. It is seen that the spin splittings of both transverse
flows and elliptic flows are stronger for deuterons, compared
with those for tritons. This is understandable, since deuterons
at spin states Sy = ±1 and 0 are formed by, respectively, the
spin-triplet and spin-singlet state of neutron-proton pairs, so
the spin effect are doubled or canceled, while the spin effect
for tritons at sy = + 1

2 and − 1
2 is determined by the residue

neutron apart from the spin-singlet neutron-proton pair. The

results are similar for 3He. Again, the constraint of AMC leads
to systematically weaker transverse flows and stronger elliptic
flows, at least for larger pT values.

C. Spin-averaged flows

While the spin-dependent potential does lead to the spin
polarization and the spin-dependent flows, one may argue that
the spin-averaged observables predicted by traditional trans-
port models are still valid. This is only partially true when the
collision energy is relatively high. At lower collision energies,
the dissipation effect from the spin-dependent potential is
non-negligible. As seen in fusion reactions, the incorpora-
tion of the spin-dependent potential affects significantly the
fusion threshold and the fusion cross section [21–23]. Here,
we compare the spin-averaged transverse flow at Elab = 50A
MeV in Fig. 7. With the spin-dependent potential (W0 
= 0),
the stronger dissipation effect leads to a stronger transverse
flow for free nucleons, compared to the case without the
spin-dependent potential (W0 = 0). The effect on the slope
of the transverse flow is further enhanced when we consider
deuterons from the coalescence of nucleons. Comparable to
the effect of the spin-dependent potential, the incorporation
of the AMC constraint leads to a systematical reduction of
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the transverse flow. It is thus seen that one should incorpo-
rate properly the spin-dependent mean-field potential and the
constraint of AMC to predict accurately the transverse flow.

IV. CONCLUSION AND OUTLOOK

We have improved the framework of the spin- and isospin-
dependent Boltzmann-Uehling-Uhlenbeck (SIBUU) transport
model, in the aspects of spin-dependent nucleon-nucleon col-
lisions as well as the coalescence method, and particularly
by incorporating the constraint of rigorous angular momen-
tum conservation. We have revisited the global and local
spin polarization in intermediate-energy heavy-ion collisions,
as well as the spin-dependent transverse flows and elliptic
flows, for spin-half nucleons, spin-one deuterons, and spin-
half tritons/ 3He. While the constraint of rigorous angular
momentum conservation generally leads to weaker spin polar-
ization and has some influence on the flows, the effects of the
spin-orbit potential on the spin dynamics and spin-related ob-
servables are still appreciable. We have further demonstrated
that the spin-orbit potential has a non-negligible effect on the
spin-averaged transverse flows of nucleons and light clusters
at low collision energies.

Experimentally, it is difficult to identify different spin
states for nucleons or light clusters. On the other hand, the
spin polarizations of hyperons or the spin alignment of vector
mesons are measurable through the angular distribution of

their decays. It is thus of great interest to incorporate the
relevant inelastic collision channels for the production of these
particles, and see whether their spins will be affected by the
nucleon spin dynamics. The well-developed SIBUU model in
the present study could then be used to study of spin dynamics
in heavy-ion collisions at the beam energy of a few A GeV,
or even used as a hadronic afterburner for the spin-relevant
studies in relativistic heavy-ion collisions.

ACKNOWLEDGMENTS

This work is supported by the Strategic Priority Research
Program of the Chinese Academy of Sciences under Grant
No. XDB34030000, the National Natural Science Foundation
of China under Grants No. 12375125, No. 11922514, and
No. 11475243, and the Fundamental Research Funds for the
Central Universities.

APPENDIX: DEFINITION OF SPIN STATES

The expectation value of a nucleon spin is determined by
the azimuthal angle φ and the polar angle θ ,

�σ = (sin θ cos φ, sin θ sin φ, cos θ ), (A1)

and its spin state can be written as

χ =
(

e
−iφ

2 cos θ
2

e
iφ
2 sin θ

2

)
. (A2)

The expectation values of the spin in x, y, and z directions are

σx = χ+σxχ = sin θ cos φ, (A3)

σy = χ+σyχ = sin θ sin φ, (A4)

σz = χ+σzχ = cos θ. (A5)

We can define the two-nucleon spin state as the direct product
of the spin state of each nucleon

� = χ1 ⊗ χ2 =

⎛
⎜⎜⎜⎜⎜⎜⎝

e
−i(φ1+φ2 )

2 cos θ1
2 cos θ2

2

e
−i(φ1−φ2 )

2 cos θ1
2 sin θ2

2

e
i(φ1−φ2 )

2 sin θ1
2 cos θ2

2

e
i(φ1+φ2 )

2 sin θ1
2 sin θ2

2

⎞
⎟⎟⎟⎟⎟⎟⎠

. (A6)

In this way, the expectation values of the spin in the a =
x, y, and z directions for nucleon 1 and nucleon 2 can be
expressed as

(σa)1 = χ+
1 σaχ1 = �+(σa)1�, (A7)

(σa)2 = χ+
2 σaχ2 = �+(σa)2� (A8)

with

(σa)1 = σa ⊗ I2×2, (A9)

(σa)2 = I2×2 ⊗ σa. (A10)
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With the spin-up and spin-down states for each nucleon pair defined as

|↑↑〉 =

⎛
⎜⎜⎝

1
0
0
0

⎞
⎟⎟⎠, |↑↓〉 =

⎛
⎜⎜⎝

0
1
0
0

⎞
⎟⎟⎠, |↓↑〉 =

⎛
⎜⎜⎝

0
0
1
0

⎞
⎟⎟⎠, |↓↓〉 =

⎛
⎜⎜⎝

0
0
0
1

⎞
⎟⎟⎠,

the spin-singlet and the spin-triplet states of two nucleons can be expressed, respectively, as

χ0,0 =

⎛
⎜⎜⎜⎜⎝

0
1√
2

− 1√
2

0

⎞
⎟⎟⎟⎟⎠ (A11)

and

χ1,1 =

⎛
⎜⎜⎝

1
0
0
0

⎞
⎟⎟⎠, χ1,0 =

⎛
⎜⎜⎜⎜⎜⎝

0
1√
2

1√
2

0

⎞
⎟⎟⎟⎟⎟⎠, χ1,−1 =

⎛
⎜⎜⎝

0
0
0
1

⎞
⎟⎟⎠. (A12)

By taking the product of Eq. (A6) with Eqs. (A11) and (A12),
we can calculate the probability of a nucleon pair in the

spin-singlet state and in the spin-triplet state, and the normal-
ization condition

|〈χ0,0|�〉|2 + |〈χ1,1|�〉|2 + |〈χ1,0|�〉|2 + |〈χ1,−1|�〉|2 = 1

is satisfied. The above definition of the spin state is general,
since we can rotate the polar angle θ and the azimuthal angle φ

in Eq. (A1) so that the projection of the spin can be performed
in an arbitrary direction.
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