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The radon radioactivity is an unavoidable background in present and future underground experiments attempt-
ing to detect the neutrinoless double B decay, WIMP-nucleus interactions in direct dark-matter searches, etc. In
particular, the 2*?22Rn radioactive chains lead to 8~ decays of 2'22“Pb and 2!22'4Bi, notorious backgrounds
in the mentioned experiments. In this paper, we compute the total S-electron spectral shapes of these decays
by including next-to-leading-order terms and other correction factors in the B spectral shape. The studied 8~
decays involve strong allowed and first-forbidden B transitions, the nonunique first-forbidden transitions being
nuclear-structure dependent through the numerous involved nuclear matrix elements (NMEs). We compute these
NMEs by using the nuclear shell model with the khpe Hamiltonian. This Hamiltonian renders a very nice
description of the level energies of the daughter nuclei >'*2!Bi and >'*?'*Po of the mentioned mother nuclei. We
adopt experimental endpoint energies and engage the small relativistic NMEs (sNME), to accurately describe
the measured branching ratios, a necessary prerequisite for a precise description of the total 8 spectra. We also
discuss the uncertainties of our computed spectra and hope that these computations will be of help for present

and future rare-decays and dark-matter experiments.

DOI: 10.1103/PhysRevC.109.014326

I. INTRODUCTION

B decay is a fundamental nuclear process in which a
nucleus undergoes a transmutation by emitting a B particle
(electron or positron) and a neutrino or antineutrino [1,2]. The
study of B-decay spectra provides valuable insights into the
underlying nuclear structure and the properties of the involved
isotopes. In particular, the investigation of § spectral shapes
for isotopes such as 2!2214Pb and 2'?2!“Bi holds great im-
portance due to their contributions to backgrounds in various
scientific measurements, including double-8-decay and dark-
matter detection experiments.

To accurately interpret experimental data and distinguish
potential double-f and dark-matter signals from background
noise, a comprehensive understanding of the 8 spectral shapes
of isotopes like 2'>2!4Pb and 2!>2!*Bi is crucial. These iso-
topes are part of the background problem emerging from the
radon radioactivity, in this case from the 22-??2Rn radioactive
chains. The spectral shape refers to the distribution of electron
energies emitted in the §-decay process. The total 8 spectrum
is the sum of B-electron spectral shapes corresponding to
individual B-decay transitions. Computation of this total spec-
tral shape is quite demanding and experimental B-endpoint
energies (in the case of 8~ decay the maximum energy of
the emitted electron allowed by the available decay energy
and its sharing with the emitted electron antineutrino) have to
be used. In addition, it should be preferable to reproduce the
measured branching ratios as accurately as possible. For the
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presently discussed decays, they have been evaluated and can
be found in the ENSDF database [3]. The experiment-based
evaluated ground-state—to—ground-state endpoint energies (Q
values) vary between Q = 0.5691(18)-3.269(11) MeV for
the discussed nuclei (see the AME2020 database [4]) mak-
ing the calculation of the total B8 spectra a challenge since
it is quite hard to reliably describe all the decay transi-
tions within Q windows of this size. As far as we know,
there have been only a few attempts to compute total S
spectra within decay Q windows in the range of several
MeV, see [5].

In the present computations we use the formalism outlined
in [6,7], including the next-to-leading-order terms in the S
spectral shape. With this formalism, we are able to com-
pute both the allowed and forbidden transitions involved in
the decays 212214ph —» 212214Bj apq 212214 _, 2122l4pg,
The first-forbidden S transitions are particularly important
in these decays, consisting of both unique and nonunique
transitions. The allowed and unique first-forbidden transitions
have universal 8 spectral shapes but the nonunique transitions
depend on nuclear structure through the nuclear matrix ele-
ments (NMEs). We compute these NMEs by using the nuclear
shell model (NSM) with a well-established Hamiltonian. By
varying the value of one of these NMEs, the so-called small
relativistic vector NME (sNME) close to its CVC (conserved
vector current) value [1], we can reproduce the available data
for all the numerous branching ratios involved in the studied
total B spectra. In addition, the used Hamiltonian yields quite
nice energy spectra within the decay Q window for the in-
volved daughter nuclei 2'?2'#Bi and ?!>2!*Po.

