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Low-energy quadrupole collectivity of Sn nuclei in self-consistent
calculations with a semi-realistic interaction

Y. Omura,! H. Nakada®,2"* K. Abe®,! and M. Takahashi>

' Department of Physics, Graduate School of Science and Engineering, Chiba University, Yayoi-cho 1-33, Inage, Chiba 263-8522, Japan
2Department of Physics, Graduate School of Science, Chiba University, Yayoi-cho 1-33, Inage, Chiba 263-8522, Japan

® (Received 26 January 2023; accepted 12 October 2023; published 15 November 2023)

Quadrupole collectivity of the lowest-lying states, focusing on E,(2]) and B(E2;07 — 27), have been
investigated for the N = 50-82 Sn nuclei by applying the self-consistent approaches with the semi-realistic
interaction M3Y-P6. Both E.(2]) and B(E2;0] — 2{) are well reproduced by the spherical Hartree-Fock-
Bogoliubov (HFB) plus quasiparticle random-phase approximation (QRPA) calculations in N > 64, without
adjustable parameters. The measured B(E2) values in the neutron-deficient Sn nuclei cast a puzzle. In 54 < N <
62, the spherical HFB4QRPA calculations give too strong B(E2), opposite to the shell-model predictions within
the one major shell. Via the constrained-HFB (CHFB) calculations, it is found that the neutron-deficient Sn
nuclei are soft against the quadrupole deformation, accounting for the limited applicability of the HFB+QRPA
approach and possibly giving rise to shape fluctuation. In particular, the potential energy curves (PECs) are
almost flat in the range of |go| < 200 fm? in '%''°Sn. We confirm that the near degeneracy of n0gy,» and nlds)
triggers weak quadrupole deformation and its balance with the pairing makes PECs flat, which is qualitatively
consistent with a recent shell model result in an extended model space, by the calculations shifting the single-
particle energy spacing and the pairing strength. These conclusions are supported by the proton-to-neutron ratios
of the transition matrix elements and the reference values of B(E2) with the angular-momentum projection on

top of the CHFB solutions.

DOI: 10.1103/PhysRevC.108.054308

I. INTRODUCTION

The magic numbers, which manifest the shell structure, are
an important and striking property of atomic nuclei. The nu-
clei become relatively stable and usually take spherical shapes
when either the proton number Z or the neutron number N
is a magic number. On the other hand, experiments using
radioactive nuclear beams in recent decades have disclosed
that magic numbers are not so rigorous as once expected. It
has been a hot topic how stiff the known individual magic
numbers are and where we may find new magic numbers,
particularly for nuclei off the 8 stability [1].

With the magic number Z = 50, the Sn nuclei have sup-
plied a typical example of semimagic nuclei. Their first
excitation energies of the even-N Sn nuclei Ex(21+) are almost
constant in N = 50-82 [2]. This property looks compatible
with the seniority or the generalized seniority scheme [3], con-
sidering only the degrees of freedom (d.o.f.s) of the valence
neutrons, i.e., the neutrons in the N = 50-82 shell. The N
dependence of the B(E2; OT — 2{)is also in good agreement
with the seniority scheme in the 60 < N < 80 region, once the
effective charge for the neutrons is adjusted. A coupled-cluster
calculation with the nucleonic interactions from the chiral-
effective-field theory gives similar results [4]. The effective
charge indicates that, while the doubly magic core is not fully
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inert and is polarized at 2, the core polarization effects are
stable and renormalizable by a constant value. However, re-
cent data on B(E2; Of — 2;’) in the neutron-deficient region
show significant enhancement compared with the shell-model
prediction within a single major shell [5]. This enhancement
has cast a question on the conventional picture of the structure
of the Sn nuclei.

