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Fluid dynamics from the Boltzmann equation using a maximum entropy distribution
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Using the recently developed “maximum entropy” (or “least biased”) distribution function to truncate the
moment hierarchy arising from kinetic theory, we formulate a far-from-equilibrium macroscopic theory that
provides the possibility of describing both free-streaming and hydrodynamic regimes of heavy-ion collisions
within a single framework. Unlike traditional hydrodynamic theories that include viscous corrections to finite
order, the present formulation incorporates contributions to all orders in shear and bulk inverse Reynolds
numbers, allowing it to handle large dissipative fluxes. By considering flow profiles relevant for heavy-ion
collisions (Bjorken and Gubser flows), we demonstrate that the present approach provides excellent agreement
with underlying kinetic theory throughout the fluid’s evolution and, especially, in far-off-equilibrium regimes
where traditional hydrodynamics breaks down.
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I. INTRODUCTION

Obtaining equations of hydrodynamics, a macroscopic
theory that governs the space-time evolution of conserved
densities of a system, from a microscopic description of the
same system requires “coarse-graining.” For a system com-
posed of weakly interacting particles described kinetically in
terms of a single-particle phase-space distribution f (x, p), the
coarse-graining can be achieved by integrating out the mo-
mentum information encoded in the distribution and focusing
the attention on its lowest momentum moments. In kinetic the-
ory, the time-evolution of the particle distribution is described
by the Boltzmann equation which can be recast as an infi-
nite hierarchy of equations for the coarse-grained “moments”
of the distribution. The low-order moments correspond to
conserved densities, their fluxes, as well as nonequilibrium
components of the conserved currents, such as shear and
bulk viscous stresses and charge diffusion currents. In the
full microscopic description, the evolution of these nonequi-
librium fluxes couples to higher-order “nonhydrodynamic”
moments of the distribution. To obtain a hydrodynamic theory
one therefore requires a truncation scheme, i.e., a procedure
to close the system of equations by expressing the nonhy-
drodynamic moments in terms of hydrodynamic ones. This
step amounts to reconstructing an approximate distribution
function using only information contained in a handful of its
low-order moments. While this procedure is crucial in deter-
mining the range of applicability of the ensuing hydrodynamic
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equations, it is inherently ambiguous and mathematically
ill-defined.1 The main objective of this paper is to use a
truncation distribution that, on the one hand, originates from
a well-motivated information-theoretical principle and, on the
other, allows for the formulation of a hydrodynamic theory
that can also work when the system is not close to local
thermal equilibrium.

Previous work on obtaining relativistic hydrodynam-
ics from kinetic theory explored several different classes
of truncation distributions. Well-known examples are the
Grad 14-moment approximation [1–4], the Chapman-Enskog
expansion [5], and the more recently introduced Romatschke-
Strickland anisotropic distribution [6,7]. All these truncation
distributions invoke extra, and sometimes ad hoc, approx-
imations that are based on specific assumptions about
the microscopic kinetic dynamics and thereby introduce
additional information on top of that contained in the hydrody-
namic degrees of freedom. For example, in Grad’s approach,
the distribution function is expanded around a local thermal
form (Jüttner distribution) in powers of particle momenta.
This was extended to relativistic kinetic theory by Israel and
Stewart [3,4] and, more recently, by Denicol, Niemi, Molnar,
and Rischke [8] into a general framework for second-order
transient relativistic fluid dynamics. A slightly different ap-
proximation for the truncating distribution function where
the expansion is in terms of the fluid’s velocity gradients
(Chapman-Enskog series [5]), was implemented by Jaiswal
[9,10]. Both of these approaches assume proximity of the
fluid to local equilibrium and lead to inconsistencies when
the system is far from equilibrium. A typical manifestation

1Note that at any given instant of time, the distribution function
f (�x, �p) is six-dimensional, whereas the available bulk data for con-
served currents, (T μν (�x), Jμ(�x)), is three-dimensional.
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of the latter is that the distribution function turns negative
(unphysical) at large particle momenta. Some of these prob-
lems can be by-passed by using the Romatschke-Strickland
ansatz as a truncation distribution. Doing so gives rise to
“anisotropic hydrodynamics” and its extensions [11–20]. Al-
though the resulting framework does not require the fluid
to be close to local equilibrium, this approach assumes a
rather particular flow pattern, namely, the early stage dynam-
ics of quark-gluon plasma formed in relativistic heavy-ion
collisions.2 In such collisions the fluid initially undergoes
strongly anisotropic expansion mostly along the beam di-
rection, leading to substantial momentum space anisotropy
which the Romatschke-Strickland ansatz [6] captures effi-
ciently. However, this begs the question how to generalize this
ansatz in a principled approach [7] to far-off-equilibrium flu-
ids expanding with more general, fully three-dimensional flow
profiles.

Recently, Everett et al. [22] proposed the maximum en-
tropy principle [23,24] as the guiding idea for reconstructing
a single-particle distribution function uniquely using only
macroscopic information encoded in the hydrodynamic vari-
ables of a relativistic system. The resulting distribution,
known as the “maximum-entropy” or “least-biased” distri-
bution, maximizes the Shannon (information) entropy of the
system subject to all, but nothing else than, the information
contained in the hydrodynamic degrees of freedom. The work
in Ref. [22] was motivated by the problem of “particlizing”
the fluid in a heavy-ion collision at the end of its evolution.3

This procedure provides the distribution of particles emitted
from the collision fireball, including their species identity,
space-time positions, and four-momenta.4 In the present work
we generalize this approach by turning it into a dynamical
framework for general far-off-equilibrium hydrodynamic evo-
lution in 3 + 1 dimensions, which we call ME hydrodynamics
(or ME hydro in short).

In essence, ME hydro implements the following algorithm:
The task is to evolve the energy-momentum tensor T μν and
the conserved baryon, strangeness and electric currents jμB,S,Q
in space and time. We use hydrodynamic evolution equa-
tions obtained from momentum moments of the relativistic
Boltzmann equation. There are two types of equations: The
conservation laws for energy, momentum and the conserved
charges, and a set of relaxation-type equations for the dis-
sipative flows (i.e., the bulk and shear viscous stresses and
that diffusion currents). The latter couple to higher, nonhydro-
dynamic moments of the distribution function and therefore

2For a review of applications of hydrodynamics to heavy-ion colli-
sions, the reader may refer to Ref. [21].

3Other particlization ansätze were proposed by Pratt and Torrieri
[25] and by McNelis et al. [26]. While these ansätze are positive
definite for all momenta and include corrections to all orders in the
shear and bulk stresses, the matching to the viscous part of an energy-
momentum tensor holds only at linear order in the dissipative fluxes.

4It was recently generalized by Pradeep and Stephanov [27] to
uniquely reconstruct multiparticle distribution functions that cor-
rectly encode also the thermal and critical fluctuations inherited from
the hydrodynamic evolution of the fluid.

require truncation. The form of these equations is universal
[28]—detailed information about the microscopic physics in
the medium is encoded in its equation of state and transport
coefficients.

When advancing the system by one time step, most terms
in the evolution equations can be obtained from the compo-
nents of T μν and jμB,S,Q from the previous time step. The terms
which can not, i.e., the couplings to higher, nonhydrodynamic
modes (but only these!), are evaluated with the following
simple model: Assume that the fluid is made up of a (single-
or multi-component, as desired) gas of massive particles
with Boltzmann, Bose-Einstein and/or Fermi-Dirac statistics
(again as desired), with mass(es) corresponding to typical ex-
pectations for the presumed microscopic constituents. Match
an equilibrium distribution feq and a maximum entropy dis-
tribution fME for the gas particles to T μν and jμB,S,Q from the
previous time step, and use δ f = fME − feq to evaluate the
nonhydrodynamic moments. Advance by one step and repeat.

It should be noted that the maximum entropy distribution
fME introduced in this algorithm for the purpose of truncating
the moment hierarchy does not solve the Boltzmann equation,
nor is its deviation from equilibrium δ f = fME − feq assumed
to be small. It is just the “most likely” δ f (in an information
theoretical sense) compatible with the hydrodynamic state at
each time step and at every point of the spatial grid. The
described procedure is unambiguous and well-motivated even
for large dissipative flows (i.e., large inverse Reynolds num-
bers Re−1).

In addition to the fact that the maximum entropy distribu-
tion fME stems from a deep connection between information
theory and statistical mechanics, it has several other appealing
features. For example, it is positive definite over the entire
range of particle momenta,5 it can generate a wide range of
nonequilibrium stresses allowed by kinetic theory, and it does
not require the system to be close to local thermal equilibrium.
Accordingly, we propose to truncate the infinite hierarchy of
moment equations for the Boltzmann equation with fME, to
obtain hydrodynamic equations that can be used even far away
from local equilibrium.

For nonrelativistic fluids this method was introduced in the
1990’s by Levermore [29] who showed that using a max-
imum entropy distribution for moment closure leads to a
system of equations that is hyperbolic, i.e., its initial value
problem is well-posed, and that the second law of thermo-
dynamics is always satisfied. Murchikova et al. studied and
compared it to other truncation schemes in Ref. [30] for
the relativistic Boltzmann equation for neutrino transport in
astrophysics. For conformally invariant relativistic fluids a
related approach called “dissipative type theory” (DTT) was
advocated by Calzetta et al. [31–33]. However, in contrast
to ME hydrodynamics, DTT is not based on the maximum
entropy principle, but on the principle of maximizing the rate
of entropy production. Since that rate is controlled by the col-
lision term in the Boltzmann equation, maximizing it requires

5This allows it to be interpreted as a probability density of particles
in phase-space.
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additional information about the microscopic kinetic pro-
cesses which ME hydrodynamics does not require.6

This paper is organized as follows. In Sec. II we review
the relativistic Boltzmann equation with a relaxation-type
collisional kernel and its reformulation in terms of moment
equations. We then briefly describe in Secs. II A–II D some of
the standard truncation schemes, culminating in the maximum
entropy truncation procedure. In Secs. III and IV we test the
performance of ME hydrodynamics in two highly symmetric
situations, Bjorken and Gubser flow, for which the underlying
kinetic theory can be solved exactly, allowing for a quan-
titatively precise comparison between the microscopic and
macroscopic descriptions. While the symmetries underlying
Gubser flow include conformal invariance, this symmetry can
be broken in Bjorken flow for which we study both massless
and massive constituents. Both of these flow profiles include
regimes where the system is far-from-equilibrium. Thus they
provide stringent test beds for ME hydrodynamics far from
local equilibrium. For both flow profiles ME hydrodynamics
passes the test with flying colors. Conclusions are offered in
Sec. V. Several appendices add technical details and provide
further clarifications.

