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Importance of higher orders in opacity in quark-gluon plasma tomography

Stefan Stojku , Bojana Ilic , Igor Salom , and Magdalena Djordjevic *

Institute of Physics Belgrade, University of Belgrade, Serbia

(Received 4 May 2023; accepted 27 September 2023; published 16 October 2023)

We consider the problem of including a finite number of scattering centers in dynamical energy loss and
classical DGLV formalism. Previously, either one or an infinite number of scattering centers were considered in
energy loss models, while efforts to relax such approximations require a more conclusive and complete treatment.
In reality, however, the number of scattering centers is generally estimated to be 4–5 at the BNL Relativistic
Heavy Ion Collider (RHIC) and the CERN Large Hadron Collider (LHC), making the above approximations (a
priori) inadequate and this theoretical problem significant for QGP tomography. We derived explicit analytical
expressions for dynamical energy loss and DGLV up to the fourth order in opacity, resulting in complex,
highly oscillatory, mathematical expressions. These expressions were then implemented into an appropriately
generalized DREENA framework to calculate the effects of higher orders in opacity on a wide range of high-p⊥
light and heavy flavor predictions. Results of extensive numerical analysis and interpretations of nonintuitive
results are presented. We find that, for both RHIC and the LHC, higher-order effects on high-p⊥ observables
are small, and the approximation of a single scattering center is adequate for dynamical energy loss and DGLV
formalisms.
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I. INTRODUCTION

Quark-gluon plasma (QGP) [1–4] is a new form of mat-
ter consisting of quarks, antiquarks, and gluons that are no
longer confined. It has been created in landmark experiments
at the BNL Relativistic Heavy Ion Collider (RHIC) and the
CERN Large Hadron Collider (LHC) (so-called little bangs),
where heavy ions collide at ultrarelativistic energies [2,3].
Hard probes are one of the main tools for understanding and
characterizing the QGP properties [2], where hard processes
dominate interactions of these probes with QGP constituents.
These interactions are dominantly described by energy loss,
where radiative is one of the most important mechanisms at
high transverse momentum p⊥. The radiative energy loss can
be analytically computed through pQCD approaches, typi-
cally under the assumption of the optically thick or optically
thin medium [e.g., BDMPS-Z [5,6], ASW [7], (D)GLV [8,9],
HT and HT-M [10,11], AMY [12], dynamical energy loss
[13,14] and different applications and extensions of these
methods] and tested against the experimental data.

Optically thick medium corresponds to the approxima-
tion of a jet experiencing infinite scatterings with medium
constituents. While such an approximation would be ade-
quate for QGP created in the early universe (big bang), little
bangs are characterized by short, finite-size droplets of QCD
matter. Another widely used approximation is an optically
thin medium, assuming one scattering center. However, the
medium created in little bangs is typically several femtome-
ters in size (with mean free path λ ≈ 1 fm), so considering
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several scattering centers in energy loss calculations is needed.
Thus, it is evident that both approaches represent two extreme
limits to the realistic situations considered in RHIC and LHC
experiments, and relaxing these approximations to the case
of a finite number of scattering centers is necessary. Thus,
relaxing such an approximation is a highly nontrivial problem,
addressed in Ref. [8], with recently renewed interest [15–21].
Some of these approaches are analytically quite advanced,
e.g., providing full expressions for a gluon radiation spectrum
(or splitting functions) with relaxed soft-gluon approximation
in DGLV formalism [19,20] or derivation of gluon emission
spectrum with full resummation of multiple scatterings within
the BDMPS-Z framework [15,17,18]. However, in our view,
this issue requires a more conclusive and complete treat-
ment. Namely, the importance of including higher orders in
opacity effects on experimental observables is still not ad-
dressed. In relaxing this approximation, it is not only needed
to estimate these effects on, e.g., the energy loss and gluon
radiation spectrum, but also to implement these corrections
in the numerical frameworks needed to generate predictions
for high-p⊥ observables measured at RHIC and the LHC
experiments. Furthermore, most of these studies were done
in massless quarks and gluons limit and/or use the approxi-
mation of an uncorrelated medium (i.e., where the spacings
between collisions are considered to be mutually indepen-
dent, see Ref. [21] for more details). Since we, a priori, do
not know the magnitude of the effects of the inclusion of
multiple scattering centers, nor how the mentioned approxi-
mations can influence this magnitude, we find it questionable
to discuss higher-order corrections while ignoring the effects
which might potentially overshadow or alter the final effects.
For example, due to a finite-temperature medium, light quarks
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and gluons gain mass in QGP, which can significantly numer-
ically modify the importance of these effects on experimental
observables.

In this study, we start from our dynamical energy loss
formalism [13,14], computed under the approximation of an
optically thin QCD medium, i.e., one scattering center. We use
general expressions from Ref. [21] to relax this approximation
to the case of finite number of scattering centers, where ex-
plicit analytical expressions up to the fourth order in opacity
(scattering centers) are presented. These expressions are im-
plemented in our (appropriately modified) DREENA-C [22]
framework (which assumes a constant-temperature medium),
enabling us to more straightforwardly estimate the effects of
higher orders in opacity on high-p⊥ RAA and v2 observables.
Based on these results, we also provide estimates for the fully
evolving medium, while a rigorous study in this direction is
left for future work.

While the initial expressions taken from Ref. [21] were,
strictly speaking, derived in the approximation of static scat-
tering centers, we apply them here in the context of a dynamic
QCD medium. Namely, by careful calculation, we have shown
in Ref. [14] that—at least in the first order in opacity—the
generalization from the static to dynamic medium eventually
amounts to a mere appropriate replacement of the mean free
path and effective potential in the final expressions. Following
general arguments given in Ref. [8] and the expectations ex-
pressed in Ref. [21], we assume that the same prescription for
progressing from static to dynamic medium remains valid in
higher orders of opacity.

