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Global trends of the electric dipole polarizability from shell-model calculations
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Shell-model calculations of the electric dipole (E£1) polarizability have been performed for the ground state
of selected p- and sd-shell nuclei, substantially advancing previous knowledge. Our results are slightly larger
compared with the somewhat more scattered photoabsorption cross-section data, albeit agreeing with ab initio
calculations at shell closures and presenting a smooth trend that follows the leptodermous approximation
provided by the finite-range droplet model (FRDM). The total E1 strengths also show an increasing trend
proportional to the mass number which follows from the classical oscillator strength (TRK) sum rule for the
E'1 operator. The enhancement of the energy-weighted sum over E1 excitations with respect to the TRK sum

rule arises from the use of experimental single-particle energies and the residual particle-hole interaction.

DOI: 10.1103/PhysRevC.108.044309

I. MOTIVATION

The ability for a nucleus to be polarized is driven by the
dynamics of the isovector giant dipole resonance (GDR) [1],
which can be characterized macroscopically as the collective
motion of interpenetrating proton and neutron fluids out of
phase [2—4], and microscopically, through the shell-model
(SM) interpretation of a system of independent nucleons plus
configuration mixing or the superposition of one particle
one hole (1p-1h) excitations [5-8]. This collective motion
can be related to the nuclear symmetry energy a,, (A)(po, —
0,)?/p,—as defined in the Bethe-Weizsicker semi-empirical
mass formula [9,10]—acting as a restoring force [11], where
a,,,(A) is the symmetry energy coefficient, A the atomic mass
number, A =N + Z, and p,, p,, and p, the neutron, proton,
and total fluid densities, respectively.

Within the hydrodynamic model, the dipole polarizability

a,, is directly proportional to A3/3 and inversely proportional
toa, (A)[2,12],

sym
R*A

:-:-//Zdv— (1
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where E is the magnitude of an electric field along the pos-
itive z axis, P the dipole moment with density ep'z?, p’ =
eEp,/[8a,, (A)], and R the radius of a nucleus with a well-
defined surface, R = 1.2A4!/3 fm.

Complementary, using nondegenerate perturbation theory,
a,, is defined in terms of the energy-shift of the nuclear
levels arising from the quadratic Stark effect [13], i.e
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AE = —%aE 2 and can be determined for ground states with
an arbitrary initial angular momentum J; using the inverse
energy-weighted sum rule [14],

28 Z|<z'||E1 | n)? 9hc
BTN+ E,—E 813"

where 2J; 4+ 1 is the normalization constant arising from the
Wigner-Eckart theorem [15,16], and the sum extends over
all |n) intermediate states connecting the initial ground state
|i) with electric dipole or E1 transitions. The o_, value is
the (—2) moment of the total photoabsorption cross section,
(E,), defined as [17,18],

Emlx
o, = / MdEV , 3)
0

EV

which is generally integrated between particle threshold and
the available upper limit for monochromatic photons, EJ*** ~
20-50 MeV [19]. An upper limit of EJ** ~ 50 MeV approx-
imates the o, asymptotic value for light and medium-mass
nuclei [20]. Magnetic polarizability contributions [21] are not
considered here but may be relevant for °Li and "Li [22].

The bulk of knowledge on how atomic nuclei polarize
arises from photoabsorption cross-section data [19,23,24],
where most of the absorption (and emission) of photons is
provided by the GDR [25]. Data predominantly involve pho-
toneutron cross sections—although photoproton contributions
are dominant for some light and N = Z self-conjugate nuclei
[26]—and mainly concern the ground states of nuclei. To a
much lesser extend, «,, has been determined from several
experiments using radioactive ion beams [27], inelastic proton
scattering [28—32] and virtual photons [33].