To account for the enhancement of B(E2) within the shell
model, an N-dependent effective charge was introduced in
Refs. [6,7]. On the other hand, a shell-model calculation in an
extended model space suggested that the neutron-deficient Sn
nuclei are slightly deformed [8]. The possibility of quadrupole
deformation was also suggested in Ref. [9], and enhanced
collectivity via the cross-shell excitations was investigated in
Refs. [10,11]. To avoid ambiguity in the effective charge, it
is desired to treat the core polarization explicitly. For this
purpose, the self-consistent mean-field (MF) approximation
and the random-phase approximation (RPA) on top of it,
which handles all nucleons, supply an appropriate platform.
In practice, the quasiparticle-RPA (QRPA) approaches on top
of the Hartree-Fock-Bogoliubov (HFB) solutions have suc-
cessfully been applied to describe the low-energy quadrupole
collectivity of spherical nuclei over a wide range of the
mass table [12-14]. QRPA calculations for the Sn nuclei
using the Skyrme and the Gogny interactions were reported
in Refs. [12-17], and a relativistic QRPA calculation using
the NL3 Lagrangian was reported in Ref. [18]. Also, the
five-dimensional collective Hamiltonian (SDCH) was derived
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from the HFB results with the Gogny interaction and ap-
plied to the semimagic nuclei including Sn [14]. A result
of the quasiparticle-phonon model was found in Ref. [19].
These results bring in further complexity. In contrast to the
conventional shell-model results, most of the results of the
self-consistent calculations overestimate the B(E2) values for
the neutron-deficient Sn nuclei [13,14,20], though the de-
gree significantly depends on the adopted interaction and
the theoretical methods. It should be noticed that the good
overall description of the low-energy quadrupole collectivity
does not guarantee success in a specific region, particularly
where the collectivity is strongly influenced by the shell struc-
ture. Since it was suggested that the B(E2) values in the
neutron-deficient Sn nuclei could be sensitive to the shell
structure [20], the application of the semi-realistic M3Y-P6
interaction [21,22], which gives shell structures compati-
ble with a large body of the data [23], will be of interest.
The M3Y-type semi-realistic interaction has an advantage
as it is almost free from unphysical instabilities against
excitations [24].

We investigate low-energy quadrupole collectivity of the
100-1329n nuclei, E,(2]) and B(E2;0 — 27) to be precise,
from a microscopic standpoint using the HFB and QRPA cal-
culations with the semi-realistic interaction M3Y-P6. Special
interest is in the B(E2) in the neutron-deficient region, for
which accumulated experimental data provided a puzzle. The
numerical setup is presented in Sec. II. In Sec. III, we show the
results of the QRPA on top of the spherical HFB solutions. As
weak quadrupole deformation was suggested in the neutron-
deficient region, we have implemented the constrained-HFB
(CHFB) calculation under the axial symmetry, and examined
the possibility of deformation or sphericity, as discussed in
Sec. IV. Summary is given in Sec. V.

II. NUMERICAL SETUP

We apply the following Hamiltonian in this paper:
H=K+VN+VC_Hc.m.v (1)

where K =), piz/(ZM) with M =M, + M,)/2 is the
kinetic energy, Vi is the nucleonic interaction, V¢ is the
Coulomb interaction among protons, and H,,, = P?/(2AM)
with P=)".p; and A = Z + N is the center-of-mass (c.m.)
Hamiltonian. The subscript i is the index of the constituent
nucleons. For Vy, the M3Y-P6 interaction is employed [21],
which has an origin in a G matrix [25,26], though several
channels have been modified phenomenologically [21,27].
The exchange term of V¢ and the two-body term of H, p,, are
taken into account up to the pairing channel.

The numerical calculations have been implemented with
the Gaussian expansion method (GEM) [28], in which the
single-particle (s.p.) or quasiparticle (q.p.) wave functions
are expressed by a superposition of spherical Gaussian bases
having various ranges [29-31]. The basis functions are trun-
cated by their orbital angular momentum ¢, and we adopt
£ < 7 bases in this work. For details of the basis functions,
see Ref. [31]. The QRPA calculations have been carried out
on top of the HFB solutions, which are called HFB+QRPA
calculations. The RPA calculations take over the advantages

of the GEM, as examined in Ref. [32], handling loosely bound
s.p. states and spurious c.m. motion reasonably well even with
finite-range interactions. As spurious modes associated with
symmetry breaking (i.e., Nambu-Goldstone modes) should
have zero energy, they give a measure of the accuracy of
the numerical method. In the QRPA, an additional spurious
mode appears, associated with the spontaneous breaking of
particle-number conservation in the HFB solution. We have
confirmed that this spurious mode is also separated well in the
spherical HFB+QRPA calculations with GEM, whose energy
w satisfies |ws|> < 107> (MeV?), irrespective of nuclides and
nucleonic interactions. In the CHFB calculations in Sec. IV,
the constraining term concerning the mass quadrupole mo-
ment has been introduced into the MF framework [33,34].
The angular-momentum projection (AMP) is also applied to
the CHFB solutions. The AMP was implemented using the
basis functions of the GEM in Ref. [35], for expectation values
of scalar operators including the Hamiltonian on top of the
axially deformed Hartree-Fock (HF) solution. The AMP with
the GEM bases is here extended to transition matrix elements
between the eigenstates of the angular momentum [36] be-
longing to the same intrinsic state, which is a solution of the
axial HFB calculation.