The outline of the paper is as follows: Sections II
and III present the outline of theoretical and numerical

frameworks used in this study, with more detailed analytical
results presented in the Appendixes. In the Results section,
we numerically analyze the effects of higher orders in opacity
on the gluon radiation spectrum and high-p⊥ RAA and v2

predictions. Intuitive explanations behind obtained results will
be presented. This section will also analyze a special case
of static QCD medium (extension of (D)GLV [8,9] to the
finite number of scattering centers). The main results will be
summarized in the last section.

II. THEORETICAL FRAMEWORK

In this study, we use our dynamical radiative energy loss
[13,14] formalism, which has the following features: (i) QCD
medium of finite size L and temperature T , which consists of
dynamical (i.e., moving) partons, in a distinction to models
with widely used static approximation and/or vacuum-like
propagators [5,7,8,10]. (ii) Calculations based on generalized
hard-thermal-loop approach [23,24], with naturally regulated
infrared divergences [13,14,25]. (iii) Generalization towards
running coupling [26] and finite magnetic mass [27].

However, as noted in the Introduction, this radiative energy
loss is developed up to the first order in opacity. Thus, to
improve the applicability of this formalism for QGP tomogra-
phy, it is necessary to relax this approximation. To generalize
the dynamical energy loss to finite number in scattering cen-
ters, we start from a closed-form expression—Eq. (46) from
Ref. [21] and Eq. (20) from Ref. [9]—derived for static
QCD medium [i.e., (D)GLV case [8,9]] but applicable for a
generalized form of effective potential and mean free path
λ [21]:

x
dN (n)

dx d2k
=

∫ L

0
dz1 · · ·

∫ L

zn−1

dzn

∫ n∏
i=1

(
d2qi

v2(qi ) − δ2(qi )

λ(z)

)

× CRαs
(
Q2

k

)
π2

(
−2 C(1···n) · Bn

[
cos

n∑
k=2

ω(k···n)�zk − cos
n∑

k=1

ω(k···n)�zk

])
, (1)

where |vi(qi )|2 is defined as the normalized distribution of
momentum transfers from the ith scattering center (i.e., “ef-
fective potential”), λ(i) is the mean free path of the emitted
gluon, CR is the color Casimir of the jet. Note that, for
consistency with our previous work, we denote transverse
two-dimensional (2D) vectors as bold p.

The running coupling is defined as in Ref. [26]:

αs(Q
2) = 4π

(11 − 2/3n f ) ln(Q2/�QCD)
, (2)

where Q2
k = (k2 + M2x2 + m2

g )/x, appearing in Eq. (1) above
is the off-shellness of the jet before gluon radiation [26].

ω(m...n) is the inverse of the formation time or the (longitu-
dinal) momentum,

ω(m...n) = χ2 + (k − qm − · · · − qn)2

2xE
, (3)

where n is the final scatter, while m varies from the first up
to the final scatter. χ2 ≡ M2x2 + m2

g, where x is the longitu-
dinal momentum fraction of the quark jet carried away by the
emitted gluon, M is the mass of the quark, mg = μE/

√
2 is the

effective mass for gluons with hard momenta [25], and μE is
the Debye mass (i.e., electric screening).

“Cascade” terms represent the shifting of the momentum of
the radiated gluon due to momentum kicks from the medium:

C(i1i2...im ) = (k − qi1 − qi2 − · · · − qim )

χ2 + (k − qi1 − qi2 − · · · − qim )2
. (4)

A special case of C without any momentum shifts is de-
fined as the “hard” term:

H = k
χ2 + k2

and Bi = H − Ci. (5)

In Refs. [13,14,27], we showed that, despite much more
involved analytical calculations, at first order in opacity the
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radiative energy loss in a dynamical medium has the same
form as in the static medium, except for two straightforward
substitutions in mean free path and effective potential:

λstat → λdyn, (6)

where

λ−1
stat = 6

1.202

π2

1 + n f /4

1 + n f /6
λ−1

dyn,

while the “dynamical mean free path” is given by λ−1
dyn =

3αs(Q2
v )T [13,14], with Q2

v = ET [26]. Running coupling
αs(Q2

v ) corresponds to the interaction between the jet and the
virtual (exchanged) gluon, while E is the jet’s energy.[

μ2
E

π
(
q2+μ2

E

)2

]
stat

→
[

μ2
E − μ2

M

π
(
q2+μ2

E

)(
q2+μ2

M

)
]

dyn

, (7)

where μM is magnetic screening. Thus, we assume that Eq. (1)
can also be used in our case, with the above modification of
effective potential and mean free path. In Appendixes A and
B, we use this general expression to derive an explicit expres-
sion for the gluon radiation spectrum for first, second, third,
and fourth order in opacity (dN (1)

g /dx, dN (2)
g /dx, dN (3)

g /dx,
dN (4)

g /dx, respectively).

III. NUMERICAL FRAMEWORK

To generate the results presented in this work, we used our
(appropriately generalized, see below) DREENA-C frame-
work. For completeness, we here give a brief outline of
this framework, while a detailed description is presented in
Ref. [22]. The quenched spectra of light and heavy quarks are
calculated according to the generic pQCD convolution given
by

E f d3σ

d p3
f

= Eid3σ (Q)

d p3
i

⊗ P(Ei → E f ) ⊗ D(Q → HQ). (8)

Here, the indices i and f stand for “initial” and “final,”
respectively, while Q denotes initial high-energy parton (light
quarks, heavy quarks, or gluons). Eid3σ (Q)/d p3

i is the initial
momentum spectrum for the given parton, which is calculated
according to Ref. [28], P(Ei → E f ) represents the energy
loss probability for the given particle which was calculated
within the dynamical energy loss formalism [13,14], which
includes multigluon [29] and path-length fluctuations [22,30].
D(Q → HQ) represents the fragmentation function of light
and heavy partons into hadrons, where for light hadrons, D
and B mesons, we use the DSS [31], BCFY [32], KLP [33]
fragmentation functions, respectively. The geometry is aver-
aged over by using path-length distributions, i.e., probability
distributions of the path lengths of hard partons in Pb + Pb
collisions, in the same way as in the original DREENA-C
framework [22]. They are used as weight functions when
integrating over the path-length in our numerical procedure.

