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Background: The nuclear energy-density functional (EDF) approach is widely employed to describe nuclear-
matter equations of state (EoS) and the properties of finite nuclei. Recent advancements in neutron-star (NS)
observations have imposed constraints on the nuclear EoS. The Korea-IBS-Daegu-SKKU (KIDS) functional has
been then developed to satisfy the NS observations and applied to homogeneous nuclear matter and spherical
nuclei.
Purpose: We examine the performance of the KIDS functional in this study by calculating the masses and charge
radii of even-even nuclei towards the drip lines.
Method: The Kohn-Sham-Bogoliubov equation is solved by taking into account the axial deformation.
Results: The root-mean-square deviations of the binding energy and the charge radius for the KIDS models
are 4.5–5.1 MeV and 0.03–0.04 fm, which are comparable to those for existing EDFs. The emergence and
development of nuclear deformation in open-shell nuclei are well described. The location of the neutron drip
line is according to the nuclear-matter parameter characterizing the low-mass NS.
Conclusions: The NS-observation-inspired EDF offers a reasonable reproduction of the structures of finite
nuclei. A future global optimization that incorporates more nuclear data will enhance the accuracy and predictive
power of neutron-rich nuclei.
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I. INTRODUCTION

A microscopic construction of the nuclear equation of state
(EoS) and its determination from nuclear experiments have
been an interdisciplinary issue between nuclear physics and
astrophysics [1–3]. Thanks to advances in astronomical ob-
servations, data on the properties of neutron stars (NS) have
become more abundant, diverse, and precise [4–10]. There
have been attempts to directly determine the EoS from ob-
servations using machine learning [11–14]. The bridging of
recent data and nuclear structure properties is a new challenge
in nuclear physics [15]. A desired model, which can describe
both infinite nuclear matter and finite nuclei, must be able not
only to reproduce the existing data accurately but also to be
systematic at improving its predictive power and flexible to
the addition of residual forces.

The self-consistent mean-field model rooted in nuclear
density-functional theory is a promising framework as such
a desired model [16]. A global calculation across the chart of
nuclides has been carried out employing the existing energy-
density functionals (EDFs) [17–20], and the optimization of
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a nuclear EDF has been performed [21–23]. Furthermore, the
beyond-mean-field correlations have been considered [24,25].

As an intermediate step to bridge the low-energy nu-
clear structures and the astrophysical observations, the KIDS
(Korea-IBS-Daegu-SKKU) density functional was applied to
constrain the EoS by using state-of-the-art data on x-ray
sources, low-mass x-ray binaries, and gravitational waves
[26–28]. The symmetry energy thus determined is consistent
with the results in the literature, and the ranges of the un-
certainty could be reduced non-negligibly. In a subsequent
work, an effect of the symmetry energy has been explored in
finite nuclei by considering the Nd isotopes in the neutron-rich
region [29]. We employed four models: KIDS-A, B, C, and
D, each characterized by distinct levels of symmetry energy
stiffness. The models agree well with the data on binding
energy, charge radius, and quadrupole deformation. On the
other hand, predictions in the neutron-rich regions such as
the neutron skin thickness and the neutron drip line show
a strong dependence on the symmetry energy. For a better
understanding of the behavior of the model and the effect of
the symmetry energy, extension of the analysis to the whole
nuclear landscape is in due order.

In the present work, we investigate the properties of even-
even nuclei for the atomic number Z from 8 to 110, and for the
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TABLE I. Parameters of the nuclear matter EoS including the
compression modulus K0, and the symmetry energy parameters J , L,
and Kτ are given in units of MeV.

K0 J L Kτ

KIDS-A 230 33 66 −420
KIDS-B 240 32 58 −420
KIDS-C 250 31 58 −360
KIDS-D 260 30 47 −360
SLy4 229.9 32.0 45.9 −322.8

neutron number N from the proton drip line to N = 3Z . Major
concerns are 1) how well the KIDS model thus constructed by
using the NS data works across the entire range of the nuclear
chart, and 2) to explore the dependence on the symmetry
energy and the ranges of its uncertainty of the KIDS model
constrained by the modern NS data. We analyze the results for
the binding energy, charge radius, quadrupole deformation,
and neutron drip line. The mean accuracy of the model is
similar to that of existing Skyrme models, but it is obviously
inferior to the globally fitted mass models. The result opens
a challenge to the KIDS density functional whether it can
achieve an accuracy comparable to the globally fitted mass
models.

