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Nucleon effective masses in neutron-rich matter are studied with the relativistic Brueckner-Hartree-Fock
(RBHF) theory in the full Dirac space. The neutron and proton effective masses for symmetric nuclear matter
are 0.80 times rest mass, which agrees well with the empirical values. In neutron-rich matter, the effective mass
of the neutron is found to be larger than that of the proton, and the neutron-proton effective mass splittings
at the empirical saturation density are predicted as 0.187α with α being the isospin asymmetry parameter.
The result is compared to other ab initio calculations and is consistent with the constraints from the nuclear
reaction and structure measurements, such as the nucleon-nucleus scattering, the giant resonances of 208Pb, and
the Hugenholtz–Van Hove theorem with systematics of nuclear symmetry energy and its slope. The predictions
of the neutron-proton effective mass splitting from the RBHF theory in the full Dirac space might be helpful to
constrain the isovector parameters in phenomenological density functionals.
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Nucleon effective mass is a common concept used in the
literature to characterize the momentum or energy dependence
of the single-nucleon potential in the strongly interacting
medium [1,2]. This quantity is essential for understanding
many interesting phenomena in both nuclear physics and
astrophysics [3], including the mean free path in a nucleus
[4], the nuclear liquid-gas phase transition [5], the in-medium
nucleon-nucleon (NN ) cross sections [6], and the stellar neu-
trino emission [7]. One of the hottest topics is the sign and
the magnitude of the neutron-proton effective mass splitting
(m∗

n − m∗
p)/m in neutron-rich matter [8–10]. Due to the poor

knowledge about the isovector channel of the in-medium
NN interaction and the lack of reliable experimental probes
of the neutron-proton effective mass splitting, the quantity
(m∗

n − m∗
p)/m has not been well constrained.

In recent decades, large efforts have been devoted to con-
straining the neutron-proton effective mass splitting through
various nuclear reaction and structure experiments, such as the
nucleon-nucleus scattering [11,12], the isovector giant dipole
resonances [13–16], and the heavy-ion collisions [17–20]. The
neutron-proton effective mass splitting can also be explicitly
related to the nuclear symmetry energy and its slope [11,21–
23] according to the Hugenholtz–Van Hove (HVH) theorem
[24]. The constraints on the magnitude of (m∗

n − m∗
p)/m from

those methods vary from −0.14α to 0.56α with α the isospin
asymmetry, exhibiting a significant model dependence. While
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many studies have found circumstantial evidences that the
neutron-proton effective mass splitting is positive in neutron-
rich matter, there are still several studies that favor the
opposite. Therefore, theoretical investigations on the neutron-
proton effective mass splitting starting from first principles are
particularly necessary.

Starting from realistic NN interactions obtained from NN
scattering, numerous nuclear ab initio many-body methods
have been performed to study the neutron-proton effective
mass, including the Brueckner-Hartree-Fock (BHF) theory
[7,25–29], the relativistic Brueckner-Hartree-Fock (RBHF)
theory with the projection method [30–32], the self-consistent
Green’s function (SCGF) approach [33], and the many-
body perturbation theory (MBPT) [34,35]. Compared to the
aforementioned experimental constraints, all the ab initio
studies predict a positive effective mass splitting. Among ab
initio methods, the RBHF theory is one of the most impor-
tant methods in the relativistic framework, which contains
essential three-body force effects and relativistic effects self-
consistently [36,37]. The empirical saturation properties of
symmetric nuclear matter (SNM) [38] and the ground state
properties of finite nuclei [39] can be described satisfactorily
within the RBHF theory.

Recently, by considering the nucleon positive-energy states
(PESs) and negative-energy states (NESs) simultaneously,
the RBHF equations are solved self-consistently in the full
Dirac space [40–44]. The single-particle potentials are de-
termined uniquely, which avoids the ambiguities caused by
the neglect of NESs in the projection method [45,46] and
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momentum-independence approximation method [38,47,48].
The saturation properties of the SNM are reproduced in good
agreement with the empirical values [40]. In particular, the
applications of the RBHF theory in the full Dirac space to
asymmetric nuclear matter (ANM) have clarified the long-
standing controversy about the isospin dependence of the
Dirac mass in RBHF calculations [41]. In this Letter, we
use the RBHF theory in the full Dirac space to study the
neutron-proton effective mass splitting in neutron-rich matter.

