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Possible neutron halo in the triaxial nucleus **Al
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A microscopic self-consistent triaxial relativistic Hartree-Bogoliubov theory in continuum (TRHBc), which
simultaneously takes into account the triaxiality and pairing correlations as well as continuum effects, is
established and applied to explore the novel halo phenomenon in aluminum isotopes. The experimental proton
drip line and the available data of neutron separation energies and charge radii are reproduced well without
any free parameters. The neutron-richest odd-odd aluminum isotope observed so far, “*Al, is predicted to be
triaxially deformed with 8 = 0.35 and y = 42°. Its one-neutron separation energy is predicted to be 0.68 MeV, in
agreement with the AME2020, and the neutron rms radius is 3.94 fm, remarkably larger than the empirical value.
The density distribution of the valance neutron, which extends much farther in space than the core, suggests a
possible neutron halo in “*Al. The dominant components responsible for the spatial extension of the halo are
revealed by the single-neutron orbitals around the Fermi energy. A novel phenomenon, the exchange of the
intermediate and short axes between the triaxial core with § = 0.38 and y = 50° and the triaxial halo with
B =0.79 and y = —23° is found. Future experiments to explore the halo phenomenon and the novel shape

decoupling in **Al are highly demanded.
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Quantum halo systems, characterized by substantial com-
ponents extending well into classically forbidden regions,
are of particular interests in molecular, atomic, and nuclear
physics [1]. The halo in nuclear physics starts from the inter-
action cross-section measurement of Li isotopes on target '2C
[2], which becomes the driving force behind the worldwide
radioactive ion-beam facilities.

The discovery of the halo in nuclear physics provides a
challenge to the conventional theory of nuclear structure, be-
cause the weakly bound nuclei involve the coupling between
bound states and the continuum. A fully microscopic and self-
consistent explanation of the neutron halo in ''Li is provided
by the relativistic continuum Hartree-Bogoliubov (RCHB)
theory [3], which couples bound states and the continuum by
pairing correlations. A novel phenomenon, giant halo, formed
by up to six neutrons, has also been predicted by the RCHB
theory in Zr isotopes near the neutron drip line [4].

The existence of halo in deformed nuclei has been under
debate for decades [5—8]. Based on a spherical Woods-Saxon
potential, the drip-line nuclei are suggested to be spherical
[5]. Based on an axially deformed Woods-Saxon potential,
the existence of deformed halos is doubted because the s
wave component becomes dominant in the wave functions of
Q" = 1/2% orbitals as their binding energies approach zero
[6]. Based on a three-body model, the formation of a deformed
halo near the drip line is suggested to be unlikely [7].

In 2010, a microscopic deformed relativistic Hartree-
Bogoliubov theory in continuum (DRHBc) was developed,
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which self-consistently takes into account the axial defor-
mation, pairing correlations, and continuum effects [8]. The
deformed halos in neutron-rich Mg isotopes are predicted and
shape decoupling between the core and the halo is illustrated
by the DRHBc theory [8,9]. In 2014, the experimental evi-
dence for deformed halos was reported in *!Ne [10] and ¥’ Mg
[11]. Recently, the DRHBc theory has been applied to investi-
gate halo phenomena in '71°B [12,13], '>1922C [14,15], *'Ne
[16], ¥Na [17], *’Mg [18], and ****Mg [8,9,19,20].

The existence of the halo phenomenon in triaxial nuclei
is an interesting but less explored topic. In particular, the
importance of triaxiality has been demonstrated in nuclear
fission [21] and novel phenomena such as the nuclear chirality
[22] and wobbling motion [23]. Recently, based on a Woods-
Saxon potential, it is pointed out that the region of halo nuclei
might be extended because the triaxial deformation allows
the appearance of s or p wave components in some weakly
bound orbitals [24]. Further investigation is definitely crucial
to include pairing correlations and continuum effects as well
as self-consistent triaxiality.

In this Letter, a microscopic triaxial relativistic Hartree-
Bogoliubov theory in continuum (TRHBc), which includes
self-consistently the triaxiality, pairing correlations, and con-
tinuum effects, is developed and applied to explore the halo
phenomenon in triaxial nuclei.

