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Side ridge in Ar + KCl collisions at 1.8 GeV/nucleon with reaction-plane deblurring
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Reaction-plane deblurring is applied to the triple-differential distributions of protons, deuterons, and nega-
tively charged pions from central Ar + KCl collisions at 1.8 GeV/nucleon, measured with the LBL-GSI Streamer
Chamber, to yield distributions relative to the true reaction plane of the collisions. Within the reaction plane and
in the forward center of mass rapidity region a side ridge away from the beam axis is observed: the distributions
peak away from the beam direction for protons and deuterons but not for pions. These findings are consistent with
a source of particles moving at an in-plane transverse velocity of ≈0.1 c. Transport pawel’s BUU calculations
yield results in semiquantitative agreement with those from the data.
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In heavy-ion collisions (HIC) [1] and in neutron star merg-
ers [2] nuclear matter gets compressed to densities higher
than normal for interiors of nuclei. In both classes of the
events, respectively highly microscopic and macroscopic, the
response to matter compression drives the system dynamics.
In observing the events one hopes to learn, in particular, about
the nuclear equation of state (EoS) [3–5]. For the microscopic
systems at intermediate collision energies, where few new
particles are produced, the use of hydrodynamics has been
though on the extreme side, in employing EoS to close the
set of local conservation laws of baryon number, momentum,
and energy. The reason is in ignoring or approximating, in
terms of transport coefficients, the effect of the finite length of
nuclear mean free path that is significant relative to the system
size. Yet early on, hydrodynamics has been employed for
intermediate-energy HIC, on account of its simplicity [6,7].
More realistic transport descriptions have been developed for
HIC over time, with nucleons moving under the influence of
a mean field due to other nucleons, engaging in elementary
collisions and producing mesons and baryon resonances [8,9].

In HIC modeling, hydrodynamics produced dramatic
collective effects, particularly deflection of the so-called par-
ticipant matter, emerging from the compression zone in the
reaction plane away from the beam axis [7]. In the triple-
differential distribution associated with the reaction plane,
that conventionally becomes the xz plane, the emission prob-
ability for particles moving forward in the center of mass
(c.m.) (forward is relative to beam direction in fixed target
experiments) maximized away from the beam axis, even in
the light system 40Ar + 40Ca at 393 MeV/nucleon [6]. The
Plastic Ball Collaboration claimed observation of such a side
ridge for central 400 MeV/nucleon 93Nb + 93Nb collisions
[10]. The authors named this phenomenon a bounce-off in
tying it to projectile remnants. The collision events in [10]

*daniel@frib.msu.edu

were rotated to a common estimated reaction plane and the
resulting triple-differential particle distribution was examined
in that plane. What was not recognized at the time was that the
use of a particle in determining the reaction plane and then
relating the particle to that plane could produce fake signals
which could be attributed to the reaction-plane effects. As
the issue was recognized and corrected for [11], the attention
was turned to azimuthal moments associated with the reaction
plane [12,13]. For those moments to be finite, including the
one being behind finite flow angles, it is sufficient for az-
imuthal distributions around the beam axis to be anisotropic.
They do not imperil the perception of the overall persistence
of motion along the beam direction in the final states of
energetic HIC. That persistence may be expected given the
energies of collisions far above other pertinent energy scales
in nuclei and the mean free paths that cannot be dismissed
relative to system size.

In recent years, attention came back to the triple-
differential distributions associated with the reaction plane.
Relying on high-event statistics and associated ability to find
high angular moments of azimuthal distributions relative to
the reaction plane, the HADES Collaboration attempted to
assess the shape of proton emission relative to the reaction
plane in 1.23 GeV/nucleon Au + Au collisions [14]. Work-
ing on behalf of the SπRIT Collaboration, Danielewicz and
Kurata-Nishimura proposed to employ reaction-plane deblur-
ring to arrive at triple-differential distributions associated with
the reaction plane [15]. Here, we employ that last strategy
to demonstrate the existence of a side ridge in central (b �
2.4 fm) Ar + KCl collisions at 1.8 GeV/nucleon, measured
by the LBL Streamer Chamber Collaboration almost 40 years
ago [16]. These data, containing just 495 events, originally
turned the attention in HIC to azimuthal moments relative to
the reaction plane [11]. If a side-ridge can be identified in
such a light system at a relatively high energy, with such a
low event statistics, it is perceivable that it is possible to see
it under broad circumstances in intermediate-energy HIC. In
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the following, we discuss in sequence the reaction-plane de-
blurring, analyze data, compare the results to transport-model
calculations, and conclude.

