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Candidates for three-quasiparticle K isomers in odd-even Md–Rg nuclei
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We performed a search for three-quasiparticle high-K isomer candidates in odd-even Md–Rg nuclei by
considering the lowest lying 1π2ν and 3π excitations. Our approach involves calculating the energies of different
nuclear configurations using a microscopic-macroscopic model with the Woods-Saxon potential. We explore
three pairing scenarios: blocking, quasiparticle method, and particle number projection formalism. The optimal
deformations for both ground states and high-K configurations are determined through a four-dimensional energy
minimization process. By analyzing the obtained excitation energies, we discuss the most promising candidates
for high-K isomers and compare them, where possible, with existing experimental data. We also discuss a
possible isomer α-decay hindrance by using calculated Qα hindrances.
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I. INTRODUCTION

Isomeric states in the domain of superheavy (SH) nuclei
are of a considerable interest. Finding them experimentally
not only provides clues to a scheme of low-lying single-
particle (s.p.) orbits at large Z and N which could be
checked against theoretical models but also offers a chance
of coming upon longer-lived states of SH isotopes which
would then provide new opportunities for their study—see
[1–4]. In the present work, we give candidates for the three-
quasiparticle (3-q.p.) high-K1 isomers in odd-even Md–Rg
nuclei, which follow from the Woods-Saxon microscopic-
macroscopic (MM) model extensively studied in the region
of heavy and SH nuclei.

The enhanced stability, or half-life, of some multi-
quasiparticle states with high angular momentum and K
quantum numbers, situated at relatively low excitation en-
ergies, has been investigated a lot in the medium-mass and
deformed nuclei [6,7]. It predominantly results from the re-
tardation of electromagnetic transitions—γ rays or internal
conversion electrons,2 connecting states with a sizable dif-
ference in K and the absence of typical de-excitation modes
with �K ≈ 0. Both circumstances come into play for a par-
ticular placement of a high-K configuration in the nuclear
level scheme, when all states below it have significantly
smaller K .

A recent progress in experimental studies on excited states
in even-even superheavy nuclei, including isomeric ones, al-
lowed for some checks of theoretical models utilized in this
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1The value in question, typically denoted as a K quantum number

by the Nilsson notations [5], represents the sum of the total spin
projections of the individual single-particle orbitals involved.

2Fission probabilities for such nuclei are exceedingly low not only
at their ground states but also at their excited states, even up to several
MeV, where the majority of high-K states are found.

region. While the calculated and measured excitation ener-
gies can be easily compared, the assignment of particular
configurations to the discovered isomeric states often poses
substantial difficulties. Typically, the assignments suggested
in the literature are based on theoretical models, a knowledge
of states in neighboring nuclei, and the systematic patterns
observed.

Already 50 years ago, the initial observation of the 0.28 s
isomer in 254No was conducted [8]; its isomeric character
was confirmed and attributed to the two-quasiproton Kπ = 8−
configuration in [9]. Its measured energy, 1293 [9,10], 1296
[9], 1295(2) [11], and 1297(2) [12] keV can be compared
to values in the range 〈1.1–1.5〉 MeV, obtained in various
MM approaches (see Table III in [13]). The experimentally
measured excitation energy of the T1/2 = 109(6) ms iso-
mer in 252No is approximately 1.25 MeV, as reported in
[14,15]. Recently, Kallunkathariyil et al. investigated the sta-
bility of the 35 µs isomer in the neighboring 250No [16].
In the previous study by Peterson et al. [17], its tentative
assignment was suggested as two-quasineutron Kπ = 6+,
ν5/2+[622] ⊗ ν7/2+[624] configuration. However, its ex-
perimental energy is currently unknown. Finally, in a quite
recent measurement on the Fragment Mass Analyzer at Ar-
gonne National Laboratory, two isomers, 247 and 4.7 µs,
were identified in 254Rf. David et al. suggested that the
shorter-lived one corresponds to a two-quasiparticle configu-
ration, either ν28− = {ν9/2−[734] ⊗ ν7/2+[624]} or π28− =
{π7/2−[514] ⊗ π9/2+[624]}, while the other one to the 4-
quasiparticle configuration π28− ⊗ ν28− [18].

Concerning experimental studies on odd-even nuclei, a
1.4(1) ms isomer in 255Lr was discovered by using tunnel
detectors of the GABRIELA facility [19]. By analyzing the
coincidences between isomeric conversion electrons (ICEs)
and γ rays, the lower limit of 720 keV was established for the
isomer excitation energy. Subsequently, this isomer was also
observed at GSI and Berkeley Labs [20,21]. Recently, two iso-
mers, 2.8 ms at an excitation energy � 910 keV in 249Md, and
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1.4 ms at � 844 keV in 251Md were reported in [22], following
the previous work on spectroscopy in both isotopes [23–25].
As discussed in [3], the configuration assignments for these
Lr and Md isomers may be still considered controversial and
related to the nature of the Kπ = 8− state in 254No. While its
two-neutron configuration is favoured by most interpretations,
only a measurement of the splitting of its hyperfine structure
can determine whether the state is based on a two-quasiproton
or two-quasineutron excitation or a mixture of both (in spite
of the very different intrinsic gK factors: gK ≈ 1 for the
π7/2−[514] and π9/2+[624] 2q.p. state, and gK ≈ −0.28
for ν7/2+[613] and ν9/2−[734], |gK − gR| controlling the
intraband decays should be similar, with the rotational g factor
0.7Z/A � gR � Z/A—see discussion in [3]). The analysis of
experimental α-decay data of 257Db and its daughter products
led to the conclusion that isomeric states undergoing α-decay
exist in 257Db and 253Lr [26].

The most up-to-date information regarding isomers in the
heaviest nuclei can be found in the following references:
Ackermann et al. (2015), Asai et al. (2015), Theisen et al.
(2015), Dracoulis et al. (2016), Walker et al. (2020), and A.
Lopez-Martens with K. Hauschild (2022) [3,13,24,27–29].

A precise prediction of the high-K isomer would require
reliable estimates not only of energies but also of EM tran-
sition probabilities among various nuclear states and that is
beyond the reach of the present theory of heavy nuclei. In-
stead, one usually finds high-K “optimal” (i.e., obtained by
the tilted Fermi surface method) configurations (or close to
them) and selects those with low enough energies. For a the-
oretical overview based on the Nilsson-Strutinsky approach,
see the work by Walker et al. (2016) [7]. Both experimen-
tal studies and theoretical predictions agree that K isomers
occur in nuclei near nobelium, rutherfordium, and heav-
ier. The likelihood of K-isomer existence can be attributed
to the proximity of high-� orbitals to the Fermi level and
the predicted deformed subshell gaps around Z = 100 and
N = 152 [30].