In the TRHBc theory, the relativistic Hartree-Bogoliubov
equations for the nucleons read [25]
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in which A is the Fermi energy, and E; and (Uy, Vi)T are
the quasiparticle energy and wave function, respectively.
The quasiparticle wave function is expanded in a Dirac
Woods-Saxon basis [26,27]. It turns out in Ref. [26] that
the solution in the Woods-Saxon basis is equivalent to that
in coordinate space. Thus the TRHBc theory is basically a
coordinate-space relativistic Hartree-Bogoliubov theory with
triaxial deformation degrees of freedom. The continuum is
discrete in the Dirac Woods-Saxon bases due to the imposed
box boundary condition, and the TRHBc theory is able to
describe the possible large spatial extension of exotic nuclei
induced by continuum effects. For more techniques to treat
the continuum, see Refs. [28-32]. In Eq. (1), Ap is the Dirac
Hamiltonian,

hp(r)y =o-p+V(r)+ M+ S@r)], @

with the scalar potential S(r) and vector potential V (r) con-
structed from the quasiparticle wave functions. The pairing
potential (neglecting the spin and isospin indexes for simplic-
ity) reads

A(ry,r) = VP, )k, r), 3)

with a density-dependent force of zero range,

Vwmmg=%la—wwm—m(1—“”v,<®
2 Psat
and the pairing tensor « [33].

The spherical harmonics form a complete set of basis func-
tions so that any function defined in three-dimensional space
can be accurately represented by a sum of spherical harmon-
ics, with the coefficients of the expansion depending on the
radial coordinate [34]. In the TRHBc theory, the potentials
and densities are expanded in this way,

f@) =" fu()¥,0, 0), (5)

A

where A =0,2,4,... and u = —XA,—A+2,...,A are re-
stricted by spatial reflection symmetry and simplex symmetry.

Equation (1) is solved self-consistently for aluminum iso-
topes with density functionals PC-PK1 [35], NL3* [36],
NLSH [37], and PK1 [38]. In Eq. (4), the pairing strength
Vo = —342.5 MeVfm® and the saturation density ps =
0.152 fm~>, and a pairing window of 100 MeV is adopted,
the same as those in the global RCHB calculations over the
nuclear chart [39]. For the Dirac Woods-Saxon basis, the
energy cutoff E =300 MeV and the angular-momentum
cutoff J.x = 19/2 1 are adopted, which have been proved
to provide converged results [40]. In Eq. (5), the spherical
harmonic expansion truncation is chosen as An.x = 6 [40-42].
The blocking effects of odd nucleon(s) are taken into account
via the equal filling approximation [43—45]. The automatic
blocking procedure for odd nuclei [45] has been adopted in
the TRHBc theory to find efficiently ground states and to con-
struct potential-energy surfaces minimizing the total energy in
each point of the § — y plane.

In Fig. 1, the one-neutron separation energy S, and charge
radius R, calculated by the TRHBc theory with PC-PK1 for
aluminum isotopes are given from the proton drip line to
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FIG. 1. (a) One-neutron separation energy S, and (b) charge ra-
dius Ry, as functions of the neutron number N for aluminum isotopes
from TRHBc calculations, in comparison with available data [46,47].

the one-neutron drip line, in comparison with available data
[46,47] and results with NL3*, NLSH, and PK1.

In Fig. 1(a), the one-neutron separation energy S, from
AME2020 [46] and its odd-even staggering are reproduced
both in tendency and magnitude. In Fig. 1(b), the recently
measured charge radii [47] are well reproduced by the TRHBc
theory within the experimental uncertainty. Since the high
density instability [42,48] occurs for PC-PK1 near the neu-
tron number N = 12, the results for 2>2°Al are not shown.
On the proton-rich side, the experimental proton drip-line
nucleus 2>Al [46] is correctly reproduced by the four den-
sity functionals. On the neutron-rich side, the one-neutron
drip-line nucleus is predicted as **Al by PC-PK1, NL3*, and
NLSH, while as *'Al by PK1, which is to be confirmed in
future experiment. *Al is the neutron-richest odd-odd alu-
minum isotope observed so far [49]. The ground-state parity
of “?Al is predicted to be negative and the binding energy is
predicted as 291.86, 289.62, and 288.94 MeV by PC-PKI1,
NL3*, and NLSH, respectively. Its empirical one-neutron sep-
aration energy, S, = 0.67(64) MeV [46], nicely reproduced
by the TRHBc theory, might be a signal of one-neutron
halo.

For the neutron halo in ''Li, the two valance neutrons
increase the matter radius from less than 2.4 fm of °Li to
around 3.5 fm of !'Li [50]. For medium and heavy nuclei,
however, the impact of one or two halo neutrons would be
less prominent. The characterization of the halo phenomenon
in medium and heavy nuclei remains a hot topic in nuclear
physics for past decades [51-54].

