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Symmetry breaking and restoration on a fermionic quantum ring
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Background: The Hartree-Fock mean-field approximation is standard in combination with energy density
functionals (EDF) that account for some dynamical correlations. Breaking and restoring the symmetries of
the system allow for the inclusion of additional static correlations. However, exact solutions to evaluate the
effectiveness of these methods are rare.
Purpose: To benchmark the Hartree-Fock method with broken and restored rotational symmetry in a system of
identical interacting fermions on a one-dimensional quantum ring using model interactions.
Method: The ground-state wave function is found using the Hartree-Fock method both with rotational invariance
and with the symmetry broken at the mean-field level. Rotational symmetry is then restored with an angular
momentum projection method. The ground-state energies are compared to variational Monte Carlo predictions.
This is done for a range of different interactions between the particles.
Results: Breaking the rotational symmetry in the Hartree-Fock mean-field brings little improvement to the
ground-state energy in weakly repulsive systems or attractive systems confined on small rings. Larger improve-
ments are found in strongly repulsive systems and attractive systems on larger rings in which the particles form
a self-bound system. Symmetry restoration brought only small improvements in most cases but was able to
account for most of the remaining correlation energy (after symmetry breaking) in repulsive systems.
Conclusions: The effectiveness of incorporating correlations through rotational symmetry breaking followed
by angular momentum projection is demonstrated for one-dimensional quantum rings using model interactions,
encouraging generalisations to other symmetries, extensions to higher dimensions, as well as applications in the
EDF framework.
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I. INTRODUCTION

Realistic descriptions of quantum many-fermion systems
are often challenging and the Hartree-Fock (HF) mean-field
approach is often used as a first approximation. Although the
HF equation can be obtained directly from the interaction be-
tween particles, in the nuclear physics context they are usually
derived from an energy density functional (EDF), thus ac-
counting for some crucial correlations. Such EDF approaches
have had a large degree of success in nuclear structure [1,2]
and reaction [3,4] studies.

The interaction between nucleons is invariant under a num-
ber of symmetries, such as translational, rotational, and global
U(1) gauge invariances. Exact solutions to the many-body
Schrödinger equation are also expected to have the same sym-
metries as the interactions. However, mean-field approaches
often work in bases which do not respect the symmetries of the
system and thus allow for symmetry-broken solutions. This
feature of mean-field methods provides a way for the method
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to account for some additional correlations between particles
while still working in the simple independent-particle picture.

The spontaneous symmetry breaking of the mean-field
solutions does come at a price. From Noether’s theorem,
each continuous symmetry of a system is associated with a
conservation law for that system. As a result, the mean-field
symmetry-broken solutions are no longer states with well-
defined values of the relevant conserved quantity, affecting
calculations of physically relevant quantities. For instance,
the electromagnetic transition probabilities between nuclear
states are subject to selection rules which depend on the parity
and total angular momentum of the initial and final states. Not
having good quantum numbers in the symmetry-broken states
makes these calculations difficult.

The symmetry restoration method [5] offers a solution to
this problem. The method projects the symmetry-broken state
back onto a state with a good quantum number. It does this
by taking an appropriately weighted superposition of each of
the states in the broken symmetry group. This superposition
results in a state with the correct symmetry while still keeping
the symmetry-broken solution’s account of correlations. Sym-
metry restoration methods are then commonly used in various
fields. See, e.g., applications within the coupled cluster theory
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TABLE I. Many-body methods and properties of the associated wave function.

Method Acronym Wave function

Variational Monte Carlo VMC Rotationally symmetric parametrized trial wave function.
Unbroken symmetry Hartree-Fock USHF Rotationally symmetric Slater determinant of single particle wave functions.
Broken symmetry Hartree-Fock BSHF As in USHF without rotational invariance enforced in the wave-function.
Restored symmetry Hartree-Fock RSHF Weighted sum of BSHF states using angular momentum projection.

in quantum chemistry [6,7] and in nuclear physics [8–10], as
well as HF applications with shell model interactions [11] and
with Skyrme and Gogny functionals [1,12].