We use the following parameters in the numerical pro-
cedure: �QCD = 0.2 GeV and n f = 3. The temperature-
dependent Debye chromoelectric mass μE (T ) has been
extracted from Ref. [34]. For the mass of light quarks, we

take the thermal mass M ≈ μE/
√

6, and for the gluon mass,
we use mg = μE/

√
2 [25]. The mass of the charm (bottom)

quark is M = 1.2 GeV (M = 4.75 GeV). The magnetic and
electric mass ratio is 0.4 < μM/μE < 0.6 [35,36]. All the
results presented in this paper are generated for the Pb + Pb
collision system at

√
sNN = 5.02 TeV.

As DREENA-C [22] does not include suppression from
multiple scattering centers in the medium, we now upgrade
this framework to include the second and third order in opacity
contributions. We integrate the expressions obtained from (1)
analytically for zi (see Appendixes A and B), and then nu-
merically for momenta k and qi using the quasi-Monte Carlo
method to obtain dNg/dx up to third order in opacity. Also, to
test the importance of multiple scattering centers on radiative
energy loss, we exclude the collisional [37] contributions from
the DREENA-C framework and only generate predictions
for radiative energy loss. Appendixes A and B also include
expressions for the fourth order in opacity. We implemented
fourth order into DREENA-C, but as the resulting integrals
are highly oscillatory, we could not reach convergence for this
order using our available computational resources. Notably,
this numerical complexity is significantly higher, estimated
to be ≈2 orders of magnitude larger than for the third order
(e.g., for the first order, we needed ≈25 CPU h; for the second
order ≈2500 CPU h; for the third order ≈70 000 CPU h). Nev-
ertheless, at specific points where we reached a convergence,
we found the fourth-order contribution negligible, as expected
from the results presented in the next section.

IV. RESULTS

In Fig. 1, the effect of higher orders in opacity on dNg/dx
as a function of x is shown for typical medium length L =
5 fm. In each plot, we use double axes for clarity: the lower
axis corresponds to magnetic to electric mass ratio μM/μE =
0.6 (and the curves with the peak on the left side), while the
upper axis corresponds to μM/μE = 0.4 (and the curves with
the peak on the right side). Note that, in each case, maximum
is reached for low values of x. We see that the importance
of higher orders of opacity decreases with the increase of
jet energy and mass. They also decrease with decreasing the
size of the medium, as shown in Appendix C [equivalent
figures for L = 3 fm (Fig. 6, left) and L = 1 fm (Fig. 6,
right)]. For bottom quarks, higher-order effects are negligible
independently of the jet momentum. In contrast, these effects
are moderate for charm and light quarks and can influence the
jet observables, as discussed below. Note that, due to color
triviality, the results for light quarks show the (scaled) result
for gluons, too. This holds up to the fact that, due to the
indistinguishability of the radiated gluon from the gluon in
the jet, the limits for subsequent integration of dNg/dx with
respect to x is performed from xlower = 0 to xupper = 1/2 (as
opposed to xupper = 1 for light quarks).

In Fig. 2, we show the effect of higher orders in opacity on
radiative RAA observable. Our computations have shown that
the effect on v2 is similar to the one on RAA (see Fig. 8 in Ap-
pendix D). Thus, to avoid redundancy, we further concentrate
only on RAA.
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FIG. 1. Gluon radiation spectrum dNg/dx as a function of x, for the typical medium length of L = 5 fm and various jet momenta. Different
columns correspond to light, charm, and bottom quarks. Solid black curves show the first order in opacity results, red dashed curves show the
results up to the second order, while cyan dot-dashed curves up to the third order in opacity. Curves with the peaks on the left (right) side of
each of the plots correspond to the μM/μE=0.6 (μM/μE = 0.4) case, and the numerical values should be read off on the lower (upper) x axis.

We first observe that the effect on RAA is smaller for more
peripheral collisions. This is expected because the medium is
shorter on average, so including multiple scattering centers
becomes less important.

Furthermore, we find that higher orders in opacity are
negligible for B mesons, while these effects increase with
decreasing mass, as expected from Fig. 1. The reason behind
this is the decrease in the gluon formation time with increasing
jet mass. When the gluon formation time is short, the energy
loss approaches the incoherent limit, where it was previously
shown that the effects of higher orders in opacity are negli-
gible [9]. Thus, our results are consistent with the previous
findings. On the other hand, for large gluon formation time
(massless quark and gluon limit), the higher orders in opacity
effects become significant, also in general agreement with the
previous findings [15]. In finite-temperature QGP (considered
in this study), light quarks and gluons gain mass due to Debye
screening, reducing the effects of higher orders in opacity on
the energy loss, consistent with Fig. 2.

Unexpectedly, we also observe that, for different magnetic
mass limiting cases, these effects on RAA are opposite in sign:
for μM/μE = 0.6, the inclusion of higher orders in opac-
ity reduces energy loss (and, consequently, suppression). In

contrast, for μM/μE = 0.4, the effect is both opposite in sign
and larger in magnitude. What is the reason behind these
unexpected results?

To answer this question, we go back to the effective po-
tential [27] v(q) in dynamical QCD medium, which can be
written in the following form:

v(q) = vL(q) − vT (q), (9)

where vL(q) is longitudinal (electric), and vT (q) is transverse
(magnetic), contribution to the effective potential. The general
expressions for the transverse and longitudinal contributions
to the effective potentials are

vL(q) = 1

π

(
1(

q2 + μ2
pl

) − 1(
q2 + μ2

E

)
)

,

(10)

vT (q) = 1

π

(
1(

q2 + μ2
pl

) − 1(
q2 + μ2

M

)
)

,

where μE , μM , and μpl = μE/
√

3 are electric, magnetic, and
plasmon masses, respectively. As seen from Eq. (9), this po-
tential has two contributions: electric and magnetic, where the
electric contribution is always positive due to μpl < μE . On
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FIG. 2. Radiative RAA results obtained within DREENA-C—the effects of different orders in opacity. The results are generated for the
Pb + Pb collision system at

√
sNN = 5.02 TeV, and all the other figures in the manuscript show the results for the same collision system and

energy. Different columns correspond to charged hadrons, D and B mesons, while different rows show different centrality classes. Solid black
curves show the first order in opacity results, red dashed curves show the results up to the second order, while cyan dot-dashed curves up to
the third order in opacity. The upper (lower) boundary of each band corresponds to the μM/μE = 0.6 (μM/μE = 0.4) case.

the other hand, the magnetic contribution depends nontrivially
on the value of magnetic mass. That is, for μM > μpl , we see
that the magnetic contribution decreases the energy loss, while
for μM < μpl it increases the energy loss and consequently
suppression, as shown in Fig. 2, which may intuitively explain
the observed energy-loss behavior.

