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Analysis of the 16C(d, p) 17C reaction from microscopic 17C wave functions
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We present a semimicroscopic study of the 16C(d, p)17C transfer reaction. The 17C overlap integrals and
spectroscopic factors are obtained from a microscopic cluster model, involving many 16C + n configurations.
This microscopic model provides a fair description of the 17C bound-state energies. The 16C + d scattering wave
functions are defined in the continuum discretized coupled channel (CDCC) method, where the deuteron breakup
is simulated by pseudostates. The transfer cross sections are in good agreement with recent data. We confirm the
16C(2+) + n structure of the ground state, and show that deuteron breakup effects have a significant influence on
the cross sections. We study the 17C(p, d )16C reverse reaction and suggest that the cross section to the 2+ state
should be large. A measurement of the ground-state cross section would provide a strong test of the microscopic
wave functions.
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I. INTRODUCTION

The physics of exotic nuclei is one of the main interests in
modern nuclear physics [1,2]. Exotic nuclei are located near
the drip lines and therefore present a low breakup threshold,
and a small number of bound states. They can be seen as a
core nucleus (which may be in an excited state) surrounded by
one or two nucleon(s). The recent development of radioactive
beams [3] provides helpful information about the structure of
exotic nuclei. The analysis of these data require models for the
structure of the nucleus, as well as for the reaction process.

Over the last 20 years, the 17C nucleus has been investi-
gated in several works. From a Coulomb breakup experiment,
Datta Pramanik et al. [4] concluded that the ground state has
a spin 3/2+ and present a 16C(2+) + n structure. The study of
excited states was performed by Elekes et al. [5] by inelastic
scattering on a proton target, and by Bohlen et al. [6] who used
a three-neutron transfer reaction at high energies. Negative-
parity states were observed from β-delayed neutron emission
of 17B [7]. Satou et al. [8] observed several unbound states
from proton inelastic scattering, and concluded on the exis-
tence of narrow 7/2+ and 9/2+ resonances at low energies.
The lifetime of excited states was investigated by Smalley
et al. [9] from a one-neutron knockout reaction on 18C. Very
recently, this technique was also used by Kim et al. [10] who
concluded on the existence of a 5/2+

2 state, and suggested
low-energy negative parity resonances.

On the theoretical side, various techniques have been
used to describe the spectroscopy of 17C, in particular the
multichannel algebraic scattering (MCAS) model [11], the
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no-core shell model [9], or large-scale shell model calcula-
tions [10]. In Refs. [12,13], the 17C nucleus was described
in the resonating group method (RGM; see Refs. [14,15]).
In that approach, the 17C wave functions are obtained from a
microscopic Hamiltonian, with the cluster approximation. In
this way, the 17-nucleon antisymmetrization is exactly taken
into account. This technique is well adapted to weakly bound
nuclei, where the description of the relative wave function at
large distances is a fundamental issue. The RGM provides
the overlap integrals and the spectroscopic factors, which are
necessary ingredients of the (d, p) transfer cross sections [16].
No further parameter or renormalization factor is necessary, in
contrast with the distorted wave Born approximation (DWBA)
method [17], where the overlap integral is approximated from
the simple potential model, and where the spectroscopic factor
is an adjustable parameter.

An efficient tool to investigate the spin of nuclear states is
provided by (d, p) reactions, where a neutron is transferred
from the deuteron to the target [18]. The cross sections are
known to be very sensitive to the target+neutron angular
momentum [17]. This technique was used recently by Pereira-
López et al. in a 16C(d, p)17C experiment [19]. The authors
measured the transfer cross sections to the 17C 1/2+ and 5/2+
excited states, as well as the sum of the three bound states.
Owing to its dominant 16C(2+) + n structure, the 17C ground
state presents a small spectroscopic factor in the 16C(0+) + n
channel, and therefore the corresponding cross section could
not be separated.

In the present work, our goal is to analyze the 16C(d, p)17C
reaction by using microscopic 17C wave functions. In the
standard DWBA treatment of (d, p) reactions [17], the resid-
ual nucleus is described by a potential-model wave function,
which is renormalized by a spectroscopic factor to in-
clude missing effects, such as the antisymmetrization or the
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influence of core excited states. This semimicroscopic ap-
proach to transfer reactions has been developed in Ref. [20],
and we refer to this reference for more detail.