Model systems are often used to benchmark approximate
methods as they are simple enough to be solved quasiexactly,
yet still share important features with real physical systems.
Infinite nuclear matter (see, e.g., [13]) is one system which
has been used to study the binding energy of nuclei [14], the
structure of compact stars [15], and is used in the fitting of pa-
rameters for EDFs [1,16]. Neutron drops trapped in harmonic
potentials have also been used to estimate neutron pairing
energies in nuclei [17], to test ab initio predictions [18–20],
to investigate properties of the tensor force [21], as well as to
constrain and fit EDF [22–24]. Other examples of simplified
models with applications to the nuclear many-body problem
include nuclear slabs [25–27] and exactly solvable models
such as the Lipkin model (see, e.g., Ref. [28]).

Here, we use a quantum ring, i.e., a one-dimensional sys-
tem consisting of particles constrained to be around the edge
of a circle [29]. An advantage of the quantum ring over
nuclear matter is that it is not required to be translationally in-
variant (which for the quantum ring is equivalent to rotational
invariance). Quantum rings can then be used to investigate
rotational symmetry breaking and restoration in mean-field
methods. Another advantage of the quantum ring lies in its
ability to be extended to higher dimensions in order to explore
the dependence of the effectiveness of approximate meth-
ods on the dimensionality of the system. As an example, a
two-dimensional quantum ring, called a spherium, consists of
particles constrained to be on the surface of a sphere [30]. Ap-
plications to quantum rings include electron systems [29,31–
42], electronic and optical properties of semiconductor struc-
tures [43,44], molecular rings formed from circular polymers
[45], heavy ion storage rings [46–48], atomic bosons [49–52],
and nuclear systems [53].

The exact ground-state wave function of two electrons
on a ring has been found analytically as an infinite series
for all ring radii [33] and as a series with a finite number
of terms for particular radii [39]. In addition, the varia-
tional Monte Carlo (VMC) method was shown to be effective
at accounting for correlations in the ground-state of a N-
fermion quantum ring [36,53]. In particular, it was found
that the unbroken-symmetry Hartree-Fock (USHF) method
gave a good approximation to the ground-state in some cases
but failed in the case of dense systems with strong short-
ranged repulsion as well as attractive systems [53]. These
results lead naturally to the question of the effectiveness of
rotational symmetry breaking and restoration in the Hartree-
Fock method when applied to the quantum ring, which is
the subject of this work. We investigate the effectiveness

of the broken-symmetry Hartree-Fock (BSHF) and restored-
symmetry Hartree-Fock (RSHF) methods (see Table I) under
a range of conditions. To compare the accuracy of these meth-
ods, we used the VMC method to find a quasiexact ground
state.

For simplicity, our HF calculations are performed using
model interactions rather than through the use of an EDF.
Consequently, some dynamical correlations that are usually
included via the EDF fitting process are not accounted
for in the present study. Our focus is on the study of
static correlations that can be included through symmetry
breaking and restoration techniques. Although our results
are indicative of the efficiency of these techniques, studies
with EDF methods should be considered to quantitatively
evaluate their efficiency in nuclear systems. These, however,
are beyond the scope of the current work and will be the
purpose of future investigations.

The quantum ring model, interactions, and Hamiltonian are
introduced in Sec. II. The many-body methods used in this
work are outlined in Sec. III. The results of comparisons be-
tween the methods, with a range of ring radii and strengths of
interactions are presented in Sec. IV. Conclusions are drawn
in Sec. V.

II. QUANTUM RING MODEL

We use dimensionless distances and energies and set the
mass of the fermions on the ring, m, and the reduced Planck
constant, h̄, to be 1. The quantum ring consists of N fermions
constrained to be on a circle of radius R. This work does not
focus on any effects involving the spin of the particles, so for
simplicity, every particle is in the same spin eigenstate in the
direction of the axis of the ring. The particles interact via a
two-body potential operator, V̂int (α, β ), which in the position
basis is a function of the through-the-ring distance between
particles α and β, Vint (rαβ ), where

rαβ = 2R

∣∣∣∣sin

(
θα − θβ

2

)∣∣∣∣ (1)

and θi are the angular coordinates of the particles.
Following Ref. [53], several interaction potentials are con-

sidered. The first two interactions are repulsive (VC+) and
attractive (VC−) ‘Coulomb’ potentials,

VC±(rαβ ) = V0

rαβ

, (2)

where ± refers to the sign of V0. Two other interactions, which
we refer to as ‘Nuclear 1’ and ‘Nuclear 2’, are used to model
the nuclear force between nucleons (see Fig. 1), both taken
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FIG. 1. A comparison between the two ‘nuclear’ potentials used
in this work with V0 = 1.