This work includes the first application of the GEM and
the M3Y-type interaction to the HFB4+QRPA calculations,
while applications to the HF4-RPA approaches were reported
in Refs. [37-39]. The QRPA calculations need computation
time and resources. The excited states are often cut off via
the sum of the q.p. energies as &, + &, < Qcut, Where k; and
ky stand for the q.p. states. The convergence property with
respect to Q¢ is shown in Fig. 1. In addition to Ex(2T) and
B(E2; OT — ZT), convergence for the energy-weighted sum
of the isoscalar transition strength is viewed,
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which should be equal to the expectation value of
the double commutator at the ground state [32,40,41],
(1/2) ¥, (=) [T¢=219 [H, T%7>]]. We have confirmed
that E,(2]) and B(E2;0 — 2) are convergent with Q¢ ~
300 MeV, giving almost equal values to those calculated with
all the GEM bases used in the HFB calculation. On the con-
trary, the convergence is not achieved with Q¢ < 100 MeV.
Insufficient convergence may seriously influence arguments
in Secs. IIT and IV. It is noted that the energy-weighted
sum converges at a considerably lower Q¢,, and that good
convergence for the energy-weighted sum does not guarantee
convergence for the low-energy collective state. A similar
convergence analysis was performed for Gogny interactions in
Refs. [16,42]. In Ref. [16], the E.(2]) and B(E2;0] — 2])
values at Q¢ ~ 100 MeV are close to those with the full
bases, significantly faster than the present result in Fig. 1. This
difference may be caused by the difference in the employed
bases and interaction. We adopt Q2. = 300 MeV in the fol-
lowing QRPA calculations.
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FIG. 1. Convergence of the QRPA results with respect to 2, at
168n, for (a) E,(21), (b) B(E2;0] — 27), and (c) energy-weighted
sum 2= relative to (1/2) Y, (=) (IT.¢=>", [H, T4,7>"1]). The
dashed lines exhibit the values obtained with the full GEM bases.

III. QUADRUPOLE COLLECTIVITY UNDER SPHERICAL
SYMMETRY VIA HFB+QRPA

As mentioned in the Introduction, the ground states of the
even-N Sn nuclei are conventionally considered spherical. It
has seemed reasonable to apply the HFB calculation to their
ground states and the HFB+QRPA framework to the first
excited states, keeping the spherical symmetry.
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FIG. 2. (a) E.(2]) and (b) B(E2;0+; — 27) in '“'*2Sn. The
spherical HFB+-QRPA results are presented by red crosses and com-
pared with the experimental data, which are taken from Refs. [2]
(black circles), [43] (open blue diamonds), [44] (brown triangles),
[45] (an open green circle), [46] (a blue inverted triangle), [7]
(an open brown square), and [47] (open green inverted triangles).
Orange pluses for °2711%Sn are reference values obtained by the
CHFB-+AMP calculations, whose details are described in Sec. IV D.

In Fig. 2, E,(2}) and B(E2;0] — 2}) in '0-1328n
obtained by the spherical HFB+QRPA calculations with
M3Y-P6 are presented in comparison with the experimental
data [2,7,43-46]. For the E2 transition operator, the c.m.
correction is taken into account up to the one-body term [48]:

(E2) _ (E2) 7(A=2,7) .
Tu - Z Zer Tu ’

T=p,n i€T

A—1P+Z-1) Z
(E2) _ ( (E2) _
e, =e e , e = eAz. 3)

The EX(ZT) values are out of the range of the figure at
100.132g,  The predicted value is 4.6 MeV at 108y and
47MeV at '32Sn compared to the measured value of
4.0MeV [2].

In 64 < N < 82, both E,(2]) and B(E2;0{ — 2{) are in
remarkable agreement with the experimental data. It is empha-
sized that no adjustable parameters like the effective charge
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are introduced in the present calculations. These results sup-
port that the Sn nuclei have spherical shapes at their ground
states and the quadrupole vibration constitutes the 2| states, in
64 < N < 82. The HFB+QRPA calculations with the Gogny
interaction have also reproduced E, (2] ) and B(E2; 0] — 2)
inN > 66[14] orin 70 < N < 80 [20]. Good agreement was
recovered in '%+19°Sn [14,15]. Difference between the results
with the Gogny-D18S interaction in Refs. [14] and [20] may
be attributed to the numerical methods or the modification
of the Hamiltonian for the QRPA calculation in Ref. [14].
At N = 54 and 62, the present HFB4+QRPA results deviate
from the data, but not very seriously. However, the present
HFB+QRPA results have significant discrepancies with the
data in 56 < N < 60. At N = 58, we have found an unstable
QRPA solution with an imaginary excitation energy. It is
noticed that the overestimate of B(E2) in the neutron-deficient
region is opposite to the shell-model prediction within a single
major shell.