Recent advancements in experimental techniques, such as
cryogenic calorimeters and solid-state NMR spectroscopy,
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have enabled precise measurements of individual 8 spectral
shapes [8]. These techniques offer high-resolution spectra and
improved sensitivity, allowing for a more detailed analysis of
the decay process. For instance, the ACCESS (Array of Cryo-
genic Calorimeters to Evaluate Spectral Shapes) project aims
to establish a novel technique for precision measurements of
forbidden g decays, which can serve as important benchmarks
for nuclear-physics calculations and background studies in
astroparticle physics experiments [8]. Individual 8~ spectra
have already been measured and analyzed for ''>Cd [9-11]
and 'PIn [12].

The total spectral shapes with multi-MeV Q windows still
offer a grand challenge for the experiments, but the recent
advances made in the B-electron detectors [13] offer presently
a possibility for the measurements of the total B-electron
spectra for 8 decays with multi-MeV Q values.

Our article is organized as follows. In Sec. II the adopted
theoretical framework is briefly summarized by introducing
the B-electron spectral shapes, and the related NMEs and their
computation through the NSM. The results are presented and
discussed in Sec. III, and the conclusions are drawn in Sec. I'V.

II. THEORETICAL FRAMEWORK

Nuclear 8 decays are mediated via weak interactions and
are a nuclear disintegration process in which the atomic num-
ber of the decaying nucleus changes by one. Our current
focus involves only S~ decays and it consists of a neutron
transmuting into a proton emitting an electron and an electron
antineutrino (7,) within a nuclear environment:

n—>p+e + V.

In the following, we describe the theory of B-electron
spectral shapes, and the effective values of the weak axial
coupling ga and weak-axial charge ga(ys). Furthermore, the
NSM, alongside its effective interaction and its model space
shall be discussed.

A. B spectral shapes

The branching ratio of a transition to a particular final state
in the daughter isotope can be obtained from the correspond-
ing partial half-life which can be written as

l1/2=K/C, (1)

where x = 6289 s is a collection of natural constants [7] and
the integrated shape function reads

¢ = / ' Clwe)pwewo — woPRo(Z. wodw,.  (2)
0

In this expression, Fy(Z, w,), with Z as the proton number
of the daughter nucleus, is the usual Fermi function taking
into account the final-state Coulomb distortion of the wave
function of the emitted electron and

W() We PeC

wo= b, we= —s. p=-— = Ju-1 (3)
meyc meC meC

are the kinematic quantities scaled dimensionless by the elec-
tron rest mass m,c>. Here, p. and W, are the momentum and
energy of the emitted electron, respectively, and W is the g

endpoint energy, which for the ground-state transitions defines
the B-decay Q value. The shape factor C(w,) contains the
Fermi and Gamow-Teller NME for allowed transitions [2] and
in general it is a complex combination of leptonic phase-space
factors and NME, as described in detail in [1] and recently in
[6,14].

For the current work, the main focus involves both first-
forbidden unique and nonunique B~ decays. The unique
decays have a universal spectral shape, as have the allowed
decays, and correspond to C(w, ) being proportional to a sin-
gle NME in Eq. (2), as has been extensively discussed in [2].
Higher-forbidden B-decay transitions are strongly suppressed
and contribute negligibly to the summed electron spectral
shape and are thus not of interest in the current work.

First-forbidden B transitions are associated with tensor
operators of rank 0, 1, and 2 [1,15,16]. The pseudotensor
AJ =2 transitions with a change in parity are pure axial-
vector transitions and include only one NME. These transi-
tions are called first-forbidden unique and have a universal
electron spectral shape. The pseudovector AJ = 1 and pseu-
doscalar AJ =0 transitions with a change in parity are
transitions that have both vector and axial-vector components
and depend on more than one NME, thus being sensitive to
details of nuclear structure through the initial and final nuclear
wave functions. They are called first-forbidden nonunique.
For the vector part and the allowed Fermi transitions, we
adopt the CVC-compatible value gy = 1.0 for the weak vector
coupling.

The AJ = 0O transitions depend on the weak axial charge
ga(ys), in addition to ga. In this work, we will refer to the
effective g5 as simply ga and it should not be confused
with its free-nucleon value gi*® = 1.27. Only these particular
transitions and their decay rates depend on the value of the
so-called mesonic enhancement factor eygc, related to ga as
follows:

ga(ys) = emec X ga. 4

The mesonic enhancement factor with values of g4 = 0.7 have
been shown to follow the pattern

emec = 1.576 +2.08 x 1073A ®)

in medium to heavy nuclei [17]. For heavy nuclei with a free-
nucleon gA, the mesonic enhancement factor can be as high as
emec ~ 2.0-2.2 [18]. However, the magnitude of the mesonic
enhancement depends on the model, interaction used, and the
selected value of ga.