from [53]:

VN1(rαβ ) = V0

rαβ

(100e−2rαβ − 64e−1.5rαβ ), (3)

VN2(rαβ ) = V0

rαβ

(12e−2rαβ − 8e−rαβ ), (4)

where V0 > 0. With the dimensionless units outlined above,
the system Hamiltonian in the position basis is

H = − 1

2R2

N∑
α=1

∂2

∂θ2
α

+
N∑

α<β

Vint(rαβ ), (5)

where Vint can be VC+, VC−, VN1 or VN2.

III. MANY-BODY METHODS

A. Hartree-Fock and symmetry breaking

The Hartree-Fock approximation involves restricting the
variational space of many-body wave functions to those which
can be expressed as a single Slater determinant of single
particle states:

|�〉 = 1√
N!

∣∣∣∣∣∣∣∣
|1 : ψ1〉 |2 : ψ1〉 · · · |N : ψ1〉
|1 : ψ2〉 |2 : ψ2〉 · · · |N : ψ2〉

...
...

. . .
...

|1 : ψN 〉 |2 : ψN 〉 · · · |N : ψN 〉

∣∣∣∣∣∣∣∣
, (6)

where |α : ψβ〉 denotes particle α in the single particle state
|ψβ〉. In a given basis of single particle states, {|φ1〉, |φ2〉, · · · },
the elements of the one-body density matrix associated with
this Slater determinant are

ρ ji = 〈φ j |ρ̂|φi〉 =
N∑

α=1

〈φ j |ψα〉〈ψα|φi〉, (7)

from which we can calculate the Hartree-Fock Hamiltonian as

h[ρ]i j = 〈φi|ĥ[ρ]|φ j〉 = δ〈�|Ĥ |�〉
δρ ji

. (8)

For a system Hamiltonian Ĥ comprised of the one-body ki-
netic energy T̂ , the one-body external potential V̂ ext, and the

two-body interaction V̂ int, we get

h[ρ]mn = Tmn + V ext
mn +

K∑
i, j=1

ρ ji
(
V int

im jn − V int
imn j

)
. (9)

The Hartree-Fock ground-state of a quantum ring which
respects the rotational symmetry is a Slater determinant of the
N-lowest kinetic energy eigenstates of the ring. These states
form a basis of the single-particle Hilbert space and can be
written as

1√
2π

,
sin(θ )√

π
,

cos(θ )√
π

, · · · ,
sin

(
(N − 1) θ

2

)
√

π
,

cos
(
(N − 1) θ

2

)
√

π

(10)

for N odd and

sin
(

θ
2

)
√

π
,

cos
(

θ
2

)
√

π
, · · · ,

sin
(
(N − 1) θ

2

)
√

π
,

cos
(
(N − 1) θ

2

)
√

π

(11)

for N even. This basis was also used in the other many-body
methods.

To find broken symmetry Hartree-Fock ground-states we
used the imaginary time-step method [54]. In this method,
the energy of the single particle states is lowered through
the application of the operator e−dτ ĥ which corresponds to
a short evolution in imaginary time. The time step is chosen
as dτ = 10−4/EUSHF, where EUSHF is the energy of the un-
broken symmetry HF state. Gram-Schmidt orthogonalization
and normalization of the single-particle states were performed
after each iteration. The unbroken symmetry state was used as
an initial state for the imaginary time evolution. Rotational
symmetry was broken with an external potential V̂ ext for the
first 103 iterations and progressively removed over the next
102 iterations. The specific form of V̂ ext did not impact the
final results. 104 iterations were sufficient to obtain conver-
gence of the BSHF energies.

B. Symmetry restoration with angular momentum projection

The projector [5]

P̂ = 1

2π

∫ 2π

0
dϕ e−iϕ(Ĵz−M ) (12)

is used to project the broken symmetry Hartree-Fock ground
state, |�BS〉, back onto a state with good angular momentum
M. The true ground state of a system with only central in-
teraction potentials is expected to have zero orbital angular
momentum [55]. The final total angular momentum should
then be entirely determined by the intrinsic spin of the parti-
cles. As we consider all particles to have spin up, this gives
M = N/2.

