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Reexamination of the short-range baryon-baryon potentials in the constituent quark model
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We revisit the short-range baryon-baryon potentials in the flavor SU(3) sector, using the constituent quark
model. We employ the color Coulomb, linear confining, and color magnetic forces between two constituent
quarks, and solve the three-quark Schrodinger equation using the Gaussian expansion method to evaluate the
wave functions of the octet (N, A, ¥, E) and decuplet (A, *, E*, Q) baryons. We then solve the six-quark
equation using the resonating group method and systematically calculate equivalent local potentials for the
S-wave two-baryon systems which reproduce the relative wave functions of two baryons in the resonating
group method. As a result, we find that the flavor antidecuplet states with total spin J = 3, namely, AA, AX*,
AE*-X*¥*, and AQ-X*E* systems, have attractive potentials sufficient to generate dibaryon bound states as
hadronic molecules. In addition, the N2 system with J = 2 in coupled channels has a strong attraction and forms
a bound state. We also make a comparison with the baryon-baryon potentials from lattice QCD simulations and
try to understand the behavior of the potentials from lattice QCD simulations.
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I. INTRODUCTION

Understanding the baryon-baryon interactions has been an
interesting topic in hadron physics, as they provide important
clues to the quark dynamics inside baryons. The nuclear force,
being the most extensively studied case, has been investi-
gated through low-energy nucleon-nucleon (NN) scattering
data and the properties of the NN bound state, i.e., the
deuteron. Phenomenological NN potentials, which precisely
reproduce the NN data, are known to have a short-range
(relative distance r < 1 fm) repulsive core and medium-range
(1 < r < 2fm) and long-range (r > 2 fm) attractive parts [1].
While meson exchanges can explain the medium- and long-
range parts of the nuclear force, quark degrees of freedom
are expected to be significant in the short range. In fact,
constituent quark model calculations indicate that the short-
range repulsive core of the nuclear force is governed by
two factors [2]: the Pauli exclusion principle among valence
quarks, and the spin-spin interaction of the quarks that causes
the mass splitting between the nucleon and the A baryon.
To confirm this scenario in more general cases, studies of
baryon-baryon interactions with different quark content are
desired.

Recently, due to experimental and numerical develop-
ments, much attention has been paid to interactions between
two baryons belonging to the octet (N, A, X, and E) and
decuplet (A, £*, E%, and 2). For example, high statistics ¥~ p
and % p scattering experiments were performed in Refs. [3]
and [4], respectively, and the nuclear 1s state of the E hyper-
nucleus 155 C was discovered in Ref. [5]. Both of these provide
us with some information on the N¥ and NE interactions.
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In addition to scattering experiments, we can now use lattice
quantum chromodynamics (QCD) simulations and relativistic
ion collisions to study baryon-baryon interactions. In lattice
QCD simulations, we can extract baryon-baryon local poten-
tials directly from the quark-gluon dynamics of QCD using
the HAL QCD method [6], which has been applied to various
systems including decuplet baryons, e.g., Q22 [7], N2 [8], and
AA (with heavy pion mass) [9]. Such baryon-baryon poten-
tials, especially for unstable baryons, are studied through the
analysis of the correlation functions for any pair of baryons
in relativistic ion collisions [10], in which the large num-
ber of baryons, together with theoretical predictions for the
correlation functions [11], enables a detailed determination
of the baryon-baryon interactions. Furthermore, besides phe-
nomenological models, baryon-baryon interactions are now
theoretically calculated through chiral effective field theory,
in which the degrees of freedom are tied to QCD symmetries
and their realization: hyperon-nucleon interactions [12] and
interactions involving decuplet baryons [13], as well as the
nuclear force [14].

Motivated by these studies, in the present paper we aim
to systematically study the baryon-baryon interactions, par-
ticularly focusing on the short-range part, by using a precise
wave function for baryons composed of three nonrelativistic
constituent quarks. In this sense, our study is an extension of
the quark model studies in Refs. [15,16], but our calculation
covers the interactions of any pair of the ground-state baryons,
i.e., the octet and decuplet baryons. Similar studies are found
in, e.g., Refs. [17-26]. Our study will provide some clues to
understand the mechanism that generates attractive/repulsive
force suggested in experiments and lattice QCD simulations.
Furthermore, because there are more than 100 channels of the
S-wave two-baryon systems from the ground-state baryons,
we may expect attractive two-baryon potentials that are

©2023 American Physical Society
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sufficient to generate dibaryon bound states in the systematic
study.

We evaluate the relative wave function of constituent
quarks inside each baryon as the solution of the three-quark
Schrddinger equation in the Gaussian expansion method [27].
We take into account the color Coulomb, linear confining, and
color magnetic forces between two constituent quarks. Then,
we employ the resonating group method (RGM) to calculate
the relative wave function of two baryons in § wave. We
translate the relative wave function of two baryons into the
equivalent local potentials that reproduce the relative wave
functions of two baryons in the RGM. Thanks to this ap-
proach, we can compare our results with the baryon-baryon
local potentials deduced in the lattice QCD simulations, and
any research group can utilize the local potentials for further
investigations of two-baryon systems.

The paper is organized as follows. In Sec. II we formulate
the constituent quark model for one-baryon and two-baryon
systems. We also explain the method used to evaluate the
equivalent local potentials in this section. Next, in Sec. III we
present our numerical results of the baryon-baryon potentials
and dibaryon bound states in the present model. Section IV is
devoted to the conclusion of the present study.

II. FORMULATION
A. Baryons in the Gaussian expansion method

First of all, we construct the wave function of each baryon
in the three-body dynamics of constituent quarks.

In the present study, we employ the color Coulomb, linear
confining, and color magnetic forces between two constituent
quarks. In general, the ith and jth quarks at a distance r
interact via the potential

x; A |:alj 3
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where )T,- and &; are sets of the Gell-Mann and Pauli matri-
ces, respectively, acting on the ith quark, o;; and o are the
coupling constants, k is the confining string tension, D is a
constant to reproduce the physical baryon masses, m; is the
ith constituent quark mass, and 8(r) is a three-dimensional
deltalike function
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with a range parameter o. The coupling constant for the color
Coulomb force o;; is assumed to depend on the reduced mass
of the i-j quark pair in the following form:

K m;m; (3)

a“ = _’ l = —’
T Hi m; +m;

where K is a constant. The quark mass dependence of the
color Coulomb coupling constant was initially suggested
based on a lattice QCD calculation [28] and has been em-
ployed in a quark model calculation [29]. We treat K, g, k,
o, and D as model parameters, while keeping the constituent
quark mass m; fixed to reproduce the magnetic moments of
the proton and A: m, = my; = 336 MeV and m; = 509 MeV,
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FIG. 1. Jacobi coordinates of a three-body system.

as reported by the Particle Data Group [30]. Throughout this
study we assume isospin symmetry.

We apply the potential (1) to the one-baryon system (B)
in the constituent quark model, in which the internal con-
figurations of three quarks can be described by the Jacobi
coordinates shown in Fig. 1. Inside a baryon, owing to the
color configuration of constituent quarks, the ith and jth
quarks satisfy the following relation:

-

Lok 2 @
2 2 3

Hence, two quarks at a distance p inside the baryon B interact

via the potential
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Then, the Schrodinger equation for the quarks inside the
baryon B in the constituent quark model becomes

[m'”“”’“mW‘ma—pz

+ V2 1) + Vi (p2) + v<B>(p3)]w<B)(x, p)

=Mz¥ B, p), (6)

where W (A, p) is the wave function of the relative motion

of three quarks in the baryon B, A = i, p = p;, Mp is the

mass of the baryon B, and
my(my + m3)

’
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In the present study, we focus on the ground-state baryons.
Therefore, both the A and p modes of the three constituent
quarks have zero orbital angular momenta: [, =/, = 0. To
describe this, we employ the Gaussian expansion method [27]
for the wave function ¥ ® (1, p):
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Here, the index c specifies the Jacobi coordinates in Fig. 1
and range parameters r, (n=1,...,N) form a geometric

progression:
Finax (n=1)/(N—-1)
Yn = Fmin X < ) s (9)
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TABLE I. Model parameters for the baryons.

K 184 MeV

s 0.785

k 0.755 GeV/fm
o 3.50 fm™!

D 381 MeV

m, = my 336 MeV (fixed)
my 509 MeV (fixed)

where the minimal and maximal ranges, rmin and rpax, re-
spectively, are fixed according to the physical condition of the
system. Then, by using the method summarized in Ref. [27],
we numerically solve the Schrédinger equation (6) and obtain
the eigenvector Céi) v as well as the eigenvalue Mp.

In this study, the model parameters are determined by fit-
ting the ground-state baryon masses. The fitted parameters are
listed in Table I, and the resulting baryon masses are listed in
the second column of Table II, along with their experimental
values [30] in parentheses. The convergence of the results is
found to be good with the number of the expansion N = 10
and the ranges 7y, = 0.01 fm and rpp;x = 2 fm.

To evaluate the spatial extension of quarks inside each
baryon, we calculate the mean squared radius of the baryon
using the formula

)= 5o

3(my + my + m3)?
+ (m3 +m)* (A3) + (my + m)* (A3)],  (10)

[(mz +ms)” (23)

where (A2) is the expectation value of A2:

(a2 = /d3p/d3kk3|w(3)(l, P (11)

The resulting root-mean-squared radii of baryons, listed in the
third column of Table II, are smaller than the experimental
values: for instance, the experimental value of the proton
charge radius is about 0.84 fm [30]. This discrepancy is at-
tributed to the fact that we only consider the spatial extension
of the “quark core” and do not take into account the meson
clouds of baryons. It is instructive to show the distribution of

TABLE II. Properties of the baryons in the present model. The
baryon masses reported by the Particle Data Group [30] are written
in parentheses.