In the reaction-plane deblurring, triple-differential distribu-
tions are first established relative to the estimated azimuthal
direction [15] of the reaction-plane around the beam axis.
Different sensible constructs may be used for estimating the
plane direction. Still, the particle or particles that get referred
to the plane must be excluded from the construct to avoid
self-correlation. It is in particular common to estimate the
direction of the reaction plane with a transverse Q vector that
is the sum of weighted transverse momenta p⊥ of measured
particles [11]. With the above, for particle μ, the reaction
plane direction would be then estimated with

Qμ =
∑
ν �=μ

ων p⊥
ν . (1)

Here, ων are weights taken as positive for particle types and
rapidity y and transverse momentum p⊥ regions where the
vector momenta correlate with the positive direction of the
reaction plane, negative when they correlate with the negative
direction and zero if no pronounced correlation is expected.
In a symmetric or near-symmetric system, the weights may be
chosen for baryons as

ων =

⎧⎪⎨
⎪⎩

+1, if y∗
ν > δ,

−1, if y∗
ν < −δ,

0, otherwise.
(2)

Here, y∗ is the rapidity in the nucleon-nucleon (NN) center of
mass (c.m.), and δ is a cut-off eliminating contributions from
midrapidity particles for which transverse momenta neither
well correlate nor anticorrelate with the reaction plane. For
pions the weights may be taken as 0 irrespectively of the
rapidity, as these particles, exhibiting weak space-momentum
correlations, are also expected to exhibit weak correlations
with the reaction plane.

To illustrate what happens when a particle is referred
to the reaction plane estimated with a construct where the
particular particle was employed [ν �= μ condition dropped
from Eq. (1)], we carry out a schematic simulation of emis-
sion with particles lacking any correlation with each other,
including any through the reaction plane. Specifically, we
take the characteristics of emission to be similar to those
in 400 MeV/nucleon 93Nb + 93Nb collisions, as studied
by the Plastic Ball Collaboration [10]. For simplicity, only
protons are emitted in our simulation. We distribute them
symmetrically around the beam axis according to a longitu-
dinal velocity distribution with humps towards the original
projectile and target velocities to simulate partial system
transparency and according to a purely Gaussian transverse
distribution yielding 〈p⊥2〉1/2 = 190 MeV/c. Additionally, we
suppress particle detection around the target. Emission sam-
pling continues until we reach the multiplicity of Np = 40 for
any given event. The distribution of the number of generated
protons as a function of in-plane transverse momentum and
rapidity is represented with dashed contours in Fig. 1. (For
the upper half of the plot, only a small slice around φ = 0
and for the lower half around φ = ±180◦ was used.) At any

FIG. 1. Contour plot of the yield of protons in the reaction
plane in a schematic simulation with Np = 40 protons gener-
ated with a similar momentum distribution as recorded in the
400 MeV/nucleon 93Nb + 93Nb experiment [10]. The dashed con-
tours represent the input distribution, which lacks any correlation
with the reaction plane. The solid contours represent the distribution
obtained from aligning reaction planes estimated with the flow tensor
constructed from all protons. The contours represent values of the
distribution in multiples of 100, increasing from outside in. The
dotted lines serve as a reference.

rapidity, the distribution maximizes along the beam direction,
i.e., the p⊥ = 0 line. When the reaction plane is estimated
with the c.m. flow tensor Si j = ∑

ν pi
ν pj

ν/2mν , equivalent to
the use of ων = pz

ν/2mν in Eq. (1), and the events are rotated
to have their estimated reaction planes aligned, the resulting
distribution of the protons in the estimated reaction plane
becomes the one indicated with solid contours in Fig. 1. At
any nonzero rapidity, y∗ �= 0, the triple-differential distribu-
tion maximizes at a finite px, positive at y∗ > 0 and negative at
y∗ < 0, with a pile-up away from the beam axis, even though
there is none in the simulation (px is the transverse momentum
component in the direction of the reaction plane). The position
of the maximum at forward rapidities is similar to that in the
Plastic Ball observation [10]. This is not to say that the side
ridge (bounce-off for projectile remnants) is absent from the
Plastic Ball data, only that the procedure applied there was not
optimal to filter the phenomenon out. The flow observable,
which uses the peaking of the flow tensor distribution at a
finite angle away from the beam axis, as in Fig. 1 of [10] is not
affected by such a bias. For the flow-angle peak, it suffices to
have an anisotropy of the single particle distributions tied to
the reaction plane, as evidenced in a finite 〈px(y)〉 [11,17]. A
pile-up away from the beam axis is not a necessary condition.