In Ref. [13], the spherical HFB4+QRPA results with the
Skyrme interactions were reported, in which the SkM*, SLy4,
and SkX parameter sets were employed. Except for the SkM*
interaction, the measured E,(2]) and B(E2;0] — 27) have
been reproduced in 68 < N < 80. With SLy4, quadrupole
instability similar to the present one at N = 58 takes place,
but in a wider and slightly shifted region. The SkX interac-
tion gives relatively good E, (2] ) and B(E2; 0] — 2}) values
even in the neutron-deficient region. Because the SkX pa-
rameter set was fitted to the experimental s.p. levels, these
results may imply important roles of the s.p. levels in the
neutron-deficient Sn nuclei, to which we shall return in the
subsequent section.

As already mentioned, the shell-model study in Ref. [8]
suggested weak deformation in the neutron-deficient region. It
was argued that the differential two-neutron separation energy,

ASZn(Zv N):= SZn(Za N — 2) - SZn(Zv N) N
Sow(Z,N) =E(Z,N—-2)—E(Z, N), “4)

would be an indicator of deformation. We compare the
spherical HFB results of AS,, with the experimental values
in Fig. 3. The calculations with M3Y-P6 are in good agree-
ment with the experimental data in N > 64, supporting the
sphericity in this region. The enhancement of AS,, around
N = 66 compared with the values in the larger-N region is
well reproduced; therefore, it does not immediately imply
deformation. However, the spherical HFB approach fails to
describe AS,, in N < 62. This discrepancy may be attributed
to deformation. Whereas deformation influences nuclear radii
[49], it has been shown that the measured charge radii are
reproduced by the spherical HFB approach reasonably well
[50,51] in N > 58, suggesting that deformation is not strong
even if it occurs. It is desired to consider the possibility of
weak quadrupole deformation in this neutron-deficient region.

In the Sn nuclei, low-energy excitation is expected to be
dominated by neutrons. However, the E2 strengths are carried
by proton excitations due to the core polarization. It is interest-
ing how many portions of excitation are attributed to protons.
Recently, ratios of the proton and neutron excitation strengths
to 2T have been reported experimentally [53]. We here define
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FIG. 3. AS,, values from the spherical HFB calculations with
M3Y-P6 (red crosses) and the experiments (black circles) [52].

the proton-to-neutron ratio,
@ T?=2m=P10])

Ry = 5 . _ s (5)
T T e=2=miof)

and compare the present HFB4+QRPA results to the data
in Fig. 4. Again they are in good agreement in the avail-
able region 62 < N < 74. The agreement implies that the
core-polarization mechanism in the present HFB+QRPA
framework is appropriate.

IV. DEFORMABILITY IN NEUTRON-DEFICIENT REGION

As shown in Fig. 2, too-low EX(ZT) and too-large
B(E2; OT — 2?) are obtained by the spherical HFB+QRPA
calculations in '®'2Sn, indicating excessive quadrupole
collectivity in the 54 < N < 62 region. The too-strong
quadrupole collectivity was also found in the other self-
consistent calculations under the spherical symmetry [13,14].
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FIG. 4. Proton-to-neutron ratio of the quadrupole excitation R,,,.
The spherical HFB+QRPA results are presented by red crosses, and
the reference values from CHFB+AMP by orange pluses. Experi-
mental data are taken from Ref. [53].
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The excessive collectivity holds for the SkX interaction, in
which the interaction parameters were adjusted to the ob-
served s.p. energies, though less pronounced than the present
results. In the present calculation, the overestimate of the
collectivity is particularly serious in '°~11°Sn, and the spher-
ical HFB solution is even unstable against the quadrupole
deformation at '%Sn. The too-large B(E2) is a high contrast
to the shell-model predictions assuming the '°*Sn inert core,
which underestimated the B(E?2) values in this region. While
the measured EX(ZT) values in '%11%Sn are close to those
in 11271308n, the B(E2) values are contradictory among the
spherical HFB+QRPA results, the conventional shell-model
results and the experimental data. For this puzzle, weak de-
formation was suggested in Ref. [8], via the shell-model
calculations allowing excitation out of the '°°Sn core. In this
section, we investigate whether quadrupole deformation could
occur in these nuclei, and whether the deformation d.o.f.s
could solve the controversy.

A. Potential energy curves

We implement the HFB calculations assuming the ax-
ial symmetry for '°>11Sn  with constraining the mass
quadrupole moment gq [33], where

167 2y TR ) 1
qo=,/T<Zij(n—R) Y2 —R) ); R=ZXijri.