The energy of the restored symmetry state P̂|�BS〉 is given
by

ESR = 〈�BS|P̂†Ĥ P̂|�BS〉
〈�BS|P̂†P̂|�BS〉

= 〈�BS|Ĥ P̂|�BS〉
〈�BS|P̂|�BS〉

, (13)
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which, with some manipulation [56], becomes

ESR =
∫ 2π

0
dϕ dθ

�BS(θ, 0)�BS(θ, ϕ)∫ 2π

0 dϕ′ dθ′ �BS(θ′, 0)�BS(θ′, ϕ′)

×
(

−1

2R2�BS(θ, ϕ)

N∑
α=1

∂2�BS(θ, ϕ)

∂θ2
α

+
N∑

α<β

V (θα, θβ )

)
, (14)

where the integration is over the position of each of the
particles, θ = {θ1, θ2, ..., θn}, and the rotation angle ϕ. The
HF state is the Slater determinant of single particle wave
functions,

�BS(θ, 0) ∝

∣∣∣∣∣∣∣∣∣

ψ1(θ1) ψ2(θ1) · · · ψn(θ1)
ψ1(θ2) ψ2(θ2) · · · ψn(θ2)

...
...

. . .
...

ψ1(θn) ψ2(θn) · · · ψn(θn)

∣∣∣∣∣∣∣∣∣
. (15)

The rotation by ϕ is defined as �BS(θ, ϕ) = �BS(θ1 − ϕ, θ2 −
ϕ, ..., θN − ϕ, 0). All wave functions are chosen to be real.

To evaluate the integral in Eq. (14), we defined a sampling
distribution

PSR(θ, ϕ) = |�BS(θ, 0)�BS(θ, ϕ)|∫ 2π

0 dϕ′ dθ′ �BS(θ′, 0)�BS(θ′, ϕ′)
, (16)

and the “local energy” function [57]

ESR(θ, ϕ) = sign(�BS(θ, 0)�BS(θ, ϕ))

×
⎛
⎝ −1

2R2�BS(θ, ϕ)

N∑
α=1

∂2�BS(θ, ϕ)

∂θ2
α

+
N∑

α<β

V (θα, θβ )

⎞
⎠,

(17)

then used Monte Carlo integration with the Metropolis algo-
rithm [58] (see next subsection) to evaluate

ESR =
∫ 2π

0
dϕ dθPSR(θ, ϕ)ESR(θ, ϕ). (18)

C. Variational Monte Carlo

In the variational Monte Carlo method, we consider a
parametrized trial wave function, �VMC(θ, a) which is more
general than the Slater determinant used in the Hartree-Fock
method. The aim of the method is to minimize the energy of
the trial wave function with respect to its parameters, a, to get
closer to the system’s true ground state. The energy of a trial
wave function is given by

EVMC(a) =
∫

dθ �∗
VMC(θ, a) H �VMC(θ, a)∫

dθ �∗
VMC(θ, a)�VMC(θ, a)

, (19)

which can be written as

EVMC(a) =
∫ 2π

0
dθPVMC(θ, a)EVMC(θ, a), (20)

where the sampling distribution is

PVMC(θ, a) = |�VMC(θ, a)|2∫ 2π

0 dθ′ |�VMC(θ′, a)|2
, (21)

and the “local energy” function

EVMC(θ, a) = −1

2R2�VMC

N∑
α=1

∂2�VMC

∂θ2
α

+
N∑

α<β

V (θα, θβ ).

(22)

The integrals are too complicated to solve analytically, so
the method uses Monte Carlo integration with the Metropolis
algorithm [58]. Samples of the integration space, {θ1, θ2, θ3...}
are chosen sequentially from the probability distribution
PVMC and an average of the function EVMC of each of these
samples is taken.

The statistical uncertainty in the wave function’s energy
was calculated using the blocking method [59] since the
Metropolis algorithm results in correlated samples of the inte-
gration space. These uncertainties only reflect the uncertainty
in the energy of the trial wave function and are not a measure
of how close the trial wave function energy is to the exact
ground-state energy, which is difficult to determine for most
systems.