II. THE BOLTZMANN EQUATION IN RELAXATION
TIME APPROXIMATION

We consider a weakly coupled system of particles whose
dynamics is described statistically by relativistic kinetic the-
ory. The statistical description relies on a single-particle
distribution function f (x, p) which gives the mean density
of particles in phase-space. The evolution of the distribution
function is governed by the relativistic Boltzmann equation

pμ∂μ f (x, p) = C[ f ], (1)

where pμ is the particle four-momentum with pμ pμ = m2,
m being the particle mass. The collisional kernel C[ f ] mod-
els the interactions between particles and typically includes
the effects of 2 ↔ 2 scatterings. In this work, we choose
a simplistic collisional kernel given by the relaxation-time
approximation (RTA) [34] where the complicated effects of
interactions are assumed to drive the system toward local
equilibrium. To specify local equilibrium, this description
introduces macroscopic variables like flow velocity uμ(x),
temperature T (x), and chemical potential μ(x) such that the
collisonal kernel is approximated by [34]

C[ f ] ≈ −u · p

τR
( f − feq ). (2)

In the above, τR(x) is the relaxation-time whose functional
dependence on temperature and chemical potential has to be

6As will be discussed in Sec. II D, in deriving DTT the authors
of Ref. [33] make several additional approximations, one of which
is the assumption of small deviations from local equilibrium. As a
result of these approximations their distribution fDTT agrees exactly
with fME but, according to the approximations made, their form for
fDTT should not be used in far-from-equilibrium situations.

parametrized. The form of the equilibrium phase-space func-
tion is given by the Jüttner distribution

feq(x, p) = {exp[(u(x) · p)/T (x) − α(x)] − a}−1, (3)

where uμ(x), with uμuμ = 1, is the four-velocity of the local
fluid rest frame, α(x) ≡ μ(x)/T (x) is the reduced chemical
potential, and a = −1, 0, 1 distinguishes between Fermi-
Dirac, Maxwell-Boltzmann, or Bose-Einstein statistics. In the
following, we assume that the particles satisfy Boltzmann
statistics (a = 0) and their number is not conserved [α(x) =
0]. This reduces the number of macroscopic variables to 4,
namely, uμ(x) and T (x). These variables are determined by
demanding that the RTA collisional kernel (2) satisfies energy-
momentum conservation. The energy-momentum tensor is the
second-moment of f (x, p),

T μν ≡ 〈pμ pν〉, (4)

where we use the notation 〈· · · 〉 ≡ ∫
dP (· · · ) f (x, p), with

dP ≡ d3 p/[(2π )3Ep] being the Lorentz invariant phase-space
measure and Ep =

√
p2 + m2 the particle energy. We also

define 〈· · · 〉eq ≡ ∫
dP (· · · ) feq and 〈· · · 〉δ ≡ ∫

dP (· · · ) δ f ,
where δ f ≡ f − feq is the deviation from local equilibrium.
Demanding ∂μT μν = 0 and using the Boltzmann equa-
tion with C[ f ] given by Eq. (2) for a momentum-independent
τR yields7

T μ
ν uν = eeq uμ, (5)

where for our system the equilibrium energy density eeq =
〈(u · p)2〉eq is given by the equation of state (EoS)

eeq(T, m) = 3T 4z2

2π2

(
K2(z) + z

3
K1(z)

)
, (6)

with z ≡ m/T and Kn being the modified Bessel functions of
second kind of order n. Equation (5) is the Landau matching
condition, stating that uν and eeq are the timelike eigenvector
and associated eigenvalue of T μ

ν . The EoS (6) defines the
local temperature T (x) in terms of the energy density e(x) in
the fluid’s rest frame, i.e., e(x) = eeq(T (x), m). The matching
condition (5) implies that the energy-momentum tensor of the
system can be decomposed as

T μν = eeq uμ uν − (P + �) 	μν + πμν, (7)

where 	μν ≡ gμν − uμuν projects any tensor orthogonal to
uμ. The coefficient of 	μν is the total isotropic pressure which
is split into an equilibrium part, P(T, m), and a bulk viscous
part �. The symmetric, traceless, and orthogonal (to uμ) part
of T μν is the shear stress tensor πμν . In local equilibrium both
� and πμν vanish, i.e., they arise solely from deviations from
local equilibrium:

� ≡ − 1
3 〈	μν pμ pν〉δ,

πμν ≡ 〈p〈μ pν〉 〉δ. (8)

7If the relaxation-time depends on particle momentum, then the
RTA collisional kernel has to be generalized to be compatible with
conservation laws [35–38].
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In the last definition we used the notation A〈μν〉 ≡ 	
μν
αβ Aαβ ,

with the double-symmetric, traceless, and orthogonal projec-
tor

	
μν
αβ ≡ (

	μ
α 	ν

β + 	
μ
β 	ν

α

)/
2 − 1

3 	μν 	αβ. (9)

Using Eq. (4) it is straightforward to show that the Landau
matching condition (5) implies

〈(u · p)2〉δ = 0, 〈p〈μ〉 (u · p)〉δ = 0. (10)

One can either solve the transport equation (1) to obtain
f (x, p) and then use it to calculate the shear and bulk viscous
pressures from Eq. (8), or recast the Boltzmann equation into
an infinite system of coupled evolution equations for moments
of f (x, p) whose solution yields the bulk and shear stresses.
Exact evolution equations for the dissipative fluxes � and
πμν were obtained by Denicol, Niemi, Molnar, and Rischke
[8]. For a single-component Boltzmann gas of particles with
mass m, without conserved currents (i.e., with zero chemical
potential), the bulk and shear evolution equations are [8,39]

�̇ + �

τR
= −β� θ − (

1 − c2
s

)
�θ + m4

9
ρ−2 θ

+
(

1

3
− c2

s

)
πμν σμν + m2

3
ρ

μν
−2 σμν, (11)

π̇ 〈μν〉 + πμν

τR
= 2βπσμν − 10

7
πμ〈λ σ

ν〉
λ + 2 πλ〈μω

ν〉
λ

− 4

3
πμν θ + 4m2

7
ρ

μ〈λ
−2 σ

ν〉
λ − ρ

μνλρ
−2 σλρ

−	
μν

αβ∇λρ
αβλ

−1 + 2

5
∇〈μ(

ρ
ν〉
1 − m2ρ

ν〉
−1

)
− 2ρ

〈μ
1 u̇ν〉 − m2

3
ρ

μν
−2θ

+
(

6

5
� − 2

15
m2 ρ−2

)
σμν. (12)

Here Ȧ ≡ uμ∂μA denotes the time derivative and ∇μ ≡
	μα∂α the spatial gradient in the local fluid rest frame, σμν ≡
∇〈μuν〉 is the velocity shear tensor, and θ ≡ ∂μuμ is the scalar
expansion rate. The speed of sound c2

s is a so-called zeroth-
order transport coefficient,

c2
s ≡ dP/de = e + P

3e + (3 + z2)P
, (13)

with z ≡ m/T . β� and βπ are defined as [39]

β� =
(

1

3
− c2

s

)
(e + P) − 2

9
(e − 3P) − m4

9
I−2,0, (14)

βπ = 4P

5
+ 1

15
(e − 3P) − m4

15
I−2,0, (15)

where

In,q ≡ 1

(2q+1)!!

∫
dP (u · p)n−2q (	μν pμ pν )q feq. (16)

They are related to the first-order bulk and shear viscosity
coefficients ζ ≡ τR β� and η = τR βπ .

Equations (11) and (12) are not closed, because of cou-
plings to the ρ moments which stem from the nonequilibrium
part of the distribution function,

ρμ1···μl
n ≡ 〈(u · p)n p〈μ1 · · · pμl 〉〉δ, (17)

where

p〈μ1 · · · pμl 〉 ≡ 	μ1···μl
ν1···νl

pν1 · · · pνl . (18)

The spatial (in the local rest frame) projectors 	μ1···μl
ν1···νl

are
defined in Appendix F of Denicol et al. [8]; for l = 2 they
reduce to the expression (9).

In many situations it is of interest to consider the long-
wavelength, slow dynamics of the underlying microscopic
evolution. In general, the long-wavelength description of any
macroscopic medium is governed by hydrodynamics, which
is based on the conservation of energy-momentum tensor
and conserved charged currents inherent to the system. In
the traditional hydrodynamic approach, the conserved ten-
sors are solely expressed in terms of a few thermodynamic
variables (temperature, chemical potentials, etc.), a flow ve-
locity, and their spatial gradients [40,41]. The constitutive
relations expressing the conserved currents in terms of ther-
modynamic/macroscopic fields typically involve a systematic
expansion in powers of velocity gradients [42–44]. Accord-
ingly, the traditional approach breaks down whenever these
gradients, characterizing the macroscopic length-scale of the
problem, become large in comparison to the microscopic
scale, i.e., the mean-free path of the system. Moreover,
an expansion solely in powers of velocity gradients results
in a framework that is acausal and numerically unstable
[45,46].

A dynamical description of the conserved currents that is
known to provide much better agreement with the underlying
microscopic theory is provided by “transient” or “relaxation-
type” hydrodynamics where the out-of-equilibrium compo-
nents of T μν (namely, � and πμν) are treated as independent
dynamical degrees of freedom [2–4,8–10,47,48]. The cor-
responding evolution equations are obtained by truncating
Eqs. (11) and (12), i.e., by expressing the “nonhydrodynamic”
ρ moments8 in terms of bulk and shear stresses. There are
various truncation schemes, all of which approximate the
distribution function f (x, p) using the macroscopic quanti-
ties that appear on the right-hand side (r.h.s.) of Eq. (7).
In the following, we briefly mention some of the com-
monly used truncation procedures to obtain relaxation-type
hydrodynamics.

A. The 14-moment approximation

In this approach, due to Grad [1], Müller [2], and Israel and
Stewart [3,4], the distribution function is expanded in powers
of particle 4-momenta around the Jüttner distribution such that

8They are called “nonhydrodynamic” as they do not appear in the
conserved currents that hydrodynamics usually describes.
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δ f has 14 undetermined coefficients (ã, bμ, cμν ):9

δ f (x, p)

feq
≈ ã + bμ pμ + cμν pμ pν

≡ A + B (u · p) + p〈μ〉(b〈μ〉 + 2 (u · p) c〈μ〉)

+ C (u · p)2 + c〈μν〉 p〈μ pν〉, (19)

where, in the second line, we defined B ≡ uμ bμ, c〈μ〉 ≡
	α

μ cαβ uβ , c ≡ cμν uμ uν , A ≡ ã − m2 c/3, and C ≡ 4c/3. In
the absence of a conserved charge current, the coefficients bμ

are set to zero and the 14-moment approximation essentially
reduces to a 10-moment approximation:

δ f (x, p)

feq
≈A + 2 c〈μ〉 (u · p) p〈μ〉 + C (u · p)2

+ c〈μν〉 p〈μ pν〉. (20)

The ten coefficients are determined by (i) imposing the Lan-
dau matching conditions [Eq. (10)] and (ii) the criteria that
δ f given by Eq. (20) yields the bulk and shear stresses as per
their definitions in Eqs. (8). Note that the Landau matching
condition, 〈p〈μ〉 (u · p)〉δ = 0 implies that c〈μ〉 in Eq. (20) must
be zero.

B. The Chapman-Enskog approximation

In this framework, the RTA Boltzmann equation is approx-
imately solved assuming that the Knudsen number (a ratio of
microscopic scattering rate and macroscopic length scale) is
small [5]. One rewrites Eq. (32) as

f = feq − ετR

u · p
pμ∂μ f , (21)

where ε is a power-counting parameter that signifies the small-
ness of the second-term. Assuming a perturbative solution
of the form f = ∑∞

i=0 fi ε
i, and plugging it in both sides of

Eq. (21) one obtains

f0 = feq, f1 = − τR

u · p
pμ∂μ feq,

f2 = τR

u · p
pμ∂μ

(
τR

u · p
pν∂ν feq

)
, (22)

and so on. Writing f = feq + δ f and keeping terms up to first-
order in velocity gradients (δ f ≈ f1) the out-of-equilibrium
part of the distribution function is [49]

δ f = β τR

u · p

[
1

3

{
m2 − (

1 − 3c2
s

)
(u · p)2

}
θ + pμ pν σμν

]
feq.

(23)

This yields the first-order expressions of the bulk viscous
pressures and shear stress tensor,

� = −τR β� θ, πμν = 2τR βπ σμν. (24)

9Without loss of generality, cμν can be taken to be symmetric and
traceless with its trace absorbed in the definition of ã; this sets its
number of independent coefficients to 9.

It is customary to express δ f in terms of the shear and bulk
viscous pressures instead of the scalar expansion rate and
velocity stress tensor appearing in Eq. (23). For this, one uses
the first-order expressions [Eq. (24)] to get [49],

δ f

feq
= − β

3(u · p)β�

[
m2 − (

1 − 3c2
s

)
(u · p)2

]
�

+ β

2(u · p)βπ

pμ pν πμν. (25)

The above form of off-equilibrium correction will be referred
to as Chapman-Enskog δ f and the hydrodynamics derived
from it as second-order CE-hydro.