Furthermore, the Debye mass μE is well defined from
lattice QCD, where the perturbative calculations are also con-
sistent [34]. Thus, the electric potential is well defined in
dynamical energy loss, and we can separately test the effect
of higher orders in opacity on this contribution [by replacing
v(q) by vL(q) in the DREENA framework]. We surprisingly
find it to be negligible, as shown in Fig. 3. Thus, higher orders
in opacity essentially do not influence the electric contribution
in a dynamical QCD medium, which is an interesting and
intuitively unexpected result. That is, the higher orders mainly
influence the magnetic contribution to energy loss (keeping
the electric contribution unaffected), where the sign of the
effect depends on the magnetic mass value. For example,
as μM/μE = 0.4 is notably smaller than μpl/μE = 1/

√
3,

the higher orders in opacity are significant for this limit and
increase the suppression, in agreement with Fig. 2. On the

other hand, μM/μE = 0.6 is close to (but slightly larger than)
μpl/μE , so higher orders in opacity are small for this magnetic
mass limit and reduce the suppression, also in agreement with
Fig. 2. Additionally, note that the most recent 2 + 1 flavor
lattice QCD results with physical quark masses further con-
strain the magnetic screening to 0.58 < μM/μE < 0.64 [38].
Thus, for this range of magnetic screening, we conclude that
the effects of higher orders in opacity are small in a dynamical
QCD medium and can be safely neglected.

Furthermore, Fig. 3 raises another important question: as
is well known, only electric contribution exist in the static
QCD medium approximation [23,24] (although it has a dif-
ferent functional form compared to the electric contribution
in dynamical QCD medium). That is, the magnetic contri-
bution is inherently connected with the dynamic nature of
the QCD medium. As most existing energy loss calculations
assume (simplified) static QCD medium approximation, does
this mean that higher orders in opacity can be neglected under
such approximation?

We first note that this does not necessarily have to be the
case, because the effective potential for electric contribution is
significantly different in static compared with the dynamical
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FIG. 3. RAA results, obtained within DREENA-C when only electric contribution vL (q) to radiative energy loss is considered. Different
columns correspond to charged hadrons, D and B mesons, while different rows show different centrality classes. Solid black curves show the
first order in opacity results, red dashed curves show the results up to the second order, while cyan dot-dashed curves up to the third order in
opacity.

medium. However, to address this question, we repeat the
same analyses as above, this time assuming the static medium
effective potential [left-hand side of Eq. (7)] and mean free
path λstat. Figure 4 shows the effects of higher orders in opac-
ity in static medium approximation. While larger than those
in Fig. 3, we see that these effects are still small (i.e., less
than 6%). Thus, for optically thin medium models with static
approximation, we show that including multiple scattering
centers has a small effect on the numerical results, i.e., these
effects can also be neglected.

Finally, we ask how the inclusion of evolving medium
would modify these results. Including higher-order effects in
evolving medium is very demanding and out of the scope of
this paper. However, it can be partially addressed by studying
how higher-order effects depend on the temperature, which
changes in the evolving medium. To address this, in Fig. 5,
we focus on D meson RAA, μM/μE = 0.6 (per agreement with
Ref. [38]) and study the effects of higher orders in opac-
ity for three different temperatures T = 200, 400, 600 MeV
(which broadly covers the range of temperatures accessible at
RHIC and the LHC). We find that the higher-order effects are
largely independent of these values. Thus, we do not expect
that including medium evolution will significantly influence

the results presented in this study, i.e., expect the effect of
multiple scattering centers to remain small.

V. SUMMARY

In this paper, we generalized our dynamical energy loss and
DGLV formalisms towards finite orders in opacity. For bottom
quarks, we find that higher orders in opacity are insignificant
due to short gluon formation time, i.e. the incoherent limit. For
charm and light quarks, including second order in opacity is
sufficient, i.e., the third order numerical results almost overlap
with the second. Surprisingly, we also find that for limits
of magnetic screening, μM/μE = 0.4 and μM/μE = 0.6, the
effects on the RAA are opposite in sign. That is, for μM/μE =
0.6 (μM/μE = 0.4), higher orders in opacity decrease (in-
crease) the energy loss and subsequently suppression. The
intuitive reason behind such behavior is the magnetic contri-
bution to the dynamical energy loss. That is, while electric
contribution remains almost insensitive to increases in the
order of opacity, magnetic screening larger (smaller) than the
plasmon mass value decreases (increases) the energy loss and
suppression, in agreement with theoretical expectations. We
also show that in the static QCD medium approximation, in
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FIG. 4. Radiative RAA results obtained within DREENA-C under the static medium approximation. Different columns correspond to
charged hadrons, D and B mesons, while different rows show different centrality classes. Solid black curves show the first order in opacity
results, red dashed curves show the results up to the second order, while cyan dot-dashed curves up to the third order in opacity.

which (per definition) only electric contribution remains, the
effects of higher orders in opacity on high-p⊥ observables
are small and can be safely neglected. Thus, for static QCD

FIG. 5. D meson radiative RAA results obtained within DREENA-
C for different temperatures. The left panel corresponds to 0%–5%
centrality, while the right panel corresponds to 40%–50% centrality.
The values of temperature are T = 200 MeV (the uppermost curves),
400 MeV (the middle curves), and 600 MeV (the lowest curves).
The solid black curves show the first order in opacity results, while
cyan dot-dashed curves show the results up to the third order in
opacity. The chromomagnetic and chromoelectric mass ratio is fixed
at μM/μE = 0.6.

medium, the first order in opacity is an adequate approxima-
tion for finite-size QCD medium created at RHIC and the
LHC. For dynamical energy loss, both the sign and the size
of the effects depend on the magnetic screening, as outlined
above. However, for most of the current estimates of magnetic
screening [38], these effects remain less than 5%, so they can
also be safely neglected.