In the present work we studied nuclei in the following
range of neutron numbers: N = 142–166 for Md, Lr, Db, N =
144–166 for Bh, N = 146–166 for Mt, and N = 148–166 for
Rg. Compared to studies of K isomers in even-even nuclei
like those in [31], the present one (odd-even systems) has to
face a significantly larger number of potential candidates. In
order to appreciate the uncertainty of the strength of pairing
correlations, we study three pairing versions giving different
excitation energies of 3-q.p. configurations. We also add some
considerations regarding a possible decay of the candidate
for isomer to the rotational band built on the one-proton
configuration that is included in it. A brief discussion of a
possible hindrance of the α decay of high-K configurations
is included and illustrated in the extreme case of the predicted
Qα hindrance.

The calculations and selection of candidates for high-
K isomers are described in Sec. II, results are presented
and discussed in Sec. III, and conclusions are given in
Sec. IV. Tables with calculated characteristics of the low-
est high-K configurations are provided in the Supplemental
Material [32].

II. THE METHOD

Realistic MM or mean-field models predict that Md–Rg
nuclei are well deformed in their ground states with axially
and reflection-symmetric shapes. This is consistent with the
experimentally established characteristics of the rotational
bands in the No–Rf region [33–36]. Similar shapes are pre-
dicted for excited few-q.p. configurations (as long as no
time-reversal-breaking components are included in the mean
field), and again, the discovered 2-q.p. K isomers in Fm–
Rf nuclei with prominent reduced hindrance factors support
this hypothesis. Therefore we assume that the intrinsic parity
of considered states is well defined as is their K quantum
number.

In order to obtain ground states and configuration-
constrained minima, we use a four-dimensional space of
deformations βλ0 defining the nuclear surface:

R(θ ) = c(β )R0

⎡
⎣1 +

∑
λ=2,4,6,8

βλ0Yλ0(θ )

⎤
⎦, (1)

where Yλ0(θ ) are spherical harmonics, c(β ) is the volume-
fixing factor depending on deformation, and R0 is the radius
of a spherical nucleus.

The MM method we use employs the deformed
Woods-Saxon (WS) potential [37] and the macro-
scopic Yukawa-plus-exponential energy model [38]
with parameters specified in [39]. In particular, the
used pairing strengths are Gp = (g0p + g1pI )/A; Gn =
(g0n + g1nI )/A; g0p = 13.40 MeV; g1p = 44.89 MeV; g0n =
17.67 MeV; g1n = −13.11 MeV.

Parameters of the MM model are kept the same as in all
recent applications to heavy and superheavy nuclei which
concerned masses and deformations [40], Qα energies [41],
the first and second fission barriers in actinides [42], and SH
nuclei [43,44]. In the context of many-q.p. excitations, the
important feature of the present model is the distinct subshell
gap in the neutron spectrum at N = 152 around fermium and
nobelium, which seems necessary for realistic predictions of
K-isomeric states. Two other subshell gaps predicted by the
model: at N = 162 for neutrons and at Z = 108 for protons,
not quite confirmed experimentally yet, strongly influence the
predictions presented here. The very similar Woods-Saxon
model was used in [45,46] which can be consulted for pre-
dictions concerning 1-q.p. proton excitations in this region of
nuclei.

The MM method used in this study enables the examina-
tion of deformation parameters of higher orders. In their work
[47,48], Patyk and Sobiczewski observed a wider shell gap
around Z = 100 and N = 150 when incorporating β60 in their
definition of the nuclear radius. This modification resulted
in an improved agreement with existing experimental data.
Recently, Liu et al. discussed the influence of the deforma-
tion parameter β60 on the properties of high-K isomers in
superheavy nuclei [49]. The shape parametrization used in the
present paper includes still one additional parameter, namely,
β80.
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Ground-state and excited configuration energies are
found by the four-dimensional energy minimization over
β20, β40, β60, β80 Eq. (1) performed using the gradient
method. To avoid secondary or very deformed minima the
minimization is repeated at least 10 times for each configu-
ration with different starting values of deformations.

The pairing is accounted for by using three procedures:
1) the blocking method in which, after removing selected
singly occupied states from the set of doubly occupied or-
bitals, the BCS energy is calculated on the remaining ones
at each step of the procedure of minimization over deforma-
tions, 2) a more straightforward quasiparticle method in which
the BCS q.p. energies for blocked nucleons are added to the
energy of the even-even core, and the sum is subjected to the
minimization over deformation procedure, and 3) the particle-
number-projection (PNP) method in which the energy of the
particle-number-projected BCS configuration is minimized
over deformations. A short description of the latter procedure
is provided in the Appendix. The reason for including various
pairing calculations is a deficiency of the BCS method with
blocking, used in our mass model for ground state (g.s.) prop-
erties of odd-A and odd-odd nuclei when applied to many-q.p.
excitations. Usually, the blocking method underestimates ex-
citation energies and pair correlations in many-q.p. states if
one uses the pairing strength adjusted to the ground states.

In 2), the microscopic part of the energy for a 1π2ν con-
figuration was taken as the sum of BCS quasiparticle energies
of singly occupied levels:

E∗
q.p. =

√
(επ − λπ )2 + �2

π

+
√

(εν1 − λν )2 + �2
ν +

√
(εν2 − λν )2 + �2

ν

and the core energy term consisting of the shell and pairing
corrections calculated without blocking. For protons, the core
term, as well as the pairing gap �π and the Fermi energy
λπ , are calculated for the odd number of particles, but with
the double occupation of all levels. This prescription was
used before in [46]. It gives results similar to those obtained
when calculating the shell and pairing correction for the even
system with one particle less. For 3π 3-q.p. excitations, the
microscopic energy was the sum of three proton-quasiparticle
energies and the shell and pairing corrections calculated with-
out blocking; as for the 1π2ν excitations, the odd particle
number and double occupation of levels were used in the
BCS procedure for protons. In the quasiparticle method we
use the same pairing strengths as in our mass model. One can
mention that the quasiparticle method underestimates 3-q.p.
excitation energies at particle numbers for which BCS energy
gap vanishes or is very small. Admittedly, it is cruder for
3π than for 1π2ν configurations due to the larger number of
blocked quasiprotons.

When using method 3) we face the necessity of adjusting
the pairing strengths for neutrons and protons to the new
PNP procedure. Within the BCS method, such adjustment
can be performed using experimental masses or moments
of inertia, like, for example, in [50]. However, with PNP
this becomes quite cumbersome. Therefore, we fixed the
new strengths Gn(N, Z ) for neutrons by so fixing the ratio

Gn(N, Z )/Gmod
n (N, Z ), with Gmod

n (N, Z ) the strength from our
MM model, as to obtain the energy of the 2-q.p. excitations
involving two nearly degenerate s.p. levels: the last occupied
and the first empty one, close to 2�n(BCS) of this model. This
corresponds to an increase in pairing strengths by ≈10%. We
decided to scale proton pairing strengths by the same factor
1.1 to preserve the original Gp/Gn ratio of the MM model.
Such stronger pairing produces smaller nuclear masses (i.e.,
increases binding) by 3.5–4.5 MeV for studied nuclei. One
could try to compensate for this change by subtracting an
increased average pairing energy term, but we did not attempt
any modification of our mass model. The sole aim of using
PNP was to obtain a more realistic estimate for energies of
3-q.p. excitations.

