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OvpBB-decay nuclear matrix elements in self-consistent Skyrme quasiparticle random-phase
approximation: Uncertainty from pairing interaction
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The uncertainty in the nuclear matrix elements (NMEs) of OvBS decay for "°Ge, *2Se, '®Te, 1¥Te, and
136Xe in the self-consistent quasiparticle random phase approximation (QRPA) method is investigated by using
eighteen Skyrme interactions supplemented with either a volume or surface type of pairing interactions. The
NME:s for the isotopes concerned (except '**Xe) are less sensitive to the particle-hole (ph) interactions, while
they are strongly dependent on the employed isovector particle-particle (pp) pairing interactions even though
the pairing strengths are optimized to the same pairing gap. The results indicate that a precise determination
of the isovector pp pairing interaction in the Skyrme energy density functional is of importance to reduce the

uncertainty in the NMEs within the QRPA framework.
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Introduction. Neutrinoless double-beta (OvBS) decay is a
lepton-number-violating process, which is preferred by ex-
tensions of the standard model [1-3]. Such a hypothetical
second-order transition occurs only if neutrinos are their own
antiparticles, i.e., Majorana particles. Besides demonstrating
the existence of lepton-number violation, if this process is
driven by the standard mechanism of exchange of light Ma-
jorana neutrinos, the discovery of OvSB decay provides a
practical way to determine the mass scale and mass hier-
archy of neutrinos, provided that the corresponding nuclear
matrix elements (NMEs) M°” are known. Since not only the
unknown neutrino properties but also nuclear physics are in-
volved, the NMEs can only be obtained by nuclear many-body
approaches; see for instance the recent reviews [4-6], among
which the quasiparticle random phase approximation (QRPA)
and interacting shell model (ISM) are two widely used micro-
scopic models.

Due to the large discrepancy in the NMEs obtained by
different nuclear models, a great deal of effort has been made
to reduce this uncertainty. Based on the nuclear models of
either ISM [7] or QRPA with G-matrix-based residual inter-
actions (G-QRPA) [8-13], the effects of the induced currents,
the size of the single-particle basis, dipole-form-factor cutoff
parameters, and short-range correlation have been assessed. In
particular, by using different realistic nucleon-nucleon (NN)
potentials renormalized by the G matrix, including Bonn,
Argonne, and Nijmegen, Rodin et al. found that the NMEs
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are essentially independent of the residual interactions in the
QRPA [9]. However, in their QRPA approach the ground state
is obtained by the same Coulomb corrected Woods-Saxon
potential, even though the residual interactions for excited
states are different [14,15]. Therefore, the uncertainty study of
M® using NN interactions needs to be revisited with the self-
consistent QRPA, where the same effective NN interactions
are consistently used for both the ground state and excited
states.

In the past decade, the fully self-consistent QRPA based on
Skyrme energy density functionals (EDFs) has been applied
to the study of 88 decay. The effects of the overlap factor of
excited states, many-body correlations, as well as the isoscalar
pairing on M are studied [16-19]. In Ref. [20], axially
deformed Skyrme QRPA was used to calculate M°” for the
first time. Recently, the NMEs of 2v 38 decay, M 2v_calculated
by deformed Skyrme QRPA using the finite amplitude method
[21] and spherical relativistic QRPA [22] became available.
In these studies, however, the uncertainty of M was not
investigated.

The aim of this paper is to study the uncertainty of M%
induced by the effective interaction. For the particle-hole (ph)
channel, focusing on different facets of nuclei, hundreds of
Skyrme functionals have been determined [23]. Properties of
these Skyrme functionals vary to a large extent, especially
the effective mass m* and the Landau parameter g, which
determine the single-particle structure near the Fermi sur-
face and charge-exchange excitations, respectively [24-26].
These two properties are key elements in the calculation of
M. Therefore, it is important to investigate the sensitivity
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of NMEs to different Skyrme interactions. For the particle-
particle (pp) channel, it has been found that M is sensitive
to pairing energies. By analyzing the angular momentum of
the two decaying neutrons, the contributions of 7 = 0 pairs
to the NMEs, determined by the isovector pairing, are always
found to be positive [11,27]. By calculating the NME as a
function of the intrinsic deformation of "’Nd and '*°Sm and
the NME:s in the cadmium isotopic chain **~132Cd, the authors
demonstrate that the NMEs will be enhanced if there is a large
amount of pairing correlations [28,29]. In both spherical and
axially deformed Skyrme QRPA, volume pairing is always
used [16-21]. It is worth mentioning that in Skyrme QRPA
calculations for nuclear excitations, the surface pairing has
also been commonly utilized [30-32] and there is no defini-
tive proof that indicates a preference for volume pairing over
surface pairing, or vice versa [33]. Especially, the influence
on the NME values of the character of pairing correlations
is unknown. Therefore, it becomes especially intriguing to
quantify the uncertainty that arises from selecting different
pairing interactions in QRPA calculations of NMEs for Ovg g
decay.