The analyses presented here are obtained for a constant-
temperature medium (and adequately generalized DREENA-
C framework). However, we also tested how the effects of
including multiple scatterers depend upon temperature and
found this influence to be also small (affecting the radiative
RAA for less than 5%). Thus, we expect that including higher
orders in opacity in the evolving medium will not change
the qualitative results obtained here, but this remains to be
rigorously tested in the future.
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APPENDIX A: ANALYTICAL EXPRESSIONS FOR dNg/dx: GENERAL FORM

The gluon radiation spectrum up to the fourth order in opacity contains the following terms, which are here given in detail:(
dNg

dx

)
=

(
dN (1)

g

dx

)
+

(
dN (2)

g

dx

)
1

−
(

dN (2)
g

dx

)
2

+
(

dN (3)
g

dx

)
1

−
(

dN (3)
g

dx

)
2

−
(

dN (3)
g

dx

)
3

+
(

dN (3)
g

dx

)
4

+
(

dN (4)
g

dx

)
1

−
(

dN (4)
g

dx

)
2

−
(

dN (4)
g

dx

)
3

+
(

dN (4)
g

dx

)
4

−
(

dN (4)
g

dx

)
5

+
(

dN (4)
g

dx

)
6

+
(

dN (4)
g

dx

)
7

−
(

dN (4)
g

dx

)
8

. (A1)

Numerical integrations with respect to the momentum k are performed over 0 < |k| < 2Ex(1 − x), and the ones with respect
to momenta qi are performed over 0 < |qi| <

√
4ET [39]. The integrations with respect to angles ϕi are performed over

0 < ϕi < 2π . Under the constant-T approximation considered in this manuscript, the expressions presented below can be
analytically integrated over zi, significantly simplifying subsequent numerical calculations (see Appendix B).

In the expressions below, the following equations hold for i, j ∈ {1, 2, 3, 4}:
k · qi = |k||qi| cos ϕi, (A2)

qi · q j = |qi||q j | cos(ϕi − ϕ j ). (A3)

The first order in opacity term is given by(
dN (1)

g

dx

)
= 4CR

πx

∫ L

0
dz1

∫
d2k
π

∫
d2q1

π
αs

(
Q2

k

) 1

λdyn

μ2
E − μ2

M(
q2

1 + μ2
E

)(
q2

1 + μ2
M

)
× χ2[q1 · (q1 − k)] + (q1 · k)(k − q1)2

(χ2 + k2)[χ2 + (k − q1)2]2
sin2

(
χ2 + (k2 − q1)2

4xE
z1

)
. (A4)

After integration with respect to z1, this expression reduces to the expression used to obtain dNg/dx in the original DREENA-
C framework [22].

The second order in opacity contains two terms, which are given by(
dN (2)

g

dx

)
1

= 4CR

πx

∫ L

0

∫ L

z1

dz1dz2

∫
d2k
π

∫∫
d2q1

π

d2q2

π
αs

(
Q2

k

) 1

λ2
dyn

μ2
E − μ2

M(
q2

1 + μ2
E

)(
q2

1 + μ2
M

) μ2
E − μ2

M(
q2

2 + μ2
E

)(
q2

2 + μ2
M

)

× χ2[q2 · (q1 + q2 − k)] + (q2 · k)(k − q2)2 + (k · q1)[q2 · (q2 − 2k)] + k2(q2 · q1)

(χ2 + k2)[χ2 + (k − q2)2][χ2 + (k − q1 − q2)2]

× sin

(
χ2 + (k − q1 − q2)2

4xE
z1

)
sin

(
χ2 + (k − q1 − q2)2

4xE
z1 + χ2 + (k − q2)2

2xE
z2

)
, (A5)

(
dN (2)

g

dx

)
2

= 4CR

πx

∫ L

0

∫ L

z1

dz1dz2

∫
d2k
π

∫
d2q2

π
αs

(
Q2

k

) 1

λ2
dyn

μ2
E − μ2

M(
q2

2 + μ2
E

)(
q2

2 + μ2
M

)
× χ2[q2 · (q2 − k)] + (q2 · k)(k − q2)2

(χ2 + k2)[χ2 + (k − q2)2]2
sin

(
χ2 + (k − q2)2

4xE
z1

)
sin

[
χ2 + (k − q2)2

2xE

( z1

2
+ z2

)]
. (A6)

The third order in opacity contains four terms, which are given by(
dN (3)

g

dx

)
1

= 4CR

πx

∫ L

0

∫ L

z1

∫ L

z2

dz1dz2dz3

∫
d2k
π

∫∫∫
d2q1

π

d2q2

π

d2q3

π

×αs
(
Q2

k

) 1

λ3
dyn

μ2
E − μ2

M(
q2

1 + μ2
E

)(
q2

1 + μ2
M

) μ2
E − μ2

M(
q2

2 + μ2
E

)(
q2

2 + μ2
M

) μ2
E − μ2

M(
q2

3 + μ2
E

)(
q2

3 + μ2
M

)
× χ2[q3 · (q1 + q2 + q3 − k)] + (q3 · k)(k − q3)2 + [k · (q1 + q2)][q3 · (q3 − 2k)] + k2[q3 · (q1 + q2)]

(χ2 + k2)[χ2 + (k − q3)2][χ2 + (k − q1 − q2 − q3)2]

× sin

(
χ2 + (k − q1 − q2 − q3)2

4xE
z1

)