Other phenomena that can contribute to o, values are
the pygmy dipole resonance (PDR) [52-56]—an out-of-phase
oscillation of the valence nucleons against the core—and
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FIG. 1. Experimental and calculated o_, (left) and « (right) values for the ground states of selected p- and sd-shell nuclei. Data points
(square and diamonds) arise from available photoabsorption cross sections [19,22,34,35,35-47]. The theoretical results are taken from Ref. [48]
(coupled-cluster with NNLOy,) and Refs. [49,50] (NCSM). The WBP and FSU SM calculations (circles) are from the current work. For
comparison, the hydrodynamic-model prediction for x = 1 in Eq. (4) is shown by dotted lines together with the leptodermous trend [Eq. (6)]
given by the FRDM symmetry energy coefficients, S, = 30.8 MeV, S;/S, = 1.62 (solid lines) [51].

low-energy nuclear resonances arising from cluster forma-
tion [57-59]. The PDR has been identified in light nuclei
with neutron excesses [41,52,53,56,60,61]—being 3¢ where
the “pygmy resonance” was originally termed [56]—but has
never been observed along the N = Z line of stability. Esti-
mates suggest a contribution of about 5%-10% to o , values,
similar to those found in stable neutron-rich nuclei [54].
A larger contribution is expected as N increases and ap-
proaches the neutron drip line [62]. An additional contribution
could potentially arise from the low-energy enhancement
(LEE) of the photon-strength function [63-70], although
43-458¢ are the lightest nuclei where it has been identified
[63,64].

Photoneutron cross-section data for A Z 50 nuclei—where
neutron emission is generally the predominant decay mode—
show a smooth trend of o, values in the left panel of
Fig. 1 (dotted line), following the empirical power-law for-
mula [71,72],

o_,(A) = 2.38kA% ub/MeV, 4)

where « accounts for deviations from the actual GDR effects
to that predicted by the hydrodynamic model [2,12]. Here, all
quoted o_, and « values are related to Eq. (4). Deviations from
the smooth trend (x = 1) arise for loosely bound light nuclei
(k > 1) [71] and semimagic nuclei (¢ < 1) [68-70], where
the extra stability of shell closures may hinder polarization.
In this work, we investigate «,, for ground states of nuclei
within the p and sd shells by performing novel 17w SM
calculations—following Eq. (2)—with the p — sd Hamilto-
nian of Warburton and Brown (WBP) and the Florida State
University (FSU) Hamiltonians. We further explore deviations
from the smooth trend (¢ = 1) predicted by the hydrodynamic
model in Eq. (4), and compare our results with available pho-
toabsorption cross-section data [73,74], sums of E 1 strengths

and the classical oscillator strength sum rule for the E'l
operator.

II. SHELL-MODEL CALCULATIONS

Shell-model calculations of the E'1 polarizability are de-
manding since they normally involve hundreds of E'1 matrix
elements and high-performance computing. Priorly, SM cal-
culations of x values for ground states have been carried
out—following Egs. (2) and (4)—in *'°Be [49] and '*C [50]
using the no-core shell-model (NCSM) with the CD-Bonn
2N and chiral effective-field theory (xEFT) 2N + 3N forces
[77-82], Npax = 4 basis sizes for natural and Ny, = 5 for
unnatural parity states. These ab initio calculations included
E'1 matrix elements from all the transitions connecting about
301~ states up to 30 MeV in °Be and '>C, and E1 contri-
butions from about 100 intermediate 1/2%, 3/2%, and 5/2%
states in °Be. For the ground states of °Be and '*C, values of
k(g.s.) = 3.4(8) and k(g.s.) = 1.6(2) were predicted, respec-
tively, in agreement with photoabsorption cross-section data
[12,34,40]. Additional NCSM calculations of «,, values have
been performed in 34, 3He, and “He by Stetcu and collab-
orators using directly the Schrodinger equation and x EFT
interactions [83].

In the present work, 17w SM calculations of the ground-
state E 1 polarizability have been carried out using the OXBASH
code [84] with the Warburton and Brown (WBP) [85] and
Florida State University (FSU) [86—-88] Hamiltonians within
the spsd pf model space. For nuclei near '°Q, the FSU
Hamiltonian [86-88] is the same as the WBP Hamiltonian
from Ref. [85]. The single-hole energies are fixed to the exper-
imental separation energies between the '°Q ground state and
states in °Q; —22.11 and —15.54 MeV for Op; > and Ops.a,
respectively. The single-particle states are determined by the
separation energies between states in !0 and the '°Q ground
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TABLE I. Experimental and calculated o_, (columns 3 and 4) and « (columns 7 and 8) values of ground states in selected p- and sd-shell
nuclei. Experimental data arise from available photoabsorption cross sections. Previous calculations (column 9) are listed for comparison.
All quoted o_, and « values presented in this work are related to Eq. (4). Shell model calculations below 7O are from the WBP interaction,
whereas for A > 17 we quote the values from the FSU interaction. Slightly smaller values are determined with the WBP interaction in the

middle and end of the sd shell.