In the RBHF theory, the nucleon inside the nuclear medium
is viewed as a dressed particle due to its interaction with the
surrounding nucleons. The single-particle motion of a nucleon
in the nuclear medium is depicted by the Dirac equation,
where the in-medium effects are contained in the single-
particle potential operator Uτ . It can be decomposed into the
Lorentz form with three components [49]

Uτ (p) = US,τ (p) + γ 0U0,τ (p) + γ · p̂UV,τ (p), (1)

where US,τ (p), U0,τ (p), and UV,τ (p) are the scalar poten-
tial, timelike, and spacelike parts of the vector potential,
respectively. p̂ = p/|p| is the unit vector parallel to the
momentum p.

The NN interaction of the dressed nucleon is also modified
from its vacuum counterpart to the effective one. In the RBHF
calculation, the effective NN interaction, named G matrix, is
obtained as the solution of the Thompson equation [38], which
describes the two-nucleon scattering in the nuclear medium

Gττ ′ (q′, q|P,W ) = Vττ ′ (q′, q|P) +
∫

d3k

(2π )3
Vττ ′ (q′, k|P)

× Qττ ′ (k, P)

W − EP+k,τ − EP−k,τ ′ + iε

× Gττ ′ (k, q|P,W ), (2)

where ττ ′ = nn, pp, or np. Here, P = 1
2 (k1 + k2) is the

center-of-mass momentum, and k = 1
2 (k1 − k2) is the relative

momentum of the two interacting nucleons with momenta k1

and k2. The initial, intermediate, and final relative momenta
of the two nucleons scattering in nuclear matter are q, k, and
q′, respectively. The starting energy W denotes the sum of the
single-particle energies of two nucleons in the initial states
[40]. The Pauli operator Qττ ′ (k, P) prohibits the nucleons
from scattering to the occupied states.

One of the most important procedures in RBHF calcula-
tions is extracting the scalar and vector components of the
single-particle potentials self-consistently from the G matrix.
Without considering the NESs in the Dirac space, the ex-
traction is usually done with the momentum-independence
approximation or the projection method. The momentum-
independence approximation method [38,47,50–52] assumes
that the single-particle potentials are momentum independent
and the spacelike part of the vector potential is negligible. The
scalar potential and the timelike part of the vector potential
are then extracted directly from the single-particle potential
energies at two selected momenta. In the projection method
[45,46,53–56], the G matrix elements are projected onto a
complete set of five Lorentz invariant amplitudes [53], from
which the single-particle potentials are calculated.

These two methods suffer from the uncertainties of single-
particle potentials due to the neglect of the NESs. This can
be avoided by implementing the RBHF calculation in the
full Dirac space [57]. By solving the Thompson equation (2)
in the full Dirac space, one obtains the G matrix elements
between both PESs and NESs, such as 〈ūū|G|uu〉, 〈v̄ū|G|uu〉,
and 〈v̄ū|G|vu〉, where u’s and v’s denote the PESs and NESs,
respectively. Then the matrix elements of the single-particle
potential operator 〈ū|Uτ (p)|u〉, 〈v̄|Uτ (p)|u〉, and 〈v̄|Uτ (p)|v〉
are calculated by summing up the G matrix with all the nucle-
ons inside the Fermi sea in the Hartree-Fock approximation.
From these matrix elements, the scalar and vector components
of the single-particle potentials can be extracted uniquely [40].

In relativistic models, the definition of the effective mass
is often confused with that of the Dirac mass. The former
parametrizes the momentum and energy dependence of the
single-particle potential, which is also known as the nonrela-
tivistic effective mass. The latter is defined through the scalar
part of the nucleon self-energy in the Dirac equation. To calcu-
late the nonrelativistic effective mass, a quantity of practical
importance is the so-called Schrödinger-equivalent potential
US.e.,τ , which is extracted by reducing the Dirac equation to a
Schrödinger-like equation and defined through

US.e.,τ = 1

2M

(
U 2

S,τ − U 2
0,τ + U 2

V,τ + 2ετU0,τ + 2MUS,τ

+ 2MU0,τ + 2pUV,τ

)
, (3)

where ετ is the single-particle energy of a nucleon without
the rest mass M. Starting from the Schrödinger-equivalent
potential, the nonrelativistic effective mass can be calculated
as [30,31]

M∗
NR,τ (p) =

[
1

M
+ 1

p

d

d p
Re US.e.,τ (p)

]−1

. (4)

In practice, one focuses on its value at the Fermi momentum
M∗

NR,τ (kτ
F ), which is comparable to the effective mass m∗

τ

derived from the analysis of nuclear structure and reaction
experiments in the nonrelativistic framework [3].