× sin

(
χ2 + (k − q1 − q2 − q3)2

4xE
z1 + χ2 + (k − q2 − q3)2

2xE
z2 + χ2 + (k − q3)2

2xE
z3

)
, (A7)
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(
dN (3)

g

dx

)
2

= 4CR

πx

∫ L

0

∫ L

z1

∫ L

z2

dz1dz2dz3

∫
d2k
π

∫∫
d2q1

π

d2q3

π

×αs
(
Q2

k

) 1

λ3
dyn

μ2
E − μ2

M(
q2

1 + μ2
E

)(
q2

1 + μ2
M

) μ2
E − μ2

M(
q2

3 + μ2
E

)(
q2

3 + μ2
M

)
× χ2[q3 · (q1 + q3 − k)] + (q3 · k)(k − q3)2 + (k · q1)[q3 · (q3 − 2k)] + k2(q3 · q1)

(χ2 + k2)[χ2 + (k − q3)2][χ2 + (k − q1 − q3)2]

× sin

(
χ2 + (k − q1 − q3)2

4xE
z1

)
sin

(
χ2 + (k − q1 − q3)2

4xE
z1 + χ2 + (k − q3)2

2xE
(z2 + z3)

)
, (A8)

(
dN (3)

g

dx

)
3

= 4CR

πx

∫ L

0

∫ L

z1

∫ L

z2

dz1dz2dz3

∫
d2k
π

∫∫
d2q2

π

d2q3

π
αs

(
Q2

k

) 1

λ3
dyn

μ2
E − μ2

M(
q2

2 + μ2
E

)(
q2

2 + μ2
M

) μ2
E − μ2

M(
q2

3 + μ2
E

)(
q2

3 + μ2
M

)
× χ2[q3 · (q2 + q3 − k)] + (q3 · k)(k − q3)2 + (k · q2)[q3 · (q3 − 2k)] + k2(q3 · q2)

(χ2 + k2)[χ2 + (k − q3)2](χ2 + (k − q2 − q3)2)

× sin

(
χ2 + (k − q2 − q3)2

4xE
z1

)
sin

[
χ2 + (k − q2 − q3)2

2xE

( z1

2
+ z2

)
+ χ2 + (k − q3)2

2xE
z3

]
, (A9)

(
dN (3)

g

dx

)
4

= 4CR

πx

∫ L

0

∫ L

z1

∫ L

z2

dz1dz2dz3

∫
d2k
π

∫
d2q3

π
αs

(
Q2

k

) 1

λ3
dyn

μ2
E − μ2

M(
q2

3 + μ2
E

)(
q2

3 + μ2
M

)
× χ2[q3 · (q3 − k)] + (q3 · k)(k − q3)2

(χ2 + k2)[χ2 + (k − q3)2]2
sin

(
χ2 + (k − q3)2

4xE
z1

)
sin

[
χ2 + (k − q3)2

2xE

(
z1

2
+ z2 + z3

)]
.

(A10)

The fourth order in opacity is given by eight terms, which are given by(
dN (4)

g

dx

)
1

= 4CR

πx

∫ L

0

∫ L

z1

∫ L

z2

∫ L

z3

dz1dz2dz3dz4

∫
d2k
π

∫∫∫∫
d2q1

π

d2q2

π

d2q3

π

d2q4

π

×αs
(
Q2

k

) 1

λ4
dyn

μ2
E − μ2

M(
q2

1 + μ2
E

)(
q2

1 + μ2
M

) μ2
E − μ2

M(
q2

2 + μ2
E

)(
q2

2 + μ2
M

) μ2
E − μ2

M(
q2

3 + μ2
E

)(
q2

3 + μ2
M

) μ2
E − μ2

M(
q2

4 + μ2
E

)(
q2

4 + μ2
M

)
× χ2[q4 · (q1+q2+q3+q4 − k)]+(q4 · k)(k−q4)2+[k · (q1+q2+q3)][q4 · (q4−2k)]+k2[q4 · (q1+q2 + q3)]

(χ2 + k2)[χ2 + (k − q4)2][χ2 + (k − q1 − q2 − q3 − q4)2]

× sin

(
χ2 + (k − q1 − q2 − q3 − q4)2

4xE
z1 + χ2 + (k − q2 − q3 − q4)2

2xE
z2 + χ2 + (k − q3 − q4)2

2xE
z3

+ χ2 + (k − q4)2

2xE
z4

)
sin

(
χ2 + (k − q1 − q2 − q3 − q4)2

4xE
z1

)
, (A11)

(
dN (4)

g

dx

)
2

= 4CR

πx

∫ L

0

∫ L

z1

∫ L

z2

∫ L

z3

dz1dz2dz3dz4

∫
d2k
π

∫∫∫
d2q1

π

d2q2

π

d2q4

π

×αs
(
Q2

k

) 1

λ4
dyn

μ2
E − μ2

M(
q2

1 + μ2
E

)(
q2

1 + μ2
M

) μ2
E − μ2

M(
q2

2 + μ2
E

)(
q2

2 + μ2
M

) μ2
E − μ2

M(
q2

4 + μ2
E

)(
q2

4 + μ2
M

)
× χ2[q4 · (q1 + q2 + q4 − k)] + (q4 · k)(k − q4)2 + [k · (q1 + q2)][q4 · (q4 − 2k)] + k2[q4 · (q1 + q2)]

(χ2 + k2)[χ2 + (k − q4)2][χ2 + (k − q1 − q2 − q4)2]

× sin

(
χ2 + (k − q1 − q2 − q4)2

4xE
z1 + χ2 + (k − q2 − q4)2

2xE
z2 + χ2 + (k − q4)2

2xE
(z3 + z4)

)

× sin

(
χ2 + (k − q1 − q2 − q4)2

4xE
z1

)
, (A12)
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(
dN (4)

g

dx

)
3

= 4CR

πx

∫ L

0

∫ L

z1

∫ L

z2

∫ L

z3

dz1dz2dz3dz4

∫
d2k
π

∫∫∫
d2q1

π

d2q3

π

d2q4

π

×αs
(
Q2

k

) 1

λ4
dyn

μ2
E − μ2

M(
q2

1 + μ2
E

)(
q2

1 + μ2
M

) μ2
E − μ2

M(
q2

3 + μ2
E

)(
q2

3 + μ2
M

) μ2
E − μ2

M(
q2

4 + μ2
E

)(
q2

4 + μ2
M

)