SM

o o NS BELY
Nucleus JT ub/MeV ub/MeV MeV e* fm? KR «SM feprevious
°Li 11+ 272(14) [22,35-37] 336 34.0 1.7 5.8(6) 7.1
Li 3/27 353(26) [22,38,39] 374 47.0 1.9 5.8(9) 6.1
9Be 3/2- 370(55) [34] 542 58.3 2.5 4.0(8) 5.8 3.4(8) [49]
12c OT 244(35) [40] 484 65.1 29 1.6(2) 32 1.6(2) [50]
160 OI+ 616(90) [40] 765 259 4.5 2.54) 32 3.4(1) [48]
170 5/21+ 272(45) [41,42] 901 35.2 4.7 1.2(2) 34
80 OT 547(50) [43] 1035 44.3 53 1.9(3) 35
2Ne 01+ 600(90) [44,45] 1095 47.0 6.3 1.7(3) 3.1
%Mg 0 559(66) [46,47] 1132 422 5.9 1.22) 2.4
¥ Ar OT 2384 31.8 11.6 2.6
4Ca OI+ 1405(150) [75,76] 2813 24.5 13.8 1.3(2) 25 2.6(1) [48]
state, as used in the USDB Hamiltonian [89], —3.93, —3.21, T3
and 2..11 MeV for 0ds/,, 1512, and Od3/,, respectively. The 097 (@) 1745 ZB(E1n)T — 471 &2 fm? TATZO 7
energies of the pure 1p-1h states range from 11.6 to 24.1 MeV. 0 82— n 0 AT=1| -
The two-body matrix elements (TBME) involving both Op e E I
and 0d-1s in the WBP Hamiltonian for nuclei near '°0 were o 0.7% E
obtained from a realistic potential model that contains a fixed L 0.65 n I 3
one-pion exchange part, plus adjusted strengths of central, = 057 3
spin-orbit and tensor contributions from one-boson exchange 0
[see Eq. (4) in Ref. [85] ]. There is no explicit velocity de- — O.4§ E
pendence [90]. The parameters were obtained by fitting to the NT, 03* f
data given in Table IV of Ref. [85]. The FSU Hamiltonian o 0.2F 3
starts with the WBP Hamiltonian, and then adjusts linear 0 17 mHﬂ 3
combinations of TBME of the type (0d-1s,0f-1p,J, T | i J{Hﬂ-m
V | 0d-1s,0f-1p,J, T) to fit the data shown in Fig. 6 of e damanldl QD 58 ﬂg‘;” 3620
Ref. [86]—which include particle-hole states originating from E_(MeV)
cross-shell excitations that give rise to intruder states—and is v
built upon tuning the monopole terms across the shell gaps 0.5 T T
N = 8 and N = 20 to reproduce the experimental data. - (b) %0 §nl|3(|51n)T = 5.28 &”fm” 0 AT=0] 1
The general procedure in our SM calculations is calculat- o 0_45, ~ 0 AT=1 E
ing all E1 matrix elements following Eq. (2). For even-even £ E I I ]
nuclei, we calculate (Of || E'1 || 1,7) E1 matrix elements con- g,
necting the ground state with up to 1000 intermediate 1, — 0.3t E
isovector excitations with a maximum calculated energy El::4 R i M E
listed in Table I, which include the GDR region. Similarly, T 0.2F E
we calculate all possible £ 1 matrix elements from the various :~ 2 E
intermediate states for odd-even and odd-odd nuclei. SM cal- w F ]
culations for *3Si and 2§ were not feasible because of limiting m 0.1 TS E
computing power and accuracy. E ' il {Wmﬂ& ]
Isospin selection rules for E'1 transitions [91] have to be E jﬁ; it Lt nl ; N
4 8 12 16 20 24 28 32 36 40

considered according to the corresponding Wigner 3 sym-
bols; ergo, isovector contributions for N = Z self-conjugate
nuclei [T = (N — Z)/2 = 0] arise only from AT =1 tran-
sitions, whereas both AT = 0, 1 isovector transitions have
to be considered otherwise. Such an isospin splitting of E'1
strengths is shown in Fig. 2 for 70 (top) and '*0 (bottom),