As the deuteron projectile is weakly bound, breakup effects
in the 16C + d scattering wave functions are expected to be
important. This problem is addressed by using the continuum
discretized coupled channel (CDCC) method (see Ref. [21]
for a review), where the three-body continuum is simulated
by pseudostates in the p + n system. This technique is well
known, and has been used for many systems. It is particularly
well adapted to exotic nuclei, where the breakup threshold
energy is low, and where breakup effects are expected to be
important (see, for example, Refs. [22,23]).

The paper is organized as follows. In Sec. II, we present
a brief outline of the model, which is divided into two parts.
In the first part, we discuss the RGM 17C wave functions, in
particular the overlap integrals and the spectroscopic factors.
The second part is focused on the 16C + d scattering wave
functions, defined in the CDCC framework. We also provide
information on the calculation of the transfer cross sections.
The results on the 17C spectroscopy and on the 16C(d, p)17C
cross sections are presented in Sec. III. Conclusions and out-
look are discussed in Sec. IV.

II. THE MODEL

A. The resonating group method

Our goal is to describe the 17C wave functions in a mi-
croscopic approach. In an A-nucleon system (A = 17), the
Hamiltonian is given by

H17 =
A∑

i=1

ti +
A∑

i< j=1

vi j, (1)

where ti is the kinetic energy of nucleon i, and vi j is a
nucleon-nucleon interaction, including central and spin-orbit
components. The Coulomb force is treated exactly. In the
resonating group method, the wave functions are defined at
the cluster approximation and involve internal wave functions
of the clusters, as well as a relative function. The internal
wave functions are defined in the shell model. For the 17C
nucleus, the RGM wave function associated with Hamiltonian
H17 reads

�JMπ
17 = A 1

ρ

∑
c

ϕJMπ
c gJπ

c (ρ), (2)

where A is the A-nucleon antisymmetrizor, ρ = (ρ,�ρ ) is the
relative coordinate between 16C and the neutron, and gJπ

c (ρ)
are the radial wave functions. The channel functions ϕJMπ

c are
given by

ϕJMπ
c = [[

φ
I1
16 ⊗ φn

]I ⊗ Y	(�ρ )
]JM

, (3)

where φ
I1
16 are shell-model wave functions of 16C (with an

oscillator parameter b, chosen here as b = 1.6 fm), φn is a
neutron spinor, and index c stands for c = (	, I1, I ). We adopt
the same conditions as in Ref. [13], where 16C is described by
all Slater determinants involving four protons in the p shell
and two neutrons in the sd shell. This leads to 990 Slater

determinants to describe the ground state and several excited
states (see Ref. [13] for details).

In the calculation of transfer cross sections, the relevant
quantities are the overlap integrals [24,25], defined as

IJπ
c (ρ) = 1

ρ

〈
ϕJMπ

c

∣∣�JMπ
17

〉
, (4)

which are defined for each channel c. This definition provides
the spectroscopic factor from

SJπ
c =

∫ [
IJπ
c (ρ)

]2
dρ. (5)

The relative functions gJπ
c (ρ) must be determined from

the Schrödinger equation associated with Hamiltonian (1). In
practice, we use the generator coordinate method (GCM; see
Refs. [15,26]), where gJπ

c (ρ) is expanded as

gJπ
c (ρ) =

∫
dR f Jπ

c (R) 
	(ρ, R). (6)

In this equation, R is the generator coordinate, and the pro-
jected Gaussian function 
	(ρ, R) is defined as


	(ρ, R) =
( μ

πb2

)3/4
exp

(
− μ

2b2
(ρ2 + R2)

)
i	

(
μρR

b2

)
,

(7)

μ being the reduced mass and i	(x) a spherical Hankel func-
tion. With expansion (6), the total wave function (2) can
be written as a superposition of projected Slater determi-
nants [26], well adapted to systematic numerical calculations.
In the GCM, the calculation of the radial functions gJπ

c (ρ)
is therefore replaced by the calculation of the generator
functions f Jπ

c (R).
The Gaussian asymptotic behavior (7) is corrected with the

microscopic R-matrix method [27] for scattering states as well
as for bound states. This issue is important for weakly bound
states, where the wave function presents a slow decrease at
large distances. The technique to derive the overlap integrals
in the RGM is explained, for example, in Refs. [20,28]. It is
based on the calculation of the overlap kernels between GCM
basis functions.