The paper is organized in the following order. In Sec. II,
we briefly introduce the models. Some details about the nu-
merical calculations are also summarized. In Sec. III, we
present the results and discuss them. We summarize the work
in Sec. IV.

II. MODEL

In this work, we use four KIDS functionals, KIDS-A,
KIDS-B, KIDS-C, and KIDS-D. There are nine parameters
in the functional. In the first step, we start with the interaction
energy density in the nuclear matter:

Emat (ρ0, δ) =
2∑

i=0

αiρ
2+i/3
0 + δ2

3∑
i=0

βiρ
2+i/3
0

=
2∑

i=0

αiρ
2+i/3
0 + ρ2

1

3∑
i=0

βiρ
i/3
0 , (1)

where ρ0 is the nucleon isoscalar density, ρn + ρp, and δ is
the neutron-proton asymmetry, (ρn − ρp)/ρ0 = ρ1/ρ0. There
are seven parameters: three αi’s are determined to produce the
basic properties of the symmetric matter such as the satura-
tion density ρc = 0.16 fm−3, the binding energy per nucleon
16 MeV, and the incompressibility in the range 230–260 MeV.
Four βi’s that are responsible for the EoS of asymmetric
matter are determined to produce the radius of 1.4M� neu-
tron stars in the range 11.8–12.5 km within the empirical
ranges of the symmetry energy parameters J = 30–34 MeV,
L = 40–70 MeV, and Kτ = −480–−360 MeV. Table I sum-
marizes the EoS parameters that are consistent with the
assumed constraints for the nuclear matter. The values of the
SLy4 functional [30] are included as a reference. Ranges of
K0, J , and L are wide enough to account for the effect of

uncertainties from nuclear matter to the nuclear properties
across the nuclear chart. The momentum-dependent and the
spin-orbit functionals are given by

Emom =
∑
t=0,1

Cτ
t ρtτt + C�ρ

t ρt�ρt + CJ
t J2

t , (2)

Eso =
∑
t=0,1

C∇J
t ρt∇ · Jt , (3)

where Jt and Jt are the spin-current and spin-orbit densities,
and t = 0 and 1 correspond to the isoscalar and isovec-
tor terms. The coupling constants are determined from the
relation with the momentum-dependent and spin-orbit interac-
tions of the Skyrme-type force. We have one parameter for the
momentum-dependent term (k parameter that determines both
t1 and t2 [31]), and one parameter for the spin-orbit term (W0).
These two are fitted to six nuclear data (the energy per particle
and the charge radius of 40Ca, 48Ca, and 208Pb). Two more
parameters are added in the pairing functional for neutrons
and protons:

Epair =
∑

q=n,p

t ′(q)
0

4

(
1 − 1

2

ρ0

ρc

)
|ρ̃ (q)|2, (4)

where ρ̃ (q) is the neutron or proton pair density. The pairing
parameters are adjusted to the three-point formula for the odd-
even staggering centered at 156Dy.

The total number of parameters in each model is 11, and
their numerical values can be found in Ref. [29]. Then, the
total energy functional is given as

E = T + Emat + Emom + Eso + ECoul + Epair, (5)

where

T = h̄2

2m
τ0 (6)

is the kinetic term, where τ0 is the isoscalar kinetic density and
h̄2/2m = 20.7525 MeV fm2. We include the one-body center-
of-mass correction with m → mA/(A − 1). The Coulomb
energy functional ECoul consists of the direct term and ex-
change term, and the Slater approximation is applied to the
exchange term [32].

The KIDS models are implemented in the HFBTHO code
[32] to solve the Kohn-Sham-Bogoliubov equation taking
the axial deformation into account. The calculations are per-
formed in the Nmax = 20 full spherical oscillator shells. To
find the global-minimum solution, we start calculations from
the initial configurations with the mass quadrupole defor-
mation β2 = 0 and ±0.3. The quasiparticle (qp) states are
truncated according to the equivalent single-particle energy
cutoff at 60 MeV.