E (MeV)

FIG. 2. Calculated B(E 1;0?r — 1) isovector distribution as a
function of transition energies for '’Q and 30 for both AT = 0 and
AT =1 transitions.
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FIG. 3. Calculated B(E1;0" — 1) isovector distribution (AT = 1) as a function of transition energies for *’Ne, **Mg, and *°Ar. The
light blue curves represent the strength distributions folded with a Lorentzian function with 1-MeV width, and illustrate the spreading of the

strength.

where B(E 1,) is the reduced transition probability connecting
the ground state |i) with each final state |n) [92],

B(El,) =B(El;i — n) = ImIE1D)>.  (5)

1
2J;i +1
Isospin mixing at high-excitation energies is less than 5% in
the GDR region [57,93,94].

Moreover, E1 effective charges are not required since all
the £1 matrix elements are calculated in the full 1/w model
space, i.e., as shown in Fig. 3, we do a full and fully converged
1hw calculation of 1p-1h excitations that occur between major
shells. Dipole excitations far above the GDR region have a
negligible effect. Although 37w 1p-1h matrix elements are all
zero in the harmonic oscillator (H.O.), novel SM calculations
by Sieja in the neon isotopes show that possible admixtures
with 1Aw 1p-1h 4 2p-2h transitions may suppress the E'1
strength by about 15% [95,96].

Removing spurious states is of particular relevance for E'1
transitions in N & Z nuclei because the motion of a parti-
cle involves the recoil of the rest of the nucleus, with the
total center of mass remaining at rest [92]. Following the
Gloeckner-Lawson method [97], the center-of-mass Hamilto-
nian incorporated in OXBASH conveniently pushes away 1p-1h
spurious states involving Os to Op, Op to Od1s, and Od1s to
0f1p, and decouples them from intrinsic excitations [98].
Table I and Fig. 1 show the calculated o™ and 1™ values for
the ground states of selected p- and sd-shell nuclei. For com-
parison, other theoretical results are also presented together
with available photoabsorption cross-section measurements of
o and «®P' values. It should be noted that previous ab
initio calculations of a,, in '°0 and *°Ca [48] using integral
transforms and the coupled-cluster method with the NNLOgy,
interaction (right triangles in Fig. 1) agree with our results.

III. RESULTS AND DISCUSSION

Pronounced deviations from hydrodynamic-model esti-
mates (dotted x = 1 lines in Fig. 1) are calculated for the
ground states of ®’Li and °Be, with slightly larger o, and
k values than those found experimentally. Such deviations
from the GDR effect are not surprising considering the frag-
mentation of the GDR spectrum into different 1p-1h states
[57], which include the possibility of o cluster configura-
tions [99,100] and the virtual breakup into the continuum

[101,102]. The latter even led Smilansky, Weller, and cowork-
ers to suggest that the main contribution to the polarizability
in 'Li may not actually be the GDR, but instead the virtual
breakup into the -t continuum. The rise of cluster structures
in 7Li, °Be, as well as 70O can be pinned down to the extra
loosely bound or slightly unbound particle [103,104]—whose
wave function extends far apart from the «-cluster configu-
rations, i.e., @ +d, o +t, 20 + n, 4o + n, respectively—as
inferred from the dipole resonances observed at relatively
low-excitation energies [41,58,59]. Deviations from the hy-
drodynamic model in self-conjugate N = Z nuclei could also
arise because of cluster formation [100,105-110] and/or the
missing admixtures with 14w 1p-lh + 2p-2h transitions
[95,96]. Despite slightly larger values are generally calculated
compared with measurements, the right panel of Fig. 1 present
similar theoretical and experimental trends of « values, and
suggest that the bulk of these effects are implicitly incorpo-
rated in the phenomenological Hamiltonians. The larger «SM
value in 170 is about three times larger than the experimental
one and deserves further investigation as a substantially larger
k = 8.4(6) has also been experimentally determined for its
first excitation [111].

Interestingly, the overall smooth trend of oM and «*M
values shown in Fig. 1 can be independently correlated with
the leptodermous approximation (A~'/3 « 1) of the symme-
try energy [71,112,113],

Sy,
a,, (A) = Sv<1 A 1/3>, (6)

where §, is the volume symmetry-energy coefficient and
S, /S, the surface-to-volume ratio for finite nuclei.

