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Fusion reactions in 6Li + 90Zr scattering
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We use a recently proposed theoretical model to evaluate complete and incomplete fusion cross sections in
collisions of 6Li with 90Zr. The former is compared to the data of Kumawat et al. [H. Kumawat, V. Jha,
V. V. Parkar, B. Roy, S. K. Pandit, R. Palit, P. K. Rath, C. F. Palshetkar, S. K. Sharma, S. Thakur, A. K.
Mohanty, A. Chatterjee, and S. Kailas, Phys. Rev. C 86, 024607 (2012)], while the theoretical cross section for
the incomplete fusion of the deuteron in 6Li is compared to a cross section extracted from inclusive α-production
data. The overall agreement between theory and experiment is good. Additional validation of the procedure is
obtained by applying it to the 6Li + 59Co reaction at energies above the Coulomb barrier.
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I. INTRODUCTION

Fusion reactions induced by weakly bound projectiles are
a subject of great interest in low-energy nuclear physics [1–5].
The low breakup threshold of the projectile affects fusion in
two ways. First, it gives rise to a long tail in the projectile’s
density, leading to a lower Coulomb barrier. This is a static
effect of the low breakup threshold, which enhances fusion at
all collision energies. On the other hand, it also strongly influ-
ences the reaction dynamics. Owing to the strong couplings
with the breakup channels, the projectile may dissociate as it
approaches the target (6Li → d + α). Then, besides complete
fusion (CF), where the whole projectile fuses with the target,
there are the new processes of incomplete fusion (ICF), where
one of the clusters fuses with the target, whereas the other
does not. They are denoted by ICFd (fusion of the deuteron)
and ICFα (fusion of the α). There is also the possibility that
both fragments fuse sequentially with the target. This process
cannot be experimentally distinguished from the usual com-
plete fusion.

Measuring CF and ICF cross sections is a great challenge
for experimentalists. Only for some particular projectile-target
combinations is it possible to determine these cross sections
by identifying the individual evaporation residues of the CF
and/or ICF processes. This kind of data for 6Li projectiles is
available for the following targets: 209Bi [6,7], 198Pt [8], 197Au
[9], 159Tb [10], 144,152,154Sm [11–13], 124Sn [14], 90Zr [15],
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64Ni [16], 59Co [17,18], and 28Si [19]. Calculating individual
CF and ICF cross sections is also a very hard task. However,
many theoretical models have been proposed over the last few
decades. The first theoretical approaches were based on classi-
cal physics or semiclassical approximations [6,20–25]. They
were followed by more realistic theories involving quantum
mechanics [26–37].

Recently, the theoretical model proposed by Rangel et al.
[36] was used to study CF and ICF in collisions of 6Li with the
heavy targets 124Sn, 197Au, 198Pt, and 209Bi. The predictions
of the model were shown to be in good agreement with the
data in Refs. [38,39]. Comparing the CF cross section with
predictions of barrier penetration models (BPMs) with a po-
tential that neglects the low binding of the projectile, we found
that the CF cross section was suppressed by ≈40% above the
Coulomb barrier, and enhanced at sub-barrier energies. The
model also predicted that the CF and ICF cross sections for
these systems have comparable values above the barrier. Fur-
ther, one found that the ICFα cross section is systematically
lower than that for ICFd . Above the Coulomb barrier, the
former is about 2/3 of the latter, and at sub-barrier energies,
it is at least one order of magnitude lower. Nevertheless, it is
not known whether these conclusions remain valid for lighter
targets.

In the present paper, we carry out a similar study in colli-
sions of 6Li with a lighter target, 90Zr. We perform CF and ICF
calculations and compare our results to data from the experi-
ments of Kumawat et al. [15,40]. Reference [15] reported CF
data in collisions of 6Li with 90Zr, whereas Ref. [40] measured
the total α-production cross section for the same system. Al-
though the latter does not give directly any ICF cross section,
we show that the ICFd cross section can be extracted from it.
The procedure of extraction of the ICF cross section from the
inclusive total α-production cross section is also applied to the
6Li + 59Co reaction measured in Ref. [18], which reports the
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experimental angular distributions of protons, deuterium, and
α particles acquired in singles mode.

