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Effect of the Coulomb force on fission fragment angular momenta
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Nuclear fission produces fragments endowed with typically half a dozen units of angular momentum. After
scission has occurred, the fragments are still interacting via the Coulomb force which exerts a torque on deformed
fragments, thereby accelerating their rotations. The essential features of this effect can be understood by simple
perturbative considerations from which the effect on the fragment spin distributions can be obtained. Complete
dynamical calculations of the coupled evolution of the spins validate the perturbative treatment, which ignores
the second-order terms, showing that the fragment spins evolve essentially independently in the presence of the
Coulomb torques.
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I. INTRODUCTION

Nuclear fission is a very active topic both theoretically
and experimentally [1–7]. Current attention has been par-
ticularly focused on the generation (and detection) of the
angular momenta of the fission fragments [8–20]. The present
study is focused on the effect on the angular momenta of the
post-scission Coulomb interaction between the two receding
fragments. This topic has been addressed several times in
the past [21–24], with mutually conflicting conclusions being
reached. The mechanism has generally been ignored in fission
treatments, but recent investigations from various perspectives
[11,25–27] have suggested that it may in fact be important.
The present study seeks to clarify this issue.

For this purpose, the present study considers the dynamical
evolution of a pair of rotating fission fragments from right
after they have been formed at scission, taking account of their
mutual Coulomb repulsion which may increase their angular
momenta as they recede.

II. INTERACTION ENERGY

The first step is to calculate the interaction energy between
the two fission fragments, AL ZL and AH ZH , due to their mu-
tual electrostatic (Coulomb) repulsion. It is assumed that the
fragments have uniform charge distributions within their sharp
surfaces, ρf (rf ). Because the present study is exploratory, only
pure quadrupole shapes are considered, notwithstanding that
a recent study [27] found that octupole deformations could
also play a significant role. Then, in polar coordinates with
the fragment symmetry axis as the polar direction, the general
expression [28] for the distance from the center of fragment
f = L, H to its surface in the direction (ϑf , ϕf ) simplifies

df (ϑf ) = R̃f [1 + β̃f P2(cos ϑf )]. (1)

The normalization condition,
∫

ρf (rf )d3rf = Zf e, yields

R̃3
f = R3

f /
[
1 + 3

5 β̃2
f + 2

35 β̃3
f

]
, (2)

where the standard “equivalent sharp” nuclear radius is Rf =
(1.15 fm)A1/3

f [29]. The convenient deformation parameter
β̃ is related to the more familiar parameter β20 (see, e.g.,
Refs. [29,30]) by β̃ = √

5/4π β20.
The associated Coulomb interaction energy is

V =
∫

ρL(rL ) ρH (rH )

|R + rL − rH | d3rLd3rH , (3)

where R = RL − RH = (R,�,�) is the separation between
the two fragment centers. With the fragment orientations be-
ing (�f ,�f ), the interaction energy, through second order in
the deformations β̃f , was derived by Denisov and Pilipenko
[31],

V (R, θL, θH , φ) = e2 ZLZH

R

[
1 + β̃L f̃ (L)

1 + β̃H f̃ (H )
1

+ β̃2
L f̃ (L)

2 + β̃2
H f̃ (H )

2 + β̃Lβ̃H ( f̃3 + f̃4)
]
.

(4)

where θf ≡ �f − � and φ ≡ �L − �H . The f̃ coefficients are
given by

f̃ (f)
1 = 3

5ξ 2
f P2(cf ), f̃ (f)