B. Nuclear shell-model calculations

The NSM calculations were performed using the soft-
ware KSHELL [19] with the Hamiltonian khpe [20] found in
NUSHELLX @MSU [21]. This interaction and the participant
single-particle energies were originally designed to access the
level schemes of the mass region A = 204-212 and were also
used for 22Pb, of interest in this work.

The model space consists of the 2*®Pb closed core and a
valence space consisting of the proton 7 (lhgs), 7 (2f7,2),
w(2f5,2), m(3p3s2), w(3p12), and m (1iy3/2) orbitals and neu-
tron v(1i11/2), v(289/2), v(2g7/2), v(3ds)2), v(3d32), v(4s12),
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FIG. 1. Computed level schemes for the S~ -decay daughters 2'?Bi, 2'*Bi, >!>Po, and ?'*Po using the Hamiltonian kApe. A comparison with
the available data is performed with the parentheses denoting uncertainty in parity and spin-parity assignments. The evaluated data are gathered

from [3].

and v(1ji5,2) orbitals. No truncations were made within
the said valence space. This setup enabled us to compute
212pp_Bi, 21*Pb-Bi, 2'?Bi-Po, and *'*Bi-Po level schemes. The
daughter level schemes can be seen in Fig. 1.

For 2!?Bi (>'?Po) the energies of the three (four) key levels
in terms of B feeding (see Table II) are very well described

TABLE I. Allowed transitions involved in our total 8-spectrum
analyses. The evaluated [3] branching ratios are reproduced by fitting
the values of the Fermi and/or Gamow-Teller NME since the B
shapes of allowed decays are universal.

En. (MeV) J" BR
24pp(0t) — Bi

0.839 1+ 2.75(8)%
24Bj(17) — Po

1.995 1- 1.192(21)%

2.448 1- 2.78(6)%

and the maximum deviation between the experimental and
computed level energies is some 60 keV (100 keV), see the
upper two panels of Fig. 1 and Table II. For 2'Bi (lower
left panel of Fig. 1) the deviation between the experimental
and computed energies of the four key levels is below some
150 keV, see Table II. In Table II we have chosen the 351
keV level to be of spin-parity 0~ since it is strongly preferred
by the NSM calculation: For the >'?Pb decay the evaluation
[3] confirms angular momentum O for the daughter state cor-
responding to the large branching, 81.5%. Similar behavior
could be expected for 2'*Pb, only two neutrons away from
212pb. In addition, the choice of 0~ spin-parity guarantees a
match between the numbers of the evaluated and computed 0~
and 1~ states below 0.5 MeV in 2'*Bi. Moreover, the choice of
the 0~ spin-parity also allows the chosen eygc to fit perfectly
the branchings of both strong transitions (there is no sSNME to
be used for the fit, see Table II).

The spectrum of 2*Po (lower right panel of Fig. 1) extends
to higher energies than those depicted in Fig. 1. However,
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TABLEII. Values of the small vector NME (sNME, columns 5 and 6) for each decay and individual transition (evaluation excitation energy,
computed excitation energy, spin-parity of the final state, and the branching to this state are reported in columns 1, 2, 3, and 4, respectively) of
interest in this work (i.e., having a non-negligible branching). These values reproduce the experimental branching ratio of the given transition.
The numbers with an asterisk (*) denote the SNME closer to the CVC-predicted one (last column) and are the choice for the crossed-blue
curves of Fig 3. The data for the excitation energies are taken from the evaluation [3]. It should be noted that for the 2'?Bi decay the total
branching to B~ transitions is 64.06%.