The paper is organized as follows. In Sec. II, we give a
brief description of our theoretical model. In Sec. III, we
use the model to evaluate the CF, ICFd , and ICFα cross
sections for the 6Li + 90Zr system and show how an ICFd
cross section can be extracted from inclusive α-production
data. The same procedure to determine the ICFd cross sec-
tion from inclusive α-production data is used in Sec. IV for the
6Li + 59Co system. Finally, in Sec. V, we present the summary
of our main results.

II. THE THEORETICAL MODEL

We use the theoretical model proposed by Rangel et al.
[36], as described in detail in Ref. [38]. The main features of
this model are briefly presented below.

The projectile is assumed to be formed by two clusters, c1

and c2, which in the case of 6Li are the deuteron (d) and the α

particle, respectively.
The real part of the projectile-target interaction is written

as the sum of interactions between the two clusters and the
target, namely,

V (R, r) = V1(r1) + V2(r2). (1)

Above, r1 and r2 are the distances between the cluster c1 and
c2 and the target, respectively. They are the moduli of the
vectors r1 and r2, related to the projectile-target vector, R,
and to the vector between the clusters, r, by the equations

r1 = R + 2
3 r, r2 = R − 1

3 r.

The potentials of Eq. (1) contain a Coulomb and a nuclear
term. In the present calculations, the latter is given by the
São Paulo potential (SPP) [41,42] for the 2H + 90Zr and the
4He + 90Zr systems. The expectation value of the potential of
Eq. (1) with respect to the ground state of the projectile, φ0(r),

V00(R) = 〈φ0|V (R, r)|φ0〉, (2)

plays the role of the real part of the optical potential. The
barrier parameters associated with this potential are

R00
B = 10.1 fm, V 00

B = 15.8 MeV, and h̄ω00 = 3.5 MeV.

(3)

Note that the barrier for this potential is lower than the
one of the SPP, ignoring the cluster structure of the projectile.
The barrier parameters for this potential, which we denote by
VPT(r), are

RPT
B = 9.7 fm, V PT

B = 16.6 MeV, and h̄ωPT = 4.0 MeV.

(4)

We follow Ref. [38], adopting different imaginary poten-
tials for bound and unbound channels. For the former, the
imaginary potential WB(R) is a short-range function depend-
ing only on the projectile-target distance, R. For the latter, the
imaginary potential is the sum of short-range functions of the
distance between each cluster and the target. That is,

WC(r1, r2) = W1(r1) + W2(r2). (5)

The potential Wi accounts for the inclusive absorption of the
cluster ci.

One carries out the channel expansion of the full scattering
wave function, distinguishing its components in the spaces
of bound channels, �B, and in the continuum (breakup chan-
nels), �C, namely,

� (+) = �B + �C. (6)

In the case of 6Li, �B is just the elastic wave function. The
breakup component of the wave function is approximated by
a finite sum over discretized continuum channels (bins) by
the continuum discretized coupled channel (CDCC) method
[36,37].

The components of the wave function in the two subspaces,
�B and �C, are calculated by the CDCC version of the FRESCO

computer code [43]. These wave functions are used to evaluate
the cross sections:

σDCF = K

E
〈�B|WB |�B〉, (7)

σ
(1)
F = K

E
〈�C|W1 |�C〉, (8)

σ
(2)
F = K

E
〈�C|W2 |�C〉, (9)

where E is the collision energy, and K is the corresponding
wave number. Then, performing angular momentum expan-
sions, these expressions can be written as

σDCF = π

K2

∞∑

J=0

(2J + 1) PDCF
J , (10)

σ
(1)
F = π

K2

∞∑

J=0

(2J + 1) P (1)
J , (11)

σ
(2)
F = π

K2

∞∑

J=0

(2J + 1) P (2)
J . (12)

Above, PDCF
J is the probability of direct absorption of the

projectile (without breakup), whereas P(i)
J (i = 1, 2) is the in-

clusive absorption probability of the cluster i (independently
of what happens to the other cluster). The calculation of
these probabilities is discussed in detail in the Appendix of
Ref. [37].