The set of S, and S; parameters that best reproduce the
overall trends in Fig. 1 is provided by the finite-range droplet
model (FRDM) [114], i.e., the combination of the finite-range
droplet macroscopic model and the folded-Yukawa single-
particle microscopic model [51]. The leptodermous trends for
o, and k are shown in Fig. 1(solid lines) and determined
by combining the FRDM parameters (S, = 30.8 MeV and
Ss/S, = 1.62) with Egs. (1), (2), and (4),

" 23542 -
o = ——
AP 1.62°
1
AN — 8
A E A ®)
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TABLEIL Classical S(E1)™" [Eq. (10)] and S(E1)™" [Eq. (10)]
sum rules. The H.O. energy 7iw in column 4 is fit to reproduce the
rms charge radii—instead of using /iw = 41A~!/* MeV—providing
YB(E1,)™ for N = Z nuclei without particle-hole interactions. The
Jopr Tatio indicates the fraction of the TRK sum rule exhausted for
each nucleus.

S(ED™ S(EDH™ hw  TB(EL,)™
Nucleus €?fm*MeV €2 fm*>MeV  MeV e* fm? Fopr
L 22.2 36.2 11.74 1.89 1.63
"Li 25.4 425 13.71 1.85 1.67
Be 32.9 51.1 13.51 243 1.55
2c 44.4 71.2 15.66 2.84 1.60
150 59.2 106.3 13.26 447 1.80
70 62.7 106.6 13.35 5.87 1.70
B0 65.8 117.7 12.51 5.26 1.79
20Ne 74.0 149.5 11.88 6.23 2.02
Mg 88.8 128.0 12.62 7.04 1.44
B Ar 133.2 235.5 11.05 12.05 1.78
Ca 148.0 274.8 10.77 13.74 1.86

which characterize the enhancement observed for light nuclei.
Additional sets of S, and S;/S, parameters are discussed in
Ref. [33] and references therein, albeit presenting larger devi-
ations from the overall trends of SM calculations and data.
Further support of SM calculations may arise from the
calculated sum of E1 strengths, ), B(E'1,), shown in Tables I
and II. The B(E1,) values are calculated with H.O. radial
wave functions. The simplest approximation is fiw = 414~/
MeV for uncorrelated or independent-particle motion of the
nucleons. That is, when there is no particle-hole interaction,
the 17, T = 1 GDR is split among all possible 1p-1h states at
an energy of E_., = lhiw. The total E 1 strength then obeys the

GDR

classical oscillator strength or TRK sum rule [92,115-118],
SEEV™ =E_ ZB(EL,)

NZ
= 14.8T MeV ¢? fm>. 9)

ForN =Z,S(E1) " =3.7AMeV ¢* fm?, and EB(E1,) " =
0.090A%3 ¢%fm? when E_, = lho. For our calculations
we use the Zw required to reproduce the rms charge radii
[119], which are listed in Table II—in closer agreement with
Blomgqvist and Molinari’s 7w = 454713 — 254723 MeV
[120]—together with the corresponding XB(E1,)™ for N =
Z. For example, for /iw = 13.26 MeV in 160y, there are five
Ip-1h 17, T = 1 states with B(E1,) = 4.47 &> fm*.

When the particle-hole interaction is turned on, the 1p-1h
states mix and are pushed up in energy forming the collective
dipole resonance. In our 1p-lh model the summed B(E1)
strength remains the same after mixing. The resulting SM
energy-weighted sum over E'1 excitations up to E::i is then
given by ‘

ESM

SED™ = fEnSMB(Eln)SM. (10)

n

Our results for S(E'1 )SM are presented in Table II, together with
the fraction of the TRK sum rule exhausted for each nucleus,

S(ED™

— 11
S(EI)TRK (11)

fGDR =

The Y, B(E1,)™ values are presented in Table I. In general,
Sfoox values exceedingly exhaust the TRK sum rule by
approximately 1.5-2 times. In '°Q, the Ip-lh states are
formed by linear combinations of the five possible excitations.
The strongest state that comes at 23.6 MeV contains 89% of
the E1 strength. The TRK sum is enhanced by a factor of
23.6/13.3 = 1.8. For **Mg, we are missing some of the E1
strength in the lowest 20001~ 7 =1 states, presenting the
smallest f, ., value of 1.44.

