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Entanglement of elastic and inelastic scattering
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The entanglement properties of systems in which elastic and inelastic reactions occur in projectile-target
interactions is studied. A new measure of entanglement, the scattering entropy, based on the unitarity of the S
matrix (probability conservation), is suggested. Using simple models for both low- and high-energy interactions,
the amount of entanglement is found to track with the strength of the inelastic interaction. The familiar example
of the classical “black disk,” or total absorption, model is found to correspond to maximum entanglement. An
analysis of high-energy pp scattering data shows that entanglement is near maximum for laboratory energies
greater than about 1 GeV, showing that the total absorption model is a reasonable starting point for understanding
the data.
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Introduction. The implications of entanglement in quan-
tum mechanics and quantum field theory have recently been
studied in many papers. For a long list of recent references
see Ref. [1]. This new interest has been stimulated by the
connection with quantum computing. Work related to hadron,
QCD, and Electron-Ion Collider (EIC) physics appears in
Refs. [2–7]. The entanglement properties of nucleon-nucleon
scattering and nucleon-nucleus elastic scattering are discussed
in Refs. [8–12]. The connections between entanglement and
nuclear structure are presented in [13–21]. There is also a pos-
sible deep connection between entanglement and underlying
symmetries of the standard model [8–11,22].

The present Letter is concerned with situations in which a
projectile can excite a target. One of the challenges in studying
entropy and entanglement for scattering is the need to de-
velop proper definitions for the necessary infinite-dimensional
Hilbert space. This is done here using the requirements of
unitarity.

A special and somewhat ubiquitous case is the scattering
of a particle from a totally absorbing “black disk” of radius
R [23–25]. This situation approximately occurs in low-energy
α-nucleus scattering and in high-energy proton-proton scat-
tering. In the total absorption limit, following the requirement
of unitarity of the S matrix, the elastic σel and inelastic σinel

cross sections are equal. The inelastic cross section is πR2, so
that the total cross section is 2πR2, twice the geometric cross
section. I will argue that when σel = σinel the entanglement
entropy is maximized.

Low-energy projectile-target scattering and a new measure
of entropy. Consider projectile-target scattering at energies
sufficiently low so that there is only s-wave scattering. Fur-
thermore, the model definition is that there is only inelastic
scattering to a single excited state, X . I consider examples
in which the inelastic scattering ranges from relatively small,
corresponding, for example, to neutron-nucleus scattering,
to relatively large, corresponding to alpha-nucleus scatter-
ing. Another example, discussed below, is nucleon-nucleon

scattering in which interactions cause either the target or pro-
jectile to be in an excited state.

The initial state is a product of a plane wave state and
the target ground state, G. As a product state there is no
entanglement. Interactions occur such that after the scattering
event the projectile-target wave function is given by

|�〉 = |u1〉 ⊗ |G〉 + |u2〉 ⊗ |X 〉, (1)

where |u1〉 represents a projectile with energy corresponding
to elastic scattering and |u2〉 represents a projectile with an
energy corresponding to inelastic scattering. Measurement of
the energy of the projectile determines whether or not the
nucleus is in its ground or excited state. Thus the state rep-
resented by Eq. (1) is an entangled state. The next step is
to work out a way to calculate entanglement properties. The
wave function, |�〉, is almost of the form of the Schmidt
decomposition in which the different coefficients represent
probability amplitudes. Here the wave functions are in the
continuum, so that discrete normalization conventions are not
applicable. It seems necessary to develop a new method to
compute entropy.

I use an exactly soluble model [26] to illustrate and develop
the necessary formalism. I argue below that the formalism is
more general than the model. In this model the interactions
are represented by delta-shell interactions [25] that can be
thought of as approximating interactions at the surface of
the target. Then the radial wave functions u1,2(r) satisfy the
coupled-channels equations:

d2u1/dr2 + [k2 − V1δ(r − a)]u1 = V12δ(r − a)u2,

(2)

d2u2/dr2 + [k2 − �2 − V2δ(r − a)]u2 = V21δ(r − a)u1. (3)