However, the cross sections of Eqs. (10), (11), and (12)
are not the cross sections observed in actual experiments. The
available CF data correspond to the sum of contributions from
the direct complete fusion (DCF) and sequential complete
fusion (SCF) processes, which cannot be distinguished experi-
mentally. Conversely, the experimental ICF cross sections are
not inclusive data. They are exclusive cross sections corre-
sponding to breakup events, followed by the capture of one of
the clusters, with the other emerging from the interaction re-
gion. Therefore, quantum mechanical CDCC calculations on
their own cannot describe the observable fusion cross section.

To make predictions of observable fusion cross sections,
the theoretical models of Refs. [36–39] resort to assumptions
based on classical probability theory. The ICF and the SCF
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probabilities are derived from the inclusive capture probabili-
ties P(1)

J and P(2)
J through the intuitive expressions

P ICF1
J = P(1)

J × [
1 − P(2)

J

]
, (13)

P ICF2
J = P(2)

J × [
1 − P(1)

J

]
, (14)

PSCF
J = P(1)

J × P(2)
J . (15)

Using the above equations, one gets the ICF and SCF cross
sections through the expressions

σICFd = π

K2

∞∑

J=0

(2J + 1) P ICFd
J , (16)

σICFα = π

K2

∞∑

J=0

(2J + 1) P ICFα
J , (17)

σSCF = π

K2

∞∑

J=0

(2J + 1) PSCF
J . (18)

Above, we changed the notation to indicate that c1 and c2 are
respectively the d and the α particle.

The CF cross section is then given by the equation

σCF = σDCF + σSCF, (19)

where σDCF and σSCF are given by Eqs. (10) and (18), respec-
tively.

One can also define the total fusion (TF) cross section:

σTF = σCF + σICF ≡ σCF + σICFd + σICFα. (20)

III. FUSION REACTIONS IN 6Li - 90Zr COLLISIONS

A. Complete fusion

Kumawat et al. [15] measured the CF cross section for
the 6Li + 90Zr system by detecting delayed characteristic γ

rays emitted by the evaporation residues. However, evapora-
tion residues with short half-lives cannot be detected by this
method. Furthermore, the experiment also misses evaporation
residues that decay by the emission of an α particle. To deal
with this situation, the contribution of such decay modes to
the CF cross section was estimated by the CASCADE [44]
statistical code. Then, to some extent, these data are model
dependent. Note that similar procedures are used in other
experimental works (see, e.g., Refs. [16,17,19,45]).

Figure 1 shows a comparison between the CF data of Ku-
mawat et al. [15] and the CF cross section predicted by our
model. One observes that the theoretical curve lies slightly
above the data points at energies just above the barrier. How-
ever, if one considers that the theoretical model has no free
parameter, the agreement between theory and experiment is
fairly good.

The figure also shows the cross section of the BPM with
the potential VPT(r). Comparing the CF cross sections with
the one predicted by the BPM, one finds a slight enhancement
at sub-barrier energies and a suppression of ≈40% above the
Coulomb barrier.

FIG. 1. The experimental CF cross section of Kumawat et al.
[15], in comparison with the cross section predicted by the theoretical
model, and by the barrier penetration model.

B. Total fusion and incomplete fusion

ICF and TF cross sections have not been measured for this
system. However, one can extract some experimental informa-
tion about these cross sections from the inclusive α-particle
production cross section, σ inc

α , measured in 2010 by the same
group [40]. This cross section is the sum of cross sections as-
sociated with several reaction mechanisms. One can write

σ inc
α = σ EBU

α + σ 1n
α + σ 1p

α + σ CF
α + σICFd . (21)

In the above equation, we used the following notation:

σ EBU
α = elastic breakup cross section

(6Li + 90Zr → 2H + 4He + 90Zr),

σ 1n
α = neutron stripping cross section

(6Li + 90Zr → 5Li + 91Zr → p + 4He + 91Zr),

σ 1p
α = proton stripping cross section

(6Li + 90Zr → 5He + 91Nb → n + 4He + 91Nb),

σ CF
α = CF + evaporation of an α particle

(6Li + 90Zr → 96Nd → (1n, 2n, 3n), α).