(6)

The potential energy curves (PECs) are displayed in Fig. 5.

In 102-104.112-116G, the PECs have developed minimum at
qo = 0. In contrast, the energies are almost flat against gg in
106-110g The range of go of the flatness is |go| < 200 fm?,
corresponding to the deformation parameter |B;| < 0.085
if estimated via go = (38,/+/57)AR? with R = 1.12A'/3 fm
[54]. These flat PECs suggest large shape fluctuation in these
nuclei, well accounting for the QRPA results in Fig. 2 and
indicating that the QRPA on top of the spherical HFB solution
is not appropriate to describe the structure of these nuclei.

The PECs in '%!'9Sn rise at both ends of ¢o. Although we
do not view the influence of triaxiality, it is expected that the
energies hardly depend on the degree of the triaxiality at this
weak deformation. This flatness and the sudden rise of PECs
remind us of the E(5) symmetry [55], though the range of the
deformation is not extensive and we need the mass parameters
for reliable evaluation of the energy spectrum in the collective
model [56].

B. Balance between pairing and n0g7/,-nlds;; spacing

The flatness of the PECs in '%'1°Sn in Fig. 5 should be
relevant to the quadrupole collectivity in these nuclei. It is
intriguing what makes the flat PECs.

The pairing should influence the PECs significantly, having
the tendency to keep the nuclear shape spherical. To investi-
gate the effects of the pairing, we introduce a parameter g that
shifts the strength of the pairing channel,

H,=H+(g— )V, )

where V™" is the pairing channel of Vy in Eq. (1). The
HFB results in Fig. 5 are recovered with g =1, and the

-886

-888 1025n

-890 |

-892

4 104 7
Sn

)
NG
X
T
L

1
o0
\O
o0
T
L

-902 ¢ 1

904 & ]

E + 16(N-58) [MeV]

-906 | 1

-908

-910

912

914

-916

200 0 200 400
2
q, [fm~]

-918

~400

FIG. 5. Potential energy curves for '9-115Sn obtained from the
axial CHFB calculations with M3Y-P6.

pairing channel of Vy is entirely removed with g = 0. We vary
garound g = 1.

Since these nuclei lie around the middle of N = 50-64, in
which neutrons mainly occupy the Og7,> and 1ds,, orbits, the
difference of their s.p. energies should be relevant. The roles
of these two orbits in deformation were already mentioned in
Ref. [8]. It is noted that the M3Y-P6 interaction gives almost
degenerate s.p. energies within the spherical HF framework;
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€(n0g7/2) — €(nlds;y) = 0.03MeV at ''°Sn, which is com-
pared to 1.4 MeV obtained with the Gogny-DI1S interaction
[20]. Because of this near degeneracy, these two orbits effec-
tively form a large subshell and could help to gain quadrupole
collectivity, contributing to the flat PEC, as will be discussed
below. To investigate how the s.p. energy spacing influences,
we consider the following shift of the Hamiltonian:

He =H+ & fws(r) - [=Puas, + Pugpls

r—R\1!
Sws(r) = |:1 + exp (T):| ) (8)

where Py, stands for the projection operator onto the s.p.
levels having the orbital and summed angular momentum
(£j) for the particle type t (= p, n). The additional potential
lowers (raises) the neutron ds;; (g7/2) levels, and the pa-
rameter £ controls this size. We take the parameters for the
Woods-Saxon potential as R = ryA'/3, ry = 1.27 [fm], and
a = 0.67 [fm] [49]. Whereas not only 0g7/,, and 1ds,, levels
but also other nodal levels feel the additional potential, its
main effects are for 0g7,2 and 1ds,,, since the other orbitals
are distant from the Fermi energy.

The g and & dependences of the PEC are depicted for
19881 in Fig. 6. The results are similar for '°'1%Sn. From the
g dependence shown in Fig. 6(b), we confirm that the spherical
shape becomes the more favored for the stronger pairing, and
the PEC significantly depends on g. We have a well-developed
minimum at go = 0 with g = 1.1, while the go = O state is
unstable with g = 0.9. Thus the pairing is one of the crucial
ingredients for the flat PEC with the M3Y-P6 (viz., g=1)
interaction. It is recalled that pairing properties with M3Y-
P6 have been examined for a large number of semimagic
nuclei [21].