2 = 12
35ξ 2

f P2(cf ) + 18
35ξ 4

f P4(cf ),

f̃3 = 27
100ξ 2

Lξ 2
H

[
17c2

Lc2
H − 5c2

L − 5c2
H + 1

]
,

f̃4 = 27
50ξ 2

Lξ 2
H

[
s2

Ls2
H cos2 φ − 2 sin 2θL sin 2θH cos φ

]
, (5)

where cf ≡ cos θf , sf ≡ sin θf , and ξf ≡ R̃f/R.
The main effect of the interaction potential V is the

acceleration of the fragment separation, μR̈ = −∂V/∂R, as
manifested in the total kinetic energy of the fragments. In
addition, the orientation of a deformed fragment, ω̂f =
(�f ,�f ), is subject to a torque that causes its angular mo-
mentum Sf to change, Ṡf = −∂V/∂ω̂f . This latter effect is the
focus of the present study.
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III. PHYSICAL SCENARIO

As is evident from the above expression (4) for V , the
torques are proportional to the product of the fragment
charges, ZLZH and, to leading order, to the deformation β̃f

of the fragment considered. Therefore, in order to obtain an
upper bound on effect, the study considers fission of cali-
fornium, which is the most highly charged system for which it
is practical to carry out experiments. Furthermore, it focuses
on one particular fission channel, 252Cf → 98Sr + 154Nd,
where both fragments are well deformed. Ignoring possi-
ble early distortions of the fledging fragments, we employ
the calculated ground-state quadrupole deformations given
in Ref. [30], β20(98Sr) = 0.352 and β20(154Nd) = 0.270, and
thus use β̃(98Sr) = 0.222 and β̃(154Nd) = 0.170. Approxi-
mate results for other cases can be obtained by suitable scaling
of the results presented here (see later).

The present study assumes that the fragments are initially
(i.e., right after scission has been completed) coaxial, θL =
θH = 0, and their center separation R0 is adjusted such that
their Coulomb interaction energy is TKE(98Sr + 154Nd) =
174.35 MeV. (This value was obtained with the fission event
generator FREYA [32] based on the measured mean total frag-
ment kinetic energy for the considered mass partition [33]; the
precise value is not important in the present context.) For this
configuration, the point-charge energy is V0 = e2ZLZH/R0 =
170.51 MeV, while the first- and second-order contributions
in Eq. (4) are 3.46 and 0.54 MeV, respectively. These numbers
suggest that the effect is relatively small and, furthermore,
that the first-order contribution alone will provide a good
approximation (which will prove to be correct).

An impression of the orientation dependence of the interac-
tion energy can be gained from Fig. 1 which shows contours
of V (R, θL, θH , φ) for R = R0 and φ = 0. The full potential
given in Eq. (4) as well as the contributions through first order
are shown. As can be seen, the first-order truncation provides
a good approximation to the full potential.

Generally V has a minimum at θL = θH = 90◦, where the
fragments are oriented perpendicular to the fission axis and
the Coulomb torques vanish, and it attains its maximum value
for the coaxial configuration where θf are either 0◦ or (equiv-
alently) 180◦ and the torques also vanish. Furthermore, V
increases steadily as θL moves away from 90◦ for a given θH ,
and vice versa. At R = R0, the variation in V as θf is changed
from 0◦ to 180◦ is typically about 3 MeV, corresponding to
≈1.7%, whereas the amplitude of the variation in V as a func-
tion of φ is smaller than that by a factor of ≈30 and its relative
magnitude quickly diminishes as the fragments separate. In
fact, the contours corresponding to φ = 0◦ (shown on Fig. 1)
and those for φ = 90◦ are hardly distinguishable to the eye.
Thus the dependence of V on the azimuthal orientations of
the fragments is not expected to be important.

IV. PERTURBATIVE ANALYSIS

As suggested by Fig. 1, the Coulomb interaction potential
between the deformed fragments is to a good approxima-
tion given by just the first-order terms in Eq. (4), i.e., those
proportional to β̃L and β̃H . Consequently, the effect of the
post-scission Coulomb interaction on the angular momentum

FIG. 1. Contour plot of the Coulomb interaction potential
between the fragments 98Sr and 154Nd placed at their initial center
separation R0, as a function of their in-plane orientations θL and θH ,
V (R0, θL, θH , 0), calculated with either all terms included (solid blue)
or only to first order in β̃L and β̃H (dashed red); the contours are
separated by 0.5 MeV.

of one fragment is practically independent of the deformation
and orientation of the other fragment.