The KIDS functionals have been applied to the quasielas-
tic scattering of an electron and a neutrino off a nucleus
[33–35]. It is shown that the cross section is sensitive to
and depends critically on the in-medium effective mass of
the nucleon. The result demonstrates that the lepton-nucleus
reactions can provide a unique channel to probe the nuclear
dynamics and nuclear matter properties. The model gives the
neutron skin thickness of 48Ca and 208Pb consistent with the
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FIG. 1. Binding energy residuals between the KIDS results and experiment for 632, 630, 628, and 623 even-even nuclei for the KIDS-A,
KIDS-B, KIDS-C, and KIDS-D models, respectively. The residuals are calculated only for the bound nuclei in each model among the available
experimental data. Black lines denote the results for O, Ca, Ni, Sn, and Pb isotopes, respectively.

measurement from the dipole polarizability and interaction
cross section [36].

III. RESULTS AND DISCUSSION

A. Binding energy

Figure 1 shows the calculated binding energies subtracted
by the experimental data [37]. Here, the binding energy in
Fig. 1 is given by

BE(N, Z ) = NMn + ZMp − M(N, Z ), (7)

where Mn and Mp are neutron and proton masses, and
M(N, Z ) is the nuclear mass. The models KIDS-A–D show
very similar patterns. Black lines denote the isotopic chains of
O, Ca, Ni, Sn, and Pb. Since the models are fitted to the bind-
ing energy of 40Ca, 48Ca, and 208Pb, two downward spikes in
the line of Ca and N = 126 in the line of Pb are very close to
zero. It is notable that decreasing and increasing behaviors are
mixed in an isotopic chain for N � 30, but for N � 30 each
line shows a simply increasing behavior. In the light N = Z
nuclei between Ne and Ar, the calculation underestimates the
binding energy, which results in the cusp. In heavier nuclei
with N > 30, the cusp appears at the magic numbers. Slopes
of the isotopic lines for a given nuclide look similar among

the models KIDS-A–D. In Ref. [29], we investigated the ori-
gin of the increasing behavior of the residual as the neutron
number increases in the isotopic chain of Nd. We found that
by controlling the slope parameter L of the symmetry energy,
it is possible to make the line of the Nd isotopes either flat or
stiff. We thus expect that we can construct a mass model based
on a KIDS-EDF with appropriate parameters.

We estimate the accuracy of the model in two ways. One is
to evaluate the standard root-mean-square deviation (RMSD)
defined by

RMSD(O) =
√

〈(Oth − Oexp)2〉, (8)

where O denotes an observable. Another measure is a
difference between theory and experiment relative to the ex-
perimental data defined by

R(O) = 100 × Oth − Oexp

Oexp
. (9)

Table II summarizes the RMSD and R values of the KIDS
model. The number of data included in the evaluation is 632,
630, 628, and 623 for the KIDS-A, KIDS-B, KIDS-C, and
KIDS-D models, respectively. The number of data differs
because the number of the bound-state solution is different
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TABLE II. RMSD and R value of the KIDS models. RMSD(E )
and RMSD(Rc) are in units of MeV and fm, respectively, and 〈R(E )〉
and 〈R(Rc )〉 are dimensionless.

Model KIDS-A KIDS-B KIDS-C KIDS-D

RMSD(E ) 4.50 4.86 4.70 5.08
〈R(E )〉 0.016 −0.068 −0.124 −0.208
RMSD(Rc) 0.0323 0.0356 0.0345 0.0384
〈R(Rc )〉 −0.230 −0.414 −0.454 −0.599

depending on the model in the region close to the proton drip
line. RMSD(E ) values of the KIDS models are in the range
4.5–5.1 MeV. The accuracy is similar to that of the SLy4
model (4.8 MeV) [21], but larger than the DRHBc calculation
with the PC-PK1 model (2.744 MeV) [38], and globally fitted
mass models, e.g., 1.45 MeV of UNEDF0 [21]. We evaluate
the average of R values over the results. Mean values of
R(E ) in Table II indicate that the calculated binding energy
deviates from the experimental data by 0.016%, −0.068%,
−0.124%, and −0.208% on the average for the KIDS-A,
KIDS-B, KIDS-C, and KIDS-D models, respectively. See the
Supplemental Material, Ref. [39], for the numerical data.