× χ2[q4 · (q1 + q3 + q4 − k)] + (q4 · k)(k − q4)2 + [k · (q1 + q3)][q4 · (q4 − 2k)] + k2[q4 · (q1 + q3)]

(χ2 + k2)[χ2 + (k − q4)2][χ2 + (k − q1 − q3 − q4)2]

× sin

(
χ2 + (k − q1 − q3 − q4)2

4xE
z1 + χ2 + (k − q3 − q4)2

2xE
(z2 + z3) + χ2 + (k − q4)2

2xE
z4

)

× sin

(
χ2 + (k − q1 − q3 − q4)2

4xE
z1

)
, (A13)

(
dN (4)

g

dx

)
4

= 4CR

πx

∫ L

0

∫ L

z1

∫ L

z2

∫ L

z3

dz1dz2dz3dz4

∫
d2k
π

∫∫
d2q1

π

d2q4

π

×αs
(
Q2

k

) 1

λ4
dyn

μ2
E − μ2

M(
q2

1 + μ2
E

)(
q2

1 + μ2
M

) μ2
E − μ2

M(
q2

4 + μ2
E

)(
q2

4 + μ2
M

)

× χ2[q4 · (q1 + q4 − k)] + (q4 · k)(k − q4)2 + (k · q1)[q4 · (q4 − 2k)] + k2(q4 · q1)

(χ2 + k2)[χ2 + (k − q4)2][χ2 + (k − q1 − q4)2]

× sin

(
χ2 + (k − q1 − q4)2

4xE
z1

)
sin

(
χ2 + (k − q1 − q4)2

4xE
z1 + χ2 + (k − q4)2

2xE
(z2 + z3 + z4)

)
, (A14)

(
dN (4)

g

dx

)
5

= 4CR

πx

∫ L

0

∫ L

z1

∫ L

z2

∫ L

z3

dz1dz2dz3dz4

∫
d2k
π

∫∫∫
d2q2

π

d2q3

π

d2q4

π

×αs
(
Q2

k

) 1

λ4
dyn

μ2
E − μ2

M(
q2

2 + μ2
E

)(
q2

2 + μ2
M

) μ2
E − μ2

M(
q2

3 + μ2
E

)(
q2

3 + μ2
M

) μ2
E − μ2

M(
q2

4 + μ2
E

)(
q2

4 + μ2
M

)

× χ2[q4 · (q2 + q3 + q4 − k)] + (q4 · k)(k − q4)2 + [k · (q2 + q3)][q4 · (q4 − 2k)] + k2[q4 · (q2 + q3)]

(χ2 + k2)[χ2 + (k − q4)2][χ2 + (k − q2 − q3 − q4)2]

× sin

[
χ2 + (k − q2 − q3 − q4)2

2xE

( z1

2
+ z2

)
+ χ2 + (k − q3 − q4)2

2xE
z3 + χ2 + (k − q4)2

2xE
z4

]

× sin

(
χ2 + (k − q2 − q3 − q4)2

4xE
z1

)
, (A15)

(
dN (4)

g

dx

)
6

= 4CR

πx

∫ L

0

∫ L

z1

∫ L

z2

∫ L

z3

dz1dz2dz3dz4

∫
d2k
π

∫∫
d2q2

π

d2q4

π

×αs
(
Q2

k

) 1

λ4
dyn

μ2
E − μ2

M(
q2

2 + μ2
E

)(
q2

2 + μ2
M

) μ2
E − μ2

M(
q2

4 + μ2
E

)(
q2

4 + μ2
M

)
× χ2[q4 · (q2 + q4 − k)] + (q4 · k)(k − q4)2 + (k · q2)[q4 · (q4 − 2k)] + k2(q4 · q2)

(χ2 + k2)[χ2 + (k − q4)2][χ2 + (k − q2 − q4)2]

× sin

(
χ2 + (k − q2 − q4)2

4xE
z1

)
sin

[
χ2 + (k − q2 − q4)2

2xE

( z1

2
+ z2

)
+ χ2 + (k − q4)2

2xE
(z3 + z4)

]
, (A16)
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(
dN (4)

g

dx

)
7

= 4CR

πx

∫ L

0

∫ L

z1

∫ L

z2

∫ L

z3

dz1dz2dz3dz4

∫
d2k
π

∫∫
d2q3

π

d2q4

π

×αs
(
Q2

k

) 1

λ4
dyn

μ2
E − μ2

M(
q2

3 + μ2
E

)(
q2

3 + μ2
M

) μ2
E − μ2

M(
q2

4 + μ2
E

)(
q2

4 + μ2
M

)
× χ2[q4 · (q3 + q4 − k)] + (q4 · k)(k − q4)2 + (k · q3)[q4 · (q4 − 2k)] + k2(q4 · q3)

(χ2 + k2)[χ2 + (k − q4)2][χ2 + (k − q3 − q4)2]

× sin

(
χ2 + (k − q3 − q4)2

4xE
z1

)
sin

[
χ2 + (k − q3 − q4)2

2xE

(
z1

2
+ z2 + z3

)
+ χ2 + (k − q4)2

2xE
z4

]
, (A17)

(
dN (4)

g

dx

)
8

= 4CR

πx

∫ L

0

∫ L

z1

∫ L

z2

∫ L

z3

dz1dz2dz3dz4

∫
d2k
π

∫
d2q4

π

×αs
(
Q2

k

) 1

λ4
dyn

μ2
E − μ2

M(
q2

4 + μ2
E

)(
q2

4 + μ2
M

) χ2[q4 · (q4 − k)] + (q4 · k)(k − q4)2

(χ2 + k2)[χ2 + (k − q4)2]2

× sin

(
χ2 + (k − q4)2

4xE
z1

)
sin

[
χ2 + (k − q4)2

2xE

(
z1

2
+ z2 + z3 + z4

)]
. (A18)