In principle, one should also consider the cross section for
the direct transfer of the d cluster in 6Li. However, consider-
ing the optimal Q value of this reaction, one would expect
that it populates highly excited states in 92Nb. This would
characterize transfer to the continuum, which has already been
considered in σ EBU

α .
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TABLE I. The experimental inclusive α-production cross sec-
tions [40] used to determine σICFd . The other cross sections on the
right-hand side of Eq. (22), determined as described in the text, are
shown in columns 3, 4, 5, and 6.

Ec.m. (MeV) σ inc
α (mb) σ CF

α (mb) σ EBU (mb) σ 1n
α (mb) σ 1p

α (mb)

13.9 32 ± 19 0.01 8.5 2.0 0.3
15.8 122 ± 10 1.3 12.9 14.1 0.7
17.7 274 ± 15 16.2 17.9 27.5 1.1
19.6 360 ± 20 37.6 24.4 30.9 1.3
23.3 460 ± 30 94.2 35 29.5 1.5
28.0 540 ± 86 172 45.3 26.9 1.5

If inclusive α-production data are available and one evalu-
ates the σ EBU

α , σ 1n
α , σ

1p
α , and σ CF

α cross sections, σCFd can be
determined by the relation

σICFd = σ inc
α − {

σ EBU
α + σ 1n

α + σ 1p
α + σ CF

α

}
. (22)

Note that this procedure introduces some model dependence
in the ICFd data.

A similar procedure was used in the theoretical work of
Lei and Moro [35]. These authors proposed to evaluate the
CF cross section by subtracting the contribution from direct
reactions from the total reaction cross section, that is, inelas-
tic scattering, elastic breakup (EBU), and nonelastic breakup
processes, where one of the projectile’s clusters emerges from
the interaction region. CF cross sections for the 6,7Li + 209Bi
systems calculated by this method were shown to be in very
good agreement with the data of Dasgupta et al. [7].

We determined the ICFd cross section for the 6Li + 90Zr
system by using the inclusive α-production data of Ref. [40],
and performing realistic calculations of the remaining cross
section on the right-hand side of Eq. (22).

The EBU cross section was obtained by running the CDCC
version of the FRESCO code also used to generate the wave
functions required to evaluate the CF and ICF cross sections of
the theoretical model, through the expressions given in the
Appendix of Ref. [37].

The contribution from the α-decay modes of 96Tc and its
lighter isotope produced by neutron evaporation was obtained
by Monte Carlo calculations performed with the code PACE4
[46,47]. We ran the code giving as input the experimental
fusion cross section of Ref. [15].

To determine σ 1n
α and σ

1p
α , we performed realistic coupled

reaction channel (CRC) calculations. We carried out separate
structural calculations using the NUSHELLX code [48], which
allows us to consider all the couplings between the states
of the initial and final partitions, as well as all the (l, s, j)
combinations of the overlap functions between each pair of
states. The details of these calculations can be found in the
Appendix.

The experimental α-production cross section of Ref. [40] is
shown in Table I, together with the other cross sections used
to determine σICFd . Note that the values of σ CF

α in the table are
somewhat different from the ones given in Ref. [40]. Although
they were obtained by different statistical model codes (we
used PACE4, whereas Kumawat et al. used CASCADE), the

FIG. 2. The ICFd cross section determined from the inclusive
α-production data of Kumawat et al. [15], in comparison with the
prediction of the theoretical model.

difference must be mainly because we used as an input the
experimental CF cross section measured by Kumawat et al.
[15] in 2012, which was not available at that time. The σ 1n

α and
σ

1p
α cross sections in the table are also significantly different

from the ones given in Ref. [40], where they were estimated
within the distorted wave Born approximation.