It is therefore possible to obtain a good understanding of
the effect on the basis of a simple perturbative analysis. For
this we consider the torque exerted on a steadily rotating
deformed fragment as it recedes radially from its partner,
ignoring the deformation of the partner as well as the rela-
tively slow counter rotation of the dinuclear axis R̂ dictated by
angular momentum conservation. The relative motion is then
purely radial, R(t ) = (R(t ), 0, 0), with μR̈ = Ṗ = −∂V/∂R
and the torque is given by

τf ≡ − ∂V

∂�f
≈ −e2 ZLZH

R
β̃f

∂ f̃ ( f )
1

∂θf
, (6)

where

∂ f̃ (f)
1

∂θf
= − 9

10

R̃2
f

R(t )2
sin 2θf (t ) . (7)

Because the perturbative treatment assumes that the angular
frequency ωf = Sf/If remains constant, the orientation angle
increases steadily, θf (t ) = ω f t .

Figure 2 displays these torques for each of the two frag-
ments for a range of angular momenta S. Generally, the torque
exhibits a damped oscillation as a function of time. At early
times, shortly after scission has been completed, the fragment
rotation has not proceeded very far, θf � 45◦, nor has the
separation R yet grown significantly above R0, so the torque
increases roughly in proportion to sin 2θf . However, the ac-
celerating growth of R causes the torque to peak well before
the optimal orientation of θf = 45◦ has been reached. Once
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FIG. 2. The time-dependent torque exerted on a deformed frag-
ment (98Sr or 154Nd) as it recedes from its partner (154Nd or 98Sr). It
is assumed that the fragment moves radially and keeps rotating with a
constant angular frequency, ω = S/I with S = 4, 8, 12, 16, 20, 24 h̄,
while the partner is kept stationary and spherical. The solid symbols
are placed on the curves when the fragment orientation has reached
θ = 45◦.

θf has passed 45◦, the increasingly unfavorable orientation
together with the ever larger R causes the torque to decrease
more rapidly. It changes sign when θf passes 90◦.

The gain in angular momentum, �S = S′ − S, can be
obtained approximately as the time integral of the torque
discussed above [see Eq. (6)],

�Sf =
∫

τfdt = 9
10 e2ZLZH β̃f R̃

2
f

∫ ∞

0

sin 2θft

R(t )3
dt . (8)

The resulting �S is shown in Fig. 3 as a function of S.
For small angular momenta, where the fragment separa-
tion dominates over the fragment rotation and the maximum
torque occurs well before the fragment has turned very far,
the angular momentum gain �S increases with S. In the
opposite extreme of very large angular momenta, the ro-
tation dominates over the separation and the fragment can
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FIG. 3. The gain in angular momentum, �S = S′ − S, as
obtained with the perturbative calculation using the time-dependent
torques displayed in Fig. 2.
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FIG. 4. The distribution of pre- and post-Coulomb angular mo-
menta for the fragments 98Sr (top) and 154Nd (bottom) from the
reaction 252Cf → 98Sr + 154Nd, as obtained by either the pertur-
bative calculation (blue solid circles) or by solving the complete
coupled equations for 104 sampled events as described in the text,
with the two fragment spins being either parallel (green triangles
pointing up) or antiparallel (red triangles pointing down). For each of
the fragments, the dashed curve is the statistical distribution that has
the same rms width. The initial statistical distributions of the angular
momentum magnitudes are indicated by solid curves with the open
circles.

complete several full rotations before the separation has in-
creased significantly. The associated cancellation then causes
�S to decrease with S. For Sr a maximum gain of ≈2.6 h̄
occurs at S ≈ 12 h̄, while Nd receives a similar maximum gain
at S ≈ 25 h̄.