Below '°0O one includes both Os to Op and Op to Od-1s.
Above '°0 and below “’Ca one includes Op to Od-1s and
1d-0s to 0f-1p. For these nuclei the strength becomes more
fragmented—as shown in Fig. 3'—due to coupling with 1~
states that are built on other other (nonclosed-shell) positive-
parity states. For example, in >°Ne there are 1525 nonspurious
17, T =1 states (one can make spurious 17, 7 =1 states
by coupling spurious 1=, T = 0 states to positive parity
states with 7 = 1). As expected, in 2°Ne there is a negligi-
ble E'1 strength at low excitation energies below ~14 MeV,
in agreement with recent calculations using the microscopic
configuration-interaction method [96]. The same happens for
24Mg. Nonetheless, some E 1 strength starts developing at low
energies in *°Ar as the Z = N = 20 shell closures approach.

The TRK sum is increased due to the increase in energy
of the GDR from 1/w. In these SM calculations, the TRK
enhancement factor comes from using realistic single-particle
energies (as given above for '°0) and the attractive particle-
hole interaction, which is dominated by the central part of the
potential.

The centroid of our calculated GDR is systematically
higher that those obtained from (p, p’) experiments for sd
shell nuclei [121]. For example, for **Mg the experimental
GDR is distributed over a range 16—-18 MeV [121] compared
with the calculations in Fig. 3 that have a range 16-26 MeV.
Using an experimental centroid energy of 17 MeV together
with our B(E'1) value would give f,,, =~ 1.35. The data used
to obtained the parameters of the WBP and FSU Hamiltonians
did not include the energy of the GDR. Thus, it is possible
that the energy of the calculated energies of the GDR states
could be modified by further adjustments of the potential and
TBME parameters of the FSU Hamiltonian. It is also possible
that the energy of the GDR is lowered and the width is in-
creased by coupling with the continuum, which is not included
in the calculations. Values of f,, > 1 have generally been

'Such a broad and fragmented B(E 1;01+ = 1) distribution for
2Mg is supported by high-resolution measurements of the GDR
region [121], where the fine structure is expected to arise from
the deformation driven by « clustering. Albeit high-resolution data
being also scarce, promising zero-degree (p, p') measurements at the
required proton energies of 200 MeV may soon become available
for A < 60 nuclei through the PANDORA project [122].
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associated with additional degrees of freedom arising from
velocity-dependent interactions or short-range correlations—
e.g., the aforementioned cluster formations—between protons
and neutrons [18,90,123-127].

IV. CONCLUSIONS AND FURTHER WORK

This work explores the GDR and related electric dipole po-
larizability effects from SM calculations using the WBP and
FSU interactions, and extend previous knowledge towards the
end of the sd shell. Strong deviations from the hydrodynamic
model are calculated following the smooth trend predicted
independently by the leptodermous approximation using the
FRDM model, and in agreement with calculations from first
principles at shell closures. The sum of E1 strengths also
follow a smooth, linear trend directly proportional to the mass
number, which supports to some extent the complementary
macroscopic nature of the GDR. Throughout, the classical os-
cillator strength sum rule is exceedingly exhausted by a factor
of 1.5-2. The enhancement of the energy-weighted sum over
E1 excitations with respect to the TRK sum rule comes from

the use of realistic single-particle energies and the repulsive
particle-hole interaction. The inclusion of missing admixtures
with 17w 1p-1h 4 2p-2h transitions may slightly suppress
the E'1 strength in closer agreement with photoabsorption
cross-section measurements.

Further NCSM calculations of sd-shell nuclei up to A = 24
are now potentially available [128] and their results keenly
expected; particularly using a new generation of yEFT
non-local interactions and large Ny« basis sizes [128]. Con-
siderable experimental work is also required to accurately
determine the currently scarce (y, p) cross sections as well as
the high-resolution structure of the GDR in order to bench-
mark the calculations presented here. More broadly, it will
also be exciting to investigate the E1 polarizability of ex-
cited states [129] as well as unstable nuclei, where «(g.s.) =
1.26(10) remains the only data point corresponding to the
ground state of the semimagic nucleus %Ni [27].
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