In analyzing the 1.8 GeV/nucleon Ar + KCl data [11,16],
we rotate individual particles from all events to align the
reaction planes estimated for each particle separately. The
LBL-GSI Streamer Chamber provides good identification of
protons, deuterons, and negative pions in the forward cm
hemisphere of this reaction [18]. With low events statistics of
just 495 and multiplicities limited by the system size, we use
a coarse binning in the azimuthal angle relative to the reaction
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FIG. 2. Invariant yields of protons, deuterons, and negative pions, from left to right, as a function of the momentum component in the
reaction plane, within the forward rapidity region, 0.18 < y∗/y∗

B < 0.82, for the 1.8 GeV/nucleon Ar + KCl reaction [11,16] at impact
parameters b � 2.4 fm. (Only the yields in the azimuthal bins surrounding φ = 0 and φ = ±180◦ are considered.) The circles represent
experimental results from aligning estimated reaction planes for individual particles. The diamonds represent results from deblurring the
impact of the spread of the estimated reaction plane around the true plane, on the measured distributions. The diagonal cross and star symbols
represent pBUU [19] results with a weaker and stronger momentum dependence in the baryon mean fields. Lines guide the eye.

plane, dividing the 360◦ range into 16 intervals. In transverse
momentum magnitude, we take 200 MeV/c intervals for the
pions and the same span, per baryon number, for the baryons.
In rapidity, we take a relatively wide range centered at half of
the beam rapidity y∗

B in the NN c.m.: 0.18 < y∗/y∗
B < 0.82.

With the latter, we exclude both the midrapidity particles,
that by symmetry are not likely to contribute to a side ridge,
and any potential spectator contributions. The invariant yields
of protons, deuterons, and negative pions, as a function of
momentum component in the plane of the estimated reac-
tion plane are shown with circles in Fig. 2. A significant
asymmetry, with a pile-up away from the beam axis, may be
seen in the distributions represented with circles, between the
positive (direction of Q) and negative sides of px, for baryons,
but not for pions. The level of asymmetry can be expected
to depend on the reaction-plane resolution. Specifically, the
distribution measured relative to the estimated reaction plane
can be written in terms of the distribution relative to the true
reaction plane as [15]

d3N

p⊥d p⊥ dy dφ′ =
∫

dφ
dP

dφ′ (φ′|φ)
d3N

p⊥d p⊥ dy dφ
. (3)

Here, the left-hand side (l.h.s.) particle distribution is in the
angle φ′ relative to the estimated plane and the right-hand
side (r.h.s.) distribution is in the angle φ relative to the true
plane. The conditional probability density dP/dφ′ on the r.h.s.
is for a particle that has an angle φ getting detected at an
angle φ′. The narrower dP/dφ′, the more pronounced will
be any azimuthal features in dN/dφ′ and, if dP/dφ′ were
to be isotropic, then dN/dφ′ would become isotropic too.
Equation (3) is a blurring relation, with dP/dφ′ acting as the
blurring function. The blurring relation may include effects
of detector efficiency, but with the experimental statistics at
hand, directly relevant systematic errors are difficult to assess.
Corrections for those errors are expected to be small compared
to the errors of statistical origin for the triple-differential data
we have obtained.

When the fluctuation of the vector Q around its average
〈Qx〉 êx directed in the reaction plane is the only factor in
the blurring, then the blurring function becomes dependent
only on the difference of the azimuthal angles, �φ = φ′ − φ.
When multiplicity is large and central limit can be invoked,
yielding Gaussian fluctuations of Q around its average, the
blurring function can be given in an analytic form [12,15]

dP

dφ′ 
 α{1 + √
πβ exp (β2)[1 + erf(β )]}. (4)

Here, α is a normalization constant, β = 〈Qx〉
σQ

cos �φ, and

σ 2
Q = 〈(Q − 〈Qx〉 êx )2〉. In our simulations, the central limit

works well for the blurring function at multiplicities of par-
ticles contributing to Q as low as 10. The averages needed
in Eq. (4) can be estimated using averages of scalars from
particle momenta, squares, and scalar products [12,20]. Equa-
tion (4) is commonly employed in finding renormalization
factors for the Fourier coefficients of azimuthal distributions
[12], turning v′

n = 〈cos nφ′〉 into vn = 〈cos nφ〉.
Notably, the Gaussian distribution of Q in the plane

perpendicular to the beam axis was tacitly assumed to be
isotropic for Eq. (4). A possible anisotropy can again be
assessed with averages of scalars from momenta [15], and
none could be detected. For a light system at high energy, a
negligible anisotropy is expected, and transport theory agrees
with that for the particular system, so we put that anisotropy
to zero, as standard in the literature [12]. Otherwise, for our
sample we find 〈Qx〉

σQ

 2.33 GeV/c

2.93 GeV/c = 0.80 needed for Eq. (4).
To gain information about the triple-differential distribu-

tion associated with the true reaction plane, we work to
remove the effect of blurring from the measured distribution
directly, or apply deblurring to the measured distribution,
rather than work with individual Fourier coefficients. Still the
deblurring can be understood in terms of an expansion too,
but that in singular value decomposition for the discretized
blurring function in Eq. (3). The deblurring relies on the
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dominance of singular vectors connected to the largest singu-
lar values in physical distributions [21,22], and these vectors,
in turn, are tied to the slowest variation in the azimuthal angle.
Contributions of these vectors are restored faithfully. A regu-
larization is applied, e.g., [23,24], to prevent an uncontrolled
rise of contributions from vectors connected to very small
singular values, that are tied to the fastest variations and are
expected to make small contributions to physical results. The
rise of such contributions could be triggered by noise in mea-
surements or numerical fluctuations during the deblurring.