Equilibrium deformations were found by both the blocked
BCS and quasiparticle methods for more than 2500 one-
proton and two-neutron (1π2ν) and for more than 500
three-proton (3π ) 3-q.p. configurations built from s.p. states
not too distant from the Fermi surfaces in studied nuclei.
The PNP calculations were confined to some selected low-
lying 3-q.p. states. Configurations at the lowest excitation
energies E∗

3-q.p.(K ) are considered as likely candidates for K
isomers. We did not consider shifts due to the spin interaction
(counterpart of Gallagher shifts for 2q.p.), which for 3-q.p.
configurations are not well studied [51,52].

Since a 3-q.p. configuration in an odd-Z deformed nucleus
may be thought of as a two-neutron (or a two-proton) ex-
citation built on its one-proton component which is a band
head of some rotational band, the probability of de-excitation
to this band is one of the factors determining the isomerism.
For a 1π2ν configuration with K = �π + �ν1 + �ν2, its ex-
citation energy over the one-proton band head with Kπ =
�π , E∗

3-q.p.(K ) − E∗
1q.p.(�π ), should be compared to the col-

lective rotational energy: E rot (I = K,�π ) = 1
2 [K (K + 1) −

�2
π ]/J = 1

2 [Kν (Kν + 2�π + 1) + �π ]/J , with Kν = �ν1 +
�ν2, and J is the average moment of inertia of the one-proton
q.p. rotational band. For 3π configurations with K = ∑3

1 �π i

similar comparisons could be made. The value (E∗
3-q.p.(K ) −

E∗
1q.p.(�π )) − E rot (I = K,�π ) gives some indication of a

likelihood of the 3-q.p. configuration being isomeric: the
smaller it is the less probable is the high-K state de-excitation
to the one-proton q.p. rotational band.

Unfortunately, the above energy difference is not a pre-
cise indicator of the K isomerism. A customary indicator,
the reduced hindrance fν , is based on the knowledge of the
EM transition depopulating the high-K configuration and
its final state: fν = F 1/ν , where F = τ γ /τW is the ratio of
the partial EM half-life to its s.p. Weisskopf estimate, ν =
�K − λ, with �K the difference between the initial and final
state K values, and λ is the transition multipolarity. As can
be seen from the experimental data [6,28], the high-K iso-
mers in deformed nuclei can occur at substantial excitation
energies above the yrast line. For example, 2q.p. Kπ = 8−
isomers in even-even nuclei from various deformed regions,
shown in Fig. 12 in [6], which occur 0.5–1.0 MeV above
the yrast line still have substantially hindered decays with fν
values above 30 (typically, fν = 30–200 for isomers). Thus,
by analogy, 3-q.p. configurations characterized by the energy
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differences (E∗
3-q.p.(K ) − E∗

1q.p.(�π )) − E rot (I = K,�π ) � 1
MeV (which are the counterparts of the excitation energies
above the yrast line displayed in [6]) can be considered as
candidates for isomers, those with smaller differences being
preferable. Notice that the rotational energy of levels of a
1q.p. band grows with increasing �π . For example, with
2J = 170 h̄2/MeV, the rotational energy at angular momen-
tum �π + IR with IR = 6 and 11 amounts to 285 and 670
keV, respectively, for �π = 1/2, and to 850 and 1530 keV
for �π = 11/2. Hence, with J being similar for various one-
proton rotational bands, a 3-q.p. configuration containing the
lowest proton (i.e., g.s.) orbital with a larger �π has a greater
chance to be isomeric.

To estimate rotational energies in studied isotopes we used
the calculated cranking moments of inertia of even-even nu-
clei from [53]. For odd-Z nuclei, we took the average from
calculated moments of inertia in neighboring even-even nuclei
and increased it by a factor accounting for two effects: overall
larger moments of inertia in odd-A vs even-even nuclei as
seen in actinides, and the observed increase in J with ro-
tational frequency (or collective angular momentum) above
the cranking value for spin-zero which was given in [53]. For
our estimates, we arbitrarily used the factor 1.4. Clearly, an
increase in the moment of inertia of the g.s. rotational band
makes 3-q.p. high-K configurations more excited with respect
to it.

III. RESULTS AND DISCUSSION

Calculated g.s. deformations in considered nuclei change
according to the following pattern. The deformations β20 are
mostly between 0.20 and 0.25, with the largest values for
N = 148–158, slightly decreasing for N � 160 and with in-
creasing Z . The deformations β40 decrease with N by ≈0.10
from positive to negative values, starting from β40 ≈ 0.06 for
Z = 101, N = 142, and from β40 ≈ 0.02 for Z = 111, N =
148. The deformations β60 are mostly negative with the largest
magnitude for N = 150, 152: β60 ≈ −0.06 for Z = 101, N =
150, and β60 ≈ −0.03 for Z = 111, N = 150. Finally, the
deformations β80 are generally small, with the largest values
β80 ≈ 0.03 for N = 158, 160. Equilibrium deformations for
the majority of 3-q.p. configurations are close to those of the
ground states, which in the case of β20 means that it falls
within the range ±0.02 around the ground-state value.

The Woods-Saxon single-particle spectra in Lr isotopes
at the calculated g.s. deformations are shown in Figs. 1
and 2. The proton s.p. states with large � that can form
high-K configurations are (from bottom to top): π7/2+

3 [633],
π7/2−

3 [514], π9/2+
2 [624], π9/2−

2 [505], π11/2+
1 [615], and

π7/2−
4 [503]. Single particle states are labeled by �π

n , with
n as the number of the state (counted from the lowest one)
within the �π block. The provided Nilsson labels serve to
make a connection to the traditional scheme; they have no
or little sense for lower � values due to their mixing in
realistic potentials. Nevertheless, due to the widespread use
of Nilsson’s notation in the works of other authors, we also
decided to use it, mostly in figures, alternately with the �π

n
one.

FIG. 1. Single-particle proton levels for Lr isotopes at their
equilibrium deformations; negative parity states—dashed, positive
parity—solid lines; � = 1/2—blue, 3/2—cyan, 5/2—green, 7/2—
yellow, 9/2—magenta, 11/2—red, 13/2—brown.

Proton states at the Fermi level in considered odd-Z nuclei
determine their g.s. spins and parities. In the quasiparticle
scheme, these are in Md: 1/2−

10 ([521] in the Nilson scheme)
with the exception of 7/2−

3 for N = 160 and 7/2+
3 for N =

166; in Lr: 7/2−
3 except for 9/2+

2 for N = 160, 162, 166 and
1/2−

10 for N = 164 (for N = 160–166 states 9/2+
2 and 1/2−

10
are practically degenerate); in Db: 9/2+

2 , except for 5/2−
5 for

N = 164, 166; in Bh: 5/2−
5 ; in Mt: 9/2−

2 for N = 146–152
and 11/2+

1 for N = 154–166; in Rg: 9/2−
2 for N = 152, 154,

FIG. 2. Single-particle neutron levels for Lr isotopes at their
equilibrium deformations; negative parity states—dashed, positive
parity—solid lines; � = 1/2—blue, 3/2—cyan, 5/2—green, 7/2—
yellow, 9/2—magenta, 11/2—red, 13/2—brown, 15/2—black.
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FIG. 3. Calculated excitation energy vs N for 1π2ν large-K configurations which for some N become the lowest in odd-even isotopes of
Md; each panel corresponds to the indicated method of calculations.