Eval. En. (MeV) Comp. En. (MeV) Jr B.R. sNME" sNME® CcvC
22pp(0+) — Bi
0.238 0.181 0~ 81.5(10)%" - - —
0.000 0.000 1- 13.7(10)% —0.0916 —0.0278* 0.0982
0.415 0.474 1- 5.01(7)% 0.3448* 0.0293 0.6264
24Ph(0*) — Bi
0.351 0.302 0- 44.5(7)%¢ — - —
0.295 0411 1- 39.0(5)% —0.4404* —0.0890 —0.6002
0.000 0.000 1- 12.7(9)% —0.1182 —0.0076* 0.0924
0.533 0.673 1- 1.063(18)% 0.0882 —0.0244* —0.4945
0.259 0.493 2- 0.075(20)%" - - -
2I2Bj(17) — Po
0.000 0.000 ot 55.37(12)% 0.0075* —0.0261 0.0458
0.727 0.789 2+ 4.47(11)% —0.0209* —0.0010 —0.0373
1.620 1.515 1t 1.86(4)% 0.0855* 0.0380 0.0709
1.512 1.430 2+ 1.44(4)% 0.0844 0.0426* 0.0103
1.806 1.881 2+ 0.66(3)%" 0.0028 0.0693* 0.0449
24Bj(17) — Po®
0.000 0.000 ot 19.2(4)% —0.0080 0.0080* 0.0387
1.729 1.791 2+ 17.5(10)% 0.1140* 0.0453 0.0990
1.764 1.780 1+ 16.9(11)% 0.0869 0.0376* 0.0498
1.847 1.807 2+ 8.16(5)% —0.0442* 0.0104 —0.0720
1.377 1.390 2+ 7.22(8)% —0.0225* —0.0523 —0.0298
2.118 2.066 1t 4.33(4)%" 0.0489* 0.0124 0.1249
1.543 1.593 2+ 3.09(4)%" —0.0361* —0.0132 —0.0892
2.017 2.026 ot 2.459(15)%" 0.0378* —0.0001 0.0275
2.010 1.994 2+ 1.433(11)% —0.0605* —0.0324 —0.0501
1.415 1.353 ot 0.90(5)%" 0.0232 0.0124* 0.0126
2.204 2.209 1t 5.56(5)% 0.0026 - 0.0101
2.728 2.833 1t 0.542(22)%" —0.0166 - —0.0675

Fitted to the experimental half-life using only eygc. Does not participate in the SNME fitting process.

Transition with beta-spectrum shape independent of the SNME, small branching ratio, or both. Does not contribute to differences in the total
spectral shape.

“The NSM calculations strongly prefer the spin-parity assignment 0~ out of the two choices 0™, 1~ offered by the ENSDF [3] evaluation.
9Does not reproduce the ENSDF [3] branching. The value chosen is the one in which the branching is minimized, thus only one SNME value
is indicated. NSM branchings are then 7.57% and 2.59%, respectively.

¢ Another 33 transitions were considered in the spectrum and their total branching corresponds to 9.59%, with their major contributions within
the electron energies of 0 to 500 keV.

"There are no sSNME/I-NME values for forbidden unique transitions. The fit was done by changing the associated NME.

we compare the experimental and computed energies of the
levels fed by first-forbidden transitions, and relevant for the
computation of the total B spectrum, in Table II. From Fig. 1
and Table II one can see that all the measured multipole states
J* below some 1.7 MeV of excitation are described very
well by the NSM. In turn, Table II indicates that above 1.7
MeV the correspondence of the computed and experimental
energies is still fabulously good. Also, the level schemes for
the (grand)mother nuclei 2'?Pb and >'*Pb are well described
by the presently used Hamiltonian.

After the level schemes were produced for the discussed
isotopes, the B~ -decay transitions from the 2!2Pb, 2!4Pb,

212Bi  and 2“Bi, in their corresponding ground states,
0+, 0%, 1), and 17, to the states of their correspondent
daughters 212gj 214Bj, 212pg, and 2'*Po, were computed. All
the possible decay transitions from allowed transitions up to
first-forbidden unique and nonunique were investigated within
the decays Q windows. Thus, for the decays starting from a
0" state, the daughter states 0™ ~, 177, 2~ were considered,
and for the parent nuclei having a 1~ ground state, the
daughter states 0, 1t=, 2%~ and 3" were included.

We adopted the following Q values for all our compu-
tations: Q = 0.5691(18), 1.018(11), 2.2515(17), 3.269(11)
MeV, respectively, for 212py,  2l4pp  212Bj  and 2M4Bi, as
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taken from the mass evaluation [4]. Lastly, for the excited
states that most contribute experimentally to the total S~
spectrum, i.e., for those transitions having the highest ex-
perimental branching ratios, the computations used the best
available endpoint energies by adopting the evaluated exci-
tation energies [3] instead of the computed ones. This was
done due to the high B~ -decay rates sensitivity to the avail-
able endpoint energy. Here, we note that the allowed decays
studied were fit to the experimental branchings by adjusting
the values of the Fermi and/or Gamow-Teller NME. This
is possible since the B spectral shapes of allowed transi-
tions are universal and thus we can take these decays exactly
into account in our total spectral-shape calculations. The
spin-parties and branchings of these transitions can be seen
in Table I.