C. The anisotropic-hydrodynamic approximation

Both the Grad’s approximation as well as Chapman-
Enskog δ f have certain shortcomings. The Grad’s 14-moment
assumption is ad hoc as there is no a priori reason for ex-
panding the distribution in powers of the particle momenta,
whereas the Chapman-Enskog method is expected to work
only near equilibrium. In fact, for both Grad and CE ap-
proaches, δ f becomes negative at large momenta and is
unable to describe substantial deviations from local isotropy.
These distributions are thus unsuitable for describing the very
early stages of heavy-ion collisions, where the medium ex-
pands rapidly along the longitudinal (or beam) direction of
the colliding nuclei. A form of the distribution function that
does not become negative at any momenta and can handle
such large deviations from local momentum isotropy is given
by the Romatschke-Strickland ansatz [6,7]:

fRS = exp(−βRS

√
pμ pν�μν ). (26)

In the above, �μν = uμuν + ξμν − 	μν ψ , where βRS plays
the role of an effective inverse temperature, ξμν characterizes
the deformation from momentum isotropy, and ψ models
the isotropic deviation from equilibrium. Anisotropic hydro-
dynamics (aHydro) [11–13,15–18,20,50] assumes that the
leading part of a distribution function that may describe early-
time dynamics of fluids formed in heavy-ion collisions, is
given by f ≈ fRS. This assumption for f (x, p), supplemented
by matching conditions relating the parameters (βRS, ξ

μν, ψ )
to energy density, shear, and bulk stresses, is then used to
truncate the system of Eqs. (11) and (12). The aHydro ap-
proach can be further improved by including corrections to the
Romatschke-Strickland distribution, f ≈ fRS + δ f , where δ f
is usually obtained using a 14-moment approximation. This
procedure is used to formulate “viscous anisotropic hydrody-
namics” [14,19].

D. The maximum entropy approximation

A novel way of constructing a distribution function from
knowledge of the hydrodynamic variables was proposed in
Ref. [22]. It is based on the idea that a “least biased”
distribution function that uses all of and only information
of hydrodynamic moments is the one that maximizes the
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nonequilibrium entropy density,10

s[ f ] = −
∫

dP (u · p) f (ln f − 1), (27)

subject to the constraints that f reproduces the instantaneous
values of hydrodynamic quantities,

e =
∫

dP (u · p)2 f ,

P + � = −1

3

∫
dP (	μν pμ pν ) f ,

πμν =
∫

dP p〈μ pν〉 f . (28)

Taking the functional derivative of s[ f ] and employing the
method of Lagrange multipliers, the maximum-entropy or
“least-biased” distribution for Boltzmann particles is obtained
to be

fME = exp

(
−�(u · p) + λ�

u · p
p〈μ〉 p〈μ〉 − γ〈μν〉

u · p
p〈μ pν〉

)
.

(29)

In the above, �, λ�, and γ〈μν〉 are Lagrange parameters
corresponding to energy density, isotropic pressure, and
shear stress tensor, respectively. For particles obeying quan-
tum statistics, the maximum entropy distribution changes
to fME = [exp(ψ ) ± 1]−1, where +(−) denotes Fermi-Dirac
(Bose-Einstein) statistics, and ψ is (up to a minus sign)
identical to the argument of the exponential appearing in
Eq. (29). Note that in the absence of dissipation (� = πμν =
0) Eq. (29) reduces to the usual Boltzmann distribution. Also,
for small deviations from local equilibrium, fME ≈ feq + δ f ,
with δ f approaching the Chapman-Enskog form given by
Eq. (25) [22]. Accordingly, for small deviations from local
equilibrium, the maximum-entropy truncation scheme yields
second-order Chapman-Enskog hydrodynamics.

It should be also noted that, similar to the aHydro ansatz
(26), the maximum-entropy distribution is positive definite
for all momenta, and upon expansion around local equilib-
rium, yields terms up to all orders in shear and bulk viscous
stresses. However, unlike the RS-distribution which is con-
structed precisely to match the specific symmetries associated
with the initially dominating longitudinal expansion of the
fluid formed in heavy-ion collisions, the maximum-entropy
distribution cares only about information contained in the
macroscopic currents, irrespective of the symmetries of the
expansion geometry. As a result, it can be expected to de-
scribe a considerably larger class of fluid evolutions than the
Romatschke-Strickland ansatz (26). In this work we will com-
pare the effectiveness of ME and anisotropic hydrodynamics
in describing the macroscopic collective evolution of systems

10Equation (27) holds for particles obeying classical statistics.
To accommodate quantum statistics, the term in the integrand
f (ln f − 1) has to be generalized to f ln( f ) − (1+a f ) ln(1+a f )/a,
where a = 1, −1 correspond to Bose-Einstein and Fermi-Dirac
particles, respectively.

whose microscopic dynamics is controlled by the RTA Boltz-
mann equation. We shall consider two highly symmetric flow
patterns that can be regarded as idealized rough approxima-
tions for different heavy-ion evolution stages and for which
the RTA Boltzmann equation can be solved exactly—Bjorken
[51] and Gubser [52,53] flow.

We close this Section with a brief comparative discussion
of our ME approach [22] with the DTT (dissipative type the-
ory) approach proposed in Ref. [33]. For a conformal system,
the authors of Ref. [33] try to obtain a distribution (referred
to as fDTT) that locally maximizes the entropy production rate
while matching the ideal and shear viscous components of the
energy-momentum tensor. As the rate of entropy production
is determined by the collisional kernel, this distribution de-
pends on the relaxation time scale τR. This is not the case for
fME which is constructed entirely from macroscopic hydro-
dynamic input and agnostic about the underlying microscopic
kinetics. Surprisingly, after a suitable redefinition of the La-
grange parameters, the authors of Ref. [33] arrive at a form
for fDTT identical to the conformal version of Eq. (29). Using
this result to close the exact shear evolution equation (12)
reduces their DTT hydrodynamic framework exactly to ME
hydrodynamics. Unfortunately, the last step in their derivation
involves an expansion in deviations from equilibrium, and
keeping only the leading term (as done in Ref. [33] leads
to an approximation for fDTT) that maximizes the entropy
production rate if and only if the system is already in thermal
equilibrium, i.e., iff fDTT = feq. Hence, with their approxima-
tion fDTT ≈ fME, the results presented in Ref. [33] reproduce
ME hydrodynamics. Our work here extends theirs in multiple
directions, most importantly for nonconformal systems.

III. BJORKEN FLOW

Bjorken flow [51] describes the early stages of matter
evolution in ultrarelativistic heavy-ion collisions. In this de-
scription, the system is assumed to expand boost-invariantly
along the z (beam or longitudinal) direction with a z → −z
symmetry, while being homogeneous and rotationally invari-
ant in the (x-y) plane (transverse to the beam direction).
Mathematically, these assumptions imply invariance of the
system under the combined SO(1, 1) ⊗ ISO(2) ⊗ Z2 sym-
metry group11 [52,53] which, although obscure in Cartesian
coordinates, becomes manifest in the Milne coordinates:

τ =
√

t2 − z2, r =
√

x2 + y2,

φ = tan−1(y/x), η = tanh−1(z/t ). (30)

Here τ is the longitudinal proper time and η is the space-time
rapidity. In Milne coordinates, the metric tensor takes the form
gμν = diag(1,−1,−r2,−τ 2) such that the line element given
by

ds2 = dτ 2 − dr2 − r2 dφ2 − τ 2 dη2, (31)

11SO(1, 1) for longitudinal boost-invariance, ISO(2) for rotational
and translational invariance in transverse plane, and Z2 for reflection
symmetry.
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is manifestly invariant under the Bjorken symmetries men-
tioned above. More importantly, the fluid appears to be at rest
in these coordinates, (uτ = 1, ux = uy = uη = 0), which is
the unique flow velocity profile consistent with the combined
SO(1, 1) ⊗ ISO(2) ⊗ Z2 symmetry group. These symmetries
further imply that all macroscopic quantities (like tempera-
ture, shear stress tensor, etc.) are functions solely of the proper
time τ such that partial differential equations of hydrodynam-
ics get replaced by ordinary ones.

A. Exact solution of the RTA Boltzmann
equation in Bjorken flow

We consider a fluid undergoing Bjorken expansion and
assume that the medium is composed of particles whose dy-
namics is described by kinetic theory. Bjorken symmetries at
the microscopic level imply that the single particle distribu-
tion function f (x, p) depends on τ , the transverse momenta
pT =

√
p2

x + p2
y and boost-invariant longitudinal momentum

pη [54,55]. The Boltzmann equation with a collisional kernel
in the relaxation-time approximation [34] is

∂ f

∂τ
= − 1

τR
( f − feq ), (32)

with the equilibrium distribution feq = exp(−pτ /T ), where

pτ =
√

p2
T + p2

η/τ
2 + m2 is the particle energy and T is the

temperature. The relaxation time is parameterized as τR ≡
5C/T with constant C. The shear stress tensor of the fluid
is diagonal, πμν = diag(0, π/2, π/2,−π/τ 2) with a single
independent degree of freedom, π ≡ πη

η . Correspondingly,
the energy-momentum tensor, T μν = diag(e, PT , PT , PL ), has
only three independent components, with PT ≡ P + � + π/2
and PL ≡ P + � − π being the effective transverse and lon-
gitudinal pressures.

The RTA Boltzmann equation (32) is formally solved ex-
actly by [54–56]

f (τ ; pT , pη ) = D(τ, τ0) f0(pT , pη )

+
∫ τ

τ0

dτ ′

τR(τ ′)
D(τ, τ ′) exp(−pτ (τ ′)/T (τ ′)),

(33)

where f0(pT , pη ) is the initial distribution function, and the
‘damping function’ D(τ2, τ1) is defined as

D(τ2, τ1) ≡ exp

(
−

∫ τ2

τ1

dτ ′

τR(τ ′)

)
. (34)

In this work we consider an initial distribution of generalized
Romatschke-Strickland form [57,58]:

f0(pT , pη ) = exp

⎛
⎜⎝α0 −

√
p2

T + (1+ξ0)p2
η/τ

2
0 + m2

T RS
0

⎞
⎟⎠.

(35)

Here T RS
0 sets the momentum scale, ξ0 parametrizes the

momentum-space anisotropy, and the fugacity-like param-
eter α0 models a distribution that differs from feq by a
multiplicative factor even if the anisotropy ξ0 is chosen to

vanish. These three parameters can be tuned to generate all
possible values for the three independent components of the
energy momentum tensor [57,58].

To explicitly determine the solution f (τ ; pT , pη ) in
Eq. (33) one needs the time evolution of the temperature. This
is obtained by imposing the energy conservation condition
through Landau matching: e(τ ) = eeq(T (τ )). The solution
for temperature is then determined from an integral equa-
tion [55,56,59]:

eeq(T (τ )) = D(τ, τ0)

(
T RS

0

)4
eα0

4π2
H̃e

(
τ0√

1 + ξ0τ
,

m

T RS
0

)

+ 1

4π2

∫ τ

τ0

dτ ′

τR(τ ′)
D(τ, τ ′) T 4(τ ′)

× H̃e

(
τ ′

τ
,

m

T (τ ′)

)
. (36)

In the above the temperature dependence of eeq(T ) is specified
by Eq. (6), and the function H̃e[y, z] is defined as

H̃ [y, z] =
∫ ∞

0
du u3 exp(−

√
y2 + z2) He

(
y,

z

u

)
, (37)

with [56]

He(y, z) = y

⎛
⎝√

y2 + z2 + 1 + z2√
y2 − 1

tanh−1

√
y2 − 1

y2 + z2

⎞
⎠.