3/2−
8 for N = 162–166 and 11/2+

1 for other isotopes, with two
high-� states being nearly degenerate for N = 150, 154, 156.
The g.s. spins and parities from the PNP calculation differ
from the above only in a few cases.

From a comparison to the experimentally established spins
of low-lying states in Md and Lr isotopes around N = 150 it
follows that the order of proton π1/2−

10 and π7/2−
3 states is

inverted in the Woods-Saxon potential.
In view of the g.s. deformation changing with Z we

have to consider a greater number of two-neutron combi-
nations than necessary for only one isotopic chain. Rel-
evant large - � neutron states are (going from bottom
to top): ν7/2−

5 [743], ν7/2+
4 [624], ν9/2−

3 [734], ν7/2+
5 [613],

ν11/2−
2 [725], ν9/2+

3 [615], ν9/2+
4 [604] and ν13/2−

1 [716].
These states enter the neutron 2-q.p. component of the lowest
3-q.p. configurations in the considered region of nuclei.

A. Excitation energies of 1π2ν 3-q.p. high-K - candidates for
isomeric states

From calculated excitation energies of 1π2ν large-K states
for six odd-even isotopic chains we select those with the low-
est energies at some N . In Fig. 3–8 are shown such candidates
and corresponding excitation energies E∗

1π2ν obtained within
the standard BCS method with blocking (top left panels),
quasiparticle method (bottom left panels), and from the PNP
calculation (for selected configurations—top right panels).
Tabulated results for five lowest-lying configurations in each
isotope obtained in the blocked BCS and quasiparticle method
are provided in the Supplemental Material [32].

We rely mostly on pairing calculations within the quasipar-
ticle and PNP schemes, as those with the BCS blocking give
too small excitation energies of 3-q.p. configurations. This
is expected as BCS solutions with pairing strength adjusted
to the g.s. produce too weak correlations or even unpaired

solutions when two or three levels are blocked. Results of
all three pairing schemes point to the same configurations
which we review below. Generally, the isotopic variation of
excitation energies is milder within the quasiparticle method
than within the PNP and BCS blocking methods.

With a changing neutron number various low-laying
two-neutron configurations occur in specific isotopes. One
can divide those leading to particularly low-lying high-K
states into three groups: type A) in N = 148–150 iso-
topes, type B) in N = 152–160 isotopes, and type C) in
N = 164–166 isotopes. Those energetically favored among
others in specific isotopes are: of type A) ν26+{ν7/2−

5 ⊗
ν5/2−

7 }, ν26−{ν7/2−
5 ⊗ ν5/2+

7 }, ν26+{ν7/2+
4 ⊗ ν5/2+

7 }, and
ν28−{ν7/2+

4 ⊗ ν9/2−
3 }; of type B) ν29−{ν7/2+

5 ⊗ ν11/2−
2 },

ν28+{ν7/2+
5 ⊗ ν9/2+

3 }, and ν210+{ν9/2−
3 ⊗ ν11/2−

2 }; of
type C) ν211+{ν9/2−

3 ⊗ ν13/2−
1 }, ν211−{ν9/2+

4 ⊗ ν13/2−
1 },

and ν29−{ν5/2+
8 ⊗ ν13/2−

1 }. At the same time, the Woods-
Saxon single-neutron level scheme leads to the lowest 1π2ν

excitations in N = 152 and N = 162 isotones lying higher
than in the neighboring ones. This effect is weakened by the
very small or vanishing BCS neutron gap in the quasiparticle
method, but is very prominent with the PNP and the blocked
BCS. Below we discuss results for separate isotopic chains,
mostly from the quasiparticle scheme. The results of the PNP
scheme will be commented on at the end of this subsection.

1. Md

The lowest-lying type-A) configurations are
πν213/2−{π1/2−

10 ⊗ ν7/2+
4 ⊗ ν5/2+

7 } (yellow dots in
Fig. 3) in 249Md and πν217/2+{π1/2−

10 ⊗ ν9/2−
3 ⊗ ν7/2+

4 }
(green dots) in 251Md. The latter, at 1.04 MeV above
the g.s., is the lowest-lying type A) state of all. The
πν215/2+{π1/2−

10 ⊗ ν9/2−
3 ⊗ ν5/2+

7 } configuration is the
second lowest, at similar excitation energy in both isotopes.
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FIG. 4. As in Fig. 3 but for Lr.

Although configurations with π7/2−
3 orbital replacing

π1/2−
10 lie by 0.25 MeV higher they should be considered

in view of the seemingly opposite order of both states in
the experiment as compared to the present WS spectrum.
In N = 154, 156, 158 isotopes the lowest-lying type-B)
configuration is πν219/2+{π1/2−

10 ⊗ ν7/2+
5 ⊗ ν11/2−

2 }
(magenta dots); πν217/2−{π1/2−

10 ⊗ ν7/2+
5 ⊗ ν9/2+

3 } (dark
violets dots) is the lowest one in 261Md; the configurations
with π7/2−

3 and π9/2+
2 replacing π1/2−

10 are lying
100-200 keV higher, but the first one may be relevant if the
proton level order established in N ≈ 150 isotopes persists
in the heavier ones. The type-C) configurations including

the two-neutron pair {ν9/2+
4 ⊗ ν13/2−

1 } and one of π1/2−
10,

π7/2+
3 (dark olive green in Fig. 3) or π7/2−

3 , are the favored
ones in 265Md (the two first configurations have nearly the
same energy), while the ones with the same neutron contents
and either π7/2+

3 or π9/2+
2 are the lowest ones in 267Md.

Estimated excitation energies of the lowest 1π2ν

configurations above the rotational g.s. structure, discussed in
Sec. II, are in N = 150 (Kν = 8): ≈0.6 MeV for �π = 1/2
and ≈0.35 MeV for �π = 7/2; in N = 154 (Kν = 9):
≈0.95 MeV for �π = 1/2 and ≈0.65 for �π = 7/2; in
N = 158 (Kν = 9): ≈0.55 for �π = 1/2 and ≈0.25 for �π =
7/2; in N = 160 (Kν = 8): ≈0.6 MeV for �π = 1/2 and

FIG. 5. As in Fig. 3 but for Db.
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FIG. 6. As in Fig. 3 but for Bh.

≈0.3 MeV for �π = 7/2. We have not calculated
the moment of inertia for N = 164 Md, but assum-
ing that for the Lr isotone one obtains (Kν = 11):
≈0.45 for �π = 1/2 and ≈ −0.25 MeV (the yrast
trap) for �π = 7/2 (the K mixing of nearly degen-
erate proton levels would probably remove the trap
effect).