Here we propose a new halo scale to characterize the halo
phenomenon in medium and heavy nuclei. The main idea is
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FIG. 2. The halo scale Sy, = ARff“ /AR;™ as a function of the neutron number N for (a) aluminum isotopes in TRHBc calculations and
(b) zirconium isotopes in RCHB calculations [4,39]. For the empirical values, ry is determined by renormalizing Sy, as one at N = 20 in

panel (a) and at N = 82 in panel (b).

to compare the contribution to the rms radius by the weakly
bound neutron(s) with the conventional one. Empirically, the
neutron rms radius of a nucleus R; P(N) = roN'/?. Adding m
neutrons, the increment of the neutron rms radius is AR, P =
R™(N + m) — R;"(N). From the experimental neutron rms
radius R,'? or that in microscopic calculations R%, the halo
scale is defined as

szp(cal)(N + m) _ szp(cal)(N)
R™(N 4+m)—R™(N) ’

A Rexp(cal)
n
AR;™

(6)

Shalo =

where m = 1 can be used for the one-neutron halo, m = 2 the
two-neutron halo, and so on. An enhancement of Sy, might
be regarded as a signal of the halo phenomenon.

The halo scale Sy, for neutron-rich aluminum isotopes by
the TRHBc theory is shown in Fig. 2(a), in comparison with
the results for neutron-rich zirconium isotopes by the RCHB
theory [4,39] in Fig. 2(b). As shown in Fig. 2(b), a sudden
increase and large values of Sp,, after N = 82 are found in
the predicted region of halo nuclei [4]. This demonstrates the
validity of the defined halo scale as a signal for halo nuclei.
In Fig. 2(a), the sudden increase and the magnitude of Sp,jo
for “°Al and **Al are comparable with those for halo nuclei
in zirconium isotopes. With a smaller S, and a relatively
large Shalo, the nucleus 2 Al will be investigated in detail for
possible halo structure.

The possible triaxial shape of “*Al can be revealed
by the TRHBc theory microscopically because it includes
self-consistently pairing correlations, continuum effects, and
triaxial deformation degrees of freedom. The deformation
parameters (8, y) for **Al are predicted to be (0.35, 42°) by
PC-PK1, (0.36, 42°) by NL3*, and (0.35, 44°) by NLSH.

Taking PC-PK1 as an example, the deformation parameters
for Al are verified by the potential-energy surface con-
structed from deformation constrained TRHBc calculations,
as shown in Fig. 3. Without triaxiality, a prolate minimum
at § = 0.30 and an oblate one at § = —0.35 are obtained.
With triaxiality, both the prolate and oblate minima turn out
to be saddle points. After including the pairing correlations
and the continuum effects, the existence of triaxiality in “?Al,
the neutron-richest odd-odd aluminium isotope, provides an

excellent platform to explore the halo phenomenon in triaxial
nuclei.

To examine the weakly bound levels and the contin-
uum as well as their contributions in *?*Al, in Fig. 4, the
single-neutron levels around the Fermi energy, their compo-
nents, and their contributions to the total neutron density are
shown.

In Fig. 4(a), the rms radius is given versus the energy for
the single-neutron levels around the Fermi energy in “?Al.
The thickness of each level is proportional to its occupa-
tion probability. It is notable that the rms radius 5.4 fm of
level 4, occupied by the last odd neutron, is significantly
larger than those of its neighboring weakly bound and contin-
uum states. This can be understood from the composition of
level 4.

In Fig. 4(b), the main components for the levels 1-6 are
given. The 35.3% 2p;;, and 11.1% 2p3,, components and
the weak binding of level 4 account for its largest rms radius.
Although the contributions of 2p components are similar for
levels 3 and 4, the rms radius of level 3 is suppressed by its
deeper binding.

In Fig. 4(c), the contributions of the levels 1-6 to the total
neutron density are shown as functions of radial coordinate
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FIG. 3. Potential-energy surface for **Al in the 8 — y plane from
constrained TRHBc calculations with density functional PC-PKI1.
All energies are normalized with respect to the energy of the absolute
minimum (in MeV) indicated by the star. The energy separation
between each contour line is 0.15 MeV.
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FIG. 4. (a) The rms radius versus the energy € for the single-
neutron levels around the Fermi energy A, in the canonical basis
for “*Al. The thickness of each level is proportional to its oc-
cupation probability. (b) The main spherical components for the
single-neutron levels 1-6. (c) Contributions of the single-neutron
levels to the total neutron density. The shaded region represents the
total neutron density in arbitrary units. Here the angular dependence
is averaged.

r. The contribution of the level 4 becomes dominant after
r =9 fm and even more than 70% after r = 14 fm. This can
be understood from the low centrifugal barrier for p-wave
components, which allows the considerable tunneling of the
neutron into the classically forbidden region and the formation
of neutron halo.