(38)

Equation (36) is solved for T (τ ) by numerical iteration. The
solution for T (τ ) can then be used in Eq. (33) to obtain the
distribution function at any time. One may also directly use
the following formulas to calculate the effective transverse
and longitudinal pressures,

PT (τ ) = D(τ, τ0)

(
T RS

0

)4

8π2α0
H̃T

(
τ0

τ
√

1 + ξ0
,

m

T RS
0

)

+ 1

8π2

∫ τ

τ0

dτ ′

τR(τ ′)
D(τ, τ ′)T 4(τ ′)H̃T

(
τ ′

τ
,

m

T (τ ′)

)
,

(39)

PL(τ ) = D(τ, τ0)

(
T RS

0

)4

4π2α0
H̃L

(
τ0

τ
√

1 + ξ0
,

m

T RS
0

)

+ 1

4π2

∫ τ

τ0

dτ ′

τR(τ ′)
D(τ, τ ′)T 4(τ ′)H̃L

(
τ ′

τ
,

m

T (τ ′)

)
.

(40)

Here the functions H̃T,L are defined by [56]

H̃T,L(y, z) ≡
∫ ∞

0
du u3 exp(−

√
u2 + z2) HT,L

(
y,

z

u

)
,

034907-7



CHATTOPADHYAY, HEINZ, AND SCHÄFER PHYSICAL REVIEW C 108, 034907 (2023)

with

HT (y, z) = y

(y2 − 1)3/2

[
−

√
(y2 − 1)(y2 + z2)

+ (z2 + 2y2 − 1) tanh−1

√
y2 − 1

y2 + z2

]
, (41)

HL(y, z) = y3

(y2 − 1)3/2

[√
(y2 − 1)(y2 + z2)

− (z2 + 1) tanh−1

√
y2 − 1

y2 + z2

]
. (42)

From Eqs. (39) and (40) it is straightforward to obtain the
bulk and shear viscous stresses as � = 1

3 (PL + 2PT − 3P) and
π = 2

3 (PT −PL ).

B. Maximum entropy truncation for Bjorken flow

We now describe the maximum entropy truncation scheme
[22] for the case of Bjorken flow. Using the RTA Boltz-
mann equation [Eq. (32)], one may derive exact evolution
equations for the three independent components of energy-
momentum tensor, viz., e, PL, PT :

de

dτ
= − 1

τ
(e + PL ), (43)

dPL

dτ
= −PL − P

τR
+ ζ L

z

τ
, (44)

dPT

dτ
= −PT − P

τR
+ ζ⊥

z

τ
, (45)

where

ζ L
z = −3PL + Iexact

240 , ζ⊥
z = −PT + Iexact

221 , (46)

using the definition

Iexact
nrq = 1

(2q)!!

∫
dP (pτ )n−r−2q

(
pη

τ

)r

p2q
T f , (47)

with dP ≡ d2 pT d pη/[(2π )3τ pτ ].
Equations (43)–(45) are exact but not closed, owing to the

couplings ζ L
z and ζ⊥

z which require knowledge of the solution
of the Boltzmann equation (32). In the maximum entropy
truncation scheme one evaluates the moments I240 and I221

in Eq. (46) approximately by replacing f in Eq. (47) by the
maximum entropy distribution fME. In Bjorken coordinates
Eq. (29) takes the form

fME = exp

(
−�pτ − λ�

pτ

(
p2

T + p2
η/τ

2
) − γi j pi pj

pτ

)
, (48)

where the indices {i, j} run over {x, y, η}. The assumption
f ≈ fME closes the system of equations (43)–(45). Due to
the symmetries of Bjorken flow the traceless tensor γi j in
Eq. (48) becomes diagonal, with a single independent compo-
nent: γi j = diag(0, γ /2, γ /2,−τ 2γ ). Accordingly, the scalar
γi j pi pj simplifies to γ (p2

T /2 − p2
η/τ

2). The three Lagrange
parameters (�,λ�, γ ) have to be chosen such that fME repro-
duces the three independent components of T μν at each instant

of time (matching conditions):

e = Ĩ200, PL = Ĩ220, PT = Ĩ201. (49)

Here Ĩnrq denotes moments of the maximum entropy
distribution:

Ĩnrq = 1

(2q)!!

∫
dP (pτ )n−r−2q

( pη

τ

)r
p2q

T fME. (50)

Thus, instead of Eqs. (43)–(45), we shall solve

de

dτ
= −e + PL

τ
, (51)

dPL

dτ
= −PL − P

τR
+ ζ̃ L

z

τ
, (52)

dPT

dτ
= −PT − P

τR
+ ζ̃⊥

z

τ
, (53)

with

ζ̃ L
z = −3PL + Ĩ240, ζ̃⊥

z = −PT + Ĩ221. (54)

For brevity we will refer to Eqs. (51)–(53) as maximum en-
tropy (ME) hydrodynamics for Bjorken flow.

Instead of directly solving these equations, which at
every time step involves a three-dimensional inversion to
obtain from (e, PL, PT ) the Lagrange multipliers (�,λ�, γ )
needed for evaluating the couplings (ζ̃ L

z , ζ̃⊥
z ), we shall re-

cast Eqs. (51)–(53) as evolution equations of the Lagrange
parameters themselves: Defining X a ≡ {e, PL, PT } and xa ≡
{�,λ�, γ }, we write

dX a = Ma
b dxb, (55)

with Ma
b ≡ ∂X a/∂xb, and invert this to obtain

dxa

dτ
= (M−1)a

b

dX b

dτ
(56)

as evolution equations for the Lagrange multipliers. Using
local rest frame coordinates for simplicity, pz,LRF=pη/τ such

that ELRF =
√

p2
LRF+m2 with p2

LRF = p2
T + p2

z,LRF, and drop-
ping the LRF subscript to ease clutter, the maximum entropy
distribution reads12

fME = exp

(
−�Ep − λ�

Ep
p2 − γ

Ep

(
p2

T /2 − p2
z

))
. (57)

Starting from the matching conditions (49),

e =
∫

dP E2
p fME,

PL =
∫

dP p2
z fME,

PT = 1

2

∫
dP p2

T fME, (58)

12We note in passing that for γ=0 the maximum entropy distribu-
tion (57) is isotropic in the LRF, and hence γ=0 is equivalent to zero
shear stress, π=0.

034907-8



FLUID DYNAMICS FROM THE BOLTZMANN EQUATION … PHYSICAL REVIEW C 108, 034907 (2023)

with dP = d3 p/[(2π )3Ep], the first row of the matrix M is
found to have the elements

Me
� ≡ ∂e

∂�
= −

∫
dP E3

p fME = −Ĩ300,

Me
λ�

≡ ∂e

∂λ�

= −
∫

dP Ep p2 fME = −2Ĩ301 − Ĩ320, (59)

Me
γ ≡ ∂e

∂γ
= −

∫
dP Ep

(
p2

T /2 − p2
z

) = −Ĩ301 + Ĩ320.

Similarly, the second row has the elements

MPL
� ≡ ∂PL

∂�
= −

∫
dP Ep p2

z fME = −Ĩ320,

MPL
λ�

≡ ∂PL

∂λ�

= −
∫

dP E−1
p p2

z p2 fME

= −2Ĩ321 − Ĩ340,

MPL
γ ≡ ∂PL

∂γ
= −

∫
dP E−1

p p2
z

(
p2

T /2 − p2
z

)
= −Ĩ321 + Ĩ340. (60)

The components of the third row are

MPT
� ≡ ∂PT

∂�
= −1

2

∫
dP Ep p2

T fME = −Ĩ301,

MPT
λ�

≡ ∂PT

∂λ�

= −1

2

∫
dP E−1

p p2
T p2 fME

= −4Ĩ302 − Ĩ321,

MPT
γ ≡ ∂PT

∂γ
= −1

2

∫
dP E−1

p p2
T

(
p2

T /2 − p2
z

)
= −2Ĩ302 + Ĩ321. (61)

In spherical polar coordinates (p, θp, φp) the moments Ĩnrq

read

Ĩnrq = 1

(2q)!!

∫
dP En−r−2q

p pr+2q cosr θp sin2q θp

× exp

(
−�Ep−λ�

Ep
p2−γ p2

Ep

(
1

2
sin2 θp − cos2 θp

))
,

= 1

(2q)!!

∫ ∞

0

d p

4π2
En−r−2q−1

p pr+2q+2

× exp

(
−�Ep − λ� p2

Ep
− γ p2

2Ep

)
Rrq

(
3γ p2

2Ep

)
, (62)

where

Rrq(α) ≡
∫ π

0
dθp cosr θp sin2q+1 θp exp(α cos2 θp). (63)

The integrals Rrq(α) can be expressed analytically in terms of
error functions. Note that α = 3γ p2/2Ep has the same sign as
γ which can be positive or negative. For α < 0 we can define
t (α) = √

π Erf(
√−α)/

√−α which is well-behaved as α →
−∞. Listing only the ones required in this analysis, the Rrq

functions can then be expressed as

R00 = t, R01 = −eα

α
+ t (1 + 2α)

2α
,

R02 = −eα (3 + 2α)

2α2
+ t (3 + 4α + 4α2)

4α2
,

R20 = eα

α
− t

2α
, R21 = 3eα

2α2
− t (3 + 2α)

4α2
,

R40 = eα (2α − 3)

2α2
+ 3t

4α2
. (64)

For positive α > 0, however, the right-hand sides of Eqs. (64)
are inconvenient because they are sums of terms that individ-
ually diverge exponentially in the limit α → ∞. This is made
explicit by writing

t (α) =
√

π Erf(
√−α)√−α

= 2 eα D(
√

α)√
α

, for α > 0, (65)

where the DawsonF function (available at Ref. [60] for nu-
merical implementation in C++) is well-behaved as α → ∞.
While these exponential divergences all cancel between the
various terms on the right-hand sides of Eqs. (64), they should
be removed analytically before numerical implementation.
This can be achieved by extracting a factor eα from the Rrq

functions and combining it with the exponential prefactor in
Eq. (62), defining R̃rq(α) = e−αRrq(α) which is manifestly
free from exponential divergences in the limit α → +∞. For
the numerical implementation of the moments Ĩnrq we there-
fore use the following expressions:

Ĩnrq = 1

(2q)!!

∫ ∞

0

d p

4π2
En−r−2q−1

p pr+2q+2 Rrq

(
3γ p2

2Ep

)

× exp

(
−�Ep − λ� p2

Ep
− γ p2

2Ep

)
, γ < 0,

Ĩnrq = 1

(2q)!!

∫ ∞

0

d p

4π2
En−r−2q−1

p pr+2q+2 R̃rq

(
3γ p2

2Ep

)

× exp

(
−�Ep − λ� p2

Ep
+ γ p2

Ep

)
, γ > 0. (66)

Note that, since the functions R and R̃ are well-behaved in the
regions where they are used in Eqs. (66), convergence of these
integrals demands that the exponential factors in Eqs. (66) fall
off at large momenta. This requires

� + λ� >

∣∣∣∣min

(
γ

2
,−γ

)∣∣∣∣. (67)

This criterium was already deduced in Ref. [22] where it
was found that � + λ� > |min(γ1, γ2, γ3)| where γi are the
eigenvalues of the shear stress tensor in the fluid rest frame.
For Bjorken flow, Milne coordinates are the local rest frame
coordinates, and thus γ1 = γ2 = γ /2 and γ3 = −γ . We note
that although the Lagrange multiplier � appears similar to an
inverse temperature β it does not need to be positive for fME to
be well-behaved; all that is required is the sum � + λ� being
positive. This feature will manifest itself in Sec. III E where
we generate negative bulk viscous pressures using fME.
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FIG. 1. Shear and bulk stresses, scaled by the thermal pressure P,
generated with fME for different values of the Lagrange multipliers
at fixed m/T = 1. The red points indicate unphysical regions of
negative Boltzmann entropy.