Formalism. In the self-consistent QRPA, the same effective
nuclear interaction is employed to solve the Hartree-Fock-
Bogoliubov (HFB) equation and the followup QRPA equa-
tion. For the ph channel, we use the Skyrme interaction. For
the pp channel, we use the § interaction [33,34],

V@, r) = |:l‘6+t—3,0<r1+r2>}5("1 —-r), (1)

6 2

which corresponds to the surface or volume type of pairing
interactions when the #; term is switched on or off. In the
case of surface pairing, #; = —37.5¢ is employed, where the
pairing field is peaked at the nuclear surface and follows
roughly the variations of the nucleon density.

The nuclear matrix element of OvB 8 decay is defined as

M = =My’ + Mgy + My", @

where the tensor term M%" is negligibly small [8,20]. For the
ground-state-to-ground-state transition (Og)sfL — Ogs),+),
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The form factors hgy (K = F, GT) take into account the nu-
cleon finite size and higher order currents [8]. For the Fermi
term, Sp = (—)’ and Op = Jji(gr)Y;. For the GT (Gamow-
Teller) term, Sgr = Y10 (=) and Ogr = ji(gr)Yiol,.
Here ji(gr) is the spherical Bessel function of kth order
and Y, is the spherical harmonic function. An empirical for-
mula of the nuclear radius is adopted, i.e., R = 1.2AY3 fm.
In QRPA model, the closure approximation can be avoided,
Eg = (2, + Qv, + ALY, — ALY))/2, where Qy, (Q,) and
ALY (A)Lj(%f,,) ) are respectively the eigenvalues of QRPA
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FIG. 1. M® for "°Ge, 32Se, '*Te, '*"Te, and '**Xe, calculated by
self-consistent QRPA model with four Skyrme interactions (denoted
by different shapes of symbols) and two kinds of pairing interactions
(denoted by solid symbols for volume pairing and hollow symbols
for surface pairing).

equation and the difference of proton and neutron Fermi sur-
faces for mother (daughter) nucleus (cf. Eq. (10) in Ref. [35]).
(NyJPIN:J?) is the overlap factor of the two QRPA excited
states [15].

Results and discussions. In Skyrme HFB calculations, the
pairing (neutron-neutron and proton-proton) interactions are
fixed to reproduce the experimental pairing gaps obtained
from three-point formula of binding energies. For the resid-
ual pairing interactions in QRPA, the strengths of isoscalar
proton-neutron pairing fis are fixed by tuning M2} to the ex-
perimental data [36], while the strengths of isovector channel
fiv are determined by M%“ = 0 due to the isospin symmetry
[37]. Intermediate states of J© = 0* —10* are considered.
An unquenched value of axial-vector coupling constant g4 =
1.27 is used. The modifications on the time-odd spin-isospin
coupling constants of the Skyrme functionals [20,25,38,39]
are not adopted in our calculations in order to keep the self-
consistency of our model calculation since these time-odd
constants are already determined by Skyrme force parame-
ters. With these consistently obtained time-odd parameters,
the agreement between theoretical GT centroid energy and
the experimental one is also reasonable. Since we focus on the
uncertainty of NME induced by pairing, we treat all the nuclei
as spherical ones to simplify the problem, and our conclusion
also holds after deformation effects are considered.