Figure 2 shows the ICFd cross section extracted from
the α-production data (solid circles) in comparison with the
σICFd cross section predicted by our theoretical model (blue
solid line). The results are shown in logarithmic [Fig. 3(a)]
and linear [Fig. 3(b)] scales. One concludes that the overall
agreement between theory and experiment is good. The fig-
ure also shows the theoretical ICFα cross section, which is

FIG. 3. The ratio R = ICFα/ICFd for the 6Li + 90Zr system and
for the heavier systems studied in Ref. [38].
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systematically lower than σICFd . This cross section cannot be
related to the inclusive α-production data of Ref. [40].

The relative importance of the two ICF cross sections pre-
dicted by the theoretical model is investigated in Fig. 3. The
figure shows the ratio R = ICFα/ICFd for the 6Li + 90Zr
system, and also for collisions of 6Li with the heavier targets
124Sn, 197Au, 198Pt, and 209Bi [38]. The results are shown as
functions of the reduced energy variable [49,50],

x = E − VB

h̄ω
,

where VB and h̄ω are the barrier parameters associated with
the potential V00 of Eq. (2). One notices that the ratios for the
five systems are very similar, and they grow with the collision
energy. They are about 0.15 for x = −1 (E = VB − h̄ω) and
≈0.6 for x = 4 (E = VB + 4 h̄ω). As the system mass in-
creases, the ratio moves slightly down. These trends cannot be
checked experimentally. Very few experiments measure both
σICFα and σICFd , and the ones that do find different trends.
These two cross sections are available in collisions of 6Li
with 124Sn [14] and 197Au [9]. In the former case, σICFα is
systematically lower than σICFd , but the ratio is much smaller
than the one predicted by the theoretical model. In the latter
case, σICFα is lower than σICFd around and below the Coulomb
barrier. However, the ratio becomes larger than 1 at higher
energies.

Now we discuss the TF cross section. Although experi-
mental values of this cross section are not available, we can
determine the “partial” TF cross section:

σ TF = σTF − σICFα ≡ σCF + σICFd .

Figure 4 shows the experimental σ TF, in comparison to
the corresponding cross section predicted by the theoretical
model. The agreement between experiment and theory is very
good, at all collision energies. The figure also shows the
full TF cross section (also including σICFα) predicted by the
model, as a dashed line. Then, the difference between the
dashed and the solid lines corresponds to the contribution
from the ICFα process, according to the theoretical model.

IV. ICFd CROSS SECTION IN 6Li - 59Co COLLISIONS

Now we use a similar procedure to extract ICF data from
inclusive α-particle measurements for the 6Li + 59Co system.
In Ref. [18], the angular distributions of protons, deuterium,
and α particles acquired in singles mode were reported. The
experiment was carried out at four different bombarding en-
ergies: Elab = 17.4, 21.5, 25.5, and 29.6 MeV. The integrated
cross sections of deuterium and α particles can be found in
Table 1 of Ref. [18]. In contrast to the data for the 6Li + 90Zr
reaction presented in Ref. [40], the cross sections in the
referenced table already provide the information without con-
sidering the contribution of the CF cross sections [18,51–
53] to the α angular distributions. Therefore, the remaining
contribution of the scattered particles comes from ICF, BU,
and transfers.

Reference [18] also brings a detailed discussion of the
CDCC calculations performed to incorporate the expected
contributions from the BU process. Both sets of information

FIG. 4. The theoretical σ TF cross section, in comparison to the
one extracted from the α-production data of Kumawat et al. [40]. The
total fusion cross section of our model, including the contribution of
ICFα, is also shown (black dashed line).

were directly extracted from Table 1 of Ref. [18] and were
used in our subsequent analysis. To derive the ICFd cross
sections, one should subtract the transfer contributions that
could lead to the production of α particles.

Due to their high Q and Qopt values, it is expected that the
deuterium-transfer channel populates the continuum states of
the recoiling 61Ni, which is formally equivalent to the BU
process already considered in the CDCC calculations. The
remaining transfer processes that may generate α particles are,
once again, the one-neutron (leading to 5Li) and one-proton
(5He) stripping reactions, both of which decay into 4He. Both
processes have been calculated using the CRC method. A
complete description of both calculations can be found in the
Appendix. Table II summarizes the information necessary to
obtain the ICFd cross sections.