C. Note on initial conditions

In this subsection we explore the range of bulk and shear
stresses that can be accessed with the maximum-entropy
ansatz (57) for the distribution function, as well as its quan-
tum statistical generalization. For Bjorken flow, positivity of
the distribution function f (x, p) implies that the effective
longitudinal and transverse pressures, PL and PT , are both
positive. Also, for nonzero particle mass m the trace of the
energy-momentum tensor is nonnegative. These constraints
imply that the bulk and shear stresses (in units of the thermal
pressure) satisfy the following inequalities [57]:

π̃ − �̃ < 1,
π̃

2
+ �̃ > −1, �̃ � ẽ

3
− 1, (68)

where Ã ≡ A/P. Equations (68) restrict the dissipative fluxes
to lie within a triangular region in the scaled shear and bulk
pressure plane, as depicted in Fig. 1. Note that the upper
bound on �̃ depends on the mass of the constituent particles,
and for Fig. 1 we chose m/T = 1.13

Let us consider the lower part of this triangular region,
where the shear stress is small and the scaled bulk vis-
cous pressure is negative and large in magnitude. The limit
�̃=−1, π̃ = 0 characterizes a state where the effective pres-
sures vanish: PL = PT = 0 [57,58]. More specifically, as the
temperature is held fixed at a value comparable to the particle
mass, the state requires f (x, p) ∼ A δ(p)/p2 such that the en-
ergy density stems entirely from the rest mass of the particles.
The modified Romatschke-Strickland distribution (35) can
accommodate such extreme states, due to the fugacity factor
α0 which provides control over the normalization factor A.
States with PL = PT = 0 (i.e., �̃ = −1, π̃ = 0) can also be
generated with the maximum-entropy distribution, by making

13For conformal systems the allowed region in Fig. 1 shrinks to the
line � = 0, and the scaled shear stress can vary from −2 to 1.

FIG. 2. Shear and bulk stresses generated by fME at fixed
m/T = 1 using Maxwell-Boltzmann (MB, green), Fermi-Dirac (FD,
brown), and Bose-Einstein (BE, black) statistics. For classical (MB)
statistics only points with positive entropy density are shown.

the Lagrange parameter � sufficiently negative, as discussed
in Appendix A of Ref. [58].14

However, the need for overpopulating low-momentum
modes to generate states with large negative bulk pressures
implies that classical statistics must break down in the lower
part of the triangle in Fig. 1. A physical quantity that sig-
nals this breakdown is the Boltzmann entropy (27) which
goes negative for distribution functions that generate (π̃ , �̃)
pairs in the lower part of the triangle. Using fME as given in
Eq. (57), the nonequilibrium entropy density can be expressed
in terms of macroscopic quantities as

s = � e + λ� (PL+2PT ) + γ (PT −PL ) + n, (69)

where n is the number density of particles,15

n =
∫

dP Ep fME. (70)

We scan through the allowed region of phase space for (π̃ , �̃)
with fixed ẽ and obtain the corresponding Lagrange param-
eters (�,λ�, γ ). The Boltzmann entropy density for these
points is then computed, and depending on whether the en-
tropy is positive or negative, we mark their positions (π̃ , �̃)
in the triangle by green or red dots. Figure 1 shows that for
systems with m/T ∼ 1 initial conditions for dissipative fluxes
generated by fME that lie in the lower parts of the kinetically
allowed triangle are not appropriately described using Boltz-
mann statistics.

It is, in fact, reasonable to doubt the applicability Boltz-
mann statistics even near the edges of the green region in
Fig. 1 where the entropy density becomes small and classical
statistics likely begins to break down. In Fig. 2 we therefore
explore the ranges of (π̃ , �̃) that can be accessed using the
maximum-entropy distributions for quantum statistics. For

14For � < 0, the enhancement at low momenta stems from
fME(p = 0) = exp(−�m).

15Note that away from thermal equilibrium n does not satisfy the
equilibrium relation neq = P/T .
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Bjorken flow, fME generalizes for particles with arbitrary
statistic to [22]

fME =
[

exp

(
�Ep + λ�

Ep
p2 + γ

Ep

(
p2

T /2 − p2
z

)) + a

]−1

,

(71)

where a = 1 (−1) for Fermi-Dirac (Bose-Einstein) statistics,
respectively.16 To generate Fig. 2 we scanned a wide range
of values for two of the three Lagrange parameters, namely,
� and γ , and root-solved for λ� such that m/T stays fixed
at unity (for comparison with the Maxwell-Boltzmann case
studied in Fig. 1). With these Lagrange parameters the scaled
fluxes are calculated for FD (brown) and BE (black) statis-
tics, shown as scatter plots in Fig. 2 where they are overlaid
over the (positive entropy density) green points for classical
MB statistics from Fig. 1.17 One sees that, once effects of
quantum statistics are consistently incorporated, the fraction
of (π̃ , �̃)-space that can be accessed with the maximum-
entropy parametrization of the distribution function is further
reduced.18

For computational economy we will continue to use the
Maxwell-Boltzmann form (48,57) of the maximum entropy
distribution in the rest of the paper. However, in later sec-
tions of this paper dealing with nonconformal dynamics we
shall restrict ourselves to initial conditions that do not lie
outside the region allowed by Fermi-Dirac statistics. This
guarantees positive Boltzmann entropy density in the initial
state and, due to the H-theorem stating that entropy can never
decrease, also at all later times.

D. Conformal dynamics

Before comparing results of the maximum entropy trun-
cation scheme with exact solutions of the RTA Boltzmann
equation and results from other hydrodynamic approxima-
tions for the general case of massive particles, we first
study the somewhat simpler massless case. For such a con-
formal system the bulk viscous pressure vanishes and the
energy-momentum tensor T μν=diag (e, PT , PT , PL ) becomes
traceless (T μ

μ = 0). As a result, T μν has only two independent
components for which we take the energy density e and effec-
tive longitudinal pressure PL.

To obtain the evolution of e and PL in the microscopic
theory we solve the RTA Boltzmann equation using a stan-
dard RS-ansatz as initial condition, obtained from Eq. (35) by

16This does not allow for the possibility of Bose condensation
which will be explored elsewhere.

17One shows easily that the extension of Eq. (27) to quantum
statistics always yields positive values for the entropy density.

18We note that the accessible region for quantum statistics, as well
as the region with positive entropy density for Maxwell-Boltzmann
statistics, shrink when m/T is reduced, and grows to cover almost
the entire triangle when m/T is large, m/T > 10.

TABLE I. Association of initial conditions π̄ ≡ π/(4P) with the
Romatschke-Strickland parameters (T RS

0 , ξ0 ) used to initialize the
RTA Boltzmann equation.

Blue Green Magenta Maroon Orange

π̄0 −0.45 −0.25 0 0.15 0.245
T RS

0 /T0 0.411 0.719 1.0 1.245 1.959
ξ0 −0.985 −0.828 0 3.206 133.595

setting the parameters α0 and m to zero:

f0 = exp

⎛
⎜⎝−

√
p2

T + (1+ξ0)p2
η/τ

2
0

T RS
0

⎞
⎟⎠. (72)

The conformal (m = 0) limit of Eq. (36) yields for the exact
evolution e(τ ) of the equilibrium energy density

eeq(T (τ )) = D(τ, τ0)
3
(
T RS

0

)4

π2
He

(
τ0

τ
√

1 + ξ0

)

+
∫ τ

τ0

dτ ′

τR(τ ′)
D(τ, τ ′)He

(
τ ′

τ

)
eeq(T (τ ′)),

(73)

where

He(x) ≡ 1

2
He(x, 0) = 1

2

⎛
⎜⎝x2 +

tanh−1
√

1− 1
x2√

1− 1
x2

⎞
⎟⎠. (74)

From this the exact temperature evolution T (τ ) is obtained
through the equation of state eeq(T ) = 3P = 3T 4/π2. For the
relaxation time we use the conformal ansatz

τR(τ ) = 5
C

T (τ )
, (75)

fixing C = 10/(4π ) in this subsection.19 By tuning the param-
eters (T RS

0 , ξ0) we generated a variety of initial values for the
normalized shear stress π̄ ≡ π/(4P) (note that π = P − PL)
while keeping the initial temperature fixed at T0 = 500 MeV.
Table I tabulates the different initial values of (T RS

0 , ξ0) used
in our analysis, along with the corresponding initial values
for π̄ and the color coding used for the evolution trajectories
plotted in Fig. 3.

In the conformal limit the ME hydrodynamic equa-
tions (51)–(53) reduce to

de

dτ
= −e + PL

τ
, (76)

dPL

dτ
= −PL − P

τR
+ ζ̃ L

z

τ
, (77)

19For a conformal systems the parameter C (which controls the
interaction strength among the microscopic constituents) is equal to
the specific shear viscosity, C = η/s, where η is the shear viscosity
and s = (e+P)/T the entropy density.
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FIG. 3. Evolution of the shear inverse Reynolds number π/(4P)
from the exact solution of the RTA Boltzmann equation for a confor-
mal gas of massless particles (dotted lines), compared with that from
ME hydrodynamics (“Max-Ent,” thin dashed lines). Hydrodynamic
evolution according to the first-order Navier-Stokes limit is shown as
a thick red dashed line for comparison. Please refer to Tables I or II
for the color coding.

where all moments are to be calculated as described in
Sec. III B, albeit the particle mass m set to zero. Also, we shall
drop the Lagrange parameter λ� in the maximum entropy
distribution (57) which was introduced to match it to the bulk
viscous pressure � which vanishes in conformal systems.
To rewrite Eqs. (76) and (77) for X a ≡ (e, PL ) in terms of
the Lagrange parameters xa ≡ (�, γ ) we use dX a = Ma

b dxb,
which takes the explicit form(

de

dPL

)
=

(−Ĩ300 −Ĩ301+Ĩ320

−Ĩ320 −Ĩ321+Ĩ340

)(
d�

dγ

)
. (78)

Calculating Ĩnrq from Eq. (66) with m=0, the integral over p
can be done analytically20 such that (using γ̄ ≡ γ /�)

Ĩnrq = (n + 1)!

(2q)!!�n+2

∫ 1

0

dt

2π2

(1 − t2)q t r[
1 + γ̄

2 (1 − 3t2)
]n+2 . (79)

The evolution equations for (�, γ ) are obtained from
dxa/dτ = (M−1)a

b dX b/dτ . To match the initial ME distribu-
tion to the assumed initial temperature T0 = 500 MeV and the
selected initial shear stress values listed in Table I, the initial
values (�0, γ0) must be chosen for the Lagrange parameters
as given in Table II.

Figure 3 shows the evolution of the shear inverse Reynolds
number π̄ = π/(e + P) as a function of the inverse Knudsen
number τ/τR, computed from the RTA Boltzmann equa-
tion (dotted curves) and ME hydrodynamics (dashed curves),
for identical initial conditions. We note excellent agreement
between the microscopic kinetic and macroscopic hydro-
dynamic descriptions, except for the blue curves which

20For any (n, r, q), the integration over the variable t in Eq. (79)
can also be performed analytically. However, the resulting expres-
sions are cumbersome and therefore not listed here. For analytical
expressions of Ĩnrq in terms of a generating functional please refer to
Appendix B of Ref. [33].

TABLE II. Association of initial conditions of π̄ ≡ π/(4P) with
the maximum entropy Lagrange parameters for conformal dynamics.