In panel (a) of Fig. 1, the effective masses at Fermi mo-
mentum M∗

NR,τ (kτ
F ) calculated by the RBHF theory in the

full Dirac space with the Bonn A potential [58] are de-
picted as functions of the asymmetry parameter α = (ρn −
ρp)/(ρn + ρp), where the density is chosen at the empir-
ical nuclear saturation density 0.16 fm−3. The results are
compared to that obtained by the RBHF theory with the
projection method [panel (b)], the RBHF theory with the
momentum-independence approximation method [panel (c)],
and the nonrelativistic BHF theory by using Argonne v18

(AV18) potential with three-body forces [29] [panel (d)].
For SNM with α = 0, the effective masses for neutron

and proton calculated in the full Dirac space in the unit of
rest mass have the same value of 0.80, which agrees well
with the empirical values of isoscalar effective mass 0.8 ± 0.1
constrained from the isoscalar giant quadrupole resonance
(ISGQR) in 208Pb [3]. The results calculated by the projec-
tion method and the BHF theory are 0.81, which are close
to the RBHF result in the full Dirac space. However, the
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FIG. 1. The effective masses at Fermi momentum M∗
NR,τ (kτ

F ) as functions of the asymmetry parameter α at the density ρ = 0.16 fm−3

calculated by the RBHF theory in the full Dirac space [41] (a), in comparison with the results obtained by the RBHF theory with the projection
method [45] (b), and the momentum-independence approximation method [38] (c). The results from the BHF theory are also shown for
comparison [29] (d).

effective mass for SNM is underestimated by the momentum-
independence approximation method.

With the increase of the asymmetry parameter, the effective
mass for neutron in the full Dirac space increases steadily.
Similar tendencies are found for the projection method and
the BHF theory. The effective mass for the neutron calculated
with the momentum-independence approximation method is
also increasing, but the amplitudes are smaller than other
calculations. In the full Dirac space, with the increasing α,
the effective mass for the proton first decreases for α � 0.6
and then increases for larger isospin asymmetry, showing an
up-bending behavior. The projection method shows qualita-
tively and quantitatively consistent results as those in the full
Dirac space. This implies that, for nuclear matter with small
isospin asymmetry, the approximation schemes and tech-
niques used in the projection method are reliable to determine
the isospin dependent effective mass. As for the momentum-
independence approximation method, the isospin dependence
of the proton effective mass shows apparent deviations in
comparison to the results in the full Dirac space and the
projection method. This again verifies the conclusion found
in previous studies [41,59], that the momentum-independence
approximation method fails to determine the correct behavior
of the isospin dependence of the single-particle potentials
in ANM. For the BHF theory, with the increasing isospin
asymmetry, a weak up-bending behavior of the effective mass
for proton at large asymmetry is also found.

By expanding the Schrödinger-equivalent potential as a
power series of the asymmetry parameter α to the first order
[11,60], the neutron and proton effective masses are found
proportional to α. As a consequence, the effective mass split-
ting (M∗

NR,n − M∗
NR,p)/M is also linearly dependent on α. In

Fig. 2, the splitting (M∗
NR,n − M∗

NR,p)/M calculated by the
RBHF theory in the full Dirac space is shown as a function
of isospin asymmetry. It is found that the linear relation is
valid in the range of 0 � α � 0.6. For larger asymmetry, due
to the up-bending tendency of the effective mass for proton as

shown in panel (a) in Fig. 1, the effective mass splitting shows
a nonmonotonical behavior.

To extract the magnitude of the neutron-proton effective
mass splitting, the splitting (M∗

NR,n − M∗
NR,p)/M in the range

0 � α � 0.6 is fitted with a linear function, where the Pear-
son’s correlation coefficient r is 0.999, which confirms the
validity of the assumption of a linear relation. Invoking the
fitting procedure, the magnitude of the neutron-proton effec-
tive mass is predicted as (M∗

NR,n − M∗
NR,p)/(Mα) = 0.187 by

the RBHF theory in the full Dirac space. The obtained slope
is not changed if more data with a step-size 	α = 0.05 are
used.