From Fig. 5, it is evident that the theoretical cross sec-
tion overestimates the data, although they remain compatible
within the uncertainties. This trend is also observed in the case

TABLE II. α-particle cross sections from Ref. [40] (already dis-
regarding the fusion cross section), and the estimates for the BU
(from Table 1 of Ref. [40]), one-neutron, and one-proton transfer
cross sections for each bombarding energy.

Elab (MeV) σα
expt. (mb) σBU (mb) σ1n (mb) σ1n (mb)

17.4 243(36) 33.6 11.4 0.18
21.5 319(38) 44.9 10.8 0.25
25.5 332(33) 54.7 10.3 0.29
29.6 322(23) 61.2 9.8 0.31
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FIG. 5. Comparison of deuterium ICF data points (extracted
from α-particle angular distributions) with the theoretical lines of
ICFα and d ICFd .

of 6Li + 90Zr for data above the Coulomb barrier, suggesting a
potential issue in this energy region for both systems. It is im-
portant to note that the experimental data points were derived
from α-particle distributions obtained from Refs. [18,40],
with estimated contributions subtracting the CF, BU, and
transfer cross sections. After the cross sections for these chan-
nels are subtracted, it is inferred that the remaining α particles
are exclusively originated from the ICF of deuteron. However,
at higher bombarding energies, this assumption may not be
valid. When one of the fragments fuses with the target, it gen-
erates reaction products that can also subsequently decay by
emitting particles. These secondary evaporated particles may
include α particles, which are present in the experimentally
acquired α distributions, or protons, which have not being
considered. Consequently, a portion of the experimental ICFd
cross sections was not accounted for in the α distributions.

To estimate the cross sections of the evaporated particles,
we performed calculations with the remaining kinetic energy
(subtracting the α-deuteron binding energy in 6Li), using the
PACE4 code [46,47]. In the case of 6Li + 90Zr, the upper limit
of the proton evaporation cross section for the ICFd is approx-
imately 2% of the experimental cross section for the lowest
bombarding energy. However, for the highest energy point,
this missing contribution could be as high as 18%. This clari-
fies why we succeeded in describing the ICFd in the previous
section. Since the data for 6Li + 59Co were obtained at en-
ergies significantly above the Coulomb barrier, it is expected
that this effect would be more pronounced in this case. Further
PACE4 estimations revealed that the contribution of proton
evaporation could represent values ranging from 20 to 45% of

the ICFd . This is the reason for the theoretical overestimation
of the experimental ICFd cross section observed in Fig. 5.

V. SUMMARY

We investigated the fusion processes taking place in col-
lisions of 6Li on 90Zr. For this purpose, we used a recently
developed theoretical model [36–38] to calculate the CF,
ICFd , and ICFα cross sections. The theoretical CF cross
section was shown to be in good agreement with the data of
Kumawat et al. [15].

Although there are no ICF or TF data for this system,
we extracted experimental information on the ICFd cross
section by subtracting from the inclusive α-production data
[40] the contributions from all other processes that lead to an
α particle in the exit channel. The ICFd cross section obtained
in this way was compared with the one predicted by the
theoretical model, and the agreement was good.

We found that the main features of the fusion cross sec-
tions in the 6Li + 90Zr system are similar to the ones found
in collisions of 6Li with heavier targets [38,39], namely, the
following.

(1) Comparing the CF cross section with predictions of
the barrier penetration model with the potential VPT(r), one
finds enhancement at sub-barrier energies and suppression of
≈40% above the Coulomb barrier.

(2) The CF and ICF cross sections at above-barrier energies
are of the same order.

(3) The ICFα cross section is always lower than the ICFd
one, and the ratio R = σICFα/σICFd increases monotonically
with the collision energy.

The first two of these trends have been confirmed exper-
imentally. On the other hand, the relative importance of the
ICFα and ICFd contributions to the ICF cross section is still
unclear because there are very scarce data on them. Further
measurements of ICFd and ICFα cross sections are called for.