Blue Green Magenta Maroon Orange

π̄0 −0.45 −0.25 0 0.15 0.245
�0T0 2.456 1.176 1.0 1.133 6.017
γ0/�0 0.845 0.475 0 −0.56 −1.818

correspond to the largest initial momentum-space anisotropy,
π̄0 = −0.45, where some small differences between the exact
kinetic evolution and its ME hydrodynamic approximation are
visible. These differences are ironed out as the inverse Knud-
sen number reaches values of O(1). At late times the system
is close to local equilibrium; by τ/τR ≈ 3, all curves are seen
to merge with the first-order (Navier-Stokes) hydrodynamic
result π̄NS = 4

15 (τR/τ ) that controls the late-time asymptotics
for conformal Bjorken flow.

In Figs. 4(a) and 4(b) we show the ME hydrodynamic
time evolution of the Lagrange parameter � in units of the
instantaneous inverse temperature [Fig. 4(a)], and the scaled
anisotropy parameter γ̄ = γ /� [Fig. 4(b)]. Although differ-
ent curves for �T in Fig. 4(a) evolve rather differently from
each other at times τ � τR where the system is far from equi-
librium, they converge to a universal curve around τ = τR,
which then approaches unity as the system locally thermalizes
(τ � τR) with � assuming the role of an inverse temperature.

FIG. 4. Conformal ME hydrodynamic evolution of the Lagrange
parameters � (a) and γ /� (b), for the maximum-entropy distribution
with initial conditions listed in Table II.
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TABLE III. Association of initial conditions (�/P)0, (π/P)0 for
the scaled bulk and shear viscous stresses with the colors of the
curves showing their evolution in the figures below.

Blue Green Magenta Maroon Orange Black Cyan

(�/P)0 0 0.05 −0.1 0 0 0.11 −0.2
(π/P)0 −1 −1 −1 0.99 −1.8 0 0

To understand the time evolution of γ̄ in Fig. 4(b) we first
rewrite the maximum-entropy distribution (57) with λ� = 0
in the form

fME(p, θp) = exp

[
−� p

(
1+ γ̄

2

)(
1 − 3γ̄

2+γ̄
cos2 θp

)]
.

(80)

Here p =
√

p2
T + p2

z is the magnitude of the 3-momentum
in the LRF and θp = tan−1(pz/p). First, Eq. (67) implies
γ̄ ∈ (−2, 1). For γ̄ → −2, fME → exp(−3 � p2

z/p), whereas
for γ̄ → 1, fME → exp(−3 � p2

T /(2p)). Thus, as γ̄ varies be-
tween these limits, the momentum space distribution changes
from one falling off steeply in the longitudinal direction
(PL/PT � 1) to one that rapidly decreases in the transverse
direction (PL/PT � 1). In Fig. 4(b) we see that for all but the
orange curve γ̄ initially decreases rapidly towards negative
values.21 This is because of the initially very large longitudinal
expansion rate in Bjorken flow which rapidly red-shifts the
longitudinal particle momenta to small values. As a result, the
effective longitudinal pressure in the fluid quickly becomes
much smaller than the transverse one. The orange curve cor-
responds to an initial distribution where only a few particles
have appreciable longitudinal momenta. Accordingly, the role
of red-shifting pz by longitudinal expansion becomes negligi-
ble. Instead, microscopic collisions begin to locally isotropize
the longitudinal and transverse momenta, bringing the longi-
tudinal and transverse pressures closer to each other. The same
phenomenon is observed for the other curves at somewhat
later times. To describe this process of local isotropization γ̄

increases as time proceeds, for the orange curve right away,
for the others a bit later. At τ/τR → ∞ the fluid reaches
local thermal equilibrium (i.e., local momentum isotropy), and
γ̄ → 0.

E. Nonconformal dynamics

We now break conformal symmetry by introducing a
nonzero, fixed mass m = 500 MeV for the particle con-
stituents. For ease of comparison we keep the same conformal
ansatz (75) for the relaxation time, with C = 10/4π , as
before. We then solve the RTA Boltzmann equation (32)
with initial conditions parametrized by the generalized
Romatschke-Strickland (RS) ansatz (35). T μν has now the

21In fact, for a free-streaming gas undergoing Bjorken expansion
(τR → ∞), γ̄ for these curves would approach its limit of −2 at late
times.

TABLE IV. Values of the RS parameters (T RS
0 , α0, ξ0 ) in Eq. (35)

which generate the initial conditions listed in Table III, all having
the same fixed initial temperature T0 = 500 MeV and particle mass
m/T0 = 1.

Blue Green Magenta Maroon Orange Black Cyan

T RS
0 /T0 0.631 0.921 0.364 1.343 0.198 3.598 0.468

α0 0.762 −0.845 3.310 1.726 5.313 −5.206 3.357
ξ0 −0.82 −0.807 −0.849 236.25 −0.982 0 0

three macroscopic degrees of freedom (e, PL, PT ) or, equiva-
lently (T,�, π ). To explore the range of evolution trajectories
we select a variety of RS parameter sets (α0, T RS

0 , ξ0), listed in
Table IV, subject to the constraint of fixed initial temperature
T0 = 500 MeV and the requirement that the corresponding
initial bulk and shear viscous stresses (listed in Table III)
remain inside the domain that can be accessed with fME for
Fermi-Dirac statistics, as discussed in Sec. III C.

We start from the exact solution of the RTA Boltzmann
equation, obtaining the exact temperature evolution T (τ ) from
the energy density given in Eq. (36) by Landau matching,
e(τ ) = eeq(T (τ )), where eeq(T, m) is given by Eq. (6). Plug-
ging T (τ ) into Eqs. (39) and (40) we obtain PT and PL as
functions of τ . From these we then calculate the exact evolu-
tion of the bulk and shear viscous stresses, � = (PT + 2 PL −
3P)/3 and π = 2(PT − PL )/3.

The resulting evolution trajectories are shown in Fig. 5
in the (π,�) plane and by solid lines in Fig. 6 as function
of time. In Fig. 5 the brown dots show the range of initial
conditions accessible with the ME distribution function for
particles with mass m/T0 = 1 (where here T0 = 500 MeV)
obeying Fermi-Dirac statistics. By construction, all trajec-
tories start inside the brown-dotted region but, since the
temperature decreases with time and therefore m/T increases,
the ME-accessible region grows with time, and the expansion
trajectories are seen to make use of this enhanced freedom.

FIG. 5. Evolution of dissipative fluxes in the scaled shear-bulk
plane using RTA Boltzmann equation (solid lines). The brown zone
denotes the region that can be populated initially by fME for Fermi-
Dirac statistics.
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FIG. 6. Comparison of the time evolution of the (a) bulk and
(b) shear inverse Reynolds numbers obtained from the exact solution
of the RTA BE (solid lines) and from ME hydrodynamics (dashed
lines).

However, they never move outside the kinetically allowed22

triangle delineated by the solid blue lines for zero longitudi-
nal and transverse pressures and the condition T μ

μ � 0.23 At
late times all trajectories converge on the thermal equilibrium
point π̄ = �̄ = 0.

In contrast, second-order Chapman-Enskog type hydro-
dynamics is known [58] to violate these triangular bounds
for certain far-from-equilibrium initial conditions. For large
values of the bulk and/or shear stresses, the off-equilibrium
correction δ f [see Eq. (25)] can become so large and negative
that the total distribution function f = feq + δ f becomes neg-
ative (i.e., unphysical) over a large range of momenta. This is
at least a contributing factor to the observed violations.

We will now show that the same does not happen in ME
hydrodynamics. In Fig. 6 we compare the exact solution of
the RTA Boltzmann equation (solid lines) with its ME hy-
drodynamic approximation (dashed lines), for identical initial
conditions. The corresponding initial values of the Lagrange
parameters (�,λ�, γ ) are listed in Table V.

Figure 6 shows the evolution of the bulk [Fig. 6(a)] and
shear [Fig. 6(b)] inverse Reynolds numbers, �̄ = �/(e + P)
and π̄ = π/(e + P), as functions of the proper time in units of
τR (i.e., of the inverse Knudsen number). (Please use Table III
to identify the initial conditions corresponding to each color.)

22Assuming positive definite distribution functions which applies
for both the generalized RS and the ME parametrizations.

23Positivity of the trace implies �/P � e/(3P) − 1 which defines
a horizontal line that moves upward as the system cools [57] and is
therefore not shown in the figure. We have checked that none of the
trajectories ever moves above this time-evolving bound.

TABLE V. Initial values �0, (λ�)0, γ0 used in ME-
hydrodynamics that generate the initial conditions listed in Table III
for T0 = 500 MeV.

Blue Green Magenta Maroon Orange Black Cyan

�0T0 0.541 2.577 −1.297 −1.605 −1.23 20.182 −1.835
(λ�)0T0 0.676 −1.551 2.901 17.399 4.536 −19.637 3.224

γ0
�0+λ�,0

0.476 0.421 0.579 −1.929 0.879 0 0

Solid lines mark the exact RTA BE evolution, dashed lines
the ME hydrodynamic approximation. The somewhat thicker
red dashed curves show the evolution according to first-
order Navier-Stokes hydrodynamics: �̄NS = −(ζ/s)/(τT ),
π̄NS = (4/3)(η/s)/(τT ). Since all curves start from the same
initial temperature T0 = 500 MeV, the asymptotic Navier-
Stokes result in panels (a) and (b) is unique and the same
for all trajectories. In almost all cases, ranging from curves
with large initial momentum anisotropies to those with large
initial isotropic off-equilibrium deformations, the ME hydro-
dynamic results are seen to be in very good agreement with the
exact RTA Boltzmann solution, throughout their evolution.24

This is in sharp contrast with the much poorer performance
of second-order Chapman-Enskog hydrodynamics, which was
studied in Ref. [58] (see Figs. 15–17 in Ref. [58]) and already
mentioned above.

As explained in Sec. III D during our analysis of confor-
mal dynamics, the rapid longitudinal expansion of Bjorken
expansion at early times strongly red-shifts the longitudinal
momenta of particles. In the absence of isotropizing col-
lisions among the microscopic constituents this eventually
results in a distribution function that is sharply peaked in pz,
f (τ ; pT , pz ) ∝ δ(pz ), and the effective longitudinal pressure
PL correspondingly approaches zero. Thus, generic initial con-
ditions at early times (while the Knudsen number is large in
Bjorken flow) rapidly evolve towards PL ≈ 0, giving rise to
early-time universality in scaled quantities such as PL/P. This
feature being a characteristic of Bjorken expansion geome-
try generalizes to nonconformal systems as well [57,58]. We
show in Fig. 7 the evolution of scaled effective longitudinal
pressure as a function of scaled time, comparing the exact
solution from the RTA Boltzmann equation with ME hydrody-
namics. The agreement between both approaches is excellent.
Figure 7 should be compared with Fig. 4(b) in Sec. III D for
its similarities; the explanation offered there directly carries
over to the PL/P ratio plotted here and therefore needs no
repetition.

The discussion of the ME hydrodynamic time evolution
of the energy-momentum tensor is completed in Appendix C
with an analysis of the evolution of the ME Lagrange pa-
rameters that accompanies the evolution trajectories shown in

24The one exception are the orange trajectories, corresponding to
the largest negative initial shear stress π̄0 = −1.8 where significant
deviations from the exact evolution are observed for the bulk stress.
This indicates a weakness of ME hydrodynamics in handling large
shear-bulk coupling effects.
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FIG. 7. Comparison of the evolution of the scaled effective lon-
gitudinal pressure obtained from kinetic theory (solid lines) and ME
hydrodynamics (dashed lines).