In this work, we used a Jastrow trial wave function [60],
i.e., a Slater determinant of single particle wave functions
multiplied by a Jastrow correlation factor which consists of
the product of strictly positive functions of the interparticle
distances, rαβ ,

�VMC(θ1, θ2, . . . , θn, a)

=

∣∣∣∣∣∣∣∣∣∣

φ1(θ1) φ1(θ2) · · · φ1(θn)
φ2(θ1) φ2(θ2) · · · φ2(θn)

...
...

. . .
...

φn(θ1) φn(θ2) · · · φn(θn)

∣∣∣∣∣∣∣∣∣∣
N∏

α<β

f (rαβ, a). (23)

The single particle wave functions of the Slater determinant
were chosen to be the kinetic energy eigenstates of the system
which were also the Hartree-Fock ground state without broken
rotational symmetry. The correlation factor was chosen to be
an exponential of a polynomial of the interparticle distances

N∏
α<β

f (rαβ, a) = exp

⎛
⎝ N∑

α<β

4∑
k=1

akrk
αβ

⎞
⎠. (24)

The parameters of the trial wave function were optimised
using the DIRECT (DIviding RECTangles) algorithm [61]
included in the NLopt nonlinear optimization package [62].
Table II gives the VMC results for two electrons on rings of
differing radii together with the exact analytical results found
by Loos and Gill [39] as well as the Hartree-Fock ground-state
with rotational symmetry.

IV. RESULTS

Ground-state energies have been computed using each of
the many-body methods for various ring radii, particle num-
bers, and interaction types and strengths. For each system, the
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TABLE II. Ground-state energies of a quantum ring with N = 2 particles and a repulsive ‘Coulomb’ interaction of strength V0 = 1. All
quantities are dimensionless.

Ring radius Analytical [39] VMC Hartree-Fock

1/2 9/4 = 2.2500 2.2503 ± 0.0008 2.2732√
3/2 2/3 = 0.66667 0.66661 ± 0.00016 0.68646√
3
4 (7 + √

33) 25
96 (7 − √

33) = 0.32694 0.32695 ± 0.00006 0.34352√
23/2 9/46 = 0.19565 0.19562 ± 0.00003 0.20947

correlation energy is defined as the difference in the ground-
state energy between the USHF method (which includes no
correlations between the particles) and the VMC method.
Then for the BSHF and RSHF results we calculated the per-
centage of correlation energy that they account for,

EUSHF − EBSHF

EUSHF − EVMC
or

EUSHF − ERSHF

EUSHF − EVMC
, (25)

as a measure of each method’s effectiveness.
The linear particle density is defined from the BSHF single

particle wave functions �i(θ ) [see Eq. (15)] as

ρlin.(Rθ ) = 1

R

N∑
i=1

ψi(θ )2. (26)

Similarly, the angular density is defined as

ρang.(θ ) =
N∑

i=1

ψi(θ )2. (27)

The normalization
∫ 2π

0 dθ ψi(θ )2 = 1 leads to∫ 2πR
0 d (Rθ ) ρlin.(Rθ ) = ∫ 2π

0 dθ ρang.(θ ) = N .

A. Varying ring radius

1. Attractive ‘Coulomb’

Figure 2 shows the effect of varying the ring radius on the
energy per particle for the attractive ‘Coulomb’ interaction.

FIG. 2. Energy per particle for a quantum ring with attractive
‘Coulomb’ interactions of strength V0 = 5, N = 4 particles, and
varying radii of the ring, R. Inset shows the percentage of correlation
energy accounted for by the BSHF and RSHF methods [see Eq. (25)].
The horizontal axis of the inset is the same as for the main figure.

Each method gives a large positive energy at small radii (R <

0.2) which decreases to a negative minimum before increasing
to a constant value which is 0 for the USHF method and a
negative value for the other three methods. Given that the
attractive ‘Coulomb’ potential is strictly negative, the large
positive energy at small radii is entirely due to the kinetic en-
ergy of the particles which increases due to Pauli repulsion as
the ring is made smaller and the particles are forced to overlap
more. The USHF energy converges to 0 at large radii since it
entirely excludes correlations in the positions of the particles
and as a result the particles become further and further apart
on average as the radius increases. In the other three methods,
the particles are able to correlate their positions on the ring,
forming a self-bound system which has a ground-state wave
function which is no longer dependent on the radius of the
ring.

Spatial correlations can be observed on the BSHF particle
density plotted in Fig. 3 for rings of different sizes. On the
smallest ring, no symmetry breaking occurs so the density
is constant. We see that, for rings with R � 1, the particles
‘bunch together’, forming a self-bound system whose size and
shape becomes mostly independent of the size of the ring for
large radii.