The asymptotic normalization coefficient (ANC) CJπ
c in

channel c is defined from the long-range limit of the overlap
integral as

IJπ
c (ρ) −→ CJπ

c W−ηc,	+1/2(2kcρ), (8)

where kc and ηc are the wave number and Sommerfeld param-
eter in channel c, and Wab(x) is the Whittaker function [29].
The ANC depends on the wave function at large distances,
whereas the spectroscopic factor probes the inner part of
the wave function. The two quantities are therefore com-
plementary. Notice that the asymptotic forms of the relative
wave functions gJπ

c (ρ) and of the overlap integrals IJπ
c (ρ) are

identical.

B. 16C + d and 17C + p scattering wave functions

In the entrance channel, the 16C + d scattering wave func-
tions are defined in the CDCC formalism, which simulates
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breakup effects of the deuteron by p + n pseudostates [21].
The three-body Hamiltonian is defined as

H = H0(r) + TR + VpC + VnC, (9)

where H0 is the p + n Hamiltonian, TR the 16C + d kinetic
energy, and VpC and VnC are optical potentials between the
nucleons and 16C. In Eq. (9), r is the p + n relative coordinate,
and R is associated with the 16C + d system.

In the CDCC method, p + n wave functions are obtained
from

H0φ
	m
k (r) = E 	

k φ	m
k (r), (10)

where k is the excitation level and 	 the angular momentum.
This equation provides one bound state (E0

1 < 0), associated
with the deuteron, and positive-energy states (E 	

k > 0), re-
ferred to as pseudostates, which represent approximations of
the continuum. The 16C + d wave functions are then defined
as

�JMπ
i = 1

R

∑
γ

uJπ
γ (R)

[
φ	

k (r) ⊗ YLi (�R)
]JM

, (11)

where Li is the relative orbital momentum between 16C and d ,
and where index γ stands for γ = (	, k, Li ). The summation
over the pseudostates (	, k) must be truncated at some 	max

and Emax values, which are chosen large enough so that the
expansion (11), and the associated cross sections converge.

The radial functions uJπ
γ (R) and the associated scattering

matrices at a center-of-mass (c.m.) energy E are obtained
from the standard coupled-channel system[

TL(R) + E 	
k − E

]
uJπ

γ (R) +
∑
γ ′

V Jπ
γ ,γ ′ (R)uJπ

γ ′ (R) = 0, (12)

with

TL(R) = − h̄2

2μ

(
d2

dR2
− L(L + 1)

R2

)
. (13)

The coupling potentials V Jπ
γ ,γ ′ (R) are obtained from matrix

elements of the optical potentials VpC + VnC [21]. Finally,
system (12) is solved with the R-matrix method [27,30] on
a Lagrange mesh [31] which provides the scattering matrices
and the radial wave functions for all Jπ values.

For the 17C + p exit channel, the scattering wave functions
are defined from an optical potential as

�JMπ
f = 1

R′ u
Jπ
f (R′)[[�17 ⊗ φp]I f ⊗ YL f (�R′ )]JM, (14)

where R′ is the 17C + p relative coordinate, and where L f and
I f are the angular momentum and the channel spin in the exit
channel. Function uJπ

f (R′) is obtained from the Schrödinger
equation

[TL f (R′) + Vopt (R
′) − E f ]uJπ

f (R′) = 0, (15)

which involves the optical potential Vopt (R′), associated with
17C + p (E f is the scattering energy in this channel).

C. Transfer scattering matrices

We follow the method of Ref. [20], and refer the reader to
this reference for detail. The (d, p) transfer scattering matrix

from an initial state i to a final state f is defined by

U Jπ
i, f = − i

h̄

〈
�Jπ

f

∣∣Vpn + 
V
∣∣�Jπ

i

〉
, (16)

where we use the post representation, and where 
V is the
remnant potential [17,18]. A difficulty associated with defini-
tion (16) is that the coordinates (R, r) in the entrance channel
are different from those in the exit channel (R′, r′). In practice,
r and r′ are expressed from R and R′ (see, for example,
Ref. [32] for details). Using definitions (11) and (14) of the
scattering wave functions, the transfer scattering matrix (16)
can be reformulated as

U Jπ
i, f = − i

h̄

∑
γ

∫
uJπ

γ (R)KJπ
γ (R, R′)uJπ

f (R′)RR′dR dR′.