III. RESULTS

Here, we detail the steps involved in the calculations. The
predicted decay branchings, partial half-lives, and electron
spectral shapes depend on the available endpoint energies,
equal to the Q value for the ground-state transition, taken
from the evaluations [3,4] in the present work. There is also a
dependence on the values of g5 and eygc, the latter solely for
AJ = 0 transitions. To have a reasonable theoretical descrip-
tion of the B8 spectral shapes, one must choose how to best
approach systematically the values of g‘;{f and eppc. We have

done so in the following manner.

A. Determination of the values of the axial couplings

Assessing the proper values of g‘;{f and eympc is rather
cumbersome, as reviewed in [16,22]. However, for our current
study, previous works shed light on these values. In a previous
study Haselschwardt et al. [23] performed NSM calculations
of the B decay of >'“Pb using the same interaction k/pe. There,
the value of g8 = 0.85 was selected as the most reasonable
one and hence we use the same value in the present calcula-
tions, as well.

Next, for determining the value of eygc, we took the two
emec-dependent transitions in >'?Pb and 2!'*Pb, from 0 to
07, with the experimental branching ratios of 81.5(1)% and
44.5(7)%, respectively, and calculated their half-lives for a
range of g5 = 0.70-1.35, and for ey ranging from 0.8 to
2.7. We then took all the (g%, empc) combinations repro-
ducing the evaluation’s partial half-lives for the considered
transitions within a relative error of less or equal to 0.1%. The
resulting values of these parameters are depicted in Fig. 2. For
comparison, the value of the (g5, eppc) doublet from a pre-
vious analysis, using the value ga = 1.25, of Warburton [24],
is also shown in the figure. From the curve and its error range,
for our choice geff = (.85, we obtain the enhancement-factor
range epmec = 2.437 £ 0.014 £ 0.003 (If we consider the un-

certainties in Q value, branching ratio, and total half-life).

B. Dependency of the g spectral shapes
on the value of the sSNME

The small relativistic NME, sSNME, has been found to play
an important role in combined studies of 8 spectral shapes

2MPh: 0+ — 0~

2.8 212ph: ot — (-

2.6

24

EMEC

2.2

1.8

0.7 08 0.9 1 1.1 1.2 13 14

FIG. 2. Value of the enhancement factor eygc as a function of
& for 0" to 0~ decays of experimental branchings of 81.5(1)%
and 44.5(7)% [3] in 2'2Pb and 2'*Pb, respectively. Only solutions
matching the experimental branchings within 0.1% relative error
are plotted. The dashed lines point to our current choice for 2'“Pb.
The grey dots present the results when uncertainties in the Q value,
branching, and total half-life are considered for the >'*Pb decay. The
green dot with its error bars corresponds to the previous analysis of
Warburton [24], however, our analysis is not directly comparable to
it since in [24] many more transitions than our two were considered.

and branching ratios (partial half-lives) [7,10,11]. In these
works the SNME has been used as a fitting parameter, together
with g% and eyic in order to yield both correct beta spectral
shapes and branching ratios simultaneously. In the nuclear-
structure calculations, the SNME gathers contributions outside
the nucleon major shell(s) where the proton and neutron Fermi
surfaces lie. Due to the limitation of the NSM valence space
to these shells only, the value of the SNME turns out to be
zero in the NSM calculations. The value of the SNME cannot
be completely arbitrary since in an ideal case (infinite valence
spaces, perfect nuclear many-body theory) the value of the
sNME is tied to the value of the so-called large vector NME,
I-NME, by the CVC (conserved vector current) hypothesis [1].
The value of the I-NME can be rather reliably computed by the
NSM since the main contributions to it stem from the major
shell(s) where the nucleon Fermi surfaces lie, thus being well
accessible for the NSM.