Baryon Mg (MeV) V) (fm)
N 950 (939) 0.43
A 1111 (1116) 0.42
z 1180 (1193) 0.44
g 1322 (1318) 041
A 1235 (1232) 0.51
o+ 1382 (1385) 0.49
g* 1530 (1533) 0.47
Q 1679 (1672) 045

1.4

T T L—
S-s1n =

u-u in AT - ——l

0 T

1.2

0.8 | / \ i

P [fm™]

06 - [, \ i
04 | [, \ .

02 |/, i

p [fm]

FIG. 2. Examples of the density distribution P(p).

quark-quark distance inside the baryons, which we define as

P(p) = pzfdsz,,/d3,\|w<3>(x,p)|2. (12)

Here we choose the distribution of the distance between the
s-s quarks in the E° baryon and the u-u quarks in the A**
\/(r3) of the
E baryon has the minimal value 0.41fm, while that of the
A baryon has the maximal value 0.51 fm. The resulting dis-
tribution is shown in Fig. 2 as the solid and dashed lines,
respectively. From the figure, we can see that the quark-quark
distance in a baryon is about less than 2 fm. Because three
quarks in a baryon form an almost equilateral triangle, the
distribution indicates that the quarks are distributed within a
range ~ (2/+/3) fm ~ 1.2 fm from the center of mass of the
baryon.

baryon, because the root-mean-squared radius

B. Two-baryon systems in the resonating group method
1. Creation and annihilation operators of quarks

Next, we formulate the two-baryon systems in terms of the
six-quark degrees of freedom. For this purpose, we introduce
creation and annihilation operators of a quark with quantum
numbers u = (f, s, ¢), where f, s, and c represent the flavor,
spin, and color, respectively:

al, ay,. (13)
These operators satisfy the anticommutation relations
{aw,a)} =8, faw. 0,y =0, fa),.a}}=0. (14)

We also introduce creation and annihilation operators of a
quark at the coordinate r,

i), bu(). (15)
which satisfy the anticommutation relations
(b (), B1,(r)) = 8,0,,8G — 1),

{bu (), by} =0, (b,(). b}, (M} =0.  (16)
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By using the creation operators of quarks, we can express the
ket vector of the one-baryon B state as

=S [ s P ou e

x b, (r)b!, (r)b!, (r3)10) (17)

where L = (1, (o, p3) is the set of the quantum numbers of
the three quarks, w;B) is the weight for the set i, wl.(B)(ri) is the
spatial wave function of the ith quark, and |0) is the vacuum.
The weight w/(zB ) takes, for example, for AT with the third
component of the spin s = 3/2, the value

{1 if i = ((u, 1, R), (u, 1, G), (u, 1, B)),

0 otherwise.

W) _
n
(18)
We assume that the weight is normalized:

S [P =1. (19)

i

Weights for other baryons are summarized in Table VII in
the Appendix. Then, we decompose the product of the spatial
wave functions into the center-of-mass part ®® (R) with the
center-of-mass coordinate R and the relative part WB (A, p)
as

VPP )P ) = oORWE (1, p),  (20)

where R, A, p are expressed as

mry + mor; + msr3
my + my +msz
mory + msrs

rl _—7
ny + mjy

R

A

pP=r3—r. 21
Because the measure of the coordinates satisfies the relation
d*rid*rd’ry = d*Rd*1d?p, (22)
we rewrite the ket vector of the one-baryon state as
|B) = / d*ROP(R) f d*rd? pU B (A, p)
x WO (r1,rs,1r3)10) (23)
where we introduced an operator

M2 n3

WE i, ry,m) =Y wPbl, ()b, (r)b], (r3).  (24)
i

Provided the normalization of the wave functions
/ PRIGPR) = / AL pl VPO P =1, (25)

together with the normalization of the weight (19), the one-
baryon vector is normalized:

(B|B) = 1. (26)

2. Hamiltonian

By using the creation and annihilation operators, we can
express the Hamiltonian of the system of quarks. The Hamil-
tonian H is composed of the kinetic part K and potential
part V:

H=K+V. 27)

The kinetic part is expressed as
k= [@im(m - D)oo, e
= r msg — — ,
P " 1 me or? "

where my is the quark mass of the flavor f and the differential
operator 9%/dr* acts on the wave functions of quarks. The
potential part, on the other hand, is composed of the color
Coulomb plus linear confining potential and color magnetic
potential:

V=VeL+ V. (29)

They are respectively expressed as

Vo=3 ¥ [dr [@rvair-r)

ffH

x [13* (r)&l;(r)j| . [13* (r’)zB(r'):| (30)
2 2 ’
fis [

1
33 [ [arvaar-rn
fof

x[iﬁ(r)%aia(r)} -[é*(r’)%&iz(r’)] , (31)
f £

where
3
VCL(V) = — —kr +D,
wrpr 4
2T s =
Vss(r) = I v— 3(r), (32)
mfmfr
Bntin| = Zh “b (CONNNEX)
2 ; = f.s,.c fis.c

Cca-ssbfsc(r) (34)

[BT(r)%aé(r)L = Z bl o

s8¢\ c

Then, we can show that the Hamiltonian H acting on the ket
vector |B) becomes

. 1 92
H|B) = /d3R<MB —

2Mp 8R2) @)

X / A pU® ., W (ry, 7y, 13)(0) . (35)
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where we used the Schrédinger equation (6) and the relation of the differential operators
1 92 1 92 1 92 1 32 1 92 1 92
St T S e = S SR T 2 T, a2
2my Ory  2mp 0r;  2m3 or;  2(my +my +m3) OR 2 OX 2up 0p
1 92 1 9? 1 9?

>t — =+t — . 36
2Mp dR*  2up N*  2ul 0p? 30
In the last line we used an approximation m; + my + m3 >~ Mp.
3. Two-baryon states and the resonating group method
We can straightforwardly extend the ket vector to express the two-baryon B,B), state as
|B.B,) = / d*R,®P)(R,) / d*r,d’ 0, VB (A, p,) / d*R,® B (R,)
x f d*hod’ oW P Ny, o)W C (rar, P, 13 )W P (7, 13) 10) (37)

In the usual manner, we can decompose the product of the spatial wave functions of the two baryons ®®<(R,,)®®») (R,) into the
center-of-mass part ¢ (R ) and the relative part ¢ (r) as

(R )P (Ry) = p(Riot) Y () (38)
with
Mp Rp, + Mp,Rp,

Ry =
tot My, + Mj,

. r=Rs —Ry,. (39)
Then we rewrite the two-baryon state as

|B,Bp) = f d’Riod(Rior) / d’ri(r) / d*rd’ p VP (g, p,)

X /dS)»bd3pb‘I’(Bb)(lb, W B (rar, 1an, 13 )W BT (11, 712, 113) 10) (40)

where we used the relation of the measure
d’R,d’Ry, = d’Riod’r. 41)

In addition, we introduce the two-baryon vector in which the separation is fixed to be r = ry:

|B,By(ro)) = / d’ R (Rior) / d*ré(r —ro) / d*rad’ p VB0 (g, p,)

<[ o B s W 1 WO i1 0). “2)
Now, we derive an equatiop which the two-baryon B,B) system obeys. Suppose that the two-baryon state |B,Bj) is an
eigenstate of the Hamiltonian H with the eigenenergy E:
H |B,By) = E |B,By) . (43)
When we multiply the bra vector (B.B;(r)| to the both sides of this equation, we obtain
(BeBy(r)| H |B,By) = E (B.By(r)|BuBs) . (44)

The braket (B.B,(r)|B,Bp) can be calculated in the usual manner for the creation and annihilation operators:

(B.Ba(r)|B.By) = / PRalp®Ro)> Y (=D wlwEuE G0 f P hed’ ped had® pa[ WP Ohay pa) ¥ (M, 1)
Fas b Bees Fla
X WEGu, py WED gy pa) W ()] p (45)

where P is the total number of permutations of the creation and annihilation operators, and the subscript “B,B, — B.B;” restricts
the summation to the case where the six creation operators from B, B}, are exactly removed by the six annihilation operators from
B.B,. In such a case, the coordinates A,, p,, Ap, pp, and ¥’ in the B,B;, system are fixed by the coordinates A., p,, A4, p;, Which
are the integral variables, and r in the B.B; system. The wave function for the center-of-mass motion is normalized as

/ PRol¢ R = 1. (46)
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Then, we can express the braket (B.B;(r)|B,B;) by using the normalization kernel N (r, r’) as

(B.By(r)|B.By) = / &PYNE Y ). 47)

On the other hand, to calculate (B.B,(r)| H |B.B)) we use the relation (35). Namely, when all the annihilation operators in
H act on B, (or on Bp), we can use the relation (35). Additionally, because the potential part V contains the product of two
annihilation operators, V' can simultaneously act on both B, and B}, as well. Therefore, we have

. 1 92
H |B,Bp) = / d*Roy / d3r[MBU + Mg, —

1 02

20t I 2(Mp, + Mp,) OR2

}qb(Rtm)w) / d*rd’ p VB (g, p,)

tot

X /dS)»dePb‘I’(B”)(lb, PIW B (a1, Fan 13 )W BT (1, 712, 743) 10) + V | BuB) i - (48)

Here we used the relation

1 9?2 1 9?
2Mg, 3R>  2Mjp, 3R;,
1 9? 1 02
2pugp Or*  2(Mp, + Mp,) OR;,
where (1,4, is the reduced mass for the B,B), system,
Mp Msp,
= —— b 50
Meab My, + M, (50

and the subscript “int” of V |B,By);,, denotes the inter-baryon
contributions to the potential term, i.e., the potential between
one quark from B, and the other from B;,. We are not interested
in the center-of-mass motion, so we neglect the center-of-mass
kinetic energy in Eq. (48). Because the first term in Eq. (48)
has the same structure of operators as the |B,B}) state, we have

(B.Bu(r)| H |B,By)
2

2o m) V()
+ (BeBa(r)| V |BaBp)in - (51

= f d’rN(r, r/)(MBu + Mp, —

The potential term (B By (r)| 1% |B,Bp)ine can be calculated in
the usual manner for the creation and annihilation operators as
well, and can be expressed by the nonlocal potential Vi, (r, r')
as

(BcBy(r)|V |BuBy)iny = / Vi r, YY) (52)

We note that contributions without quark shuffling between
baryons [Fig. 3(a)] amount to zero for the nonlocal potential
Vine(r, r') in the quark model due to the properties of quark
color inside baryons and Gell-Mann matrices . Physically,
this means that the gluon cannot mediate between color singlet
states. Therefore, Vi (r, r') necessarily contains the shuffling
of quarks between baryons, as shown in Fig. 3(b).