Concerning the & dependence, let us first look at the
constrained-HF (CHF) results, which are presented by
the short-dashed lines in Fig. 6. With & = —1.5MeV,
the spherical (viz., gy = 0) state gives a well-developed min-
imum, in which n0g7/, is fully occupied and nlds,, is empty.
In contrast, we find deformed minima, a prolate and an oblate
ones, with & = 0. No spherical configurations form a well-
developed minimum. This is an effect of the near degeneracy
of n0g7,, and nlds,, which makes neutrons occupy 0g7,, and
1ds;, with almost equal probabilities. Then both the n0g7/»
and nlds, orbits are half-occupied at N ~ 58. Since a half of
the magnetic substates favor the prolate shape and the other
half the oblate shape, energy minima are developed on both
sides. In practice, |m| = 1/2 and 3/2 levels primarily com-
posed of g7,> and ds,, are occupied at the prolate minimum,
while admixture of ds,, and 51/, components are not negli-
gible at the oblate minimum. With £ = 1.5MeV, a spherical
minimum emerges again at which nlds,, is mostly occupied
and n0g7, is partly populated, as well as deformed minima.
When the pairing is set on, a spherical configuration gains a
significant amount of the pair correlation. Thus the flat PEC
for %1198 in Figs. 5 and 6(b) is connected to the developed
prolate and oblate minima and the absence of the spherical
minimum at the CHF level, which takes place because n0g7,»
and nlds;, merge and behave like a single large orbital.

" (a) &=-1.5 MeV

N

E - EO\3y.pg [MeV]

-400 -200 0 ) 200 400
q, [fm7]

FIG. 6. Potential energy curves for '%Sn with (a) &=
—1.5MeV, (b) £ =0, and (c) £ = 1.5MeV. The CHFB (CHF) re-
sults are displayed by the solid (short-dashed) lines. In (b), the results
with ¢ = 0.9 and 1.1 are depicted by the blue long-dashed lines. The
energies are presented in terms of their difference from the spherical
HFB energy with M3Y-P6 (viz., £ =0, g=1).

054308-6



LOW-ENERGY QUADRUPOLE COLLECTIVITY OF Sn ...

PHYSICAL REVIEW C 108, 054308 (2023)

As argued above, it seems reasonable to consider that the
deformability in the neutron-deficient Sn nuclei is triggered
by the neutrons occupying 0g7/> and 1ds,. In Refs. [8,11,46],
arole of pOgg/, was stressed through the studies within a re-
stricted model space assuming effective charges. The present
results on the role of the neutrons are not in contradiction to
it, as the protons occupying 0ge,» are more or less excited
by the deformation. It should still be emphasized that the
enhancement of the proton collectivity is subsidiary, induced
by the neutron collectivity.

C. Possibility of sphericity revisited

In the previous subsection, we have observed that the
balance between the pairing effects and those of the near
degeneracy of n0g7,,-nlds, is crucial for the quadrupole col-
lectivity in the neutron-deficient Sn nuclei. While it has been
confirmed that the present effective Hamiltonian successfully
describes the ground-state properties of nuclei in a wide mass
range [22], there might be a room to ask if it is sufficiently
precise to describe the pairing and shell structure in this par-
ticular region. In this subsection, we return to the spherical
HFB and HFB4-QRPA calculations, and investigate whether
the measured E, (ZT) and B(E2) can be accounted for within
the spherical picture if we allow slight variation of the pairing
or the s.p. energies.

As the s.p. energy difference is significant, energies of
lowest-lying states in odd-N Sn nuclei should be investigated
simultaneously. Experimentally, 5/2% and 7/2% levels lie very
closely at 19:197:109gn These levels are assigned to the ds)»
and g7/» q.p. levels. In Fig. 7, & dependence of the q.p. energy
differences £(n0g7,,) — e(nlds;y) in the spherical HFB cal-
culations is shown in comparison with the measured energy
differences between 5/2% and 7/27F, as well as of E.(2])
and B(E2; 0 — 27) at 19198110 " Although || > 1 MeV
is needed to reproduce E,(2]) and B(E2;0] — 2{), the ob-
served close energy between 5/2% and 7/2% at '9-1Sn can
be obtained only with |&] < 0.5 MeV.

At a glance, one might think that £ ~ —1 MeV gives ac-
ceptable results, not quite contradictory to the measurements.
However, this shift of the s.p. energies indicates that n0g7,»
should lie substantially lower than nlds,,, which is reflected
in the lowest levels of odd-N Sn nuclei in 51 < N < 58.
Experimentally, it is suggested [2] that the ground states of
101=1096py have 5/2%. This property cannot be reproduced
with £ & —1MeV. The s.p. energy shift as simulated by & ~
—1 MeV is not likely.