(17)

For a given 17C state, the transfer kernel is given by

KJπ
γ (R, R′) = J

∑
c

〈[
φ	

k (r) ⊗ YLi (�R)
]J ∣∣Vpn

+ 
V |[Ic(r′) ⊗ YL f (�R′ )]J〉, (18)

where J is the Jacobian, and Ic(r′) are the overlap functions
defined in Eq. (4). In Eq. (17), the summation over index γ

arises from the CDCC expansion of the 16C + d scattering
wave functions. The use of a Lagrange mesh to define the ra-
dial functions uJπ

γ (R) makes the numerical calculations of the
double integrals (17) rather fast [32]. The R-matrix channel
radius is chosen large enough to guarantee the convergence.

III. THE 16C(d, p)17C TRANSFER REACTION

A. Overlap integrals of 17C

The conditions of the calculations are as in Ref. [13], where
a multichannel 16C + n RGM calculation is performed with
all (π p)4(ν sd )2 16C configurations (990 Slater determinants).
The spectra of 16C and 17C given in Ref. [13] agree reasonably
well with experiment. We use the Volkov V2 interaction,
complemented by a zero-range spin-orbit force. The Majorana
parameter is M = 0.668, and the spin-orbit amplitude is 31.3
MeV fm5. With these parameters, 3/2+, 1/2+, and 5/2+ states
are obtained below the 16C + n threshold, in agreement with
experiment. For the calculation of the overlap integrals and of
the spectroscopic factors, a slight readjustment of M is intro-
duced in order to reproduce exactly the experimental binding
energies (−0.734, −0.517, and −0.402 MeV, respectively).

Useful information on the structure of a nucleus is provided
by the rms radius, defined in a translation-invariant form as

〈r2〉 = 1

A

〈
�Jπ

17

∣∣ A∑
i=1

(ri − Rc.m.)
2
∣∣�Jπ

17

〉
, (19)

where Rc.m. is the center of mass of the system. The rms radius
of the 16C core is given by the shell-model value

√
〈r2〉 =√

73/32b = 2.42 fm with b = 1.6 fm (see Sec. II A).
In Fig. 1, we show the overlap integrals for the three bound

states, and we provide the corresponding spectroscopic factors
and ANC in Table I. Let us first discuss the 3/2+ ground
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(a)

(b)

(c)

FIG. 1. Overlap integrals of the 17C bound states with spin I1.
The solid and dashed lines correspond to the 16C(0+) + n and
16C(2+) + n configurations, respectively. The labels refer to the (I	)
values (see also Table I).

state shown in Fig. 1(a). This 17C state is essentially de-
scribed by a 16C(2+) + n configuration. The overlap integral
in the 16C(0+) + n channel is quite small. The main contri-
bution to the spectroscopic factor comes from the (I, 	) =
(3/2, 2) channel with S = 0.97. As mentioned in Ref. [19],
the 16C(d, p)17C cross section to the ground state is ex-
pected to be small, owing to the small spectroscopic factor in
this channel (S = 5.2 × 10−3). The ground-state radius is in
reasonable agreement with a recent experiment (2.68 ± 0.05
fm) [33], where interaction cross sections are analyzed in the
Glauber model.

In contrast, the 1/2+ first excited state has a domi-
nant 16C(0+) + n structure. The low binding energy (−0.517
MeV) and the angular momentum 	 = 0 suggest a halo struc-
ture, which is supported by the large ANC value and by the
large rms radius. The GCM radius corresponds to a 16C + n
distance of 6.10 fm (in comparison, this distance is 4.78 fm

TABLE I. Spectroscopic factors S, ANC (in fm−1/2) and rms
radii

√
〈r2〉 (in fm) of the 17C bound states (in the first column,

the energy is given in MeV). The column (I	) refers to the various
components in the 16C(2+) + n channel. The notation xy stands for
x × 10y.