Hermiticity demands V12 = V21, and calculations are limited
to the case V1 �= 0, V12 �= 0, V2 = 0 to gain analytic insight.
The parameter � is proportional to the energy difference
between the excited and ground states. The solution of Eq. (2)
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for u1 is expressed in terms of the free-particle Green’s func-
tion g1(r, r′) as

u1(r) = sin kr

k
+ V1g1(r, a)u1(a) + V12g1(r, a)u2(a), (4)

with

g1(r, r′) = −(1/k) sin kr<eikr>, (5)

r< (r>) is the smaller (larger) of (r, r′). The solution of Eq. (3)
for u2 is given by

u2(r) = g2(r, a)V21u1(a) (6)

with

g2(r, r′) = −(1/k2) sin k2r<eik2r>, (7)

where k2 ≡ √
k2 − �2. The results for u1,2(r) express the

condition that the initial state is a plane wave incident on the
ground state of the target nucleus. The use of Eq. (6) in Eq. (4)
leads to the result

u1(r) = (1/k) sin kr + T11eikr (8)

for r > a, with the T -matrix element given by

T11 =
(

sin ka
k

)2[
V1 + V 2

12g2(a, a)
]

1 − [
V1 + V 2

12g2(a, a)
]
g1(a, a)

. (9)

The relation between T11 and the complex-valued scattering
phase shift, δ0, is given by

T11 = e2iδ0 − 1

2ik
. (10)

Similarly

u2(r) = T12eik2r, (11)

with

T12 = V12
(

sin ka
k

)( sin k2a
k2

)
1 − [

V1 + V 2
12g2(a, a)

]
g1(a, a)

. (12)

Next, I turn to the entanglement properties of the model.
The textbook definition is the entanglement entropy, the von
Neumann entropy, given by S = −Tr[ρ log2 ρ], where ρ is
the one-body density matrix. This is typically evaluated by
diagonalizing ρ in a discrete basis. Here continuum wave
functions, normalized as delta functions, are used. So there
is a need to obtain an appropriate definition of probability.
This is done through the optical theorem, an expression of the
unitarily of the S matrix:

σtot = 4π

k
Im[T11]. (13)

The left-hand side is sum of the elastic and inelastic scattering
cross sections, integrated over all angles. The result for the
present model is expressed as

1 = k|T11|2 + k2|T12|2
Im[T11]

, (14)

a relation that can be checked numerically using Eqs. (9) and
(12) for T11 and T12. Equation (14) leads to a natural definition
of probabilities based on the number of counts detected at an

FIG. 1. SnA as a function of k for the four different values of
V12/V shown in the figure.

asymptotically located detector. The ground state probability
PG is given by

PG = k|T11|2
Im[T11]

(15)

and the excited state probability PX is given by

PX = k2|T12|2
Im[T11]

, (16)

and, via Eq. (14), PG + PX = 1.
Therefore, one may define the projectile-target (pT ) entan-

glement entropy SpT of the final state as

SpT = −PG ln2 PG − PX ln2 PX . (17)

This entanglement entropy, termed the scattering entropy, is
minimized if either of PG or PX vanishes. In that case the
final scattering state is a simple tensor product. The scatter-
ing entropy is maximized at SpT = 1 when PG = PX . Using
unitarity to define the entanglement entropy avoids the need
to introduce infinite volume factors and the need to regularize
them, as found in [27,28]. Figure 1 shows SpT for parame-
ters a = 3.5 fm, V1 = 0.25 fm−1 for different ratios V12/V1

as a function of k the incident momentum. The parameter
� = 0.1 fm−1. The situation of V12/V1 = 0.2 is similar to
that of neutron-nucleus interactions in which the inelastic
scattering is relatively small. The stronger absorption situation
of V12/V1 = 1 is similar to that of alpha-nucleus interac-
tions in which the inelastic scattering is large. Note also that
Eq. (9) shows that T11 is periodic in k and vanishes whenever
ka = nπ .

For values of k < � the entanglement entropy vanishes
because the target cannot be excited. For higher values the
scattering entropy is at its maximum value when V12/V1 = 1.
This result can be understood directly from Eqs. (15) and
(16). If V1 = V2 these quantities are approximately equal if
V1/k � 1 and k 	 �. This result is similar to that of the total
absorption model in which the elastic and inelastic cross sec-
tions are the same. But here there is only one phase shift. The
unusual cusplike near-threshold behavior for the case when
V12/V1 = 1 arises from the nonanalytic square root behavior
of k2 combined with the increasing importance of the second
term in the numerator of Eq. (9).
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The key lesson of Fig. 1 is that entanglement entropy, as
measured by the scattering entropy, increases as the tendency
for inelastic scattering increases.

High-energy scattering in a two-channel model. The scat-
tering wave function |�〉 is given again by Eq. (1). In the
high-energy limit the wave number k is large compared to the
inverse size of the system and large compared to the energy
difference between the ground and excited states represented
by �. Thus � is neglected in solving the relevant wave
equations, but kept nonzero but very small, to maintain the
entanglement property that measuring energy of the projectile
in the final state determines whether or not the target remains
in the ground state.