2. Lr

The lowest-lying 1π2ν type-A) configurations are
πν219/2−{π7/2−

3 ⊗ ν7/2+
4 ⊗ ν5/2+

7 } in 251Lr and πν2

23/2+(25/2−){π7/2−
3 (π9/2+

2 ) ⊗ ν9/2−
3 ⊗ ν7/2+

4 } or πν2

21/2+{π7/2−
3 ⊗ ν9/2−

3 ⊗ ν5/2+
7 } in 253Lr (Fig. 4). Configu-

rations with π1/2−
10 replacing π7/2−

3 are lying slightly higher.
The lowest type B) states are πν225/2+{π7/2−

3 ⊗ ν11/2−
2 ⊗

ν7/2+
5 } in 261Lr and πν225/2+{π9/2+

2 ⊗ ν9/2+
3 ⊗ ν7/2+

5 } in
263Lr; the configurations with interchanged proton states
are predicted as the second lowest in both nuclides.
Although not very low-lying, the type C), large-K
configurations: πν223/2+{π1/2−

10 ⊗ ν9/2+
4 ⊗ ν13/2−

1 } or π

ν231/2− { π 9/2+
2 ⊗ ν 9/2+

4 ⊗ ν13/2−
1 } may be good

candidates in 267,269Lr.

FIG. 7. As in Fig. 3 but for Mt.
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FIG. 8. As in Fig. 3 but for Rg.

3. Db

The most promising candidates occur in the heavier
isotopes (type B), πν227/2−{π9/2+

2 ⊗ ν11/2−
2 ⊗ ν7/2+

5 },
πν225/2+{7/2−

3 ⊗ ν11/2−
2 ⊗ ν7/2+

5 } in 263Db and
πν225/2+(21/2−, 23/2−){π9/2+

2 (5/2−
5 , 7/2−

3 ) ⊗ ν9/2+
3 ⊗

ν7/2+
5 } in 265Db (Fig. 5). The type A) low-lying

configurations are πν225/2−{π9/2+
2 ⊗ ν9/2−

3 ⊗ ν7/2+
4 }

and πν223/2−{π9/2+
2 ⊗ ν9/2−

3 ⊗ ν5/2+
7 } in 255Db, and

πν221/2+{π9/2+
2 ⊗ ν5/2+

7 ⊗ ν7/2+
4 } in 253Db. Type-C)

candidates with sizable K are πν231/2+{π9/2+
2 ⊗ ν13/2−

1 ⊗
ν9/2+

4 }, πν227/2−{π5/2−
5 ⊗ ν13/2−

1 ⊗ ν9/2+
4 } in 269Db and

the same neutron pair coupled to π5/2−
5 or π1/2−

10 proton
states in 271Db. Their estimated excitation above the rotational
sequence based on the one-proton component is close to zero
for �π = 5/2 and even less than zero for �π = 9/2. Again,
since these states have very similar energies one can expect
some K mixing.

4. Bh

The lowest-lying candidate for isomer of all 1π2ν 3-q.p.
states is predicted in 267Bh (N = 160), in which the configu-
ration πν221/2−{π5/2−

5 ⊗ ν9/2+
3 ⊗ ν7/2+

5 } lies at 910 keV
(see Fig. 6), at an estimated 0.3 MeV above the rotational g.s.
band; the next one, πν225/2+{π5/2−

5 ⊗ ν9/2+
3 ⊗ ν11/2−

2 },
with K bigger by two units, lies already 300 keV higher.
The configuration: πν223/2+{π5/2−

5 ⊗ ν11/2−
2 ⊗ ν7/2+

5 } is
the lowest in 263,265Bh (this in the N = 158 isotone lying
100 keV lower). Type-A) configurations:
πν221/2+{π5/2−

5 ⊗ ν9/2−
3 ⊗ ν7/2+

4 }, πν219/2+{π5/2−
5 ⊗

ν9/2−
3 ⊗ ν5/2+

7 } in 257Bh have excitation energy larger by
more than 300 keV than the corresponding ones in Md N =
150 isotone. Type C) configurations: πν223/2+{π5/2−

5 ⊗
ν13/2−

1 ⊗ ν5/2+
8 }, πν227/2+{π5/2−

5 ⊗ ν13/2−
1 ⊗ ν9/2+

4 }

are the most favored in 271Bh (N = 164), at estimated 0.7
(0.3) MeV excitation energy above the rotational g.s. band.

5. Mt

Among Mt isotopes the best candidate occurs in
269Mt (type B): πν227/2+{π11/2+

1 ⊗ ν9/2+
3 ⊗ ν7/2+

5 },
at estimated 0.1 MeV above the rotational g.s. band; the same
configuration is the lowest one in 267Mt, but already at the
excitation energy by 150 keV higher than in 269Mt (see Fig. 7).
The second lowest state in 269Mt: πν231/2−{π11/2+

1 ⊗
ν9/2+

3 ⊗ ν11/2−
2 } lies more than 200 keV above the

lowest one. Two configurations, πν229/2−{π11/2+
1 ⊗

ν11/2−
2 ⊗ ν7/2+

5 }, πν231/2−{π11/2+
1 ⊗ ν11/2−

2 ⊗ ν9/2+
3 },

are the lowest ones in 265Mt. The type-C) candidates
in 273Mt are πν229/2−{π11/2+

1 ⊗ ν13/2−
1 ⊗ ν5/2+

8 },
πν233/2−{π11/2+

1 ⊗ ν13/2−
1 ⊗ ν9/2+

4 }, the one with
lower K lying 200 keV lower. The first one is also the
lowest one in the N = 166 isotone. Two lowest type-A)
configurations are πν225/2+{π9/2−

2 ⊗ ν9/2−
3 ⊗ ν7/2+

5 },
πν223/2+{π9/2−

2 ⊗ ν9/2−
3 ⊗ ν5/2+

7 } in 259Mt.

6. Rg

In this isotopic chain there are many near-degenerate
low-lying configurations. The selection shown in Fig. 8 in
the left panels corresponds to the lowest in the quasiparticle
scheme which may be not lowest in the blocked BCS scheme.
The best candidates for isomers occur for N = 160 (type-B):
πν219/2−{π3/2−

8 ⊗ ν7/2+
5 ⊗ ν9/2+

3 }, πν225/2−{π9/2−
2 ⊗

ν7/2+
5 ⊗ ν9/2+

3 }, πν227/2+{π11/2+
1 ⊗ ν7/2+

5 ⊗ ν9/2+
3 }

in 271Rg and for N = 164 (type C): πν221/2+{π3/2−
8 ⊗

ν5/2+
8 ⊗ ν13/2−

1 }, πν219/2+{π1/2−
11 ⊗ ν5/2+

8 ⊗ ν13/2−
1 },

πν229/2−{π11/2+
1 ⊗ ν5/2+

8 ⊗ ν13/2−
1 } in 275Rg, see Fig. 8.

The C)-type state with π3/2−
8 has the smallest excitation

energy of all in Rg isotopes, 1.07 MeV, at an estimated
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FIG. 9. Map of the lowest 1π2ν 3-q.p. excitation energies calcu-
lated with the quasiparticle method.