It is commented that, despite a relatively good agreement
with the data on E,(2]) and B(E2;0] — 2[) in '*!%8n
within the HFB+QRPA [14], the spherical HFB calculations
with D1S do not describe £(n0g7,2) — £(nlds,,) well, because
these two s.p. levels keep distant [20]. The difference in the
q.p. energies is 0.32 to 0.42 MeV in 961108,

In Fig. 8, g dependence of the even-odd energy difference
for 197:1998h where

-
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FIG. 7. & dependence of (a) E,(2]), (b) B(E2;0 — 2}), and
(c) E(7/2%) — E(5/2"). The spherical HFB or HFB-+QRPA results
are depicted by green pluses (1°Sn), red crosses (1°*Sn), and open
blue circles (*'°Sn). The arrows in (b) indicate that the HFB+QRPA
results are out of the range of this plot. In '%Sn, the QRPA cal-
culation gives an unstable solution in |£] < 0.3. In (a) and (b), the
experimental values are displayed by the light-green (1°°Sn), pink
(1%Sn), and sky blue (!!°Sn) bands, which represent the range of
the errors, although the measured EX(21+) values are so close among
106.108.1109 that they are almost indistinguishable. In (c), the experi-
mental values are shown by the light green (!°’Sn) and pink (\*Sn)
lines.
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FIG. 8. g dependence of (a) E,(2]), (b) B(E2;0] — 21), and
(©) Aff). For conventions of (a) and (b), see Fig. 7. In (c), the spherical
HFB results are depicted by the green pluses (*’Sn) and the red
crosses (1®Sn), while the experimental values are displayed by the
light-green ('”’Sn) and the pink ("*Sn) lines.

is shown, as well as of E,(2]) and B(E2;0] — 2).
The energies of N =odd nuclei have been calculated
within the spherical HFB in the equal-filling approximation
[57]. Whereas g > 1 is needed to reproduce EX(ZT) and
B(E2; OT — 2?), it is contradictory to Aff). Moreover, we
have found that it is difficult to reproduce both E,(2]) and
B(E2; OT — 2?) simultaneously, irrespective of 106,108,110, -
while g~ 1.1 is good for the former, the latter indicates
g = L.15.

From these results with shifting the s.p. energies and the
pairing, we conclude it difficult to consider the neutron-
deficient Sn nuclei keeping the spherical shape.

D. B(E2) via angular momentum projection

As argued in this section so far, it seems reasonable to con-
sider that weak quadrupole deformation including fluctuation
plays significant roles in E,(2]) and B(E2; 0] — 2{) of the
neutron-deficient Sn nuclei, particularly '°-11°Sn. For '%Sn,
we find the absolute minimum at gy = 170 fm?2, to which
the protons contribute by 39%. However, this deformation
is too weak to apply the formula for well-deformed nuclei
[58]. Indeed, while it is close to the edge of the flat PEC,
this minimum at '®Sn gives B(E2;0] — 2}) ~ 435 ¢*fm* if
estimated via the formula

B(E2;0{ — 2))

2
~ ¢ (0020]20) < > (i~ Ry Yo(z)(ri/—\R)> . (10)
iep
far smaller than the measured value. We further discuss
whether weak quadrupole deformation can account for the
measured E2 strengths in the neutron-deficient Sn nuclei.
The flat PECs in '%''9Sn suggest that admixture of in-
trinsic states with various deformations occurs easily. It is
desirable to superpose MF wave functions that have differ-
ent go’s. One of the approaches in this line is mapping the
constrained MF results to the collective model, e.g., the Bohr
model [58]. The SDCH was constructed from the CHFB
results with the Gogny-DI1S interaction and applied to the
Sn nuclei in Ref. [14]. However, the SDCH results are not
better for B(E2) than the HFB+QRPA results. It is also com-
mented that there remain problems in evaluating the mass
parameters when constructing the Hamiltonian consisting of
the collective d.o.f.s [59]. The generator-coordinate method
(GCM) is another approach, in which MF wave-functions
along collective coordinates are superposed explicitly. How-
ever, no computer codes for the GCM calculation have yet
been available with the M3Y-type semi-realistic interactions.
We also note a problem in handling the density-dependent
interaction within the GCM [60]. In applying an effective
Hamiltonian developed for the MF calculations to beyond-MF
studies, we might need to readjust the interaction parameters,
or subtract correlation effects already contained, as has been
argued for the second RPA [61,62]. Instead of superposing
the MF solutions, we take a single MF solution, which may
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FIG. 9. gy dependence of energies of 0", 2%, and 4% states for
1%Sn by the CHFB4AMP calculations with M3Y-P6.

approximately represent physical quantities for surrounding
solutions. As an appropriate superposition of the MF states
could be essential to reproduce the energies, we shall focus on
the E2 transition strengths. Rather than precise evaluation, we
attempt to obtain a helpful reference to argue whether weak
deformation including fluctuation is likely in the neutron-
deficient Sn nuclei.