As a consequence, we obtain the equation which the
B,B, — B.B, process should satisfy:

1 9
/d%’[N(lﬁf)(—mm) +Vim("7"/)i|1/f(’/)

=& / drNE, YY) (53)

(

with the eigenenergy
5EE—MBH—MB,]. (54)

This integrodifferential equation is the resonating group
method (RGM) equation. Because all the parameters in the
present model are fixed to reproduce the baryon masses,
the RGM equation has no free parameters. The RGM equa-
tion (53) automatically covers coupled-channels cases, but we
will not take into account the coupled-channels effects unless
explicitly stated.

4. Equivalent local potentials

While the RGM equation contains the nonlocal potential
Vine(r, r') between two baryons together with the normaliza-
tion kernel N(r, r’), local potentials are desired for practical
studies. In fact, from the RGM equation, we can extract equiv-
alent local potentials between two baryons. Our strategy is
to calculate a local potential that generates the same wave
function as that of the two baryon state in the RGM equation.

However, the wave function ¥ (r) in the RGM equa-
tion (53) may contain unphysical forbidden states by the
Pauli exclusion principle, which are zero eigenstates of the
normalization kernel N (r, r’). To eliminate these zero modes,
we “reduce” the wave function in the following manner:

Ir(r) = f ErN e, Py ) (55)

(a) (b)

FIG. 3. Examples of diagrams depicting the baryon-baryon inter-
actions in our model. Solid lines represent quarks, and curled lines
denote quark-quark interactions. (a) Contributions without quark
shuffling amount to zero. (b) Quark shuffling contributes to the
baryon-baryon interactions.

065202-6



REEXAMINATION OF THE SHORT-RANGE ...

PHYSICAL REVIEW C 108, 065202 (2023)

where N'/2(r, r’) satisfies
N(r,r) = / &r'N2 (@, PNV F). (56)

Now, we can calculate the local potentials for two baryons as
follows:

(i) Calculate N(r, r’), Vi (r, r') and solve the RGM equa-
tion. Because we are interested in the low-energy
behavior of the two-baryon system, we focus on the
ground state in § wave. The eigenenergy of the two-
baryon system £ is given by

—B
-

where B is the binding energy of the bound state. Note
that the angular dependence of N(r,r’) and Vi (r, ')
is irrelevant in the present study, because we focus
on the S-wave state. For the reduced mass jty;, in the
RGM equation and baryon masses in the eigenenergy
& (54), we use the values in our constituent quark
model, i.e., the eigenvalues in Eq. (6).

(i) From the wave function ¢ (r) in the RGM equation,
calculate the reduced wave function ¥ (r) according
to Eq. (55).

(>iii) Calculate

if a bound state exists,

otherwise, G7)

xr(r) = ryr(r) (58)

and derive the equivalent local potential Vcq(r) that
generates the same wave function xg with the
eigenenergy &g [15]:

1 dZXR
2papxr(r) dr?

We note that the equivalent local potential (59) depends
on the energy £. In the present study, we fix the energy to
be the ground-state energy, because we are interested in the
low-energy behavior of the two-baryon system, and evaluate
the potential at this energy.

We also note that this strategy works when the wave func-
tion xr has no nodes. However, if the wave function has a
node xg = 0 and at this point d”xg/dr® # 0, the equivalent
local potential becomes singular. Indeed, the wave function
in the RGM equation may have nodes that make the wave
function orthogonal to the unphysical forbidden states of the
RGM equation due to the Pauli exclusion principle for quarks
(see Ref. [16]). One could remove such contributions to obtain
nonsingular potentials as in, e.g., Ref. [31] and references
therein, for the local a-a potential. Still, in the present study,
we simply discard singular equivalent local potentials and
show only nonsingular ones.

Veg(r) = & + (59)

III. NUMERICAL RESULTS AND DISCUSSIONS

In this section, we present our numerical results for the
baryon-baryon potentials in our model and discuss their prop-
erties. We first focus on the single-channel cases without
coupled-channels effects in Sec. IIT A, and then we consider
the coupled-channels effects in several systems in Sec. III B.

TABLE III. Parameters for the color Coulomb plus linear confin-
ing potential.

n x, (fm) A, (fm™) B, (fm) G

1 0.05 24.0065 ~0.3426 —0.06515
2 0.06851  —10.9718 0.8172 0.16491
3 0.09387 16.5001 —1.4085 ~0.27838
4 0.12862 —6.3166 1.9560 0.39680
5 0.17624 8.1792 —2.6370 —0.52322
6 0.24148 ~2.6114 3.2980 0.67149
7 0.33087 3.7594 —4.3881 —0.87098
8 0.45335 —0.9834 5.8023 118519
9 0.62118 17175 —8.8336 ~1.76209
10 085113 ~0.2202 14.3552 2.94624
11 1.16622 03157  —263552 —5.37162
12 159794 11646 43.6361 9.24036
13 218948 —1.6494 524052 —1151550
14 3 14912 26.4737 6.77163

Before presenting the results, we would like to mention
two technical details that allow us to speed up the numerical
calculations. First, we reduce the number of terms in the Gaus-
sian expansion, denoted by N. In Sec. Il A we used N = 10 to
achieve certain convergence. However, we have verified that,
for all the ground-state baryons, the wave function v, p)
with N = 2 (with rpi, and rp.y tuned) deviates from that with
N = 10 by only about 1%.! Therefore, in this section, we
employ N = 2 instead of N = 10, which leads to potential
errors of about &1%. Second, we approximate terms in the
color Coulomb plus linear confining potential V¢ (r) (32) by
sums of 14 Gaussians:

l = iA exp (—ﬁ) (60)
ro = " x2)’
14 r2
r= X;B,, exp (-)?) (61)
1= ic exp (—£> (62)
n x%

n=1

The range parameters x,
progression,

are chosen in a geometric

x, = 60" D/13 % 0.05 fm, (63)

while the coefficients A,,, B,,, and C, are fixed by fitting to 1/r,
r, and 1, respectively. By using the parameter values listed in
Table III, we can reproduce each term reasonably well over the
range [0.05 fm, 3 fm], which covers the range of the baryon-
baryon interactions of interest in this study.

"Tuned values of (7min. max) in the N = 2 case are (0.454, 0.931)
for N, (0.443, 0.896) for A, (0.460, 0.921) for X, (0.452, 0.880) for
g, (0.619, 1.064) for A, (0.594, 1.025) for ¥*, (0.573,0.988) for
E*, and (0.554, 0.947) for 2, in units of fm.
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TABLE IV. Values of Nj;. Two-baryon threshold values, expressed in units of MeV, are provided in parentheses in the format
(model/experimental values). S is the strangeness of the system. The channels marked with a dagger (7) indicate that the equivalent local
potentials become singular.