It should be noted that the dependence of �S on S and I
is only through their ratio ω = S/I. Therefore a reduction of
the moment of inertia, I → I/c, will yield the same �S as
a corresponding increase of the initial spin, S → cS. Thus,
with a rescaling of the abscissa, Fig. 3 would apply to such a
modified scenario as well.

Furthermore, to a good approximation, the effect of the
Coulomb torque on the fragment spin is proportional to the
deformation of the fragment. [The torque itself is proportional
to β̃f (to first order), but because the moment of inertia If

increases with β̃f , the rotational frequency is affected which
in turn changes the effective time over which the torque acts,
thereby causing a slight deviation from a strict proportional-
ity.] Therefore the results shown here can readily be used to
estimate the effects for cases other than the one exhibited here
(252Cf → 98Sr + 154Nd).

In the present scenario, where the initial fragment spins are
sampled microcanonically, the distributions of their magni-
tudes have a canonical form, Pf (S) ∼ S exp(−S2/2σ 2

f ), which
yields σSr = 5.30h̄ and σNd = 7.42h̄. After the Coulomb
torques have changed the spins, their distributions P′

f (S′) are
no longer canonical, because the degree of magnification,
S′/S, is not a constant (see Fig. 3), and the relative weight
of the larger angular momenta has been enhanced. This is
illustrated in Fig. 4 by the dashed curves which show canoni-
cal distributions with σ values that lead to the same rms spin
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as the resulting distribution, σ ′
Sr = 6.64h̄ and σ ′

Nd = 8.47h̄. As
expected, the deviation from a canonical form is largest for
98Sr. These results are qualitatively similar to those obtained
very recently by Scamps and Bertsch [27] with a quantal
treatment of the coupled fragment motion.

V. COMPLETE TREATMENT

In a realistic description of fission, the initial angular mo-
menta of the two fragments, SL and SH , fluctuate from event
to event. For the present study it is assumed that these angular
momenta are perpendicular to the fission axis R̂. In order
to investigate the effect of the Coulomb interaction on the
angular-momentum distribution, the evolution of a large num-
ber of individual events is calculated with the initial angular
momenta being sampled microcanonically from the correlated
joint distribution P(SL, SH ). The specific sampling procedure
is not important for the present purpose but, for completeness,
it is described in the Appendix.

Generally, the two fragment angular momenta, while both
being perpendicular to the fission axis R̂, differ in direction
by the relative azimuthal angle φ. As discussed above, the
dependence on φ is expected to be unimportant. It is there-
fore assumed that SL and SH are either parallel (φ = 0◦) or
antiparallel (φ = 180◦), corresponding to the largest possible
azimuthal difference. Then the two fragment axes remain in
the same plane as that of the relative motion, i.e., the fragment
angular momenta SL and SH as well as the relative angular
momentum L are all parallel (or antiparallel), so only the com-
ponents along that common direction need to be considered.

Once the initial two-fragment state has been specified, the
subsequent evolution of the system is governed by the coupled
equations of motion following from Eq. (4),

Ṙ = P/μ Ṗ = −∂V/∂R, (9)

�̇L = SL/IL ṠL = −∂V/∂�L, (10)

�̇H = SH/IH ṠH = −∂V/∂�H . (11)

These equations can be reliably solved by use of the leap-frog
method [34]. For each of the two fragments, the distribution of
its initial angular momentum magnitude, Pf (S), and that of its
final value, P′

f (S′), can then be obtained by binning the values
obtained for the event sample. The resulting distributions are
shown in Fig. 4. Several features are noteworthy:

1) For each fragment, the distribution for parallel angu-
lar momenta (φ = 0) is very similar to that for anti-parallel
angular momenta (φ = π ), confirming that the azimuthal
dependence is rather unimportant and that the two fragment
orientations evolve essentially independently.

2) Furthermore, these distributions are rather well approx-
imated by the result of the perturbative treatment, confirming
that the higher-order terms in V , including the quadrupole-
quadrupole interaction, play only a minor role.