We apply the AMP for this purpose. The AMP can give a
reasonable estimate of B(E2) [63] even for weakly deformed
intrinsic states, because it explicitly handles the wave func-
tions. We carry out the AMP on top of the CHFB solutions.
Energies of the eigenstates of angular momentum J are given
as a function of ¢, as exemplified for !°Sn in Fig. 9. As a
reference for B(E2;0{ — 2), we use the value at g cor-
responding to the energy minimum of the J = O component,
which is estimated by interpolation. These reference values
were plotted for '927'°Sn in Fig. 2(b) by orange pluses. They
are close to the measured values in '“11%Sn. Although they
are only the reference values and should not be taken too
seriously, they demonstrate that weak deformation can ac-
count for the B(E2)’s in the neutron-deficient Sn nuclei. We
note [ ming, E(2") — min, E(0")] 2 2MeV, the energy dif-
ference between the minima of individual J, which is higher
than the observed E, (2} ). The superposition of the MF states
is inevitable for a complete understanding of the low-energy
quadrupole collectivity of the neutron-deficient Sn nuclei,
which is left for future work.

The proton-to-neutron ratios of the transition matrix ele-
ments R, obtained by the CHFB+AMP calculations were
plotted in Fig. 4. The ratios are not so different from those
in the spherical HFB+QRPA. Recall that, in the HFB+QRPA
results, the protons fully occupy all the orbits up to 0gg/» at
the ground states, and the E2 transition occurs via the core
polarization. Furthermore, the ratios are insensitive to g, when
we apply the AMP to each CHFB state. This observation
supports the interpretation that the neutrons trigger the defor-
mation, dragging protons. As discussed in Sec. IV B, the near
degeneracy of n0g7,, and 1ds,, plays an essential role in the
deformation.

V. SUMMARY

We have investigated quadrupole collectivity of the lowest-
lying states of the N = 50-82 Sn nuclei, focusing on E,(2])
and B(E2;0] — 2), by applying the self-consistent ap-
proaches with the semi-realistic interaction M3Y-P6. This
nucleonic interaction has been fixed so as to describe the
nuclear properties globally, and the calculations contain no
adjustable parameters. Both E,(2]) and B(E2; 0] — 2{) are
well reproduced by the spherical HFB+QRPA calculations
in N > 64, endorsing the sphericity of these nuclei. In 54 <
N < 62, the spherical HFB+QRPA calculations overestimate
B(E2), oppositely to the shell-model predictions within the
one major shell.

Via the constrained HFB calculations, we have found that
the neutron-deficient Sn nuclei are soft against the quadrupole
deformation. In particular, the potential energy curves (PECs)
are almost flat in the range of |go| < 200 fm? in '%6-1108n,
This property limits the applicability of the HFB+QRPA
approach. In the neutron-deficient Sn nuclei, the n0g7,, and
nlds,, orbits lie very close in energy. This near degeneracy
enhances the quadrupole deformation, and produces the flat
PEC in balance with the pairing that favors sphericity. This
picture has been confirmed by the calculations with shifting
the single-particle energies or varying the pairing strength,
and with the angular-momentum projection on top of the
constrained HFB solutions. All the calculations keeping the
sphericity are contradictory to relevant experimental data, and
weak deformation with fluctuation is likely. We have also
found that the proton-to-neutron ratios of the transition matrix
elements are insensitive to the neutron number and the defor-
mation, consistent with the interpretation that the deformation
is triggered by neutrons.

The self-consistent approaches, e.g., the HFB4QRPA, en-
able us to describe the quadrupole collectivity of nuclei
without adjustable parameters. However, one should be care-
ful in the effective interaction. It has been found that the shell
structure and the pairing are key to precisely describing the
low-energy quadrupole collectivity of the neutron-deficient
Sn nuclei. As appropriately describing the shell structure and
the pairing properties, the present semi-realistic interaction
seems suitable for investigating the low-energy quadrupole
collectivity of these nuclei. Indeed, it has supplied a con-
vincing picture of the structure of the Sn nuclei from the
proton-rich to neutron-rich sides. Note again that this in-
teraction is almost free from the unphysical instabilities
against excitations, as examined in the homogeneous nuclear
matter. It is interesting to apply the interaction to exten-
sive studies including beyond-MF calculations, which may
give a quantitative description of many nuclei including the
neutron-deficient Sn.
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