Returning to Fig. 2, both the BSHF and RSHF methods
bring little to no improvement to the ground-state energy at
R < 0.5, since the USHF already gives a good approximation
to the exact ground-state energy and no symmetry breaking
occurred. At larger radii, the rotational symmetry breaking

FIG. 3. Linear particle density of the BSHF ground state [see
Eq. (26)] with the attractive ‘Coulomb’ interaction of strength V0 = 5
and N = 4 particles. The vertical lines indicate the maximum value
the position can take on each ring (i.e., 2πR).
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FIG. 4. Same as Fig. 2 for the ‘Nuclear 1’ interaction (V0 = 5,
N = 4).

becomes more significant since the USHF method is unable
to model particles bunching on one region of the ring. The
inset of Fig. 2 shows that the BSHF method accounts for about
≈80% of the correlation energy at R � 1 [see Eq. (25)], while
symmetry restoration (RSHF) brings little improvement to the
BSHF result.

2. ‘Nuclear 1’

Figure 4 shows the energy per particle for the ‘Nuclear
1’ interaction. In a similar way to the attractive ‘Coulomb’
case, each method gives a large positive ground-state energy
at small radii before decreasing to some minimum negative
energy per particle then increasing again. Again, the USHF
method goes to 0 as R → ∞ since the particles are not able
to correlate their positions while the other three methods con-
verge to constant negative values as they form a self-bound
system due to the attractive component of the ‘Nuclear 1’
interaction. Because of its hard-core repulsion, the position
of the minimum for this interaction is at a noticeably larger
radius than the attractive ‘Coulomb’ case.

As shown in the inset of Fig. 4, the BSHF method is
able to account for a large portion of the correlation energy,
particularly at small radii. Symmetry restoration (RSHF) per-
forms better for this interaction, accounting for most of the
remaining correlation energy at small radii, making it almost
as good as the VMC method. Unlike the attractive ‘Coulomb’
case, the RSHF method also performs well at larger radii,
improving the ground state by around 20% of the correlation
energy.

The density plot in Fig. 5 demonstrates two different types
of correlation between particles induced by the ‘Nuclear 1’
interaction. At lower radii, the particles localize their positions
by forming four equally sized peaks spaced evenly around
the ring. We call this localization ‘spreading out’ since it
results in a larger average distance between the particles (com-
pared to the unbroken symmetry state) in order to minimize
the hard-core repulsion of the ‘Nuclear 1’ potential. As the
radius increases to the R = 2 case, the particles localize to
one region of the ring (bunching) in a similar way to the
attractive ‘Coulomb’ case, due to the attractive component

FIG. 5. Same as Fig. 3 for the ‘Nuclear 1’ interaction (V0 = 5,
N = 4).

of ‘Nuclear 1’. Unlike the attractive ‘Coulomb’ case, how-
ever, the self-bound system does not exhibit a single peak.
Instead it consists of four evenly spaced peaks within the
self-bound system due to the strong hard-core repulsion. The
improvement of the RSHF method at larger radii could be a
result of this spreading out that breaks the uniformity of the
internal density, while the attractive ‘Coulomb’ case, in which
spreading out does not occur, is not improved significantly by
symmetry restoration.

3. ‘Nuclear 2’

Figure 6 demonstrates the radius dependence of the
ground-state energy for the ‘Nuclear 2’ interaction. The re-
sults are similar to the ‘Nuclear 1’ case with a few changes.
Most notably, the USHF result performs much better at
smaller radii with this interaction than for ‘Nuclear 1’ due
to the smaller hard-core repulsion leading to less correlation
in the exact ground state. As a result, the BSHF and RSHF
give less of an improvement for these ring sizes than they did
for ‘Nuclear 1’, especially for R = 1 where the USHF energy
almost equals the exact ground state. For smaller radii, when

FIG. 6. Same as Fig. 2 for the ‘Nuclear 2’ interaction (V0 = 5,
N = 4).
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FIG. 7. Same as Fig. 3 for the ‘Nuclear 2’ interaction (V0 = 5,
N = 4).

the particles mainly repel each other, symmetry restoration
(RSHF) accounts for about ≈60% of the correlation energy
(see inset of Fig. 6) and is then able to improve significantly on
the BSHF method (≈20% of the correlation energy) while for
larger radii both methods give similar energies, accounting for
≈80% of the correlation energy at R � 2. Another difference
when compared to ‘Nuclear 1’ is that the minimum in the
energy has shifted to smaller radii which is a result of the
weaker hard-core repulsion of the ‘Nuclear 2’ potential.