B. Charge radius

Figure 2 shows the difference of charge radii rth
ch − rexp

ch .
The charge radius is evaluated as

rch =
√

r2
p + 0.64 fm2, (10)

where r2
p is the expectation value on the Hartree-Fock-

Bogoliubov vacuum of a point proton radius, and the
contribution from the finite proton size is included [32].
Table II summarizes the RMSD and R values for the charge
radius. The number of data included in the evaluation is 344,
344, 343, and 343 for the KIDS-A, KIDS-B, KIDS-C, and
KIDS-D models, respectively. The number of data depends on
the model for the same reason as explained in the discussion
of the binding energy. The experimental data are given in
Refs. [40,41]. The deviation 0.032–0.038 fm is comparable
to 0.032 fm obtained with the calculations with SLy4 [24] and
PC-PK1 [38].

We find notable deviations in several regions. Except for
light N ≈ Z nuclei, one sees an appreciable discrepancy in
the Z ≈ 40, 84, and 96 isotopes. The charge radius of the
Sr, Zr, and Mo isotopes around N = 60 is calculated to be
smaller than the measured one. This is because the calcula-
tions produce a spherical or weakly deformed configuration
for the ground state, while a largely deformed configuration is
suggested experimentally [42,43].

The calculated charge radius of the Po isotopes with
N = 108 and 110 is also smaller than the measured value. The
calculation produces a tiny oblate deformation with |β2| < 0.1
whereas the SLy4 model predicts the oblate deformation with
|β2| ≈ 0.2 [17].

On the other hand, the calculated charge radius of the Cm
isotopes with N = 146–152 is larger than the measured one.
The deviation is similar to the calculation with the DRHBc
calculation with the PC-PK1 model [38].

FIG. 2. Calculated charge radius difference from the experimental value for 344, 344, 343, and 343 even-even nuclei for the KIDS-A,
KIDS-B, KIDS-C, and KIDS-D models, respectively.
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FIG. 3. Calculated quadrupole deformation β2,p for bound nuclei obtained by employing the KIDS-A–D models.

C. Deformation

Stepping away from the magic numbers, the deformation
appears and then develops by increasing the neutron or pro-
ton number. Existing EDF calculations have described well
the evolution of deformation [17,38,44]. The present KIDS
functionals, where deformed nuclei are not included in deter-
mining the coupling constants, also describe the onset and the
development of deformation including the sign of quadrupole
deformation, as shown in Fig. 3. The deformation parameter
here is defined as

β2,p =
√

π

5

Q2,p

r2
p

, (11)

where Q2,p is the quadrupole moment of protons. A gradual
change of deformation is produced not only in the Nd iso-
topes, which we have already discussed in our previous study
[29], but in other lanthanides.

The disappearance of the magic numbers and the ap-
pearance of new magic numbers in exotic nuclei have been
discussed both experimentally and theoretically [45]. The
KIDS models give a spherical configuration for the neutron-
rich nuclei with N = 20 as other EDF models do [17,38,44] in
contrast to the measurements. For N = 28, the KIDS models
describe well the evolution of shape from the oblate to prolate
deformations toward a neutron drip line as in Refs. [46,47].
In a neutron-deficient side, an oblate configuration appears at
N = 28, and the KIDS-A and B models produce the oblate
deformation in 56Ni.

A possible deformation of the Sn isotopes in the very
neutron-rich region around N = 100 is predicted by some cal-
culations [17,38,44]. However, the present calculation using

the KIDS models predicts the spherical shape for all the Sn
isotopes.

KIDS-A–D models predict the breaking of the N = 50 and
82 spherical magic numbers near the drip line. The breaking
of the magic numbers is also seen in DRHBc calculation with
the PC-PK1 model [38], while the SLy4 gives the spherical
configuration there [17]. An oblate configuration appears in
the ground state at N ≈ 50, and a prolate configuration shows
up at N ≈ 82. The magnitude of deformation is the largest,
and the deformed region is wide in the KIDS-A model. As
an example, we show the potential energy surface (PES) of a
doubly magic nucleus 78Ni in Fig. 4. The ground state is soft
against the quadrupole deformation with the KIDS models
compared with the SLy4 functional. The KIDS-A model gives
the softest PES.