We first perform a systematic calculation on the NMEs of
OvBp for °Ge, ¥ Se, 2Te, 13'Te, and '*6Xe, where SkM*
[40], SKO’ [41], SLy4 [42], and SGII [43] interactions are
used for the ph channel. The tensor force is not included in
this work. Both volume and surface pairing interactions are
used for the pp channel. Results are depicted in Fig. 1. One
can see clearly that with the same kind of pairing interaction,
M® obtained by different ph interactions are close to each
other, with the discrepancy less than 15% for all the nuclei
of concerned. However, M is sensitive to the use of pairing
interactions. The use of the surface pairing interaction leads
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FIG. 2. M® for Ge as a function of the isoscalar pairing
strength fis. The contributions to M' " from 1% intermediate states are
shown in panel (a), where the arrows mark the fis fixed by experi-
mental MZ,. The total values and the values without the contributions
from 1% intermediate states of M are shown in panel (b).

to a much larger M% than the use of volume pairing, except
for 136 Xe.

To understand the difference of M®’ between volume pair-
ing and surface pairing, we plot in Fig. 2 the M” for °Ge as a
function of the isoscalar pairing strength fis. The contribution
from 17 states to M", denoted as M’ (17) shown in Fig. 2(a),
decreases rapidly with increasing fis, which is similar to the
trend of NMEs of 2v88 decay Mé"T [35]. It comes from the
fact that, for both M®(17) and M2}, only 1T intermediate
states are involved, which are sensitive to isoscalar pairing.
By adjusting the value of fis to reproduce the experimental
M2} in the calculations, the values of M?(17) by the volume
and surface pairing interactions are close to each other. How-
ever, unlike 17 states, other multipoles are not so sensitive to
isoscalar pairing so that their contributions to M°’ are stable
for different fis, as shown in panel (b). As a result, the behav-
ior of the total M®” mainly depends on the the decreasing trend
of M%(1%) when increasing fis, while the difference of M Ov
between volume pairing and surface pairing comes from the
different contributions of other multipoles in these two cases.
Since M®" contributed by other multipoles is not sensitive to
isoscalar pairing, the difference in the M°” from the different
form of pairing interaction should be caused by the isovector
pairing part.

In the calculation of M, pairing interaction plays its
role mainly through the overlap of HFB wave functions
(HFB ¢|HFB;), one-body transition densities, as well as the
number of two-quasiparticle (2qp) proton-neutron configura-
tions. To qualitatively investigate the pairing effects on M,
we introduce the sum of one-body transition densities y;»,
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FIG.3. Y yr [8y,71> in mother nuclei (a) and in daughter
nuclei (b).
defined as

Sygr = =21 + 172 (NI [cL &, 111000).

TV

Sy,r = =1+ 172 (00 ILe] &, LINGIT), (4

TfVf

where the number of 2qp configurations of QRPA is con-
sidered by ) and the occupation amplitudes are involved
in one-body transition densities, (N;J”||[c].¢,1,1|0¢%") and

+ ~
(O Il &,

]J”NfJP>. In Fig. 3, we compare the sum of
|8xs7|> for both mother and daughter nuclei of B decay.
With the same kind of pairing, ), ,» |8ysr|? for different
Skyrme interactions are similar. However, for each Skyrme
interaction, Y ,» |8y,2|> obtained by the surface pairing is
always larger than that obtained by the volume pairing. We
notice that although the mean pairing gaps determined by the
isovector pairing for the ground-state calculation are fixed to
the experimental data, the occupations of single-particle levels
around the Fermi surface are very different for volume-pairing
and surface-pairing cases. In the case of the volume pairing,
the distribution of occupation probability is much sharper
than the case of surface pairing. As a result, there are more
single-particle levels with partial occupations for the case of
surface pairing, and this will lead to a larger 2qp space for
QRPA calculation, and hence a larger ) ,,» |8y oe|? value,
which immediately gives rise to a larger M% when using
surface pairing.