Based on what was said above, one can have a good esti-
mate of the proper value of the SNME by computing its CVC
value using the formula (10.69) of [1], where the form factors
have been replaced by the NMEs according to the definition
(9) of [6], leading to

(=M M +Wo)R | 6
— 4 2aZ
VME?I)FM = = >

VK@K ¥1) xR

where the left side of the equation is the sNME, the last
term on the right is the -NME, and K denotes the order
of forbiddenness, with K = 1 denoting the first-forbidden
decays. The quantities M, and M, denote neutron and pro-
ton masses, respectively. W, is the available endpoint energy

x " Miko. (6)
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FIG. 3. Computed total 8 spectra and their dependencies on the choice of the SNME. The crossed-blue curves are those constructed by
adopting the value closer to the CVC value for the SNME of an individual transition. The gray-hatched regions denote the span of the curves
obtained through the N,y (displayed at the top-right corner of each panel) different combinations of the two possible values of SNMEs listed
in Table II. The dotted-red curve in (b) uses the value of the SNME further away from its CVC value for the important 22Bj — 212Po(g.s.)
transition, the gray-hatched region being constructed as for the crossed-blue curve. In (a), an error budget, considering the uncertainties of the
crossed-blue curve in the Q value, branchings, and total half-life, is presented by the red-dashed region. These spectral shapes are available

from the authors at request. For more information see the text.

for the decay, & the reduced Planck constant, o is the
fine-structure constant, and ¢ the speed of light. Lastly, Z is
the atomic number of the daughter nucleus, and R = 1.24'/3
is the nuclear radius in fm [2], A being the nuclear mass
number.

In our calculations, we adopt the approach of fitting the
sNME such that each individual B~ transition with non-
negligible experimental branching can be reproduced in terms
of the branching ratio. There is a quadratic dependency of the
computed branching ratios (partial half-lives) on the value of
the SNME and hence two values of the SNME, for each decay
transition, reproduce the experimental branching correspond-
ing to this transition. One of these two SNMEs is closer to the
CVC value of the sSNME and thus offers a way to define the
“optimal” B spectral shape: Choosing always the SNME closer
to its CVC value produces the most probable total spectral
shape, depicted as crossed-blue “CVC” curves in Fig. 3. The

through-the-fit obtained values for the SNMEs are displayed in
Table II. As seen in the table, in most cases the selected SNME
for the CVC curve is notably closer to the CVC value of
sNME than the other solution, making the selection justifiable
and the CVC spectrum a robust choice.

The sNME fitting produces two beta spectral curves for
each transition. As mentioned above, the CVC curve uses
those SNME values closer to their CVC values. The other
possible curves are obtained by taking all the 2¥ — 1 combi-
nations of the values of the SNME, N denoting the number
of transitions considered. The number N, = 2V is indi-
cated at the top-right corner of each panel of Fig. 3 and
ranges from 4 (*'’Pb decay) to 64 (*'*Bi decay, where
only the 12 most important transitions as shown in Table II
were taken into the sNME variation analysis). Here, it is
important to note that all decays in 2'*Bi that are energeti-
cally allowed and predicted by the NSM are accounted for,

014326-6



COMPUTED TOTAL B-ELECTRON SPECTRA FOR ...

PHYSICAL REVIEW C 109, 014326 (2024)

ol SN |

0 0.5 1 5 2 0 0.2 0.4 0.6

1
Electron energy (MeV) Electron energy (MeV)

FIG. 4. B spectral shapes of the two transitions that are mostly
affected by the choice between the two possible values of the SNME
in Table II. These are the transitions from 2'>Bi to the ground state
(left panel) and the second excited 27 state (right panel) in 22po. The
crossed-blue (dotted-red) curve represents the choice closer (farther)
from the CVC value of the SNME.

therefore some possibly relevant states, such as those with
energies 2.482 MeV (1.192%), 2.192 MeV (0.866%), and
1.890 MeV (1.589%), are accounted for. However, these states
were not fitted using the SNME method since their ENSDF
spin assignments were not definitive and their energies were
not unequivocally predicted by the NSM level schemes so
they could not be reliably identified. These states are, in-
stead, included in the 33 transitions that are not displayed
in Table II and account for a total of 9.59% of the total
half-life.

All the 2V curves form the gray-hatched region around
the “optimal” CVC curve. A notable exception is the decay
of ?’Bi where two curves appear in panel b) of Fig. 3.
In addition to the crossed-blue CVC curve, there appears a
dotted-red curve and its gray-hatched region. This curve is
obtained by picking the value sSNME = —0.0261 instead of
the value SNME = 0.0075* (which is closer to the CVC value
sNME = 0.0458) in the first line of the >'’Bi — 2'?Po decay
in Table II. The gray-hatched region then emerges as in the
case of the CVC curve.