S=0 S=-3 S=—4
NN (1899/1878) AY (2415/2425) NE* (2479/2472) AZ (2433/2434) 2= (2645/2637)
(1,0) 5/9 2,5/2)f 0 2,1) 2/9 (1,1/2)  5/18 (1,0)f 1/9
(0,1) 5/9 (2,3/2)t 5/36 (2,0) 2/3 0,1/2)  1/2 (0,1) 5/9
(2,1/2)  8/9 (1,1)  14/27
NA (2184/2171) (1,5/2)  4/9 (1,0) 2/9 Y= (2503/2511) AQ (2790/2788)
(2,2)t 0 (1,3/2)  7/12 (1,3/2) 5/9 (2,0) 0
(2,1) 4/9 (1,1/2)  4/9 AY* (2493/2500) (1,1/2)  5/18 (1,0) 2/3
(1,2) 4/9 2,1) 1/3 (0,3/2)  5/9
(1,1)f 0 AY* (2617/2617) (1,1) 1/3 0,1/2)t 1/18 =" (2852/2852)
(3,5/2)f 0 2, Dt 1/9
AA (2469/2464) (3,3/2)t 0 AZ (2557/2550) NQ (2629/2611) (2,0)f 0
(3,2)f 0 (3,1/2) 1 (2,2) 1/3 (2,1/2) 1/2 (1,1) 1/3
(3,0) 1 (2,5/2)t 0 (2,1) 5/9 (1,1/2)  1/2 (1,0) 2/3
(2,3)1 0 (2,3/2)  5/9 (1,2)f  1/9
(2,1) 5/9 (2,1/2)  5/9 (1,1)  17/27 AZ* (2640,/2649) ¥ (2859/2866)
(1,2) 5/9 (1,5/2)  5/9 (2,1/2) 1/4 2,1) 1/3
(1,0) 4/9 (1,3/2)  5/9 nE* (2562/2578) (1,1/2) 17/36 (1,1)t 1/9
(0,3) 1 (L,1/2)  4/9 2.2t  1/9
(0,1) 4/9 (0,5/2) 1 (2,1) 1/3 S*E (2704/2703) $*Q (3061/3057)
(0,3/2)  4/9 (2,0) 7/9 2,3/2)F  2/9 B, Df 0
(0,1/2)  4/9 (1,2t 1/3 (2,1/2)  2/9 (2,1) 1/3
S=-1 (1,1)  11/27 (1,3/2)t  2/9 (1,1) 5/9
NA (2060/2055) (1,0) 1/3 (1,1/2)  2/3 (0,1) 2/3
1,1/2)  1/2 S=-2
(0,1/2) 1/2 AA (2221/2231) AE* (2764/2765) NE* (2710/2727) E*=* (3059/3067)
(0,0) 1/2 3,2)1 0 2,3/2)  2/9 (3,0)f 0
NY (2130/2132) (3,1) 2/3 (2,1/2)  17/36 (2,1) 2/9
(1,3/2)F  1/9 NE (2272/2257) (2,2) 1/3 (1,3/2)t  2/9 (1,0) 5/9
(1,1/2)  1/2 (1,1) 10/27 (2,1) 5/9 (1,1/2)  1/4 (0,1) 7/9
(0,3/2)  5/9 (1,0) 4/9 (1,2) 5/9
0,1/2)t 1/18 (0,1)f 2/9 (1,1)  13/27 AQ (2914/2904)
(0,0) 2/3 (0,2) 2/3 (3,3/2) 1/2 S=-5
NY* (2332/2323) (0,1) 4/9 (2,3/2)  1/2 EQ (3001/2991)
(2,3/2)t 1/18 AY (2291/2309) (1,3/2) 1/2 (2,1/2)1 0
(2,1/2)  5/9 (1,1) 1/3 Y (2764/2769) 0,3/2)  1/2 (1,1/2)  4/9
(1,3/2)  1/2 (0,1)t 1/3 (3,1) 1/3
(1,1/2)t  1/9 (2,2) 2/9 $FE* (2912/2918) =70 (3209/3206)
Y (2361/2386) (2,0) 5/9 (3,3/2)  1/2 (B,1/2f 0
AN (2345/2348) (1,1) 11/27 (1,1)  14/27 (3,1/2)f 0 (2,1/2)t 0
(2,3/2)F 1/4 (0,2) 5/9 (0,2) 7/9 (2,3/2)t 1/18 (1,1/2)  5/9
(1,3/2)t 1/4 (0,0) 7/18 (0,0) 4/9 (2,1/2)  5/9 (0,1/2) 1
(1,3/2)  1/2
(1,1/2)  5/9
(0,3/2) 17/18 S=-6
0,1/2)  4/9 QN (3358/3345)
(2,001 0
(0,0) 1
A. Single-channel cases projection onto the (J, I) state using the Clebsch-Gordan co-

efficients in the usual manner. The same table also lists the
values of the spin-flavor [33] components for the two-baryon
channels, denoted as N;3. This measures the contribution of
totally antisymmetric states of six quarks for two ground-state
baryons in § wave. Therefore, a smaller N33 indicates stronger
repulsion due to the Pauli exclusion principle for quarks. The

1. Two-baryon channels

First, we summarize in Table IV the two-baryon channels
composed of the ground-state baryons in S wave. In this study,
we specify the quantum numbers of the two-baryon channels
using the total spin J and isospin I as (J,I). We perform
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FIG. 4. Equivalent local potentials for the baryon-baryon systems: strangeness S = 0 sector.

spin-flavor [33] component N33 corresponds to an eigenvalue
of the normalization kernel N (r, r’) associated with the eigen-
vector ¢(r) [2]:

fd3r’N(r, r)e(r') = 2N330(r). (64)

We can calculate N33 using the creation and annihilation oper-
ators of baryons. Namely, we have the formula
N33 = 5 (BuBy(J, D)o|BuBy(J. o) . (65)

where |B,B;(J, I)p) is the two-baryon state with the quantum
numbers (J, I) but without the coordinates of quarks:

|BaBy(J, 1)o)

=Y . IISus Sar Sp T = 8a) {1, Al iy Ty T — i)

Sasia

X ﬁ)(Ba(Smiu))_iqﬁ}(B[;(J—S“,l—i“))’i‘ |O> , (66)
o (B(S T — (B(s, z)) + AT At

=288, (67)

Here, S, and I, are the spin and isospin values of B,, respec-
tively, B(s, i) refers to the baryon B with the third components
of spin s and isospin i, (J, j|Sa, S4, Sp, sp) 1s the Clebsch-
Gordan coefficient, and the operator a; was introduced in
Eq. (13). As shown in Table IV, the values of N33 are
scattered between zero and unity. In particular, when only
single-channel cases are considered, the channels with N33
close to unity usually contain decuplet baryons. We expect
that these channels may avoid repulsive potentials due to the
Pauli exclusion principle for quarks.

2. Strangeness S = 0

Now, let us present the equivalent local potentials for the
baryon-baryon systems with strangeness S = 0 in Fig. 4.2 As

2All of the explicit potential values in our model are provided in the
Supplemental Material [32].

seen in the figure, significant repulsive cores are observed
in the potentials for the NN(1,0), NN(O, 1), NA(2, 1), and
NA(1, 2) systems. These cores begin to rise at approximately
1fm. Because the spatial extension of each baryon in our
model is typically less than 0.5fm (see Table II), our re-
sults indicate that the interaction becomes significant when
the distance between two baryons reaches the sum of their
respective radii. The values of the four potentials at the origin
amount to more than 800 MeV, and the repulsion is strongest
in the NA(1, 2) system, followed by NA(2, 1), N(0, 1), and
N(1,0). On the other hand, the AA systems have moderate
repulsion or even attractive cores at a short range. In particu-
lar, thanks to the attraction, the AA(3, 0) system generates a
bound state, whose properties will be presented later. The be-
havior of these potentials is quantitatively similar to the results
in Ref. [16]. Therefore, our model with more precise wave
functions strengthens the discussions in Ref. [16]. Here, we
note that the NA(2,2), NA(1, 1), AA(3,2), and AA(2, 3)
systems have singular equivalent local potentials because the
wave functions have nodes caused by unphysical forbidden
states due to the Pauli exclusion principle for quarks. We mark
these channels with a dagger (1) in Table IV and do not show
these singular equivalent local potentials.

To confirm the mechanism of attraction/repulsion, we de-
compose the potentials by considering the following cases:

(i) Case of the color Coulomb plus linear confining force
(CL): only the color Coulomb plus linear confining
potential Ve (7) is considered in the RGM equa-
tion (53), while Vi,(r) = 0 and N(r, ¥') = 8(r — V).
Case of the color Coulomb, linear confining, and
color magnetic forces (CL + SS): both the color
Coulomb plus linear confining potential V¢r (7) and
the color magnetic potential Vis(r) are considered in
the RGM equation (53), while N(r, r') = §(r — ).
(iii) Case of the full calculation (Full).

(ii)

The resulting equivalent local potentials for the NN (1, 0)
and AA(3,0) systems are plotted in Fig. 5. The NN(1, 0)
system has a moderate interaction due to the color Coulomb
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FIG. 5. Decomposition of the potentials for the NN(1,0) and
AA(3, 0) systems.

plus linear confining force (CL, the dashed line in Fig. 5),
but when the color magnetic force is included (CL + SS, the
dotted line in Fig. 5), it generates a highly repulsive potential.
However, the repulsion becomes weaker when the normaliza-
tion kernel N (r, r’) is considered (Full, the solid line in Fig. 5).
On the other hand, the AA(3, 0) system in the CL case has
an attraction in the medium range 1 < r < 2 fm that is strong
enough to produce a bound state (the double-dot—dashed line
in Fig. 5). This attraction grows when the color magnetic force
is included (the long dashed line in Fig. 5), and the short-range
repulsion becomes moderate when the normalization kernel is
applied (the dot-dashed line in Fig. 5). We emphasize here
that the strength of the attraction/repulsion generated by the
color Coulomb plus linear confining force is correlated with
the values of N33: a larger N33 generates stronger attraction
in the CL case. Indeed, the AA(0O, 3) system has the same
equivalent local potential in the CL case as the AA(3,0)
system, but the repulsive color magnetic interaction in the
AA(0, 3) system distorts the potential, resulting in a repulsive
potential in the full calculation (the double-dot—dashed line in
the right panel of Fig. 4). This implies that, even if both the
AA(3,0) and AA(0, 3) dibaryon states exist as predicted in
Ref. [33], their nature will be qualitatively different from each
other. In summary, as discussed in Ref. [16], both the Pauli
exclusion principle for quarks and color magnetic interactions
are essential for the behavior of baryon-baryon interactions at
short distances.