The coupled-channel equations for high-energy scattering
are then given by

∇2ψ1 + (k2 − V )ψ1 = Uψ2, (18)

∇2ψ2 + (k2 − V )ψ2 = Uψ1. (19)

The implementation of the eikonal or short-wavelength ap-
proximation is made by using ψ1,2(r) = eikzφ1,2(b, z) in
which the direction of the beam is denoted as ẑ and the
direction transverse to that by b. The procedure [29] is to
use these in the coupled-channel equations and with large
k neglect the terms ∇2φ1,2. This approximation is valid un-
der two conditions [29]: (i) the short-wavelength limit that
1/k is less than any distance scale in the problem, and (ii)
(V,U )/k2 � 1 to prevent backscattering. Then the coupled-
channel equations become

2ik
∂φ1

∂z
− V φ1 = Uφ2, (20)

2ik
∂φ2

∂z
− V φ2 = Uφ1. (21)

Let φ ≡ φ1 + φ2 and χ ≡ φ1 − φ2. Adding the two equa-
tions gives

2ik
∂φ

∂z
= (U + V )φ, (22)

and subtracting the two gives

2ik
∂χ

∂z
= (V − U )χ (23)

with solutions

φ(b, z) = exp

[−i

2k

∫ z

−∞
dz′[V (b, z′) + U (b, z′)]

]
(24)

χ (b, z) = exp

[−i

2k

∫ z

−∞
dz′[V (b, z′) − U (b, z′)]

]
. (25)

The two-component scattering amplitude is given by

f̂ (k′, k) = −1

4π

∫
d3r e−ik′ ·b

[
V U
U V

][
φ1

φ2

]
, (26)

with the upper element of f̂ , fG, corresponding to elastic
scattering and the lower element, fX , to inelastic scattering.

Then evaluation leads to the results

fG(k′, k) = ik

2π

∫
d2b e−ik′ ·b(1 − e−iδV (b) cos δU (b)), (27)

fX (k′, k) = −k

2π

∫
d2b e−ik′ ·be−iδV (b) sin δU (b), (28)

where

δV ≡ 1

2k

∫ ∞

−∞
dz′V (b, z′), δU ≡ 1

2k

∫ ∞

−∞
dz′U (b, z′).

(29)
The evaluation of entanglement entropy requires an under-

standing of unitarity. The statement of unitarity via the optical
theorem is

σTot =
∫

d
(| fG|2 + | fX |2) = 4π

k
Im[ fG(k′, k)], (30)

a relationship that must be checked within the current model.
Taking the imaginary part of Eq. (27) yields

Im[ fG(k, k)] = k

2π

∫
d2b[1 − cos δV (b) cos δU (b)]. (31)

The evaluation of the angular integrals of | fG,X |2 may be done
using an approximation, valid when the eikonal approxima-
tion is valid, namely [29]∫

d
 eik′ ·(b−b′ ) ≈ 2π
1

k2b
δ(b − b′). (32)

Using this leads to the results∫
d
| fG(k′, k)|2 =

∫
d2b(1 − 2 cos δV cos δU + cos2 δU ),

∫
d
| fX (k′, k)|2 =

∫
d2b sin2 δU , (33)

so that the validity of Eq. (30) is maintained. Therefore uni-
tarity may again be used to define the eikonal probabilities,
Pe

G,X :

Pe
G =

∫
d2b[1 − 2 cos δV (b) cos δU (b) + cos2 δU (b)]

2
∫

d2b[1 − cos δV (b) cos δU (b)]
(34)

Pe
X =

∫
d2b sin2 δU (b)

2
∫

d2b[1 − cos δV (b) cos δU (b)]
, (35)

and

Se = −Pe
G ln2 Pe

G − Pe
X ln2 Pe

X . (36)

The case with U = ±V yields Pe
G = Pe

X = 1/2, and a max-
imum of entropy. This is similar to the total absorption limit
in which elastic and inelastic cross sections are equal. This
means that the black disk limit corresponds to maximum
scattering entropy.