Figure 7 shows the particle density for the ‘Nuclear 2’
interaction on rings with varying radii. In a similar way to
the ‘Nuclear 1’ density, there is ‘spreading out’ on the ring of
radius R = 0.5 and ‘bunching with spreading out’ on the ring
of radius R = 2. At R = 1, however, no symmetry breaking
occurs resulting in a flat density. This is consistent with the
ground-state energy (see Fig. 6) which is predicted to be the
same for the BSHF, RSHF, and USHF methods at R = 1. This
is likely due to the effects of the attractive and repulsive com-
ponents of the ‘Nuclear 2’ interaction canceling each other out
for this particular ring radius.

B. Varying interaction potential strength

1. Repulsive ‘Coulomb’

Figure 8 shows the V0 dependence of the energy for the
repulsive ‘Coulomb’ interaction. The USHF has a linear de-
pendence on V0 since its kinetic energy per particle is constant
and its potential energy is directly proportional to V0. In the
other three methods at larger V0 values, the potential energy
contribution is slightly reduced by localising the particle po-
sitions. As a result of the Heisenberg uncertainty principle,
a wave function with more localisation in position typically
has a higher kinetic energy than a flatter wave function, so
it is only for systems with stronger interaction potentials that
the localization occurs and the rotational symmetry is broken.
The transition between ‘not spreading out’ and ‘spreading
out’ is indicated by the energy per particle falling below the
USHF energy. For the BSHF and RSHF methods this tran-
sition occurs around V0 = 1.7. Once the symmetry breaking
has occurred in the BSHF method, both the BSHF and RSHF
methods increase their fraction of correlation energy with

FIG. 8. Energy per particle for a quantum ring with repulsive
‘Coulomb’ interactions, radius R = 2, N = 4 particles and varying
strength of the interaction potential, V0. Inset shows the percentage
of correlation energy accounted for by the BSHF and RSHF methods
[see Eq. (25)]. The horizontal axis of the inset is the same as for the
main figure.

the potential strength, with the RSHF bringing significant
improvement to the BSHF ground-state energy (see inset of
Fig. 8).

2. ‘Nuclear 1’

Figure 9 shows the V0 dependence for the ‘Nuclear 1’
interaction. Once again the USHF method has a linear depen-
dence for the same reason as the repulsive ‘Coulomb’ case.
For small V0, the energy per particle is positive due to the
dominance of kinetic energy. As V0 increases, the attractive
component of ‘Nuclear 1’ potential energy takes over and
the energy becomes negative. The other methods also show
a steady decrease in energy.

Figure 10 shows the angular particle density for the BSHF
result with the ‘Nuclear 1’ interaction and different values
for V0. Three phases are observed: one with no symmetry
breaking at V0 � 0.8, one with spreading out only for 0.8 �
V0 � 1.6, and one with both spreading out and bunching at

FIG. 9. Same as Fig. 8 for the ‘Nuclear 1’ interaction (R = 2,
N = 4).
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FIG. 10. Angular particle densities of the BSHF ground state
[see Eq. (27)] with the ‘Nuclear 1’ interaction (R = 2, N = 4).

V0 � 1.6. Returning to Fig. 9, we see that the performance of
the BSHF and RSHF methods, shown in the inset, changes
significantly between phases. Clearly, both methods perform
the worst when no symmetry is broken (V0 � 0.8). Then the
performance of both methods increase when the particles are
only spreading out, before beginning to flatten out when both
spreading out and bunching occurs, for V0 � 1.6. The RSHF
method seems especially sensitive to the phase transitions
with sharp jumps in performance at the boundaries of the
phases.