In Fig. 6 we compare our result for the equivalent local
potential in the AA(3, 0) system with the analytic form of the
HAL QCD potential with a heavy pion mass m, = 679 MeV
[9]. Both potentials provide sufficient attraction to generate
a AA(3,0) bound state, but the details differ. In particular,
at the origin, while no repulsive core is observed in the HAL
QCD potential, the potential in our quark model exhibits weak
repulsion, which originates from the color Coulomb plus lin-
ear force (see Fig. 5). Such a discrepancy can be discussed,
for example, by adding meson exchange contributions to our
potential, as a previous study has shown that the exchanges
of scalar and pseudoscalar mesons can be superposed on the

100 T T T T T T T T T
0 \_/—
—100 R
= =200 | .

=
87300 o -
—400 + i
=500 AA(3,0)  —— 1
HAL QCD

—600 1 1 1 1 1 1 1 1 1

0 02 04 06 08 1 12 14 16 18 2

7 [fm]

FIG. 6. Comparison with the HAL QCD potential for the
AA(3,0) system [9].

quark-model potential without introducing a double-counting
problem [34]. In addition, the quark mass dependence of the
potential in both quark models and lattice QCD simulations
would be important. However, it should be noted that the
potential itself is not observable and the value of the potential
at the origin is not crucial for the generation of the bound
state. Therefore, to evaluate the strength of the potentials, we
introduce a quantity

= — /oodr Veq(1). (68)
0

This quantity is motivated by the condition that a three-
dimensional potential well generates a bound state. Namely,
a three-dimensional potential well V (r) = —Vy0(a — r), with
a potential depth Vp, range a, and the Heaviside step function
0(x), generates a bound state if 8 > 1. The AA(3, 0) potential
in our quark model provides B = 1.93, while the HAL QCD
potential 8 = 2.51 with heavy A mass Mx = 1677 MeV [9].
These values imply that the HAL QCD potential for the
AA(3, 0) system with the heavy A mass is stronger than that
in our model with the almost physical A mass.

3. Strangeness S < 0

The equivalent local potentials with strangeness S = —1,
—2, =3, —4, —5, and —6 are plotted in Figs. 7-12, respec-
tively. We note that the N2 and A interactions are absent
in the single-channel cases because the shuffling of quarks
associated with the quark-quark interaction inevitably leads to
the transition to inelastic channels [see Fig. 3(b)]. As shown in
the figures, the potentials exhibit both attractive and repulsive
behavior, depending on the channels.® The potentials start to

3In the strangeness S = —2 sector, the baryon-baryon interaction
energy in the constituent quark model was calculated in a static way
by subtracting out isolated baryon masses and relative kinetic energy
of two baryons from the total energy of a compact six-quark state
[26]. On the other hand, in the present study, we calculate the baryon-
baryon potentials in a dynamical way by solving the RGM equation.
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FIG. 7. Equivalent local potentials for the baryon-baryon systems: strangeness S = —1 sector.

deviate from zero at about 1 fm in almost all channels, which
again indicates that the interaction becomes significant when
the distance between two baryons reaches the sum of their
respective radii. The exceptions are the cases of N33 &~ 1 [for
example AX*(3, 1/2)] and N33 ~ 0 [for example A E*(2, 2)],
in which the cancellation among the contributions in the color
Coulomb plus linear confining forces does not occur. Con-
sequently, the potentials become detectable even at distances
with r > 1fm, which corresponds to the situation that just
the tails of the single-baryon wave functions start to overlap
(see Fig. 2): the potentials at longer ranges exhibits negative
(positive) growth in the N33 ~ 1 (N33 =~ 0) case.

In Fig. 12, we also plot the analytic form of the ©2€2(0, 0)
potential in the HAL QCD method. The behavior of the po-
tentials in the two approaches is qualitatively consistent. The
mechanism of the Q2€(0, 0) potential in our quark model is
similar to that of the AA(O, 3): the repulsion near the origin
is the sum of the contributions from the color Coulomb plus
linear confining force and repulsive color magnetic force,
while the medium-range attraction originates from the color
Coulomb plus linear confining force. Because the strange
quark is heavier than the up and down quarks, the repulsive
color magnetic force, which is proportional to 1 /mf [see

Eq. (32)], becomes weaker in the $2€2(0, 0) system, and hence
the medium-range attraction persists. However, the attraction
is not sufficient in our model to generate a bound state, in
contrast to the HAL QCD potential. Indeed, the strength of
the potential 8 in Eq. (68) amounts to 8 = 0.248 (0.937) in
our model (HAL QCD method). This discrepancy could be
compensated for by including exchange forces of mesons such
as the n and o mesons.

4. Bound states

In our quark model calculations in single-channel cases, we
find bound states of the AA(3,0), AX(2,1/2), AX*(3,1/2),
and £¥*(2, 0) systems. Table V shows the binding energies B

TABLE V. Properties of the bound states.

System B (MeV) V(r3) (fm)
AA@G3,0) 13.1 1.70
AT, 1/2) 6.9 2.03
A¥*(3,1/2) 12.6 1.68
r¥*(2,0) 0.7 5.24
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FIG. 8. Equivalent local potentials for the baryon-baryon systems: strangeness S = —2 sector.

and root mean squared distances between two baryons v/(r2)  We also plot the square of the relative wave functions | xg (r)|*
of these bound states, which are defined using the normalized ~ in Fig. 13. As shown by the root-mean-squared distances in
wave functions of the relative motion as Table V and the squared wave functions in Fig. 13, the spa-

oo oo tial extension of the bound states largely exceeds the typical
/0 drixe(MIP =1, (rp) E/o drr’|xr(M)]*.  (69)  size of hadrons of 1fm. This strongly suggests that these
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FIG. 9. Equivalent local potentials for the baryon-baryon systems: strangeness S = —3 sector.

dibaryon states are hadronic molecules rather than compact
hexaquark states. The AA(3, 0) bound state can be interpreted
as the d*(2380) recently confirmed in experiments [35]. The

A¥*(3,1/2) bound state was predicted in Ref. [23] in the
chiral SU(3) quark model. Furthermore, the wave functions
of the AA(3,0) and AX*(3,1/2) are very similar to each
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FIG. 10. Equivalent local potentials for the baryon-baryon systems: strangeness S = —4 sector.
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FIG. 11. Equivalent local potentials for the baryon-baryon sys-
tems: strangeness S = —5 sector.
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FIG. 12. Equivalent local potentials for the baryon-baryon sys-
tems: strangeness S = —6 sector. We also plot the HAL QCD
potential for the 2€2(0, 0) system [7].
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bound states.
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FIG. 14. Square of the relative wave functions for the dibaryon
bound states in coupled channels.

other. Indeed, both the normalization kernel N(r, ) and in-
teraction term Vi, (r,r’) are very similar in the AA(3,0)
and AX*(3, 1/2) systems, because they are members of the
flavor antidecuplet generated by two decuplet baryons. This
fact implies that bound states of the AE*-X*¥*(3,1) and
AQ-¥*E*(3,3/2) systems in coupled channels exist as the
other members of the flavor antidecuplet, although the attrac-
tion is not sufficient in these systems in the single-channel
cases. On the other hand, the AX(2,1/2) and £X*(2,0)
systems couple to lower baryon-baryon channels NX* and
NE*, respectively, in S wave. Therefore, it is necessary to
take into account the coupled-channels effects to determine
the properties of these bound states.

B. Coupled-channels cases

In the previous subsection, we only considered the single-
channel cases where transitions between inelastic channels
were neglected. However, in several systems, such transitions
may play a significant role. Therefore, in this subsection, we
examine the coupled-channels effects.

1. Flavor antidecuplet states with J = 3

First, we consider the coupled channels of
AE*-X*¥*(3, 1) and AQ-X*E*(3, 3/2). They are important
because they belong to the flavor antidecuplet generated
by two decuplet baryons, together with the AA(3,0) and
A¥*(3,1/2) states, which are bound as in the previous
subsection. We allow transitions between inelastic channels
via N(r,r") and Vi, (r, ") and solve the RGM equation (53).
As a result, we find bound states below the lower thresholds,
i.e., the ¥*¥* and X*E*, respectively, in our model.* The
A bound state was predicted in Ref. [22] in the chiral SU(3)

“Because we use the baryon masses in the constituent quark model,
a reversal of the thresholds occurs. In experiments, the lower thresh-
olds correspond to AE* and AS2, respectively.
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TABLE VI. Properties of the bound and resonance states in cou-
pled channels. In the AE*-X*X*(3, 1) and AQ-X*E*(3, 3/2) cases,
the binding energy B is measured from the AE* and A€ thresholds
in our model, respectively. The decay width I' is also included in the
NQ(2,1/2) and AX(2, 1/2) channels.

System B (MeV) T (MeV) Note
AE*-T*T*(3, 1) 11.7 AE* 67%, 2*2* 33 %
AQ-¥X*E*(3,3/2) 11.1 AQ 49 %, *E* 51 %
NQ(2,1/2) 10.3 4.6 With meson exchanges
AX(2,1/2) —40.6 76.0 Decay to NX*
quark model. In the strangeness S = —2 sector, the binding

energy of the bound state measured from the AE* (X*X*)
threshold is 11.7MeV (11.1 MeV). In the strangeness § = —3
sector, the binding energy is 11.1 MeV (9.0 MeV) from the
AQ (X*E*) threshold. In Fig. 14 we plot the squared wave
functions of the bound states with the normalization

> [ drixir =1, (70)
i 0

where i denotes the channels. As one can see, the squared
wave functions have nonzero values even above the typi-
cal size of hadrons of 1fm, indicating that these dibaryon
states are hadronic molecules rather than compact hexaquark
states, as the AA(3,0) and AX*(3, 1/2) bound states. Fur-
thermore, we can evaluate the fractions of the AE*, X*X*,
AL, and ¥*E* components in the bound states by calculating
each term of the summation in Eq. (70). The resulting frac-
tions are 67% (33%) for the AE* (X*X*) component in the
AE*-X*X*(3, 1) bound state, and 49% (51 %) for the AQ
(X*E*) component in the AQ-¥*E*(3, 3/2) bound state. We
summarize the properties of the bound states in Table VI.