The same procedure was used to extract the ICFd cross
section from the inclusive α-production data [18] of the
6Li + 59Co system. In this case, the theoretical cross sec-
tion slightly overpredicted the experimental data. The reason
for this overprediction might be attributed to some contribu-
tion of proton evaporation to the ICFd in this energy regime.
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APPENDIX: CALCULATION OF THE N- AND
P-STRIPPING CROSS SECTIONS

In this Appendix, we give some details of the CRC calcu-
lations performed in the present paper to derive the transfer
cross section that contributes to the inclusive α cross sec-
tion reported in Refs. [18,40].
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1. 6Li + 90Zr

To derive spectroscopic amplitudes for the target overlaps
the NUSHELLX code [48] was used. The structural calculations
considered a model space consisting of the 1 f5/2, 2p3/2, 2p1/2,
1g9/2, 1g7/2, 2d5/2, 2d3/2, and 3s1/2 orbitals, using the snt
interaction available in the NUSHELLX program. This partic-
ular interaction is one of the few available that allow for
the simultaneous description of the structures of 90Zr, 91Zr
(one-neutron transfer recoil), and 91Nb (one-proton transfer
recoil) nuclei.

The 90Zr is composed of 40 protons and the magic number
of 50 neutrons, so it is expected that the neutron excitations
will predominantly occur in high-lying excited states, while
the proton excitations should well describe the low-lying
states. Due to the large model space used, certain restrictions
were imposed to make the structural calculations computa-
tionally feasible. These restrictions involved treating the core
as inert and allowing a reduced number of valence particles
to describe the structure of the nuclei under investigation. To
describe the structure of 90Zr, both 86Sr and 82Kr cores were
employed, yielding similar results in terms of the ordering and
excitation energies of states. However, using a 86Sr core was
preferred due to its lower computational demand. Attempts
were also made with a 76Se core, but the calculations did not
converge. The spin parity, excitation energies, and ordering
of states in 90Zr, 91Zr, and 91Nb were well described, except
for the inversion of the ground state and first excited state in
the case of 91Nb. This inversion of these states, energetically
separated by only 104 keV, indicates no significant calculation
issues.

Before performing CRC calculations to obtain the transfer
cross sections relevant to this paper, it is crucial to properly
describe the elastic channel of the 6Li + 90Zr reaction. 6Li is
known for being weakly bound and easily breaking up with
a low excitation energy of 1.474 MeV. This characteristic
leads to several reaction channels strongly connected to the
elastic channel. An accurate description of the elastic channel
is essential for properly understanding the transfer channel,
as studied in Ref. [54]. Several attempts have been made to
describe the elastic channel. The one that resulted in the best
agreement with data was the coupled channel (CC) calcula-
tions, including the 0+ (ground state), 0+ (E 	 = 1.760 MeV),
2+ (E 	 = 2.186 MeV), 5− (E 	 = 2.319 MeV), and 3− (E 	 =
2.748 MeV) states of the target nucleus. The reduced electric
transition probability values used in the calculations were
taken from Refs. [55,56]. Concerning the potential adopted,
we have used the optical potential proposed in Ref. [54].The
optical model calculations using this potential were found to
be very similar to the CC calculations that included the states
mentioned above, employing the same potential. This indi-
cates that the coupling of these states with the elastic channel
is not significant. With a well-established potential for the
entrance partition, one can proceed with the CRC calculations,
which include the transfer channels.

A prior representation with a complex remnant was em-
ployed in the CRC calculations performed in this paper.
This choice was based on the well-established fact that the
optical potential could describe the elastic data. The va-

lence particle interaction was modeled for both transfer cases
using a real Woods-Saxon (WS) potential with adjustable
depth to reproduce the valence-core binding energy. Usual
parameters for reduced radius (ro = 1.25 fm) and diffuseness
(a = 0.60 fm) were considered. A spin-orbit interaction with
the same parameters was also used for the ejectile-valence
interaction.