D. Drip line

According to Fig. 3, the rare-earth nuclei with 60 � Z�70
and 90 � N � 108 are prolately deformed. Thus, the structure
change is gradual, and one can expect to see a global isospin
dependence. Then, we show in Fig. 5 two-neutron separation
energies S2n. The KIDS models overestimate the experimental
values of S2n and show a smooth decrease as the neutron
number increases. Note that the drip line has been confirmed
up to the Ne isotopes [50]. The present KIDS models overes-
timate the position of the drip line even in the light region.
Therefore, the neutron drip line of the rare-earth isotopes
predicted by the KIDS models would be located on a more
neutron-rich side than where in nature. In our previous analy-
sis of the Nd isotopes, we found that the isotopic dependence
of S2n is grouped into two: Group 1 and Group 2 [29]; the
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FIG. 4. Calculated PES of 78Ni using the KIDS-A–D models.
The result obtained by using the SLy4 functional is included.

KIDS-A–D models belong to Group 2. For Z ≈ 70 isotopes,
they show a similar isotopic dependence among Group 2.
When decreasing the proton number, one can see that KIDS-C
and D give a lower S2n value than KIDS-A and B do in
neutron-rich nuclei.

Figure 6 depicts the predictions for the neutron and proton
drip lines. The drip line is determined by looking at the sign
change in the chemical potential. In spite of the uncertainty of
the symmetry energy, proton drip lines are similarly predicted
by the models. When the drip positions differ between the
models, the neutron numbers differ only by two at most.
Therefore, models practically predict identical results for the
proton drip line. The reason for the proton drip being in-
sensitive to the symmetry energy is analyzed well with the

FIG. 5. Two-neutron separation energy S2n of the rare earth iso-
topes with Z = 60–70. The experimental data for JYFLTRAP and
CARIBU are obtained from Refs. [48,49], respectively.

FIG. 6. Neutron and proton drip lines predicted by the KIDS
models. Filled circles indicate the E/A value taken from AME2020
[37].

semiempirical mass formula in Ref. [51]. The KIDS models
also agree well with the experimental data.

The drip line is located in a more neutron-rich region with
the order KIDS-A � KIDS-B > KIDS-C � KIDS-D. The
order is the same as the magnitude of the parameter, which
has been proposed for characterizing the structure of low-mass
neutron stars: ητ = (−Kτ L5)1/6 [52]. The ητ value is 89.8,
80.7, 78.6, and 66.0 MeV for the KIDS-A, B, C, and D,
respectively.

Looking into more details, one can see some features spe-
cific to each model. As a general trend, the difference in the
position of the neutron drip line between models becomes
large with the increase of the proton number. However, in
a certain interval, the difference in the neutron between the
models becomes four or less. Those small uncertainty regions
are located at Z = (8, 10, 12, 14), (22, 24), (44, 46, 48), and
(68, 70, 72, 74), corresponding to N ≈ 28, 64, 126, and 184.
Small uncertainty regions are also obtained in the other EDFs.
In Ref. [53], very small uncertainty happens at N = 126 and
184, and the reason is attributed to the spherical shell closure
at these magic numbers. We obtain similar small uncertainties
around N = 28 and 64, as well as N = 126 and 184.

IV. SUMMARY

The KIDS-A–D functionals were constructed based on the
NS observations. It is noted that both nuclear matter properties
and nuclear data are used in the decision of the model parame-
ters, and the number of nuclear data used is much smaller than
in the conventional models. The motivation for this different
fitting scheme is to obtain a framework accurate and applica-
ble to both infinite nuclear matter and finite nuclei. We have
employed these functionals augmented by the mixed-type
pairing-density functional to describe the properties of even-
even nuclei across the nuclear chart. We have analyzed the
results for the total binding energy, charge radius, quadrupole
deformation, and the neutron drip line. The root-mean-square
deviation for about 600 nuclei from the AME2020 data is
as large as ≈5 MeV, which is compatible with widely used
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nuclear EDFs but is larger than recently developed mass mod-
els. We have obtained a similar accuracy for the charge radii to
the existing functionals. The appearance and development of
nuclear deformation in open-shell nuclei are well described in
spite of no deformed nuclei being considered in the construc-
tion of the KIDS functional. We have found that the location
of the neutron drip line is according to the nuclear-matter
parameter, ητ = (−Kτ L5)1/6, characterizing the low-mass NS.
The similarity of RMSD values to the widely used models
indicates that a unified description of nuclear matter and finite
nuclei is accessible in the KIDS framework. The results open

a challenge to the KIDS functional whether it can achieve
an accuracy comparable to the existing globally fitted EDF
models.
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