From the relative wave functions of the bound state xg ;,
we would like to extract the local coupled-channels poten-
tials. However, in the coupled-channels cases, this task is not
straightforward in contrast to the single-channel cases, be-
cause the number of coupled-channels potentials is generally
larger than the number of wave equations. In particular, the
wave equations in a two-channel problem become

— L Vi) Via(r) (xR,l)
Vai(r) A— Z—}LH% + Voo (r) ) \Xr2

_ _pf XR1
N B<XR,2) 7

where A is the difference of the two threshold values and
B is the binding energy measured from the threshold of the
first channel. We have obtained the relative wave functions
xr,1 and xgr by solving the RGM equation, but they are not
sufficient to uniquely determine the coupled-channels poten-
tials Vi1, Vi2, Va1, and Vay. To solve this problem, we make
three assumptions: (1) the potential is dominated by the an-
tidecuplet contribution, (2) inelastic potentials are symmetric,
i.e., Vi = V5, and (3) the weight of each component in the
antidecuplet is fixed purely by the Clebsch-Gordan coeffi-
cient. For example, in the AE*-X*¥*(3, 1) case, because the

antidecuplet state 10 has the relation

— 2 1
103, 1)) = \/g|AE*(3, 1)) — \/;|E*E*(3, D), ((72)

the equivalent local coupled-channels potentials can be evalu-
ated by the formulas:

1 SE AT
EVeﬁu A5, (73)

— Byr,az+(r)

AE*-T*T* THFEE-AE*
VA (r) = V2 (r)=—

1 d*xroaz+

AE*-AE* 2upzx  dr?
Veq (r) = 2 1 ’

xR, azx(r) — TEXR,E*Z*(r)

P 1

yIiEEE (r) = |:

o xR,z 5+ (1)
—(B+ A)xr zrx+(r)

(74)

1 deR,E*Z*
2usexs  dr?

—Vei*z*‘“*(r)xR,Aa*(r)]. (75)

We plot the calculated local coupled-channels potentials for
the AE*-X*X¥*(3, 1) bound state in the left panel of Fig. 15
together with the potentials in the single-channel case denoted
as “single”. The elastic AE* potential (the solid line in the
left panel of Fig. 15) becomes more attractive compared to
the single-channel case (the dot-dashed line), and the elastic
¥*X* potential (the dotted line) changes to attraction. Sim-
ilarly, we can evaluate the equivalent local potentials for the
AQ-¥*E* bound state via the relation

L
V2

1

1103, 3/2)) = 7

|AQ(3,3/2)) — — |Z*E*(3,3/2)).

(76)

The result is plotted in the right panel of Fig. 15. Interestingly,
while the A interaction does not occur in the single-channel
case, as the quark shuffle associated with the quark-quark
interaction inevitably leads to the transition to inelastic chan-
nels, the elastic A2 interaction emerges via the coupling to
the X*E* and is attractive. In addition, the attraction of the
elastic ¥*E* potential grows when the coupled channels are
taken into account.

We note that, for the flavor antidecuplet AE*-X*¥*(3, 1)
state with the weight in Eq. (72) and AQ-X*E*(3, 3/2) state
with the weight in Eq. (76), the normalization kernel N (r, r')
and interaction term Vi, (r,r’) are again similar to those of
the AA(3, 0) state. Therefore, we extend the discussion on
the AA(3,0) bound state and conclude that both the Pauli
exclusion principle for quarks and color magnetic interactions
are essential for the generation of the bound states in the flavor
antidecuplet.

2. Flavor octet states with J = 2

Next, we consider the NQ(2, 1/2) system. In the single-
channel case, the NQ interaction is absent because the
shuffling of quarks associated with the quark-quark interac-
tion inevitably leads to the transition to inelastic channels,
which is the same as the AR interaction. However, the cou-
pled channels AE*, £¥*E, and ¥ E*, whose thresholds are
above but close to the N2 threshold, may bring attraction to
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FIG. 15. Equivalent local potentials for the baryon-baryon systems: flavor antidecuplet states in coupled channels.

the NQ(2, 1/2) system. Indeed, the HAL QCD method has
predicted a strong attraction in the N(2, 1/2) system [8]. As
discussed in Ref. [36], such attraction cannot be provided by
conventional meson exchanges, so it is natural to examine the
N interaction in terms of quark degrees of freedom. Previous
research on the N2 interaction in the constituent quark model
can be found in, e.g., Ref. [19], and we revisit this using more
precise wave functions.

By solving the RGM equation in the coupled channels of
NQ-AE*-X*BE-XE*(2,1/2), we find a bound state with a
binding energy B = 2.1 MeV below the N2 threshold. Then,
assuming that the N2 contribution is dominant near the N2
threshold in the coupled channels, we evaluate the equivalent
local potential for the elastic NQ2(2, 1/2) only from the N2
wave function at the N2 bound state energy xr.na(7):

1 d*xr o
2unaxrna(r)  dr?

Va@Ne(r) = -B + (77)

The resulting potential is shown as the solid line in Fig. 16.
This indicates that the N2(2, 1/2) interaction is attractive via
the coupled channels. The strength of the potential 8 (68) is
B = 1.29 in our model.

Additionally, we can include the meson exchange potential
calculated in Ref. [36], in which the n meson, correlated two
mesons in the scalar-isoscalar channel, and K meson in a
box diagram were taken into account. As a result, we obtain
a bound state with a binding energy 10.3MeV and a decay
width 4.6 MeV, which arises from the decay to the AE and
Y E channels in D wave in the box diagram. We plot the real
part of the N2(2, 1/2) potential with the meson exchange
contributions added as the dashed line in Fig. 16, and also
present the simulation results in the HAL QCD method [8] as
the thick line. Comparing the potentials in the present study
and in the HAL QCD method, the shape is different at the
range r < 0.4 fm, which was also observed in the AA(3, 0)
system in Fig. 6. Although the potential is not observable,
understanding the origin of the discrepancy at the range r <
0.4 fm may be important. In contrast, attraction in the longer

range is similar to each other. The strength of the potential g
amounts to § = 1.69 + 0.11i (8 = 1.47) in our model (HAL
QCD method).

Similarly, we calculate the relative wave functions
of the NX*(2,1/2), NE*(2,1), and NE*(2,0) states
in the coupled-channels problems NX*-AX(2,1/2),
NE*-AX*-AE-X¥X*(2,1), and NE*-¥X¥*(2,0), respec-
tively. They are of interest, because they belong to the
flavor octet of the two-baryon states together with the
NQ-AE*-X*E-XE*(2,1/2) coupled channels [19], and
hence we expect attractive interaction due to the coupled
channels. By solving the RGM equation, we find no bound
states below the NX* and NE* thresholds. We calculate the
equivalent local potentials for the NX* and NE* systems
at the NX* and NE* threshold energies, respectively, and
show the results in Fig. 17. As we can see, compared to the
single-channel cases, the repulsion becomes moderate in the

=
=
o
Ny
—200 i
NQ(2,1/2), QM only ——n
—250 NQ(2,1/2), +meson ===+
HAL QCD
—300 1 1 1 1 1 1 1 1 1
0 02 04 06 08 1 12 14 16 18 2
r [fm]

FIG. 16. Equivalent local potential for the NQ system in our
model (solid line). We also plot the real part of the potential with
the meson exchange contributions added (dashed line) and the HAL
QCD potential for the NQ(2, 1/2) system [8] (thick line).
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FIG. 17. Equivalent local potentials for the baryon-baryon sys-
tems: flavor octet states in coupled channels.

NX*(2,1/2)and N E*(2, 1) systems, and the attraction grows
in the NE*(2, 0) system. To conclude whether these systems
are bound or not, we have to evaluate the contributions from
the meson exchanges and add them to the present potentials.

3. Bound states coupling to decay channels

Among the bound states listed in Table V, the AX(2, 1/2)
and £X*(2, 0) bound states exist above the lowest thresholds
with the same quantum numbers, NX* and NE*, respec-
tively. Therefore, we aim to evaluate the impact of the decay
channels on these bound states by tracing the bound state
poles in the complex energy plane. However, solving the
fully coupled-channels RGM equation (53) for the complex
eigenenergy above the lowest threshold is not feasible. To
circumvent this problem, we incorporate the decay channels
perturbatively. Specifically, we explicitly consider the bound-
state channels, i.e., AX(2,1/2) and £X*(2,0), as in the
single-channel cases, while implicitly accounting for the de-
cay channels by replacing the interaction term Vi (r, ') with

Vin(r. 1) = Vi #') + / ErdradryVin(r. 1)

x G(&,r1,r)N~ (r2, 13)Vine(r3. 1), (78)
where G(&, r1, r) is the loop function of the decay channel

d3p epri—rz)
QY E+A—p/u)

with A denoting the difference of the two threshold values
and u’ the reduced mass of the decay channel. In Eq. (78),
transitions between the bound-state channel and the decay
channel occur at Vi (r, 7;) and N~ (ry, r3)Vin (r3, ) of the
second term.

As a result of including the decay channel, the bound
state pole of the £X*(2,0) system disappears due to the
repulsion from the inelastic-channel contributions, while
the AX(2,1/2) bound state becomes a resonance with an
eigenenergy of £ =40.6 — 38.0i MeV, which corresponds

GE&,ri,n)=

(79)

3
=3
g
N
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FIG. 18. Equivalent local potentials for the baryon-baryon sys-
tems: inclusion of decay channels.

to the binding energy B = —40.6 MeV and decay width " =
76.0 MeV. Note that the real part of the resonance pole posi-
tion is above the A X threshold, but the pole exists in the same
Riemann sheet as the bound state in the single-channel case.
Therefore, if the AX(2, 1/2) resonance exists as predicted in
our calculation, it will be observed as a cusp structure at the
AX threshold in experiments.