The two curves in panel b) of Fig. 3 are presented in order
to show that the value of the SNME can have a drastic effect
on the B spectral shape. This effect is the strongest for the
decay of ?'?Bi to the ground state and the second 2% state
(at an excitation energy of 1.512 MeV) in 2'?Po, as shown in
Fig. 4. In terms of the total 8 spectrum, panel b) of Fig. 3, the
effect of the ground-state transition is the more important one
owing to its much larger branching 55.37(12)% as compared
to 1.44(4)% of the 2 state.

Lastly, considering the effect of the ENSDF evaluation’s
uncertainty in the Q value, branching ratios, and total half-life
on the CVC curve of the 2'>Pb — 2!?Bi decay, as seen in
panel a) of Fig. 3, produces a negligible difference in the spec-
tral shape. However, due to the additive nature of experimental
uncertainties the effect is expected to be stronger, the more
curves the analysis involves and the higher the relative error in
the Q value, making the most susceptible the >'’Bi — 2'?Po
decay due to the 1.080% relative error in the Q value (ver-
sus the 0.3162% for the 2'*Pb — 2!?Bi decay) and *'*Bi —
214Po due to the large number of curves. However, as shown
by the error analysis of the >'?Pb — 21°Bi decay, we do not

expect that the cumulative effect of the uncertainties in the Q
values, branching ratios, and total half-lives on the presently
discussed S spectral shapes are so large as to compete with
the uncertainty associated with the selection of the values of
the SNME. We have thus omitted the corresponding tedious
analyses for the 21%2!Bi and *'*Pb decays.

IV. CONCLUSIONS

We believe that the present systematic study of 8 spec-
tral shapes of key Pb and Bi nuclei in the >?’Rn and **’Rn
chains could be useful to the large underground experiments
that struggle with background spectra from these chains. The
22Rn and ?*°Rn nuclei o decays to *'8Po and 2'®Po, which
then once again « decays to 2*Pb and 2'2Pb, respectively,
and from there the presently studied B~ decays emerge. It
is almost impossible to get rid of these contaminants in the
rare-events experiments, such as neutrino and dark-matter ex-
periments. The continuous nature of S~ decays and their
electron shapes is a severe challenge in the calibration of the
experimental set-ups since one has been relying on software
such as GEANT4 [25] with its radioactive decay module or
BETASHAPE [26] in the simulations of 8 decays. The problem
with these methods is that they do not take into account the
important part played by the nuclear structure in the form
of nuclear matrix elements. These softwares can implement
measured B spectral shapes but use allowed g shapes or for-
bidden unique B8 shapes as surrogates for non-unique decays.
This can be dangerous since the non-unique 8 decays can be
extremely dependent on the NMEs and thus affect strongly the
calibration of the rare-events experiments.

We believe that the current study can help solve the cal-
ibration issue for the S decays of the Pb and Bi nuclei in
the 22°Rn and ?*’Rn decay chains. This study has inherent
uncertainties: The proper values of gjff, emec, and sNME.
However, for the presently studied 8 decays there is no strong
dependence of the B spectral shapes on the values of g&f
and emgc, only the fitted branchings depend on them. The
dependence of the 8 spectral shapes on SNME is there, but it
is quite moderate for the decays of >'%2!“Pb and !B, as can
be seen in Fig 3, panels (a), (c), and (d). In this figure, panel
(b) serves only as an example of the possibility for a large
variation of the total spectral shape when even one individual
transition, with a large branching, has a strong dependency on
the value of the SNME. But even in this case the CVC-based
crossed-blue line, with little uncertainty, is the one which
should be taken as a paradigm. In any case, our computed
spectral shapes make these total 8 spectra worth studying
using experiments like [13]. In addition, the § spectra of in-
dividual transitions, listed in Table II, form interesting objects
of study using other types of spectral-shape measurements,
like ACCESS [8]. By these experiments, a lot can be learned
about the appropriate values of the key parameters of S-shape
calculations.

Lastly, we note that the present analyses are model depen-
dent: In this case, we use the Hamiltonian khpe. However, we
believe that this Hamiltonian nicely captures the physics of the
involved nuclei, since the level schemes are well reproduced
and this particular effective interaction was designed precisely
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for the presently studied nuclear region. Further investigations
of nuclei and interactions in this particular nuclear region
could further shed light on the reliability of the computed g
spectral shapes that are important for rare-events experiments.
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