Presenting a brief discussion of the total absorption limit is
worthwhile. The partial wave decomposition of the scattering
amplitude f (θ ) for a spinless particle is

f (θ ) = −i

2k

∑
l

(2l + 1)(ηl − 1)Pl (cos θ ). (37)

The strong absorption model is defined by ηl = 0 for l � L
and ηl = 1 for l > L, with L � kR. The sum is then given by
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FIG. 2. Se as a function of the dimensionless variable u for the
three different values of v. The values of v are 0.9 (solid), 1.3
(dashed), and 1.5 (dotted). These values correspond to total cross
sections of 22, 40, and 56 mb for u = v.

f (θ ) ≈ i
k L(L + 1) J1(Lθ )

Lθ
, a form familiar from Frauenhoffer

diffraction. In nuclear physics this is known as the Blair model
[30,31]. Data were reproduced, for example [32] using a
distribution without a sharp edge, ηl = 1/[1 + exp (L − l )/b]
with b > 1/2. This is a grey disk model.

To see if the total absorption or grey disk model is is a
result of the present calculation, I provide a specific exam-
ple, based on parameters typical of proton-proton scattering,
and use a Gaussian density ρ(r) = exp[(−r2)/R2], where R
is the radius parameter, taken here as

√
2 fm obtained by

convoluting Gaussian densities (radius parameter 1 fm) of two
protons. Then let V (r) = V0ρ(r) and U (r) = U0ρ(r). I treat
the interactions as coming from vector exchanges-the typical
treatment of high-energy hadron-hadron scattering [33,34].
Thus I use constants λU,V defined as V0 ≡ 2λV k and U0 ≡
2λU k so that evaluation of Eq. (29) yields the results δV,U (b) =
λV,U

√
πR exp(−b2/R2). The value of scattering entropy is

then independent of energy for sufficiently high energies.
Using Eq. (30) with values of λV = λU of about 100 MeV
gives a total cross section of about 40 mb, the typical value of
the high-energy, proton-proton cross section.

The results, independent of the signs of U0 and V0,
are shown in Fig. 2 in terms of u ≡ λU

√
πR and v ≡

λV
√

πR. Maximum entanglement is reached, as expected
from Eqs. (34) and (35), for cases with u = v. Observe that,
except for very small values of u (small inelastic scattering)
the entanglement entropy is always substantial.

It is useful to learn if the results of the present calculation
correspond to the total absorption or gray disk model. To do
this, refer to Eq. (27) and define η(b) ≡ e−iδV (b) cos δU (b).
This quantity is shown in Fig. 3 for the case u = v = 1.3.
The present calculation is seen to correspond to the grey disk
model, not far from the total absorption model.

Extension to more than one excited state and a general
result. Can the models of the previous two models be extended
to include more than one excited state? What then can one say
about entanglement? If there is more than one excited state,
a single measurement of the projectile energy cannot be used

FIG. 3. Real and imaginary parts of η(b).

to determine the specific excited state of the target. This is
because the final state might have two particles in the con-
tinuum, leading to degeneracies in which different continuum
and bound state energies have the same total sum. In that case,
the entanglement properties are then unknown.

But a single measurement of the projectile energy in the
final state can determine whether or not the target has been
excited. Therefore it seems sensible to consider the previous
terms PX and Pe

X to represent the probability that the target has
been excited to any excited state. In that case, the expressions
for the scattering entropy of Eqs. (17) and (36) can be thought
of as general measures of entanglement for any projectile-
target system that involves inelastic excitation.

High-energy proton-proton scattering. Data for total cross
sections and total elastic cross sections are available from
the Particle Data Group [35]. Then, the high-energy analysis
presented above can be used with the identifications: PG =
σel/σtot, PX = 1 − PG along with Eq. (36). The results are
shown in Fig. 4.

At low energies there is no inelastic scattering, so the
scattering entropy must vanish. This result is similar to the
results shown in Fig. 1 for small values of k and to Fig. 2 for
small values of u. As energies rise above inelastic scattering
thresholds the entanglement increases. At still higher energies

FIG. 4. Se as a function of the fixed-target laboratory momen-
tum pL . The error bars reflect the uncertainties in reported cross
sections [35].
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the ratio of elastic to total cross sections is approximately
flat. The entanglement entropy is substantial at laboratory
momenta greater than about 2 GeV/c (kinetic energy about
1.3 GeV). At higher energies than are shown, S is ap-
proximately flat with energy because the ratio σel/σtot is
approximately independent of energy.

The large value of entanglement entropy indicates that
the total absorption and gray disk models are reasonable

first approximations to understanding the data. The net
result is that computing the scattering entropy provides in-
sight regarding the underlying dynamics of proton-proton
scattering and more generally that of projectile-target
scattering.
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