We extract the equivalent local potential for the
AX(2,1/2) and £X*(2, 0) systems from the relative wave
function xgr(r), where the wave function is evaluated at
the threshold £ =0 for the ¥¥*(2,0) system and at
the resonance eigenenergy £ = 40.6 — 38.0i MeV for the
AX(2, 1/2) system. We plot the equivalent local potentials for
the AX(2, 1/2) and £X*(2, 0) systems in Fig. 18. The equiv-
alent local potentials contain imaginary parts due to the decay
channel, and the attraction of the real parts becomes moderate
in both the AX(2,1/2) and XX*(2,0) systems. We note
that, if we assume that the equivalent local potential for the
¥¥*(2,0)in Fig. 18 is valid for any energy, the X X*(2, 0) po-
tential generates a resonance state at £ = 46.4 — 51.2i MeV.

4. Strength of the potentials

Finally, we calculate the strength of the potential 8 (68)
for all baryon-baryon systems. The results are shown in
Fig. 19 as a bubble chart, where red circles with solid lines
(blue circles with dashed lines) represent attractive (repul-
sive) interactions and the area of the circles corresponds
to the absolute values of B. We use the elastic parts of
the potentials for the NX*(2, 1/2), AX(2,1/2), NE*(2, 1),
NE*(2,0), £X*(2,0), AE*(3, 1), *¥*(3, 1), NQ(2, 1/2),
A(3,3/2), and X*E*(3,3/2) systems in the coupled-
channels cases, while using the single-channel cases for the
others. We do not take meson exchange contributions into
account in the N2(2, 1/2) potential.

As shown in Fig. 19, the strongest attractions can be
seen in the AA(3,0), AX*(3,1/2), AE*-X*X*(3, 1), and
AQ-¥*E%(3, 3/2) systems, which are members of the flavor
antidecuplet two-baryon states with J = 3. The constituent
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FIG. 19. Strength of the potential 8 (68) for the baryon-baryon systems. Red circles with solid lines represent attractive interactions, while
blue circles with dashed lines represent repulsive interactions. The area of the circles corresponds to the absolute values of S.

quark model suggests that they are attractive enough to gen-
erate bound states. The explicit values of the strength 8 are
B = 1.93 for the AA(3,0), 1.92 for the AX*(3,1/2), 1.26
for the AE*(3, 1), 0.594 for the £*X*(3, 1), 0.923 for the
AL(3,3/2), and 0.825 for the £*E*(3, 3/2) systems. There-
fore, it would be interesting to perform systematic studies of
the two-baryon interactions in the flavor antidecuplet states

with J = 3 in lattice QCD simulations and relativistic ion
collisions as well as scattering experiments. Additionally,
strong attraction B > 1 can be found in the AA(1,0)
(B =1.01) and NQ(2, 1/2) (B = 1.29) systems. While the
NQ(2,1/2) system generates a bound state, the attraction
in the AA(1,0) system is slightly insufficient to generate a
bound state.
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We would like to point out that, even if the potential is
not attractive in the constituent quark model, meson exchange
contributions, which are not taken into account in the present
study except for the NQ(2, 1/2) system, may help in gen-
erating a bound state, as in the case of the deuteron in the
NN(1, 0) channel. The exchanges of scalar and pseudoscalar
mesons can be superposed on the quark-model potential with-
out introducing a double-counting problem [34]. In any case,
the results in Fig. 19 will serve as a guideline to search for
attractive interactions between two baryons and shed light on
the quark dynamics inside baryons.

IV. CONCLUSION

In this study, we investigated the short-range baryon-
baryon interactions in the flavor SU(3) sector within the
constituent quark model. We employed the color Coulomb,
linear confining, and color magnetic forces between two
constituent quarks. The wave functions of the ground-
state baryons, i.e., the octet (N, A, ¥, E) and decuplet
(A, X%, 8%, Q) baryons, were described using the Gaussian
expansion method. The model parameters were determined
by fitting the masses of the ground-state baryons. We used the
forces between constituent quarks and baryon wave functions
to systematically calculate the relative wave functions of two
baryons in the resonating group method. We then evaluated
the equivalent local potentials between two baryons which
reproduce the relative wave functions of two baryons in the
resonating group method.

The most interesting finding was the existence of two-
baryon bound states with a binding energy of approximately
10MeV in the flavor antidecuplet with total spin J = 3,
namely, AA(J =3,1=0), AX*(3,1/2), AB*-X*X*(3, 1),
and AQ-X*E*(3,3/2). By decomposing the potentials for
these systems, we confirmed that the contribution from the
color Coulomb plus linear confining force is attractive enough
to produce a bound state, and the color magnetic force brings
even more attractions. We also checked that a strong attrac-
tion associated with the color Coulomb plus linear force is
correlated to the spin-flavor [33] component Ni3: a larger N33
generates a stronger attraction. The spin-flavor [33] compo-
nent measures the contribution of totally antisymmetric states
of six quarks for two ground-state baryons in S wave. In this
sense, both the Pauli exclusion principle for quarks and color
magnetic interactions are essential for the generation of the
bound states in the flavor antidecuplet. Because the spatial
extension of the bound states in the flavor antidecuplet largely
exceeds the typical size of hadrons 1fm, we concluded that
these bound states are hadronic molecules rather than com-
pact hexaquark states. In particular, the AA(3, 0) bound state

can be interpreted as the d*(2380) state recently confirmed
in experiments. Therefore, to understand the mechanism of
the quark dynamics on the baryon-baryon interaction, the
experimental search for the other members belonging to the
antidecuplet will be helpful.

Another interesting finding was made in the NQ(2, 1/2)
interaction. When we restrict the model space to the elas-
tic channel, the N interaction is absent in our model
because the shuffling of quarks associated with the quark-
quark interaction inevitably leads to a transition to inelastic
channels. On the other hand, by including the coupling to
inelastic channels AE*, X*E, and X E*, attraction in the
NSQ(2,1/2) system emerges, and it is sufficient to generate
a bound state with a binding energy 2.1 MeV. Then, assis-
tance comes from the meson exchange, resulting in a bound
state with a binding energy 10.3MeV and a decay width
4.6MeV. In the coupled-channels cases, we also found a
resonance state AX(2, 1/2) with the eigenenergy £ = 40.6 —
38.0i MeV.

The calculated equivalent local potentials between two
baryons will not only be useful in further studies on dibaryon
states but also provide clues to understand the mechanism
of baryon-baryon interactions. When comparing the equiva-
lent local potentials with those in the HAL QCD method for
the AA(3,0), 2£(0,0), and NQ(2, 1/2) systems, we found
that, while these potentials are attractive in both approaches,
their detailed shapes differ. In particular, our model provides
weak repulsion at the origin in the AA(3, 0) and NQ(2, 1/2)
systems, in contrast to the HAL QCD potentials. In the
AA(3,0) system, this weak repulsion at the origin comes
from the color Coulomb plus linear confining force. Although
the potential is not observable, understanding the origin of
the discrepancy at short distances may be important. Besides,
the ©2€2(0, 0) potential in our model is weaker and not suf-
ficiently attractive to generate a bound state, which implies
that meson exchange contributions may assist the attraction.
We also evaluated the strength of the potentials, which will be
a guideline to search for the attractive interactions between
two baryons and shed light on the quark dynamics inside
baryons.
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APPENDIX: WEIGHTS FOR BARYONS

‘We summarize the weights wy for the ground-state baryons
in Table VII.
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TABLE VII. Weights for the octet and decuplet baryons. The index s is the third component of the spin. “RGB cyclic” means that the terms
of color permutation (R, G, B) — (G, B, R), (B, R, G) follow with the same weight, flavor, and spin.

Octet baryons
p(s=1/2)
Wi M1 K2 H3

2/3v2  (w,1,R) (u,1,G) (d,|,B)
_1/3\/i (uvTv R) ('LL, \La G) (d7 Tv B)
71/3\/5 (uvlv R) (u7 Ta G) (dvTv B)

st(s =1/2)
Wi 251 K2 M3

2/3v2  (u,1,R) (u,1,G) (s,4,B)
71/3\/5 (’LL, Ta R) (uv\ln G) (SvTvB)
71/3\/5 (Ua J,, R) (uaT7 G) (SvTaB)

Y7 (s=1/2)
Wp M1 H2 H3
2/3v2 _ (d,1,R) (d,1,G) (s,4,B)

R)
—1/3\f (d,1,R) (d,1,G) (s,1,B)

RGB cyclic

p(s =-1/2)
Wi H1 2 M3
-2/3v2 (u,},R) (u,},G) (d,1,B)

1/3v2  (u,1,R) (u,1,G) (d,4,B)
1/3v2 (u,,R) (u,1,G) (d,|,B)

RGB cyclic
SH(s=-1/2)
(s M1 M2 M3

RGB cyclic
Zf(s =-1/2)
Wi K2 M3

RGB cyclic
n(s =1/2)
Wi H1 2 M3

72/3\/5 (ua~L7 R) (ua~L7 G) (87T7B)
1/3v2 (u,1,R) (u,1,G) (s,4,B)
1/3v2 (u,L,R) (u,1,G) (s,4,B)

1/3\[ (d T R) (d,1,G) (s,1,B)
1/3v2 (d,,R) (d,1,G) (s,4,B)

72/3\/5 (daTvR) (dvTvG) (quaB)
1/3v2 (4, 1,R) (d,4,G) (u,1,B)
1/3v2  (d.,R) (d,1.G) (u,1,B)

RGB cyclic
2%s=1/2)
Wi M1 H2 H3

RGB cyclic
n(s =—-1/2)
Wi M1 M2 25}

_2/3\/5 (’LL,\I,,R) (57Ta G) (57T7 B)
1/3v2  (w,1R) (51,G) (5,4, B)
1/3v2  (u,1,R) (5,1,G) (s,1,B)