APPENDIX B: ANALYTICAL EXPRESSIONS FOR dNg/dx WITHIN DREENA-C

Within the DREENA-C framework, under the assumption of constant medium temperature, we can explicitly perform analytical
integrations for zi, where (i = 1, 2, 3, 4). ω(m...n) coefficients are defined in the Theoretical Framework section. The expression
for the first order in opacity then became

(
dN (1)

g

dx

)
= 2CR

πx

∫
d2k
π

∫
d2q1

π
αs

(
Q2

k

) L

λdyn

μ2
E − μ2

M(
q2

1 + μ2
E

)(
q2

1 + μ2
M

) χ2[q1 · (q1 − k)] + (q1 · k)(k − q1)2

(χ2 + k2)[χ2 + (k − q1)2]2

(
1 − sin(Lω(1) )

Lω(1)

)
,

(B1)

The expressions for higher orders in opacity became

(
dN (2)

g

dx

)
1

= 2CR

πx

∫
d2k
π

∫∫
d2q1

π

d2q2

π
αs

(
Q2

k

) 1

λ2
dyn

μ2
E − μ2

M(
q2

1 + μ2
E

)(
q2

1 + μ2
M

) μ2
E − μ2

M(
q2

2 + μ2
E

)(
q2

2 + μ2
M

)
× χ2[q2 · (q1 + q2 − k)] + (q2 · k)(k − q2)2 + (k · q1)[q2 · (q2 − 2k)] + k2(q2 · q1)

(χ2 + k2)[χ2 + (k − q2)2][χ2 + (k − q1 − q2)2]

× 1

ω(2)

(
ω(2) cos[(ω(2) + ω(12))]

(ω(2) + ω(12))ω(12)
+ L sin (Lω(2) ) − (ω(2) − ω(12)) cos (Lω(2) )

ω(2)ω(12)
− ω(12)

ω(2)(ω(2) + ω(12))

)
, (B2)

(
dN (2)

g

dx

)
2

= 2CR

πx

∫
d2k
π

∫
d2q2

π
αs

(
Q2

k

) 1

λ2
dyn

μ2
E − μ2

M(
q2

2 + μ2
E

)(
q2

2 + μ2
M

)
× χ2[q2 · (q2 − k)] + (q2 · k)(k − q2)2

(χ2 + k2)[χ2 + (k − q2)2]2

sin (Lω(2) )[Lω(2) − sin (Lω(2) )]

ω2
(2)

, (B3)

(
dN (3)

g

dx

)
1

= 2CR

πx

∫
d2k
π

∫∫∫
d2q1

π

d2q2

π

d2q3

π
αs

(
Q2

k

) 1

λ3
dyn

μ2
E − μ2

M(
q2

1 + μ2
E

)(
q2

1 + μ2
M

) μ2
E − μ2

M(
q2

2 + μ2
E

)(
q2

2 + μ2
M

) μ2
E − μ2

M(
q2

3 + μ2
E

)(
q2

3 + μ2
M

)
× χ2[q3 · (q1 + q2 + q3 − k)] + (q3 · k)(k − q3)2 + [k · (q1 + q2)][q3 · (q3 − 2k)] + k2[q3 · (q1 + q2)]

(χ2 + k2)[χ2 + (k − q3)2][χ2 + (k − q1 − q2 − q3)2]

×
{

ω(3)ω(123) + 2ω(23)ω(123) − ω2
(23) − ω(3)ω(23)

ω2
(23)(ω(3) + ω(23))2ω(123)

sin[L(ω(3) + ω(23))] − ω(123) sin (Lω(3) )

ω(3)ω
2
(23)(ω(23) + ω(123))

+ sin[L(ω(3) + ω(23) + ω(123))]

ω(123)(ω(23) + ω(123))(ω(3) + ω(23) + ω(123))
− L cos[L(ω(3) + ω(23))]

ω(23)(ω(3) + ω(23))

}
, (B4)
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(
dN (3)

g

dx

)
2

= CR

πx

∫
d2k
π

∫∫
d2q1

π

d2q3

π
αs

(
Q2

k

) 1

λ3
dyn

μ2
E − μ2

M(
q2

1 + μ2
E

)(
q2

1 + μ2
M

) μ2
E − μ2

M(
q2

3 + μ2
E

)(
q2

3 + μ2
M

)

× χ2[q3 · (q1 + q3 − k)] + (q3 · k)(k − q3)2 + (k · q1)[q3 · (q3 − 2k)] + k2(q3 · q1)
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APPENDIX C: dNg/dx RESULTS FOR L = 3 AND L = 1

In this section, we show dNg/dx as a function of x for medium lengths L = 3 f m [Fig. (6)] and L = 1 f m [Fig. (7)].

FIG. 6. Gluon radiation spectrum dNg/dx as a function of x, for the medium length of L = 3 fm and various jet momenta. The panel on
the left (right) side shows the result for μM/μE = 0.4 (0.6). The figure caption is the same as for Fig. 1.

FIG. 7. Gluon radiation spectrum dNg/dx as a function of x, for the medium length of L = 1 fm and various jet momenta. The panel on
the left (right) side shows the result for μM/μE = 0.4 (0.6). The figure caption is the same as for Fig. 1.
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FIG. 8. v2 results obtained within DREENA-C – the effects of different orders in opacity. Different columns correspond to charged hadrons,
D, and B mesons, while different rows show different centrality classes. Only radiative energy loss is taken into account. Solid black curves
show the first order in opacity results, red dashed curves show the results up to the second order, while cyan dot-dashed curves up to the third
order in opacity. The lower (upper) boundary of each band corresponds to the μM/μE = 0.6 (μM/μE = 0.4) case.

APPENDIX D: v2 RESULTS UP TO THIRD ORDER IN OPACITY

We here show the results for v2 up to the third order in opacity (Fig. 8). Note that here the lower (upper) boundary of each
band corresponds to the μM/μE = 0.6 (μM/μE = 0.4) case (opposite with respect to RAA results). We observe the same behavior
as for RAA.
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