3. ‘Nuclear 2’

Finally, Figs. 11 and 12 show the V0 dependence of the
ground-state energy and the angular particle densities for the
BSHF method, respectively, for the ‘Nuclear 2’ interaction.
Like the previous interactions, the USHF energy has a linear
dependence. There is also a clear phase transition from no
symmetry breaking to bunching for the other three meth-
ods at V0 � 1, as is evident by their energies falling below
the USHF energy, the sharp increase in performance of the
BSHF and RSHF methods, and the transition from flat den-
sity (indicating no rotational symmetry breaking) to angular

FIG. 11. Same as Fig. 8 for the ‘Nuclear 2’ interaction (R = 2,
N = 4).

FIG. 12. Same as Fig. 10 for the ‘Nuclear 2’ interaction (R = 2,
N = 4).

densities consisting of a single peak localized to one region of
the ring.

For this interaction, both the BSHF and RSHF methods
perform well for all V0 > 1, with the RSHF only giving a
small improvement to the BSHF method. This is likely due to
the fact that the ‘Nuclear 2’ interaction has a weaker hard-core
repulsion leading to a lack of ‘spreading out’ correlations
in the BSHF state. As a result, only one phase transition is
observed for this case.

V. CONCLUSION

The Hartree-Fock method with broken and restored ro-
tational symmetry has been benchmarked using the ground
state of a quantum ring of identical interacting fermions.
Model interactions were used for simplicity to simulate basic
properties of nuclear interactions, such as their hard core
repulsion and longer range attraction. Therefore, dynami-
cal correlations that are naturally included in EDF methods
were neglected. The focus of this work was on the study of
static correlations using symmetry breaking and restoration
techniques.

It was found that rotational symmetry breaking in the
Hartree-Fock method brought little improvement to weakly
repulsive systems where the spatial correlations between par-
ticles were low. As the strength of the interaction increased, so
did the strength of correlations and the relative effectiveness of
symmetry breaking. This suggests that interaction strength is
an important consideration for the use of symmetry breaking
in mean-field methods for repulsive systems. For all repulsive
systems, symmetry restoration was able to improve upon the
symmetry-broken solution. Thus, if high accuracy is required
in these systems, implementing a rotational symmetry restora-
tion is likely to be worth doing.

In contrast, it was found that symmetry breaking at the
mean-field level was necessary in almost all attractive systems
provided the ring was large enough for the particles to form
a self-bound system. In general, the restoration of symmetry
in these systems provided only small improvements with an
exception in the case of the ‘Nuclear 1’ interaction potential
which also included a strong hard-core repulsion. In this case,
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the particles become localised (‘spreading out’) within the
self-bound system, and symmetry restoration becomes even
more efficient in accounting for the remaining correlation
energy.

Although in the present case of one-dimensional quantum
rings, rotation and translation along the ring are equivalent,
this is not true for other systems. More generally it would
be interesting to investigate the effectiveness of the symmetry
restoration technique for other transformations using quantum
rings or other simplified systems. For instance, one could
study pairing correlations induced by breaking and restor-
ing U(1) gauge invariance associated with particle number
conservation. These correlations are responsible for nuclear
superfluidity and are commonly included through Bardeen-
Cooper-Schrieffer (BCS) and Hartree-Fock-Bogoliubov ap-
proaches. Here, particle number projection is used to restore
the broken symmetry in a beyond mean-field fashion.

Beyond the inclusion of correlation energy, symmetry
restoration through projection techniques presents the advan-
tage of producing states with well-defined quantum numbers
(such as the total angular momentum after rotational sym-
metry restoration). This is often important for observables
requiring a description of the system in the laboratory frame
rather than in its intrinsic frame. Examples include calculation
of transition amplitudes in nuclear decay as well as particles
scattering off nuclei.

A major caveat to the present study lies in the
dimensionality of the system. It has been shown that the
correlation energy of a many-electron spherium has a

significant dependence on the dimensionality of the system
[30]. It would then be natural to assume that dimensionality
would also change the effectiveness of the approximate
methods studied in this work. Thus, a possible direction for
further research is to extend this study to higher dimensional
quantum rings, in particular D = 3-dimensional glomium
which was shown to be the most similar to more realistic
models of three-dimensional systems [30].

Last but not least, the results presented here only provide
a qualitative indication on the static correlations that can
be incorporated in nuclear systems. The effectiveness of the
symmetry breaking and restoration techniques needs to be
evaluated with approaches that account for dynamical corre-
lations, i.e., within the EDF approach, or with shell model
effective interactions in which the effect of the hard core
repulsion has been renormalized.
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