0.33 MeV above the rotational g.s. band. The excitation
energy of the same configuration in the N = 166 isotope
is ≈200 keV higher. There are less favorable cases in four
lighter isotopes: πν225/2+{π9/2−

2 ⊗ ν9/2−
3 ⊗ ν7/2+

4 },
πν217/2+{π9/2−

2 ⊗ ν9/2−
3 ⊗ ν5/2+

7 } in 261Rg, and πν229/

2−(27/2+){π11/2+
1 (9/2−

2 ) ⊗ ν11/2−
2 ⊗ ν7/2+

5 }, πν229/2+

(31/2−){π9/2−
2 (11/2+

1 ) ⊗ ν11/2−
2 ⊗ ν9/2+

3 }, πν225/2−

(27/2+){π9/2−
2 (11/2+

1 ) ⊗ ν9/2+
3 ⊗ ν7/2+

5 } in 265,267,269Rg.
Figure 9 provides a summary of excitation energies for

1π2ν q.p. configurations from the quasiparticle method.
The lowest 3-q.p. energies in each isotope obtained from
the PNP calculation are by 0–250 keV larger than from the
quasiparticle method (except for N = 152, 162 for which the
differences are larger), and so are their estimated excitation
energies above the rotational g.s. band. Hence, by the energy
criterion suggested by data on known K isomers, the PNP
calculation also predicts configurations pointed out above as
candidates for isomers. In particular, the candidates in N =
148, 150 for Md, Lr, Db, and in N = 158, 160, 164 isotones
seem promising.

B. Excitation energies of three-proton q.p. high-K candidates
for isomeric states

There are fewer three-proton q.p. configurations than the
1π2ν ones due to a smaller density of s.p. proton levels
and lower � values of relevant orbitals. The subshell gap at
Z = 108 in the deformed WS proton spectrum rises energy
of the 3π excitations in Bh (Z = 107) isotopes. Even without
pairing, their (particle-hole) energies are larger than 1 MeV
(or even larger than 1.5 MeV if one excludes the lightest
three and the heaviest isotope). The blocked BCS results
are unreliable as the proton pairing gap vanishes in 3-.q.p.
configurations when one uses pairing strengths of our mass
model. All excitation energies obtained from the quasiparticle
method are greater than 1.4 MeV, i.e., larger than energies of
many 1π2ν states (they are listed in the tables provided in the
Supplemental Material [32]). The lowest 3π q.p. excitation
energies obtained from the PNP method are smaller than that,
in the 0.9–1.0 MeV range, but they occur only for a few

FIG. 10. Excitation energies of low-lying 3π configurations in
Md, Lr, and Db with the PNP calculation.

configurations. These smallest PNP energies are smaller than
2�(BCS), where the latter is understood as the proton pairing
energy gap in the g.s. This might suggest a slightly too small
proton pairing strength, but, on the other hand, one may expect
a weaker pairing in the 3π q.p. state than in the g.s., so the
excitation energies from the quasiparticle method are very
likely overestimated.

Energies for favored three-proton q.p. configurations from
the PNP and quasiparticle calculations are shown in Figs. 10,
11 and Figs. 12, 13, respectively. In each of these two meth-
ods, the lowest 3π states were independently selected. As in
the case of 1π2ν states, the obtained excitation energies E∗

3π

depend on the employed pairing version, but the configura-
tions themselves do not. Below, we discuss the results of PNP
calculations.

0.0
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1.0
 1.5
2.0
 2.5
3.0
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PNP method

E* 3π
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 2.5
3.0
 3.5
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E* 3π
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FIG. 11. Excitation energies of low-lying 3π configurations in
Mt and Rg with the PNP calculation.
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FIG. 12. Excitation energies of low-lying 3π configurations in
Md, Lr and Db with the quasiparticle calculation.

1. Md

The lowest 3π q.p. excitation in all studied isotopes
is π315/2+{π7/2+

3 ⊗ π7/2−
3 ⊗ π1/2−

10}, with energy 1.28–
1.47 MeV, gently rising from N = 142 to N = 158; then the
rise becomes steeper, with energy reaching 2 MeV at N =
166. The second configuration presented in the upper panel in
Fig. 10, π317/2−{π7/2+

3 ⊗ π9/2+
2 ⊗ π1/2−

10} (orange dots),
occurs as the second lowest in isotopes from N = 150 to
N = 166 with energies 1.75–2.2 MeV. In lighter isotopes, two

0.0
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FIG. 13. Excitation energies of low-lying 3π configurations in
Bh, Mt, and Rg with the quasiparticle calculation.

configurations appear below it: π311/2−{π7/2−
3 ⊗ π3/2−

7 ⊗
π1/2−

10} and in N = 142 also π319/2+{π7/2+
3 ⊗ π7/2−

3 ⊗
π5/2−

5 }.

2. Lr

The configuration π317/2+{π7/2−
3 ⊗ π9/2+

2 ⊗ π1/2−
10}

(yellow dots in Fig. 10) is the lowest one in almost all
considered isotopes (the only exception is N = 166). Its ex-
citation energy stays nearly constant at 0.9–1.0 MeV between
N = 142 and N = 158; then it rises to 2 MeV at N = 166.
If one accepts the experimental assignment of 1/2− g.s. for
253Lr (7/2− is predicted from the WS spectrum), then the
PNP energy for the state with additional two protons coupled
to K2π = 8 would translate to ≈0.55 MeV excitation above
the g.s. rotational band. The configuration π313/2−{π7/2−

3 ⊗
π5/2−

5 ⊗ π1/2−
10} is the second lowest in N = 142–154.

At N = 156, 158 the π323/2−{π7/2+
3 ⊗ π7/2−

3 ⊗ π9/2+
2 },

configuration becomes the second lowest. The configura-
tion π323/2−{π9/2+

2 ⊗ π7/2+
3 ⊗ π1/2−

10} (magenta dots in
Fig. 10) is the second lowest for N = 160–166.

3. Db

Two configurations shown in Fig. 10 are π321/2+
{π7/2−

3 ⊗ π9/2+
2 ⊗ π5/2−

5 } and π315/2+{π5/2−
5 ⊗ π9/2+

2⊗ π1/2−
10}. The first one is the lowest one for N < 160, the

second one for N = 160–166. Except for those two and the
similar configuration π317/2+{π7/2−

3 ⊗ π9/2+
2 ⊗ π1/2−

10}
all others have considerably larger excitation energies. Esti-
mates of energy difference from the g.s. rotational band built
on the π9/2+

2 state are 0.65 MeV for the first (K2π = 6), and
0.95 MeV for the second (K2π = 3) configuration, so the first
one seems a better candidate for the K isomer.

4. Mt

In Fig. 11 is shown energy of the configuration
π325/2+{π11/2+

1 ⊗ π9/2+
2 ⊗ π5/2−

5 } which is the lowest
one for N � 154. As energies of all 3π 3-q.p. states rise with
N , it is probably the best candidate in lighter Mt isotopes.
For the π11/2+ g.s. which follows from the PNP calculation
and K2π = 7, one estimates 0.75 MeV excitation above the
rotational g.s. band for this candidate in N = 156.