3) The post-scission Coulomb interaction broadens the
angular-momentum distributions significantly. The effect is
larger for 98Sr not only because it is more deformed but also
because it tends to rotate faster than 154Nd (by a factor of ≈2)
so it reaches a favorable orientation earlier, while the Coulomb
field is still effective (see Fig. 2).

VI. CONCLUDING REMARKS

The present study indicates that the Coulomb repul-
sion between two fission fragments may cause a significant
increase of their angular momenta. In the idealized scenario
studied here, the gains in the peak region of the distribution
are �SSr ≈ 1–2.5 h̄ and �SNd ≈ 0.6–2.3 h̄, and the overall
average increase of the angular momentum magnitude is 1.8h̄
for 98Sr and 1.4h̄ for 154Nd.

In the case considered, the fissioning system, 252Cf, has
a particularly large charge, Z0 = 98, and the two fragments
considered are both well deformed, features that enhance
the effect. But, because the angular momentum gained by a
fragment is effectively independent of the deformation (and
rotation) of the partner fragment, qualitatively similar amplifi-
cations should be expected for any deformed fission fragment.

A particularly simple feature is that the amplification of the
spin magnitude of a fragment depends on its initial spin and
its moment of inertia only through the ratio S/I. This extends
the applicability of the present results to scenarios where the
moments of inertia differ from the rigid values employed here.

Based on the present study, one may conclude that the
effect of the Coulomb torque on the angular momenta of
the receding fission fragments is significant, though not over-
whelming, suggesting that dynamical treatments of fission
should include the effect of the Coulomb force in the descrip-
tion of the post-scission dynamics.

However, this presents a delicate challenge because the
fragments are distorted away from their equilibrium shapes
when they are released and the resulting Coulomb effect
is therefore sensitive to the time scale of the subsequent
relaxation of the fragment shapes. In principle, this interplay
makes it possible to gain information on the shape relaxation
dynamics from the final angular momentum distribution.
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APPENDIX: ANGULAR MOMENTUM SAMPLING

The two axially symmetric deformed fragments are ini-
tially in a coaxial configuration with their center separation
being R0. The moment of inertia for the relative fragment
motion is then IR = μR2

0.
The angular momenta of the fragments are sampled from a

correlated statistical distribution, P(SL, SH ), as in the fission
event generator FREYA [32]. This is accomplished by first
sampling the amplitudes of the two transverse normal modes,
wriggling and bending, swrig = (swrig

x , swrig
y , 0) and sbend =

(sbend
x , sbend

y , 0), from the corresponding thermal distributions

Pwrig(swrig) ∼ e−s2
wrig/2IwrigT , (A1)

Pbend(sbend ) ∼ e−s2
bend/2IbendT , (A2)
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where the moments of inertia for the normal modes are

Iwrig = I0

IR
ILH , Ibend = ILIH

ILH
(A3)

with ILH ≡ IL + IH and I0 ≡ ILH + IR. The moments of
inertia of the individual fragments, IL and IH , are taken as
the rigid-body values, If = 2

5 MfR2
f . The individual fragment

angular momenta can then be constructed subsequently,

SL = IL

ILH
swrig + sbend , (A4)

SH = IH

ILH
swrig − sbend . (A5)

The angular momentum of the relative fragment motion,
L = μR × Ṙ, follows from angular momentum conservation,
L = −SL − SH = −swrig. It is assumed that the initial radial
motion vanishes, Ṙ = 0, so Ṙ follows from L.

The individual spin magnitudes have canonical distri-
butions, Pf (S) ∼ S exp(−S2/2σ 2

f ), but, due to the angular-
momentum conservation, the widths are slightly reduced,
σ 2

f = TIf (1 − If/I0), and the spin vectors are slightly anti-
correlated, 〈SL · SH 〉 = −2TILIH/I0.

For the case considered here, 252Cf(sf), FREYA yields an
average temperature at scission equal to T = 1.0 MeV for
the particular division considered, 98Sr + 154Nd. The present
illustrative calculations have therefore been carried out using
that value.
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