Figs. 6 and 7. We close this section by comparing the per-
formance of ME hydrodynamics with that of the (modified)
viscous anisotropic hydrodynamic (mVAH) approach discussed
in Ref. [58]. Like ME hydrodynamics, mVAH was found to
agree very well with the exact RTA BE solutions shown in
Figs. 6 and 7 (see Figs. 18–20 in Ref. [58]). In fact, in Ap-
pendix A we show that for generalized RS initial conditions,
as used in Figs. 6 and 7, the agreement of mVAH with the exact
RTA BE solution is even better than that of ME hydrody-
namics. However, if we initialize the identical macroscopic
initial condition listed in Table III not with a generalized
RS ansatz for the distribution function (which is used to
close the mVAH equations), with parameters listed in Table IV,
but instead with a maximum entropy distribution fME with
parameters listed in Table V (which is used to close the
ME hydrodynamic equations), the picture turns upside-down:
For fME initial conditions, the RTA BE evolution is slightly
different than for mVAH initial conditions, and ME hydrody-
namics describes the exact evolution more accurately than
mVAH.

In spite of the excellent ME hydrodynamic description
of the exact evolution of the energy-momentum tensor ob-
tained from kinetic theory, it is shown in Appendix D that
significant discrepancies between the micro- and macro-
scopic approaches are seen in the evolution of the entropy
density. This parallels a similar finding for anisotropic hy-
drodynamics, first made in Ref. [61] and here confirmed in
Appendix D. In fact, for the entropy evolution in Bjorken
flow, ME hydrodynamics and mVAH agree much better
with each other than either does with the exact kinetic
theory.

In summary, for Bjorken expansion mVAH and ME hydro-
dynamics are both highly competitive macroscopic approxi-
mations to the underlying kinetic evolution. However, since
the modified RS ansatz (35) for the distribution function (on
which mVAH rests) was custom-built for Bjorken geometry,
whereas this is not the case for the fME ansatz (29), ME
hydrodynamics is expected to exhibit superior performance in
general expansion scenarios, without the restricting symme-
tries of Bjorken flow.

IV. GUBSER FLOW

To put this expectation to the test, in this section we make
a first step in this direction by studying Gubser flow [52,53].
While Bjorken flow, without any transverse expansion, is
widely assumed to be a good approximation for the dynam-
ical state of the matter formed in ultrarelativistic heavy-ion
collisions just after its creation, the finite transverse size of the
colliding nuclei implies large transverse density and pressure
gradients of the created matter which, after a period of a few
relaxation times, drive collective transverse expansion, start-
ing at the edges of the transverse energy density distribution.
The subsequent stage of fully three-dimensional expansion
without any remaining symmetries and very different longitu-
dinal and transverse expansion rates can no longer be treated
analytically. Gubser flow is an idealization located some-
where between Bjorken flow and generic three-dimensional
flow, by incorporating transverse flow on top of longitudinal
boost-invariant expansion, albeit with a very specific trans-
verse flow profile25 that retains just enough symmetry that the
RTA Boltzmann equation continues to be exactly solvable by
analytic means [62,63].

Gubser derived his flow profile by starting from Bjorken
flow, keeping longitudinal boost-invariance and reflection
symmetry as well as azimuthal rotational symmetry around
the beam axis but relaxing the assumption of transverse ho-
mogeneity. Mathematically speaking, the Gubser flow profile
replaces the ISO(2) ⊗ SO(1, 1) ⊗ Z2 symmetry of Bjorken
flow by invariance under SO(3)q ⊗ SO(1, 1) ⊗ Z2, where
SO(3)q denotes the special conformal group of transforma-
tions [52,53]. The symmetries of this flow are manifest in de
Sitter coordinates in a curved space-time constructed as the
direct product of three-dimensional de Sitter space with a line,
dS3 ⊗ R. One first Weyl-rescales the Milne metric,

dŝ2 ≡ ds2

τ 2
= dτ 2 − dr2 − r2dφ2

τ 2
− dη2, (81)

and then transforms the Milne coordinates xμ = (τ, r, φ, η) to
“Gubser coordinates” x̂μ = (ρ, θ, φ, η), with

ρ = − sinh−1

(
1 − q2τ 2 + q2r2

2qτ

)
, (82)

θ = tan−1

(
2qr

1 + q2τ 2 − q2r2

)
, (83)

where q is an energy scale that sets the transverse size of the
system. In these coordinates the metric takes the form

ĝμν = diag(1, − cosh2 ρ, − cosh2 ρ sin2 θ, −1), (84)

with the line element

dŝ2 = dρ2 − cosh2 ρ(dθ2 + sin2 θ dφ2) − dη2, (85)

which is manifestly invariant under the SO(3)q group of ro-
tations in (θ, φ) space. In these coordinates, the flow appears

25The transverse expansion encoded in Gubser flow is so violent
that, at late times, the transverse momenta of the constituent particles
are red-shifted all the way towards zero effective transverse pressure
PT .
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static, ûμ = (1, 0, 0, 0), and all quantities depend only on the
Gubser time ρ. Moreover, to make conformal symmetry man-
ifest, all quantities expressed in Gubser coordinates (denoted
by a hat) are rendered dimensionless by appropriate rescaling
with powers of the Weyl rescaling parameter τ . For example,
the Gubser temperature and energy-momentum tensor are

T̂ (ρ) = τ T (τ, r), T̂ μν (ρ) = τ 2 ∂ x̂μ

∂xα

∂ x̂ν

∂xβ
T αβ (τ, r). (86)

The Gubser symmetries imply a diagonal form of the
energy-momentum tensor, T̂ μν = diag(ê, P̂T , P̂T , P̂L ), with
ê = 3P̂ ∝ T̂ 4 and zero trace such that there is no bulk viscous
pressure and ê = 2P̂T + P̂L. The shear stress tensor has only
one independent component which we take (as in Bjorken
flow) to be π̂ = 2

3 (P̂T −P̂L ). Using as before bars to denote
normalization by 4P, in kinetic theory the normalized shear
stress spans the range between ˆ̄π=− 1

2 (where P̂T = 0 and
P̂L=3P̂) and ˆ̄π= + 1

4 (where P̂L=0 and P̂T = 3
2 P̂).

The phase-space distribution function satisfying the sym-
metries of this flow can only depend on Gubser-invariant
variables, ρ, p̂� ≡

√
p̂2

θ + p̂2
φ/ sin2 θ , and p̂η, i.e., f (x, p) =

f (ρ; p̂�, p̂η ) [63]. Using these choices of phase-space vari-
ables, the RTA BE simplifies to

∂ f

∂ρ
= − 1

τ̂R
( f − feq ), (87)

where the relaxation time τ̂R = 5(η/s)/T̂ . The equilibrium
distribution is

feq = exp

(
− p̂ρ

T̂

)
with p̂ρ ≡

√
p̂2

�

cosh2 ρ
+ p̂2

η. (88)

The formal solution of Eq. (87) is [62]

f
(
ρ; p̂2

�, p̂η

) = D(ρ, ρ0) f0
(
p̂2

�, p̂η

)
+

∫ ρ

ρ0

dρ ′

τ̂R(ρ ′)
D(ρ, ρ ′) feq( p̂ρ (ρ ′), T̂ (ρ)),

(89)

with D(ρ2, ρ1) = exp(− ∫ ρ2

ρ1
dρ ′/τ̂R(ρ ′)) for the damping

function. Similar to the Bjorken case we parametrize the ini-
tial distribution with a Romatschke-Strickland ansatz

f0
(
p̂2

�, p̂η

) = exp

⎛
⎜⎝−

√
p̂2

�/ cosh2 ρ0 + (1+ξ0) p̂2
η

T̂ RS
0

⎞
⎟⎠. (90)

The temperature evolution is then obtained by solving the
integral equation26

T̂ 4(ρ) = D(ρ, ρ0)
(
T̂ RS

0

)4 EG(ρ, ρ0; ξ0)

+
∫ ρ

ρ0

dρ ′

τ̂R(ρ ′)
D(ρ, ρ ′) T̂ 4(ρ ′) EG(ρ, ρ ′; 0), (91)

26Equation (91) extends the original work in Refs. [62,63] from
equilibrium initial conditions to the general case of nonzero initial
momentum anisotropy ξ0 [64,65].

where

EG(ρ, ρ1; ξ ) =
(

cosh ρ1

cosh ρ

)4

He

(
cosh ρ

cosh ρ1
√

1+ξ

)
, (92)

with He(x) defined in Eq. (74). With T̂ (ρ) from Eq. (91) the
exact distribution function can be computed from Eq. (87).

A. ME hydrodynamics for Gubser flow

To derive the maximum entropy hydrodynamic equa-
tions for Gubser flow we first write down the exact evolution
equations for the two independent components of T̂ μν , ê, and
P̂T :27

dê

dρ
= −2 tanh ρ (ê + P̂T ), (93)

dP̂T

dρ
= − 1

τR
(P̂T − P̂) − (2 tanh ρ) ζ̂⊥. (94)

Note that 2 tanh ρ is the scalar expansion rate in Gubser flow,
θ̂ ≡ ∇̂ · û = 2 tanh ρ, which here takes the place that 1/τ

holds in Bjorken flow.28 The coupling ζ̂⊥ is defined by

ζ̂⊥ = 2P̂T − 2Îexact
202 , (95)

with the thermodynamic integral

Îexact
nrq ≡ 1

(2q)!!

∫
dP̂ ( p̂ρ )n−r−2q ( p̂η )r

(
p̂�

cosh ρ

)2q

f , (96)

where

dP̂ ≡ d p̂θ d p̂φ d p̂η

(2π )3 p̂ρ
√−ĝ

, (97)

with
√−ĝ = cosh2 ρ sin θ . Note that Eq. (96) maps onto

Eq. (47) with the substitutions

p̂θ

cosh ρ
�→ px,

p̂φ

cosh ρ sin θ
�→ py, p̂η �→ pz, (98)

where the use of LRF coordinates is implied.29

As in Sec. III B we close the set of exact equations (93)
and (94) by replacing Îexact

202 → ˆ̃I202 where the tilde indicates
substitution of the maximum entropy distribution fME as an
approximation for the exact solution f of the RTA Boltzmann

27This choice differs from what we did for Bjorken flow where,
in the conformal limit, we selected e and PL . The reason is that in
Bjorken flow the thermal energy decreases with time exclusively by
work done by the longitudinal pressure PL whereas in Gubser flow
we want to focus on the effects of the transverse pressure PT on the
cooling and flow patterns of the system.

28We refer to Appendix E for a discussion of the nontrivial rela-
tionship between the scalar expansion rates θ = ∇ · u in Minkowski
space and θ̂ ≡ ∇̂ · û in Gubser space. We note in particular that
θ̂ = 2 tanh ρ can take either sign whereas the scalar expansion rate
in Minkowski space is always positive for Gubser flow, θ � 0.

29Note that this mapping also implies p̂�/ cosh ρ �→ pT and p̂ρ �→
Ep = p.
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equation:

ˆ̃Inrq ≡ 1

(2q)!!

∫
dP̂ ( p̂ρ )n−r−2q ( p̂η )r

(
p̂�

cosh ρ

)2q

fME. (99)

In Gubser coordinates the ME distribution reads

fME(ρ, p̂�, p̂η ) = exp

[
−�̂ p̂ρ − γ̂

p̂ρ

(
p̂2

�

2 cosh2 ρ
− p̂2

η

)]
.

(100)

We will again solve directly for the Lagrange parameters
(�̂, γ̂ ) instead of (ê, P̂T ), by inverting(

dê

dP̂T

)
=

⎛
⎝− ˆ̃I300 − ˆ̃I301+ ˆ̃I320

− ˆ̃I301 −2 ˆ̃I302+ ˆ̃I321

⎞
⎠(

d�̂

d γ̂

)
. (101)

Making use of the mapping (98) we compute the moments ˆ̃Inrq

from Eq. (79) by replacing the Lagrange parameters (�, γ̄ ) in
the latter by their hatted counterparts.