The values of the overlaps (HFB/|HFB;) are similar for
different pairing interactions for all considered nuclei, around
0.82, except for the semimagic nucleus '**Xe, whose values
are around 0.45 and 0.25 for the cases of volume pairing
and surface pairing, respectively. This is because a sharper

L051304-3



LV, NIU, FANG, YAO, BAI, AND MENG

PHYSICAL REVIEW C 108, L051304 (2023)

15

TABLE I. Mean values M? and the standard deviation o of

Ge o vol. i f::lf rgl_eQ%I:,iAa M® obtained by 18 Skyrme interactions and two kinds of pairing
12 o surf. 4 sph. G-QRPA b interactions for 7*Ge and '**Xe.
> def. G-QRPA
9[8 & g O'-"'o"c')"" (8.@ _O___E_B_c_)___ R-GCM Volume pairing Surface pairing
2 6 o o oo NR'GCM* Nucl G 136, G 136,
E FB%E """"" (a} lj"l_;'@@ﬁjﬂ """ A‘v """""""""""" ucleus € € € €
< —
3 1 > 4X e M®» 5.65 1.72 8.40 1.35
(a) (b) (©) * o of M” 0.45 0.11 0.66 0.15
4 136y o «
3t v E obtained by volume pairing are generally smaller for the open
& shell nucleus "®Ge and larger for semimagic nucleus **Xe
. 2o . 5 @ ,,,,,, ofa- o 1 due to the occupation probability distribution around Fermi
E = @”6 """"" 8 ““““““ O 8- 60 “““““ Sl ITSPNSIM surface.
; IBM2 We further make a brief comparison of the NMEs be-
0 T T % IMSRG tween our values and other theoretical results in Figs. 4(c)
(d) L (e) L ) % RSM and 4(f). For "°Ge, our value of the NME is 5.65(45) in the
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FIG. 4. M® for "°Ge [panels (a) and (b)] and **Xe [panels
(d) and (e)] with 18 Skyrme interactions and two kinds of pairing
interactions. Black squares and blue circles are respectively the re-
sults of volume and surface pairing interactions. Their corresponding
mean values and standard deviations are represented by the dashed
lines and shaded regions. Results of other nuclear models for "°Ge
and **Xe are plotted in panels (c) and (f), respectively.

distribution of the occupation probability for neutrons in the
daughter nucleus '*°Ba in the case of volume pairing is more
similar to that in the mother nucleus '*°Xe, which is a step
function due to the magic neutron number. As a result, al-
though the ) ,» I8y s»|? in **Xe is not different from other
nuclei, by considering the overlap factor (HFB/|HFB;) for
136Xe, the M by different pairing interactions are similar,
where volume pairing even gives a slightly larger M°” com-
pared to the surface pairing case, as shown in Fig. 1.

Since °Ge and '*Xe are of experimental interest to
GERDA [44] and MAJORANA [45] Collaborations and to
EXO [46], KamLAND-Zen [47], and XENON [48] Collabo-
rations, we further systematically examine the independence
on ph channel interaction and dependence on ground-state
isovector pp interaction of M® for "*Ge and '**Xe. Besides
the previously used SkM*, SkO’, SLy4, and SGII, another
14 Skyrme interactions are employed. They are SLy5 [42],
SKO [41], SGI [43], SII, SIII, STV [49], LNS [50], SkT6 [51],
BSk1 [52], MSk1 [53], SkI3, SkI4 [54], SAMi [55], and Z,
[56]. The effective mass m* and Landau parameter g, of these
interactions span a wide range. The former will affect the
structure of single-particle levels [24], while the later plays
an important role in spin-isospin excitations [25]. Results of
M with 18 Skyrme interactions and two kinds of pairing
forces are depicted in Fig. 4. Their mean values M’ and
standard deviations o are listed in Table I. For each kind of
pp interaction, M®" obtained by different ph interactions are
close, where the standard deviations o are only around 10%
of the mean values M. Besides, as shown in Fig. 1, MO

case of volume pairing, which is very close to the previous
Skyrme QRPA calculation [20]. Also, the NMEs obtained by
spherical G-QRPA [57,58], relativistic (R) and nonrelativis-
tic (NR) generator coordinate methods (GCM) [28,59], and
the interacting boson model (IBM2) [60] lie within around
1.00-2.00 from our M® by volume pairing, while our re-
sults are about twice the NMEs obtained by the deformed
G-QRPA [61], ISM [7], triaxial projected shell model (TPSM)
[62], and ab initio approaches including in-medium similar-
ity renormalization group (IMSRG) [63] and realistic shell
model (RSM) [64], which could be caused by the lack of
complicated many-body correlations [5,11]. For '*®*Xe, our
values of the NMEs are 1.72(11) by the volume pairing and
1.35(15) by the surface pairing, which are respectively close
to the results of previous Skyrme QRPA and deformed G-
QRPA. Either by the volume pairing or surface pairing, our
results are smaller than the other models. The reason could
be the sharp neutron Fermi surface in **Xe [20], which sig-
nificantly suppresses the NMEs through the overlap of HFB
functions.