I1 S(0+) C(0+) (I, 	) S(2+) C(2+)
√

〈r2〉
3/2+ 5.2−3 7.4−3 (3/2, 0) 0.370 1.596 2.61
(−0.734) – – (3/2, 2) 0.972 0.517 –

– – (5/2, 2) 0.156 −0.205 –

1/2+ 0.942 0.959 (3/2, 2) 0.021 −0.080 2.75
(−0.517) – – (5/2, 2) 1.1−3 −0.026 –

5/2+ 0.562 0.045 (3/2, 2) 0.423 0.290 2.60
(−0.402) – – (5/2, 0) 0.029 −0.380 –

– – (5/2, 2) 0.060 −0.106 –

for the ground state). The 16C(2+) + n channel plays a minor
role, essentially at short distances.

The 5/2+ second excited state is more complex, since
similar overlap integrals are obtained in the 16C(0+) + n and
16C(2+) + n channels. Notice that the calculation involves
many other 16C + n channels, which have an impact on the
17C wave functions (2). However, the corresponding spectro-
scopic factors are small, and therefore are not shown here.

B. 16C + d elastic-scattering cross sections

The calculation of the 16C + d scattering wave functions
is the first step for the transfer cross sections. The elastic
cross section also provides an excellent test of the model.
For 16C + d , elastic cross sections were measured at Elab =
24 MeV/nucleon (Ec.m. = 42.67 MeV) in Ref. [34], which
is slightly higher than the energy of the 16C(d, p)17C exper-
iment (Ref. [19], Ec.m. = 30.58 MeV). However, this energy
difference is not expected to modify the conclusions on the
reliability of the model.

The calculation is performed within the CDCC framework,
with the Minnesota potential [35] for the p + n interaction.
We use a Laguerre basis to describe the deuteron ground
state, as well as the p + n pseudostates (see Ref. [36] for
detail). Pseudostates up to Emax = 20 MeV and 	max = 4 are
included. The 16C + d scattering matrices are computed with
the R-matrix formalism [27,31]. Several tests of the numerical
conditions (Emax, 	max, R-matrix radius, 16C + d basis, etc.)
have been performed to check the stability of the cross sec-
tion. As 16C + nucleon optical potentials, we use the global
parametrizations of Ref. [37] and of Ref. [38], referred to as
KD and CH, respectively.

The 16C + d elastic cross section at Ec.m. = 42.67 MeV
is presented in Fig. 2, with the experimental data of Jiang
et al. [34]. We show the full CDCC cross sections, as well
as the single-channel approximation, where breakup effects
of the deuteron are neglected. The minimum near θ = 20◦ is
well reproduced, and the theoretical cross section is weakly
dependent on the 16C + nucleon optical potential. The present
calculation is consistent with results of Ref. [39], where a
five-body 16C + d CDCC calculation was performed. It was
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FIG. 2. Elastic 16C + d cross section (divided by the Rutherford
cross section) with the CDCC wave functions (solid lines) and with
the single-channel approximation (dashed lines). The black and red
lines correspond to the KD and CH 16C +nucleon optical potentials,
respectively. Experimental data are taken from Ref. [34].

shown in that reference that breakup effects tend to reduce the
cross section for θ � 30◦. This leads to an underestimation
of the cross section, although the shape is consistent with
experiment. The availability of experimental data at other
energies would be helpful to clarify the role of breakup effects
in 16C + d elastic scattering.

C. 16C(d, p)17C and 17C(p, d )16C transfer cross sections

Figure 3 presents the 16C(d, p)17C cross section to the
1/2+ and 5/2+ states, compared to experiment [19]. In
Ref. [19], the authors compute the cross sections with the
adiabatic distorted wave approximation, which involves some
parameters. In contrast, the present calculations do not contain
any adjustable parameters since the initial state is deter-
mined from the 16C +nucleon potentials, and the 17C final
states by the RGM overlap integrals. The spectroscopic fac-
tor is not a parameter, but an output of the microscopic
model. For both states, the cross sections are weakly depen-
dent on the 16C+nucleon optical potential, and the CDCC
model is in nice agreement with experiment [19], although
the 16C(d, p)17C(1/2+) cross section near the minimum at
θ ≈ 20◦ is overestimated. The single-channel approximation
is obviously less good than the full CDCC approach. The
quality of the theoretical cross sections, particularly at small
angles, supports the spectroscopic factors presented in Table I.