The deblurring method we actually apply is the iterative
Richardson-Lucy method [25,26], which is based on Bayes’
theorem and has a long record in optical imaging [27]. The
method exploits the discretization that we already introduced,
and we apply the regularization of Refs. [15,23,24] with
λ = 2.4%. The regularization, that can result in weak corre-
lations between the bins [28], is applied both in the direction
of azimuthal angle and transverse momentum, as noise differ-
entiating p⊥ bins could also get amplified in the deblurring. To
estimate errors in the deduced distribution relative to the true
plane, we resample the measured distribution with its errors
and repeat the deblurring [28].

Figure 2 shows the yields of protons, deuterons, and neg-
atively charged pions in the reaction plane (φ = 0◦/ ± 180◦),
as a function of the transverse momentum component px

before (circles) and after (diamonds) deblurring. On average
the deblurring enhances the present anisotropies relative to the
reaction plane, moving the yields up or down. For baryons, the
px > 0 side is generally enhanced relative to px < 0 already
for the measured distributions. On average, the deblurring lifts
the px > 0 side and depletes px < 0. For pions, with very lit-
tle, if any anisotropy evident relative to the estimated reaction
plane, no significant change is produced by the deblurring.
The part of the side ridge of the baryon distributions which
peaks away from the beam in the selected rapidity interval
at px/A ≈ 100 MeV/c, suggests a source in the forward c.m.
hemisphere moving at a transverse collective velocity of 0.1 c.
The lack of a shift of the maximum in the pion spectrum
in Fig. 2 (right-side panel) supports the interpretation of the
shift in the baryon spectra in terms of a collective velocity
of the source of particles, since the pions, generally moving
relativistically with respect to the surrounding matter, exhibit
a weak sensitivity to any collective velocity field.

Evidence for the pile-up away from the beam axis in
a light system at a relatively high incident energy may be
surprising, and we thus supplement our results from measure-
ments with those from the transport simulations in the pawel’s
BUU (pBUU) model [19]. The model yields results that are
close to those from the data. The pBUU are represented
in Fig. 2 with a diagonal cross and star, respectively, for a
weaker (m∗/m = 0.87 at the Fermi momentum in the normal
matter) and stronger (m∗/m = 0.65 at the same) momentum
dependence in nucleonic mean fields. The data seem to favor,
marginally, the stronger momentum dependence. Notably, for
such a light system, we find no significant sensitivity to the
exclusive variation of density dependence for the mean field
within the typical range of testing within HIC modeling. This
seems to parallel the situation with heavier systems at semipe-
ripheral impact parameters, where sensitivity to the density

FIG. 3. Yields of protons (five-arm stars), deuterons (diagonal
cross), and tritons (three-arm stars), from pBUU calculations [19]
with m∗/m = 0.65, as a function of the momentum component in the
reaction plane, within the forward rapidity region, 0.18 < y∗/y∗

B <

0.82, for the 1.8 GeV/nucleon Ar + KCl reaction at impact parame-
ters b � 2.5 fm. Lines guide the eye.

dependence is lost, but that to the momentum dependence is
kept [19]. We complement the results here by showing the
predictions of pBUU for all three hydrogen isotopes in Fig. 3.
The predicted triton spectra also peak at px/A ≈ 100 MeV/c,
consistently with the interpretation of an x component of
collective velocity at the value of about 0.1 c.

We have examined triple-differential particle distributions
from Ar + KCl collisions at 1.8 GeV/nucleon, measured in
the LBL-GSI Streamer Chamber. The deblurring applied to
the distributions removes the impact of uncertainty in the
reaction-plane determination dependent on a particular de-
tection system, giving the triple-differential distributions a
status similar to the Fourier coefficients vn used for collision
data in the past. The distributions reveal the presence of a
side ridge characterized by a transverse collective velocity of
0.1 c at large rapidity. The pBUU predictions agree with the
inferences from data at a semiquantitative level. Otherwise,
model calculations, here and prior to [15,29], yield nontrivial
features in the predicted triple-differential yields beyond a
side ridge, such as differences in the in-plane participant and
spectator shapes of the distributions. These could be searched
for in higher statistics data, in addition to the obvious ex-
pectation of finding an improved EoS resolution in heavier
colliding systems.
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