5. Rg

The configuration π323/2−{π11/2+
1 ⊗ π9/2+

2 ⊗ π3/2−
8 }

(orange dots in Fig. 11), the lowest one for N = 154–160,
seems to be the most interesting candidate. For the π9/2+

2 g.s.
following from PNP calculations, with K2π = 7, one obtains
for N = 160, ≈250 keV for estimated excitation above the
rotational g.s. band.

The above-mentioned results suggest that low-lying 3π

high-K configurations appear in Lr, Db, and Rg isotopes. The
smallest energies of 3π configuration occur in Lr. Owing to
the s.p. structure, the favored 3-q.p. configuration in Rg has a
smaller excitation above the g.s. rotational band than the one
in Db. The excitation energies E∗

3π in the quasiparticle method
are considerably higher (Figs. 12, 13), but one should allow a
correction for the undiminished g.s. pairing � it uses. The 3π
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isomers in Mt are uncertain and those in Bh unlikely by the
energy gap at Z = 108.

Regarding our results vs experimental evidence, the can-
didates for isomers in 249,251Md seem to be of the 2ν1π

type, in agreement with the interpretation given in [22]. Con-
figuration similar to the one in 251Md could be isomeric in
253Lr. On the other hand, a similar two-neutron component of
the 255Lr isomer, suggested in [21], is not supported by our
calculation as the 2ν1π excitations in the N = 152 isotones
are disfavored, and the 3π configuration looks more favored,
cf. Figs. 10, 12. The same conclusion follows from our results
for 257Db.

C. Possible α-decay hindrance of high-K isomers

A usual K isomer is recognized by its prolonged EM
half-life Tγ . SH nuclei are radioactive and known odd-
even SH isotopes undergo mainly α decay (as their fission
is usually hindered, see, e.g., review [54]). Thus, there is
half-life Tα (g.s.) for the g.s. and the partial half-lives Tα

and Tγ for the isomer. When Tα and Tγ are of distinc-
tively different magnitude, the total half-life of the isomer
TαTγ /(Tα + Tγ ) equals the smaller of the two in good
approximation.

The most interesting situation would be a K isomer living
longer than the g.s., which requires: Tα (g.s.) < min(Tα, Tγ ).
There are two possibilities: Tα < Tγ or Tα > Tγ . In the first
case, isomeric γ decay may be more difficult to observe, while
two distinct α half-lives Tα (g.s.) and Tα can be detected with
generally different Qα values. The effective half-life of the g.s.
α decay after the isomer γ de-excitation, Tγ + Tα (g.s.), will
be statistically suppressed. In the second case, the α decay of
the isomer may be difficult to observe, while two α activities
will be detected with half-lives Tα (g.s.) and Tγ + Tα (g.s.) and
common Qα; coincidences with γ /converted electron detec-
tors can help to infer something about the isomer γ -decay
scheme and excitation energy E∗(K ). When the three consid-
ered half-lives are of the similar order, half-lives of three-α
activities, and some γ transitions can be detected. When more
isomers are present or multiple Qα values occur, the experi-
mental analysis may become complex.

As stated in the Introduction, we have no way of predicting
Tγ . What can be said about the condition Tα (g.s.) < Tα?

One possibility, discussed in [55], is that the excitation of
an isomeric configuration in the α-daughter E∗

d is substan-
tially higher than that of the isomer in the parent nucleus E∗

p .
As understood from α-decay systematics, the configuration-
changing α decays, between states with different K and/or
parity, are usually hindered (see, e.g., [56], p 40). If the
configuration-preserving decay is suppressed by a reduced
Qα = Qα (g.s.) − �Qα , where �Qα = (E∗

d − E∗
p )—as in the

situation above—the decay may proceed to different lower-
lying configurations. A detailed balance of the corresponding
decay rates—a gain due to a greater Qα (a smaller Qα hin-
drance) vs a loss due to a larger configuration-hindrance—is
difficult to evaluate. However, one may look for cases of re-
duced Qα value in configuration-preserving isomer decays as
indicative of possible enhanced isomer stability. We note that
phenomenological formulas giving α half-life Tα as a function

of Qα apparently contain some part of this effect so that, at the
same Qα , they predict less probable g.s.→ g.s. transitions for
odd-A and odd-odd nuclei than for the neighboring even-even
ones, see, e.g., [57].

The reported example of an isotope with α-decaying K
isomer living longer than the g.s. is 270Ds. The α-decay half-
life of the 6 ms isomer, with the proposed spin between 8 and
10, is very likely shorter than its γ -decay half-life—see, e.g.,
the estimate in [58], but longer than the approximately 0.1 ms
half-life of the α-decaying ground state [59,60]. One could
suspect that the high-K state with a similar structure exists
in the daughter nucleus 266Hs; indeed, there is also evidence
for a K-isomeric state in 266Hs [60]. The Qα-hindrance factor
effect on the half-life of the 270Dm isomer was estimated
within the MM Woods-Saxon model in [55]. It turns out that
its logarithm is three times larger than the experimental value,
so the effect seems to exist, but is considerably weaker than
the pure Qα hindrance.

We looked for Qα hindrance among the lowest-lying 1π2ν

high-K configurations in the present calculations. The �Qα

for structure-preserving α decays show maxima at N = 154
and N = 164, as dictated by the subshell gaps in the WS s.p.
spectrum and seen in Figs. 3–8. The former is bigger in Md,
Lr, the latter in Db–Rg, and especially in Mt isotopes. The
�Qα obtained in the BCS with blocking are larger than in
the quasiparticle method. The largest �Qα occurs in 273Mt:
3.27 MeV in the blocked BCS, 1.62 MeV in the quasiparti-
cle method, and 2.60 MeV in the PNP. Below, we describe
this extreme case using PNP energies for the purpose of
illustration.

The Qα hindrance for the decay preserving the lowest-lying
πν2 configuration in 273Mt, 29/2−{π11/2+

1 ⊗ ν13/2−
1 ⊗

ν5/2+
8 }, would imply a prolongation of Tα by ≈ 8 orders of

magnitude (roughly, 3 orders per 1 MeV �Qα). However,
there are many lower-lying possible final πν2 configura-
tions in 269Bh; among them one with π5/2−

5 instead of
π11/2+

1 , �K = −3, �Qα ≈ 1.94 MeV, and one with ν7/2+
5

instead of ν5/2+
8 , �K = 1 and �Qα ≈ 1.43 MeV, which

differ from the initial state by only one quasiparticle. There
is also a state 29/2−{π9/2+

2 ⊗ ν13/2−
1 ⊗ ν7/2+

5 }, with the
same K and parity, differing by two quasiparticles, for which
�Qα = 1.08 MeV. The presence of many configurations for
which the structural hindrance is (at least partly) canceled
by a smaller Qα hindrance suggests that, if the configuration
in 273Mt really turns out to be isomeric, its α-decay hin-
drance will be smaller than the Qα hindrance. Nevertheless,
as long as the predicted subshell gaps are realistic, and all 3qp
high-K configurations in 269Bh lie higher than in 273Mt, cf.
Figs. 6,7, some α-decay hindrance of the considered configu-
ration should be expected.