The contribution of the 3/2+ ground state, shown in Fig. 4,
deserves a special attention. Since this state has a dominant
16C(2+) + n structure, a standard DWBA approach, using a
16C + n potential of 17C, cannot be used. The spectroscopic
factor aims at correcting the normalization of a potential-
model wave function. However, if the spectroscopic factor is
very small (S = 5.2 × 10−3 in the present case), the shape
of the approximated wave function is questionable. Con-
sequently, a microscopic (multichannel) approach is very
appropriate for the 17C ground state. The cross section is
expected to be small (see Fig. 4) and could not be separated
in the experiment of Ref. [19]. Figure 4 suggests that the
cross section around θ = 0 is of the order of 0.1 mb, to
be compared with 10–20 mb for the excited states. Even if

(a)

(b)

FIG. 3. 16C(d, p)17C cross sections to the 1/2+ (a) and 5/2+

(b) states. The solid and dashed lines correspond to the full CDCC
calculation and to the no-breakup approximation, respectively. Re-
sults with the KD and CH 16C +nucleon optical potentials are shown
in black and red, respectively. The experimental data are taken from
Ref. [19] and transformed from the laboratory frame to the c.m.
frame.

the 3/2+ state contributes very little to the total cross section,
a specific measurement would be helpful to assess the validity
of the overlap integral provided by the RGM.

Figure 4 also contains the total cross section, where
the contributions of the ground and excited 17C states are
summed. As mentioned above, the full CDCC calculation
agrees reasonably well with experiment, whereas the single-
channel approximation underestimates the data for θ � 10◦.

FIG. 4. Ground-state (×20) and total 16C(d, p)17C cross sec-
tions with the KD potential (the CH results are very similar). See
caption of Fig. 3.
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FIG. 5. 17C(p, d )16C cross sections to the 0+ and 2+ states of 16C
at Ec.m. = 29.1 MeV (see text). The black and red lines correspond
to the KD and CH 16C +nucleon optical potentials.

As the 16C(d, p)17C cross section to the ground state
is small and difficult to measure, we consider the reverse
17C(p, d )16C reaction. The corresponding cross sections are
obtained as explained in Sec. II C. In practice, we com-
pute the 16C(2+)(d, p) 17C cross section, and use the detailed
balance theorem to deduce the 17C(p, d ) 16C(2+) values.
The 17C + p relative energy is therefore slightly shifted by
the Q value (Ec.m. = 29.1 MeV). The cross sections to the
0+ and 2+ states are shown in Fig. 5. The calculation of
the 16C(2+)(d, p) 17C cross section is similar to the pre-
vious 16C(0+)(d, p) 17C calculation, but is sensitive to the
16C(2+) + n overlap integral of 17C. The nucleon+ 16C op-
tical potentials are unchanged.

The 2+ contribution is of the order of 10 mb at small
angles, similar to the values found for 16C(d, p)17C. As ex-
pected, the 0+ contribution is small, lower than 0.1 mb.

However, such a measurement would be a stringent test of
the RGM, as it would probe a small component of the 17C
wave function, more sensitive to coupling effects. As for the
16C(d, p)17C cross sections, the sensitivity to the optical po-
tential is low.

IV. CONCLUSION

We have analyzed recent data on the 16C(d, p)17C reac-
tion [19] by using microscopic 17C wave functions. In the
microscopic RGM formalism, the wave functions are fully an-
tisymmetric. The 16C + n cluster structure includes many 16C
states, which provides a realistic description of the low-lying
states. The long-range behavior is treated by the R-matrix
methods, for bound states as well as for scattering states.
The 16C + d wave functions are obtained within the CDCC
approach, which includes deuteron breakup effects. We have
shown that these effects are not negligible in the transfer cross
sections.

The transfer cross sections are in fair agreement with
experiment, without any adjustable parameter. We have con-
firmed that the 16C(d, p)17C(gs) cross section is small, owing
to the dominant 16C(2+) + n structure of the 17C ground state.
We have determined the reverse 17C(p, d )16C cross section,
and shown that 16C would be essentially populated in the 2+
first excited state. A measurement of the cross sections, and in
particular of the branching ratio, should provide a strong test
of the RGM wave function.
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