We make some attempts to distinguish which type of pair-
ing is more favored. For both mother and daughter nuclei
of "°Ge and '*%Xe decays, the B(E2; 0F, — 2{) values can
be better reproduced by volume pairing compared to surface
pairing. However, the average Qgg values of 18 Skyrme func-
tionals are closer to the experimental ones in the case of
surface pairing. Since the experimental occupation numbers
[66—71] have been used to improve the calculations of NMEs
[72-74], we also compare the theoretical values by Skyrme
HFB to them. Generally, the performances of the two parings
are similar. We also perform a test calculation using experi-
mental occupancies to compute the NMEs for 7°Ge and *°Xe.
However, the changes on NMEs are only about 1-5 % for
"6Ge and 5-17 % for '*%Xe. Properties of spin-isospin reso-
nances are important for 88 decays [75-78]. For the centroid
energies of GTGR, the performance of surface pairing is a
little bit better. By applying the pairing strengths optimized by
the experimental mean pairing gaps in the even-even nuclei,
we calculate the binding energies of their odd-even neighbors
in order to compute the theoretical mean pairing gaps with the
three-point formula. The surface pairing seems better for "*Ge
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FIG. 5. Double GT matrix elements MPST versus M. Results

are for two nuclei, "*Ge (square) and '**Xe (circle), obtained by

18 Skyrme interactions and two kinds of pairing interactions, where

solid and hollow symbols are respectively the results of volume and
surface pairing interactions.

and worse for "®Se, and **Xe. The pairing gaps are always
overestimated by the surface pairing, while they are usually
underestimated by the volume pairing, which implies there are
more pairing correlations when using surface pairing. Such a
result is consistent with the magnitudes of NMEs and earlier
findings [11,27-29]. In conclusion, there is no compelling
argument for favoring one type of pairing over the other.

In view of the recent interest in the study of the possible
correlation between the matrix elements of double Gamow-
Teller transition MPST and M [58,65,79], we examine this
correlation with the QRPA using 18 Skyrme interactions in
Fig. 5. In contrast to the independence of ph interaction in
M, MPST is strongly affected by the choice of ph interac-
tions. Consequently, there seems to be no correlation between
MPST and M° in the QRPA model. The reason could be the
different behaviors of the distributions of MPST and M® as
functions of the internucleon distance r in QRPA. Both the
short range region (» < 3fm) and long range region (r 2 3fm)
contribute much to MPST, while only the short range region
governs MO [58,79,80].

Conclusions and perspectives. In summary, the dependence
of NMEs of OvB 8 decay on ph and pp interactions is inves-

tigated in the framework of self-consistent QRPA based on
Skyrme density functionals. Similar values for the M°’ are
obtained by different Skyrme interactions, namely, ph inter-
actions. In the systematical calculations of 88 emitters "°Ge
and '*%Xe with 18 Skyrme interactions having a large span
over Landau parameter and effective mass, standard devia-
tions are only around 10% of the mean values M° . However,
M shows a dependence on pp interaction. For open shell
nuclei "°Ge, 32Se, '2%Te, and *°Te, MY’ obtained by surface
pairing are always much larger than those obtained by volume
pairing, due to the bigger 2qp space of the QRPA model
caused by a more smeared occupation probability distribution.
The inverse case is found in the semimagic nucleus '*¢Xe
with much closer results, caused by the different situation
in the calculation of overlap factor (HFB|HFB;), where the
sharp occupation probability distribution given by the volume
pairing gives a larger value. We also investigate the correlation
between MPST and M. Due to the dependence of MPST on
the ph interaction, there seems no correlation between them.

In the case of volume pairing, the NMEs for "°Ge and
136Xe are respectively 5.65(45) and 1.72(11), while in the case
of surface pairing they are 8.40(66) and 1.35(15). The large
uncertainty originates from the isovector pairing interaction,
which cannot be uniquely determined by the pairing gaps.
Therefore, other constraints on the pairing interactions need
to be considered in order to reduce the observed uncertainty
in the NMEs by the QRPA method.
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