IV. CONCLUSIONS

Considering both 1π2ν and 3π 3-q.p. excitations within
the MM Woods-Saxon model we have found the candidates
for high-K isomers in odd-even Md–Rg isotopes. Using var-
ious treatments of pairing we showed that, although they
change calculated excitation energies, the favored configura-
tions remain the same. Thus, the presented results may be
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treated as specific to the used MM model and determined
primarily by the s.p. spectrum of the WS potential. For the
same reason, predicted isomer energies should be understood
as approximate.

The characteristic features of the results are the numbers Z
and N of isotopes in which the high-K states have the lowest
excitation energies and the structure of those favored configu-
rations. Particularly favored neutron numbers for 1π2ν states
are N = 148, 150, 158, 160, 164; the lowest configurations
occur in Md for N = 150, in Bh for N = 160, and in Rg for
N = 164. A few low-lying 3π configurations occur in Lr, Db,
and Rg isotopes; those in Lr and Rg seem more promising
due to an estimated smaller excitation over the g.s. rotational
band. Our results are consistent with the interpretation of ex-
perimental data for K isomers in N = 148, 150 isotones of Md
and Lr. On the other hand, they suggest 3π rather than 1π2ν

structure in N = 152 isotones, as N = 152, 162 are disfavored
for K isomers owing to neutron subshell gaps, as is Z = 108
for protons. Certainly, more experimental data are needed
to check theoretical predictions and the related s.p. level
scheme.

A possible hindrance of a K-isomer α-decay could make
it more long-lived than the g.s. The Qα hindrance can be
a reason for such a situation if the structural hindrance is
sufficiently strong. The strongest Qα hindrance follows from
our model for N = 164 and for heavier isotopes of Mt, with
the maximum �Qα for 273Mt.

Clearly, the predictions presented here, based on the ex-
trapolation only partially rooted in experimentally established
facts, should be subjected to experimental tests. We hope that
they will appear useful in the ongoing research on superheavy
nuclei.
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APPENDIX: PARTICLE-NUMBER-PROJECTED BCS
CALCULATIONS

We specify here procedures used for calculating energy for
a state of the BCS-form projected onto a good particle number
(separately for neutrons and protons). For PNP to have an
effect in the weak pairing limit, one admits parameters λ and
� unconstrained by the BCS equations. As the projection
method itself is well known, see, e.g., [61], the present account
is rather brief.

The squared norm, 〈
 | P̂N | 
〉, of the N = 2n-particle
component of the BCS wave function | 
〉 = ∏

ν>0(uν +
vνa†

νa†
ν̄ ) | vac〉, where | vac〉 is the physical vacuum (no par-

ticles) and the label ν enumerates states with positive �, is
equal to the term by ζ n in the expression

∏
ν>0(u2

ν + ζv2
ν ),

which we call Pn. Denoting Pμ
n−1 the squared norm of the

(N − 2)-particle component of | 
〉 with the omitted fac-
tor (uμ + vμa†

μa†
μ̄), and Pμν

n−1 is the squared norm of the
(N − 2)-particle component of | 
〉 with the omitted factors
(uμ + vμa†

μa†
μ̄)(uν + vνa†

νa†
ν̄ ), one can write the energy of the
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FIG. 14. Energy of the 3-q.p. excitation (E∗
1π2ν or E∗

3π in MeV)
from the PNP method vs pairing strength (in units of the value of
the fit G/Gfit) at the fixed, near g.s. shape, for 1π2ν states in Mt iso-
topes (dots): π9/2−

2 ⊗ ν7/2+
4 ⊗ ν5/2+

7 in 255Mt (yellow), π11/2+
1 ⊗

ν9/2+
3 ⊗ ν7/2+

5 in 267Mt (orange), and 269Mt (red), and for 3π states
(squares): π7/2−

3 ⊗ π9/2+
2 ⊗ π1/2−

10 in 259Lr (green), π11/2+
1 ⊗

π9/2−
2 ⊗ π5/2−

5 in 265Mt (cyan), and π9/2+
2 ⊗ π11/2+

1 ⊗ π3/2−
8 in

271Rg (magenta).

N-particle projected BCS state as

EN=
∑

μ>0(2εμ − G)v2
μPμ

n−1 − G
∑

μ>0 �=ν>0 uμvμuνvνPμν
n−1

Pn
.

(A1)
The first way to calculate EN utilizes a representation of ζ

as the (n + 1)-dimensional Jordan block with zero on the
diagonal, that means a matrix with elements of the first up-
per diagonal equal to 1 and all others equal zero. A simple
matrix multiplication leads to Pn being the entry n + 1, n + 1
of the matrix

∏
ν>0(u2

ν + ζv2
ν ). After calculating all Pμ

n−1 in
the same way and using the identity (u2

νv
2
μ − u2

μv2
ν )Pμν

n−1 =
v2

μPμ
n−1 − v2

νPν
n−1, one can calculate Eq. (A1).

In the second method, one uses successive substitutions
ζ = eiϕk , with ϕk = 2kπ/M, k = 0, 1,...,M − 1, and sums
over k the expressions

e−inϕk
∏
β>0

(
u2

β + eiϕk v2
β

)
⎛
⎝∑

μ>0

(2εμ − G)v2
μeiϕk

u2
μ + eiϕk v2

μ

− G
∑

μ>0 �=ν>0

uμvμuνvνeiϕk

(
u2

μ + eiϕk v2
μ

)(
u2

ν + eiϕk v2
ν

)
⎞
⎠. (A2)

The formula
∑M−1

k=0 eiϕk = (1 − eiMϕk )/(1 − eiϕk ) guarantees
that so-calculated EN contains only contributions of | 
〉 com-
ponents with particle numbers 2n, 2n ± M, 2n ± 2M, etc. In
practical calculations, the value of M like 10 or 15 gives a
sufficient accuracy.

We applied both methods described above and checked that
they give the same results for EN .

In order to reduce a search for the optimal projected
BCS state to a one-parameter minimization, we eliminate the
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dependence of projected energies EN on λ by imposing the
condition for the expected number of particles on each BCS-
type function 
(λ,�): 〈
BCS (λ,�) | N̂ | 
BCS (λ,�)〉 = N ,
where N is a desired value. The so-obtained energy EN (�)
has a unique minimum as a function of �. This minimal value
is taken as the energy after projection and minimized over
deformations.

The excitation energy of a state with extra two blocked
particles relative to the odd-even g.s. includes the effect of

deformation change. However, at a fixed deformation, it is a
function of the pairing strength G, the neutron one for a 1π2ν,
and the proton one for a 3π q.p. configuration. This function is
shown in Fig. 14 for three 1π2ν and three 3π configurations;
the strength G is expressed in units of Gfit, where Gfit is the
value from our mass model [41,44] for a given nucleus. The
rise in the excitation energy with G is the result of a decrease
in energy of both the g.s. and 3-q.p. state, with the former
being steeper than the latter.
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