FIG. 2. The neutron-proton effective mass splitting as a func-
tion of the asymmetry parameter α at the density ρ = 0.16 fm−3

calculated by the RBHF theory in the full Dirac space (solid and
empty squares). The line represents the linear fitting for data in solid
squares.
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FIG. 3. The neutron-proton effective mass splitting as a function
of the density ρ calculated by the RBHF theory in the full Dirac space
with the NN interactions Bonn A, B, and C [58]. The solid lines with
solid symbols denote the full calculation with tensor force, while
the short-dotted lines with empty symbols denote the self-consistent
calculations without tensor force.

In Fig. 3, the density dependence of the magnitude of the
neutron-proton effective mass splitting in the full Dirac space
is depicted as solid curves with solid symbols by using the
same method as shown in Fig. 2. As for the NN interactions
Bonn A, the effective mass splitting increases from 0.136 at
ρ = 0.10 fm−3 to 0.236 at ρ = 0.24 fm−3. A similar density

dependence of the effective mass splitting is also obtained
by using the potentials Bonn B and C [58]. At the saturation
density ρ = 0.16 fm−3, the magnitudes of the effective mass
splitting are 0.187, 0.193, and 0.197 for Bonn A, B, and C,
respectively, with difference less than 5% of the averaged
value. This indicates that the uncertainties of the effective
mass splitting from variations of realistic NN interactions are
relatively small.

To illustrate the tensor-force effects on the effective mass
splitting, we perform the RBHF calculations without the ten-
sor force, i.e., the tensor force from the bare interaction V is
removed with the formula derived in Ref. [61]. The results are
shown in Fig. 3 as short-dotted curves with empty symbols. It
can be seen that the inclusion of the tensor force can increase
the effective mass splitting. The influence is particularly pro-
nounced in the case of Bonn C due to its strongest tensor force
among the Bonn potentials [38]. After removing the tensor
force, the differences among Bonn potentials still exist. This
indicates that the central forces also have an influence on the
effective mass splitting.

Finally, we compare the neutron-proton effective mass
splitting obtained in this work to the constraints from other
experimental analyses as shown in Fig. 4. The recent op-
tical potential model analyses of nucleon-nucleus scattering
data constrain the effective mass splitting in the range of
(0.41 ± 0.15)α [12]. The analyses based on the HVH theorem
using the systematics of nuclear symmetry energy and its
slope lead to results (0.27 ± 0.25)α [60]. Smaller effective
mass splitting (0.083+0.081

−0.080)α at 68% confidence level is ob-
tained from the Bayesian model analyses of the isoscalar and
isovector giant resonances of 208Pb [62]. These three experi-
mental analyses give positive values, while a negative value

FIG. 4. The neutron-proton effective mass splitting at the density ρ = 0.16 fm−3 calculated by the RBHF theory in the full Dirac space
(red solid star), in comparison with the constraints from analyzing nuclear structure and reaction experiments [12,20,60,62] (shaded regions),
and the theoretical results obtained by the RBHF theory with the projection method (red empty star), the nonrelativistic BHF [29] and extended
BHF theory [27] (blue semifilled squares), the SCGF approach [63] (cyan dot), the MBPT calculation with chiral effective forces [35] (orange
arrows), the Skyrme-Hartree-Fock theory (black error bar), and the covariant density functional theory [64] (gray and purple error bars).
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is favored (−0.05 ± 0.09)α from a Bayesian analysis of the
neutron/proton spectrum ratios in several Sn + Sn reactions
by using an improved quantum molecular dynamics transport
model with Skyrme forces [20]. It can be found that the values
extracted from the experimental observations have relatively
large uncertainties and model dependence. The prediction of
the RBHF calculations in the full Dirac space agrees with
the analyses based on the HVH theorem and lies between the
results obtained from the nucleon-nucleus scattering and the
giant resonances of 208Pb.