The extended density distribution of level 4 and the energy
gap of nearly 2 MeV between level 4 and level 3 provide
a natural decomposition of the halo and the core. This is
equivalent with the use of the Fermi energy as a division.
Therefore, the neutron densities contributed by level 4 and
above (¢ > A,) and by level 3 and below (¢ < A,) are shown
in Fig. 5. Comparing the core and halo densities, the halo
density does extend much farther than the core, particularly
in the yz plane, supporting a triaxially deformed one-neutron
halo. Quantitatively, the rms radii are 5.26 fm for the halo and
3.85 fm for the core.

The deformation parameters (8, y) are (0.79, —23°) for
the halo and (0.38, 50°) for the core. The negative y means
that an exchange of the intermediate and short axes occurs for
the halo and the core. With the corresponding rms radius, S,
and y, schematic pictures are given in Fig. 5, where the short,
intermediate, and long axes can be clearly distinguished. This
shape decoupling between the core and the halo in **Al in-
cludes the change of the deformation and the exchange of the
intermediate and short axes. It is even more exciting than the
shape decoupling between the prolate core and the oblate halo
predicted in *>*Mg [8,9].

In summary, a microscopic self-consistent triaxial rel-
ativistic Hartree-Bogoliubov theory in continuum, which
simultaneously takes into account the triaxiality and pairing
correlations as well as continuum effects, is established and
applied to explore the novel halo phenomenon in aluminum
isotopes. The experimental proton drip line, one-neutron sep-
aration energies, and charge radii are reproduced well by the
TRHBc theory with PC-PK1, NL3*, NLSH, and PK1 density
functionals, without any free parameters. The observed **Al
is predicted to be the last bound odd-odd nucleus except for
PK1. The triaxial deformation in its ground state is verified
by the constrained TRHBc calculations. The PC-PK1 pre-
dicted one-neutron separation energy is 0.68 MeV, in excellent
agreement with the AME2020 value of 0.67(64) MeV, and
the neutron rms radius is 3.94 fm, remarkably larger than
the empirical value. A new halo scale Sha, is proposed to
characterize the halo phenomenon in medium and heavy nu-
clei, and *?*Al is turned out to be a one-neutron halo nucleus.
From the single-neutron levels around the Fermi energy, the
valance neutron contributes dominantly to the neutron density
at large r, due to its occupation of a weakly bound level with
considerable 2p components. The Fermi energy is found to be
a natural division of the halo and the core for “*Al. From the
decomposed neutron density, novel shape decoupling between
the core and the halo is found, i.e., the significant deformation
change from B = 0.38 to 0.79 and the exchange of the inter-
mediate and short axes with y from 50° to —23°.

Future experiments to explore the halo phenomenon and
the novel shape decoupling in “*Al are highly demanded. The
nucleus *>Al was discovered in 2007, with a production rate of
1 in 10" reactions [49]. The measurement of the nuclear mass
and radius can verify the weak binding and halo characters
in *Al. Further experiments to explore the extended density
distribution, p components of the valance neutron, triaxial
deformation, and shape decoupling are helpful to provide
evidence for the halo phenomenon in triaxial nuclei.

It would be interesting to investigate the reaction cross sec-
tions and the longitudinal momentum distributions of reaction
fragments, which are more accessible in experiments, by us-
ing the Glauber model with the TRHBc calculated quantities
as microscopic inputs. This strategy has turned out successful
in describing halo nucleus *!Ne [16], and such works for mag-
nesium and aluminum isotopes are in progress. Future works
to develop the finite amplitude method [55,56] and the col-
lective Hamiltonian method [57,58] based on the new TRHBc
theory are desired to explore the vibrational excitations and
shape fluctuations in triaxial halo nuclei, respectively. Since
the time-odd components might play an important role in the
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FIG. 5. Neutron density distributions in xy, xz, and yz planes contributed by the single-neutron levels with the energy € below and above
the Fermi energy A, i.e., (a)—(c) € < X, and (d)—(f) € > A,. In each plot, a circle in dotted line is drawn to guide the eye. With the rms radius
and deformation parameters 8 and y from the densities with € < A, and € > A,, the corresponding schematic shapes for upper and lower
panels are given in the left, in which s, 7, and / respectively represent the short, intermediate, and long axes.

properties of some halo nuclei, a time-odd TRHBc theory
is also expected to fully incorporate the blocking effects in
odd-mass and odd-odd nuclei.
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