In the case of one-neutron stripping, with a Q value of
1.531 MeV, the expected excitation energy of the recoiling
nucleus is of the same order of magnitude. Therefore, all
excited states up to E 	 = 2.5 MeV in 91Zr were included
in the coupling scheme. The description of a one-proton
transfer is more challenging. Its Q value is −0.807 MeV,
resulting in the fact that the minimum expected excitation
energy for the recoil nucleus is close to 5 MeV. Consider-
ing that 91Nb has a proton separation energy of 5.1 MeV,
it is expected that the transferred proton may populate
the continuum states of this nucleus. Another difficulty in
studying 91Nb is its high state density, with many excited
states with spin-parity assignments still unknown. Thus, the
CRC calculations performed in this paper considered all
the known states of 91Nb, including 9/2+ (ground state),
1/2− (E 	 = 0.104 MeV), 5/2− (E 	 = 1.187 MeV), 3/2−
(E 	 = 1.313 MeV), 3/2− (E 	 = 1.613 MeV), 1/2+ (E 	 =
4.164 MeV), and 1/2+ (E 	 = 4.441 MeV), as well as a dis-
cretization of the continuum. For that, the binning method
was used. The continuum bins covered an excitation energy
range of 5.1 to 10 MeV for 91Nb with a width of 1 MeV. The
proton-90Zr relative angular momentum bins were considered
up to l = 5h̄.

2. 6Li + 59Co

Structural calculations have been performed using the
NUSHELLX code, while the CRC calculations have been car-
ried out using the FRESCO code. To obtain the wave functions
that describe the single-particle states coupling the initial and
final states of the transfer, a different model space (as well
as a different interaction) compared to the 6Li + 90Zr reaction
should be adopted. Reference [57] describes transfers between
nickel isotopes, and since 59Co is in the same mass region, it is
natural to use the same orbitals/interaction in the present case.
The model space considered here allows protons to populate
the 1 f7/2 and 2p3/2 orbitals, while neutrons can populate the
2p3/2, 1 f5/2, 2p1/2, and 1g9/2 orbitals. One may notice the
inversion of the first two neutron orbitals in 59Co concerning
90Zr, a crucial aspect considered in the present model space
to describe the 59,60Co and 60Ni nuclear levels accurately.
Such inversion does not play a key role in the 90Zr case
since the 2p3/2 and 1 f5/2 orbitals are compressed within the
core adopted. A 48Ca core is used in the present model. The
interaction used is described in Ref. [58], originally developed
to describe the nuclear structure of nickel isotopes. Except
for the inversion of the first two states of 60Co (5+ and 2+),
the calculations properly describe all the low-lying states of
the three previously mentioned nuclei. Since these states are
separated by just 60 keV, this inversion has little significance
for the present case.

As we did in the 6Li + 90Zr reaction before performing the
CRC calculations, we conducted a study of the description
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of the elastic channel of the 6Li + 59Co reaction to verify if
the chosen optical potential was adequate. Using the elas-
tic angular distributions from Ref. [51], it was once again
verified that the optical potential proposed in Ref. [54] best
described the data and was adopted. The São Paulo systematic
has been adopted to describe the transfer partition and the
same ingredients as in the previous calculations (i.e., prior
representation with a complex remnant, valence particle in-
teractions described as a WS potential) have been adopted
again. Finally, the states chosen to be included in the coupling
scheme were decided by properly studying the most probable
excitation energy for the one-neutron and one-proton transfer
processes. In the one-neutron stripping process, its Q value
of 1.829 MeV indicates that the excited states of 60Co should
range in the same region; therefore, all the 25 known states up

to E 	 = 2.3 MeV of 60Co have been considered in the calcula-
tions. Studying the contributions of the most excited states, it
was observed that including more states in the scheme would
not significantly change the obtained results. Concerning the
one-proton transfer, its high Q (4.944 MeV) and Qoptimum val-
ues indicate that only the continuum states (above the proton
threshold energy) of 60Ni should be populated. Since 60Ni is
an even-even nucleus, its bounded states are more separated
from each other than those of the 91Zr. Thus, only the first four
states of 60Ni (0+ g.s.; 2+ E 	 = 1.3 MeV; 2+ E 	 = 2.2 MeV;
and 0+ E 	 = 2.3 MeV) plus a continuum discretization (from
10 to 15 MeV) have been considered. As in the previous case,
the continuum bins had a 1-MeV width, and the relative angu-
lar momentum between the proton and 59Co was considered
up to l = 5h̄.
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