Since the experimental constraints on the effective mass
splitting have large uncertainties, the ab initio calculations
can provide important predictions on the neutron-proton ef-
fective mass splittings. In Fig. 4, available predictions from
several ab initio methods are listed. The RBHF theory with
the projection method gives the value of 0.17α. The effec-
tive mass splittings from the BHF theory at ρ = 0.16 fm−3

[29] and the extend BHF (EBHF) theory at ρ = 0.2 fm−3

[27] are 0.16α and 0.21α, respectively. It is seen that all the
Brueckner calculations give very close predictions. The SCGF
approach by using the CD-Bonn potential suggests the value
of 0.28α [63], which is compatible with the results of the
Brueckner calculations. The MBPT using the chiral forces
gives larger predictions in the range (0.28–0.47)α [35], where
the uncertainty comes from the different choices of chiral
potentials. In general, the effective mass splittings given by
the ab initio methods have a positive sign and are larger than
0.16α.

In Fig. 4, we also show the calculated values for
neutron-proton effective mass splitting obtained from several
nonrelativistic Skyrme functionals as well as the covariant
density functionals including the relativistic mean field (RMF)
theory and the relativistic Hartree-Fock (RHF) theory. The
mean values as well as the standard deviations from RMF
theory and RHF theory are (−0.09 ± 0.03)α and (−0.03 ±
0.01)α [64], respectively. It is interesting to find that all the
splittings from covariant density functionals are negative [64].
For RMF theory, where single-particle potentials are indepen-
dent of momentum/energy, this pattern can be understood in
a way that M∗

NR,n − M∗
NR,p = −(U0,n − U0,p) [10]. In neutron-

rich matter, RMF theories generally have U0,n > U0,p which
leads to the isospin splitting M∗

NR,n − M∗
NR,p < 0. Exception

exists for a nonlinear point-coupling RMF parameter set with
higher-order isovector-vector term like PC-F3 [10,65], where
U0,n < U0,p is found for density higher than 0.21 fm−3. No
definitive conclusion on the sign of (M∗

NR,n − M∗
NR,p)/M can

be drawn from the results (0.127 ± 0.310)α of Skyrme func-
tionals [64]. This is an indication that these values are weakly
constrained by their fitting protocols, which are mostly based
on masses and charge radii of finite nuclei and therefore the
isospin properties of most of these functionals are not very
well determined. The exception is the Lyon forces, which has
been adjusted in particular to properties of neutron-rich nuclei
[66,67]. In contrast to many of the other Skyrme forces they
have a negative effective mass splitting M∗

NR,n − M∗
NR,p < 0

[64,68,69], which is in agreement with the pure mean-field
RMF results, but in disagreement with the microscopic RBHF
results discussed before. This is an open problem which
requires further investigations. Perhaps it can be understood
by the fact the single-particle level density at the Fermi surface
is much too low for the pure mean-field functionals and that
the inclusion of additional correlations by particle vibrational
coupling [70,71] and by the inclusion of a tensor forces [72]
can improve this situation. The predictions from ab initio
methods will certainly be helpful to constrain the isovector
parameters in both nonrelativistic and covariant density func-
tionals.

In summary, the nonrelativistic nucleon effective masses
in nuclear matter have been studied with the relativistic
Brueckner-Hartree-Fock (RBHF) theory in the full Dirac
space. For symmetric nuclear matter, the neutron and proton
effective masses are 0.80, which agrees well with the empir-
ical values 0.8 ± 0.1. For neutron-rich matter, the effective
mass at the Fermi momentum for neutron is larger than that
of proton. By fitting the effective mass splitting with a linear
function of the isospin asymmetry, the neutron-proton effec-
tive mass splitting at empirical saturation density is obtained
as (M∗

NR,n − M∗
NR,p)/M = 0.187α. The density dependence

for the effective mass splitting is also studied from 0.1 to
0.24 fm−3, and the effective mass splittings are increased
by 0.10, 0.09, and 0.08 for potential Bonn A, B, and C,
respectively. By removing the tensor force from the bare inter-
action, a reduction of the effective mass splitting is found. The
positive value of the neutron-proton effective mass splitting
from the RBHF theory in the full Dirac space is quantitatively
consistent with the constraints from the nucleon-nucleus scat-
tering, the giant resonances of 208Pb, and the Hugenholtz–Van
Hove theorem with systematics of nuclear symmetry energy
and its slope. The predictions from the RBHF theory in the
full Dirac space might be helpful to constrain the isovector
parameters in phenomenological density functionals.
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