2/3v2  (d,,R) (d,1,G) (u,1,B)
_1/3\/§ (d7 Tv R) (dhLv G) (’LL, ~La B)
_1/3\/5 (d7 Jrv R) (d7 Ta G) (’LL, Ja B)

RGB cyclic

¥0(s = 1/2)
Wi M1 M2 m3
I3 (whE) (41,G) (54.B)
_1/6 (U7T7 R) (d7\l,7 G) (S7T7B)
_1/6 (uwh R) (d7T7 G) (57T7B)
_1/3 (uvTv G) (dvTv R) (Sv\LvB)
1/6 (whG) (dL.R) (s.1.B)
/6 (wh.G) (1.R) (s.1.B)

RGB cyclic

¥0(s = —1/2)
Wg M1 M2 M3
_1/3 (uwl/ R) (dwl/v G) (S7T7B)
1/6 (u,1,R) (d,},G) (s,1,B)
1/6 (u, 1, R) (d,1,G) (s,{,B)
1/3 (u,4,G) (d,1,R) (s,7,B)
71/6 (U,T, G) (d7‘]’? R) (S,J,,B)
_1/6 (quv G) (d7T7 R) (57\L7B)

RGB cyclic

RGB cyclic

A(s =1/2)
Wi Ml M2 M3
1/2v/3  (u,1,R) (d,1.G) (s,1,B)
_1/2\[ (u \La ) ( ) (S7T7B)
_1/2\[( T7G) ( ivR) (S,T7B)
1/2v/3  (u,4,G) (d,1,R) (s,1,B)

RGB cyclic

A(s = —1/2)
Wi M1 H2 H3
1/2v3  (u,1,R) (d,4,G) (s,4,B)
_1/2\[ (u ~L7 ) (d>T7G) (3>¢7B)
_1/2f ( ) (d *L7R) (87\L7B)
1/2v/3  (u % G) (d,1,R) (s,4,B)

RGB cychc

RGB cyclic
=0(s = —1/2)
Wi H1 M2 M3
2/3V2_ (61 R) (5:4.G) (5 1,B)
_1/3\/5 (uwl/ R) (S7T7 G) (Swlm B)
_1/3\/E (u7~lr R) (87\1/7 G) (57T7 B)
RGB cyclic
(s =1/2)
W M1 H2 M3
_2/3\/i (dwlr R) (57T7 G) (57T7 B)
1/3ﬂ (d7 T R) (SvTa G) (57~Jr7 B)
1/3v2 (4, 1.R) (5,1,G) (s,1,B)
RGB cyclic
= (s = —1/2)
W 1 2 M3
2[5 @R (4T

I
d, 1, R)
RGB cyclic
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TABLE VII. (Continued.)

Decuplet baryons

ATt (s =3/2) A(s = —1/2) 5*0(s = 3/2)
wy I3 2 U3 Wi 1 L2 s wg i 2 3
1 (uvTv R) (uvT’ G) (uvTa B) 1/3 (U,T,R) (dv*lfv G) (dwl/?B) 1/\/6 (U,T, R) (d,’]\7 G) (S7T, B)
/8 (wLR) (d1,0) (4, B) ~1/V6 (u.1,G) (@1.R) (s,1.B)
At (s =1/2) 1/3  (w,d,R) (d,4,G) (d,7,B) RGB cyclic
Wi 1 142 143 RGB cyclic
V3 (1, R) (0,1,G) (4,4, B) 505 = 1/2)
RGB cyclic A%(s = —3/2) wg i1 142 13
i H K2 13 1/3v2  (u,,R) (d,1,G) (s,4,
ATt (s =-1/2) 1/\[ (w,},R) (d,!,G) (d,{,B) 1?3\/5 Eum R; Ed 1,G ; E 1, ;
wp itz i RO eyclic 1/3V2 (w4, R) (d1,G) (s, 1.B)
VY3 @t R) (u.1,G) (ud,B) : ~1/3V3 (u,1,G) (1, R) (5,4, B)
ReR e o 1733 (u,1G) (& L R) (51.B)
At = =3/2) I (@1,R) @.1,0) @1.B) U (L) (1R (5 1.B)
Wi H1 M2 3
1 (’LL, \va R) (uv\l/v G) (uv\l/a B) Ai(s = 1/2) E*O(S — _1/2)
* VB @R @1.0) (@ L) o S RCARER NN
At(s=3/2) 1 1 T s 7 "
S LTI e
B TS 4B A (s =12 13v2_ (w1 R) (d1,G) (s.1,B)
T g Ny “1/3v3 (u,1,G) (d, 1, R) (s,1,B)
At(s=1/2) 1/“\/3 (d,l#R) (d,lfc;) (d,lf,B) —1/3v2 (u,,G) (d,1,R) (s, i, B)
Wi 1 2 s RGB cyclic ~1/3v2 (u,1,G) (d,4,R) (5,1, B)
/3 (wT,R) (v,1,G) (d,1,B) RGB cyclic
1/3 (u7 T R) (u7~lr7 G) (d7 T, B) A_(S = 73/2) «0
Vet L ) @R (LG (@LF) Eu(sz _312) p
cyclic 1 4 4 s Wi 1 2 3
: V6 L) (@ 1,G) (51, B)
At(s=—-1/2) »*t(s = 3/2) ~1/V6 (u,4,G) (4,4, R) (s,4,B)
Wi M1 H2 3 wg 11 12 13 RGB cyclic
/3 (v, 1,R) (w,{,G) (d,{,B) 1/\/§ (u, ,R) (v, 1,G) (s,1,B) .
1/3 (uwh R) (U,T, G) (d7 \IN B) RGB CyCliC E (S = 3/2)
1/3 (’LL, 4 R) (uv\l/a G) (d7 T B) Wi H1 H2 M3
RGB cyclic Y (s =1/2) 1/vV3  (d,1,R) (d,1,G) (s,1,B)
Wi 1 12 143 RGB cyclic
AJr(s = _3/2) 1/3 (U,T, R) (U7T7 G) (37\L7 B)
Wi 151 M2 3 /3 (u,,R) (u,4,G) (s5,1,B) ¥ (s=1/2)
1/v3 (u,},R) (u,},G) (d,{,B) 1/3  (w,4,R) (u,1,G) (s,1,B) W 1 42 3
RGB cyclic RGB cyclic %g Ezil, ? Eg EZ, I, 8; 557*7 Eg
A%(s = 3/2) Tt (s = —1/2) 1/3 (d, 4, R) (d,1,G) (5,1, B)
Wi M1 42 13 wg I 2 143 RGB cyclic
1/V3 (w,1,R) (d.1,C) (d,1,B) /3 (w.1.K) (0..G) (5,1.B) -
RGB cyclic /3 (u,,R) (u,1,G) (s,4,B) Y (s=-1/2)
1/3  (v,l,R) (u,],G) (s,1,B) Wi H1 M2 13
AO(S = 1/2) RGB CYCHC 1/3 (d T7 ) (d7 \IN G) (57~J/7 B)
Wi J251 M2 M3 1/3 (d \l, R) (da Tv G) (sv\lrv B)
13 (whhR) (d,1,G) (d,1,B) S (s = —3/2) 1/3 (d, 4, R) (d,4,G) (s,1,B)
1/3  (uw,1,R) (d,},Q) (d,1,B) wg p f2 13 RGB cyclic
1/3  (u,,R) (d,1,G) (d,71,B) 1/vV3 (u,},R) (u,},G) (s,1,B) .
RGB cyclic RGB cyclic (s =-3/2)
Wp M1 H2 M3
1/\/§ (dﬁL&;P]Lg) (dvljlrv G) (s,4,B)
cyclic
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TABLE VII. (Continued.)

=%(s = 3/2) = (s =3/2) Qs =3/2)
Wi M1 M2 M3 Wg M1 M2 M3 Wg M1 M2 M3
1/v3 (u,1,R) (5,1,G) (s,1,B) 1/vV3 (d,1,R) (5,1,G) (s,1,B) 1 (hR) (,1,6) (,1,B)
RGB cyclic RGB cyclic
Qs = 1/2)
=0(s =1/2) E (s =1/2) wi 7 P2 M3
W pa 12 13 W pa 112 3 1/V3 (5,1, R) (5,1,G) (s,4,B)
/3 (w,1R) (s5,1,G) (s,1,B) /3 (d,1,R) (s,1,G) (s,1,B) RGB cyclic
1/3 (U, T: R) (S>¢7G) (87T7B) 1/3 (d7 Tv R) (57J/7 G) (S,T7B)
1/3 (uvia R) (SvTaG) (S7T7B) 1/3 (d7J/? R) (SvTa G) (S,T,B) Q(S = _1/2)
RGB cyclic RGB cyclic wi 11 112 13
1/V3 (s,1,R) (5,4, G) (s,,B)
E*O(S = —1/2) E*f(s = —1/2) RGB Cyclic
Wg M1 M2 M3 Wi M1 M2 M3
/3 (u,,R) (5,1, G) (s, 1, B) /3 (d,1,R) (s,4,G) (s,1,B) Qs = —3/2)
1/3 (U, Ja R) (S>T7G) (87\L7B) 1/3 (d7 J/v R) (SvTv G) (87\L7B) Wwg M1 2 M3
1/3 ('LL,\L, R) (87\L7G) (SaT7B) 1/3 (d7\l/7 R) (57\L7G) (87T7B) 1 (5,\1(, R) (5,\](, G) (S,J/,B)
RGB cyclic RGB cyclic
295 = —3/2) E* (s = —3/2)
W H1 M2 M3 Wi M1 H2 M3
1/V3 (u,,R) (5,4,G) (s,4,B) 1/vV3 (d,1,R) (s,4,G) (s,,B)
RGB cyclic RGB cyclic
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