B. Chapman-Enskog hydrodynamics for Gubser flow

To demonstrate the degree of improvement attained by us-
ing the ME truncation scheme in comparison with traditional
hydrodynamic approaches, we briefly recap the evolution
equations for the latter. For illustration we use the Gubser
flow version of the Chapman-Enskog-like framework briefly
discussed in Sec. II B. Recall that Gubser flow is conformally
symmetric and thus the bulk viscous pressure vanishes, �̂= 0.
Up to third order in the Chapman-Enskog (CE) approxi-
mation, the Gubser flow evolution equations for the energy
density and shear stress30 are [61]

dê

dρ
= −2 tanh ρ

(
4

3
ê + π̂

2

)
, (102)

dπ̂

dρ
= − π̂

τ̂R
− tanh ρ

(
4

3
β̂π + λ̂ π̂ − χ̂

π̂2

β̂π

)
, (103)

with first- and second-order transport coefficients β̂π = 4P̂/5
and λ̂ = 46/21. The last term in Eq. (103) enters only at
third order in the CE expansion, with third-order transport
coefficient χ̂ = 72/245.31

C. Gubser evolution in kinetic theory and hydrodynamics

We solve the RTA Boltzmann equation exactly for
three different shear viscosity values, 4πη/s ∈ (1, 3, 10). We
start the evolution at Gubser time ρ0 = −10 and tune the
Romatschke-Strickland parameters (T̂ RS

0 , ξ0) such that the ini-
tial Gubser temperature in all cases is fixed at T̂0 = 0.002.32

30Note that the definitions of π̂ here and in Ref. [61] differ by a
sign.

31Note that the second-order Chapman-Enskog equation for shear
evolution, i.e., Eq. (103) with χ̂ = 0, is identical to the corresponding
evolution in the DNMR framework [62].

32In the center of a fireball with typical transverse size 1/q ≈
4.3 fm, this corresponds to an actual temperature T0 ≈ 2 GeV at
Milne time τ0 ≈ 1.9×10−4 fm/c.

TABLE VI. Romatschke-Strickland parameters (T̂ RS
0 , ξ0 ) and

maximum entropy Lagrange parameters (�̂0, γ̂0) used to initialize
the RTA Boltzmann and ME hydrodynamic equations, respectively,
at T̂0 = 0.002 and the normalized shear stresses ˆ̄π0 shown. The initial
conditions shown in columns 2, 3, and 4 are evolved with specific
shear viscosities 4πη/s = 1, 3, and 10, respectively.

ˆ̄π0 −0.45 −0.25 0
T̂ RS

0 8.228×10−4 1.437×10−3 2×10−3

ξ0 −0.985 −0.828 0

�̂0 1227.9 587.97 500
γ̂0 1037.16 279.2 0

For a better visual separation of the evolution trajectories, the
initial values for the normalized shear stress ˆ̄π0 for 4πη/s =
1, 3, and 10 are set to −0.45, −0.25, and 0, respectively.
The initial ME Lagrange parameters (�̂0, γ̂ ) are tuned to
reproduce these initial values of T̂0 and ˆ̄π0. All these initial
conditions are summarized in Table VI.33

To set expectations we first compare in Fig. 8 the exact
RTA BE results from microscopic kinetic theory (green lines)
with the macroscopic approximations of second-order (red
lines, Fig. 8(a)) and third-order (magenta lines, Fig. 8(b)—see
also Fig. 4 in Ref. [61]) Chapman-Enskog hydrodynamics.
Three different line styles distinguish evolutions with different
shear viscosities as shown in the legend.

As already discussed in Ref. [61], in kinetic theory the
evolution of the normalized shear stress in Gubser flow is
controlled by an “early-time”34 attractor at large negative
Gubser time ρ, corresponding to ˆ̄π = 1

4 (i.e., the longitudinal
free-streaming limit P̂L = 0), and a “late-time” attractor at
large positive ρ, corresponding to ˆ̄π = − 1

2 (i.e., the transverse
free-streaming limit P̂T = 0). For all three initial conditions
and specific shear viscosities the “early-time” dynamics is
characterized by a rapid approach towards the longitudinal
free-streaming limit at P̂L = 0, very similar to what is ob-
served in Milne time in Fig. 7 for Bjorken flow. Around
ρ = 0 the Gubser dynamical evolution of the shear stress is
nonuniversal and depends quite sensitively on the value of the
specific shear viscosity η/s. The “late-time” behavior, how-
ever, is again universal and characterized by an approach to
the transverse free-streaming limit at zero transverse pressure,
P̂T = 0. This has no analog in Bjorken flow and must therefore
be caused by the transverse expansion in Gubser flow.

That the fluid dynamics for Gubser flow approaches
free-streaming limits, characterized by very large Knudsen
numbers Kn=τ̂R|θ̂ |=2τ̂R| tanh ρ|, at both large negative and
large positive ρ values is implicit in Fig. 4 of Ref. [63] which
shows the Knudsen number growing exponentially in both

33Note that the values of ξ0 in Table VI are identical to those
in Table I for conformal Bjorken flow. In both cases we generate
identical initial normalized shear stresses; in conformal dynamics
these depend only on the anisotropy parameter ξ0, irrespective of the
temperature scale (T RS

0 or T̂ RS
0 ) in the RS-ansatz.

34We emphasize that Gubser “time” ρ and Milne time τ are con-
nected by the position-dependent relation (82) and provide very
different intuitions about the system’s evolution [52,53,62,63].
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FIG. 8. Gubser evolution of the normalized shear stress, compar-
ing the exact solution of the RTA Boltzmann equation (green lines)
with CE hydrodynamics at second [red lines in panel (a)] and third
[magenta lines in panel (b)] order of the Chapman-Enskog expan-
sion. Different line styles correspond to different shear viscosities as
detailed in the legend.

limits. What was not realized in that first analysis is that at
large negative ρ the scalar expansion rate |∇̂ · û| is dominated
by longitudinal expansion whereas the growth of the Knudsen
number at large positive ρ has to be associated with a large
(relative to the microscopic scattering rate) transverse expan-
sion rate.35 This explains the approach to different attractors
(P̂L = 0 at negative ρ, P̂T = 0 at positive ρ) at early and late
Gubser times.

The red and magenta lines in Figs. 8(a) and 8(b) show
that CE hydrodynamics does not correctly reproduce either
one of these two attractors. The discrepancy between the
exact kinetic theory and its macroscopic hydrodynamic ap-
proximation gets smaller at third order of the CE expansion
[Fig. 8(b)] than at second order [Fig. 8(a)]36 but clearly re-
mains sizable [61].37 The transition around ρ = 0 between the

35We refer to Appendix E for technical details.
36Note that ˆ̄π > 0.25 ( ˆ̄π <−0.5) implies P̂L < 0 (P̂T < 0). At sec-

ond order in the CE expansion, CE hydrodynamics for Gubser flow
thus violates basic kinetic theory limits.

37Notwithstanding this improvement, the third-order theory breaks
down for large negative initial shear. This is why in Fig. 8(b) there is
no magenta curve for ˆ̄π0 = −0.45.

FIG. 9. Evolution of (a) the shear inverse Reynolds number and
(b) the pressure anisotropy in Gubser flow, comparing the exact
solution of the RTA Boltzmann equation (green curves) with ME hy-
drodynamics (blue curves). Where the green curves become invisible
they are hidden behind the blue curves.

“early” and “late” free-streaming limits, where the deviations
from thermal equilibrium are small, is described well by CE
hydrodynamics, at both second and third order precision. The
duration of agreement increases with the strength of the mi-
croscopic interactions (smaller η/s).

Figure 9 shows that the shortcomings CE hydrodynamics
are not shared by Maximum Entropy hydrodynamics. For
ρ < 0 the evolution of the normalized shear stress shown in
Fig. 9(a) agrees almost perfectly between the microscopic and
macroscopic approaches. At positive ρ small differences can
be seen (the exact shear stress lies slightly above the ME
approximation) but at ρ → ∞ the normalized shear stress
from ME hydrodynamics converges perfectly to the correct
asymptotic value for transverse free-streaming. The kinetic
constraints P̂L,T � 0 are never violated. Studying the pressure
anisotropy P̂L/P̂T in Fig. 9(b) reveals that, as ê=3P̂ → 0 at
large ρ, the longitudinal-to-transverse pressure ratio P̂L/P̂T

grows exponentially but differs by a constant factor between
kinetic theory and ME hydrodynamics; this constant ap-
proaches 1 (i.e., the difference between the green and blue
curves vanishes) as the specific shear viscosity decreases, i.e.,
as the system becomes more strongly coupled.38

38As already remarked at the end of Sec. II D, the curves in Fig. 9
agree with those first shown in Ref. [33], claimed (incorrectly) to
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In Fig. 4 of Ref. [61] a version of Fig. 9 was shown where
all blue ME hydrodynamic curves were replaced by trajec-
tories obtained from anisotropic hydrodynamics (aHydro).
We have repeated that exercise for mVAH (not shown) and
found excellent agreement between the mVAH and ME-
hydrodynamic predictions. As we had noticed in Sec. III E
and discuss in detail in Appendix A for Bjorken flow, for the
RS-type initial conditions used in Fig. 9 the mVAH predictions
for Gubser flow again agree slightly better with the exact
kinetic evolution than the ones from ME hydrodynamics.
(This may flip again for ME initial conditions but we did
not solve the RTA Boltzmann equation for that case.) So ME
hydrodynamics and mVAH are again very competitive hydrody-
namic approximations of the underlying kinetic theory when
considering Gubser flow.

So why did the anisotropic hydrodynamic approach (whose
construction made heavy use of the specific symmetries of
Bjorken flow) not fail—as one might have expected—when
moving from Bjorken flow (without any transverse expan-
sion) to Gubser flow (with very strong transverse expansion
that completely dominates the fluid dynamics at late Gubser
times)? The answer is that mVAH for Gubser flow is not the
same as mVAH for Bjorken flow. Although both are obtained
by using an (almost identical looking) RS-type ansatz for the
microscopic distribution function to close the hydrodynamic
equations, for Gubser flow the RS distribution function (90)
is expressed through Gubser coordinates instead of the Milne
coordinates used in Eq. (35), which span a different type of
space-time: One is intrinsically curved, the other flat. This
makes them physically very different distributions. In the end
the “Gubser RS ansatz” (90) is as well adapted to Gubser flow
as the standard RS ansatz (35) is to Bjorken flow, sharing this
feature with the ME ansatz [Eqs. (48) and (100), respectively].

V. CONCLUSIONS AND OUTLOOK

Using the maximum entropy distribution constrained by
the full energy-momentum tensor to truncate the moment
hierarchy of the relativistic Boltzmann equation in relaxation
time approximation, we here developed ME hydrodynamics,
a new relativistic framework for dissipative fluid dynamics
that accounts nonperturbatively for the full set of dissipative
energy-momentum flows. The framework can be straight-
forwardly extended to systems with conserved charges, by
including the corresponding diffusion currents as additional
constraints when maximizing the Shannon entropy, but in this
work we focused on fluids without such conserved charges.
ME hydrodynamics is conceived to provide an extension
of standard second-order (“transient”) relativistic dissipative
fluid dynamics, which is based on the assumption of weak

result from a hydrodynamic framework based on the principle of
maximizing the rate of entropy production. The correct interpretation
of the numerical results in Ref. [33] is that they are predictions of ME
hydrodynamics, i.e., they maximize the entropy itself. In fact, almost
everywhere in Fig. 9 the deviations from local thermal equilibrium
are so large that the approximations made in Ref. [33] to arrive at
their final form for fDTT fail catastrophically.

dissipative flows, into the domain of far-from-equilibrium dy-
namics. It is a generically macroscopic approach which uses
only macroscopic hydrodynamic information, in the sense
that the distribution function used for moment truncation is
only constrained by macroscopic hydrodynamic quantities. It
makes use of microscopic Boltzmann kinetic theory only to
the extent that it is assumed that some such kinetic description
exists for the fluid, without additional specifics. Further-
more, the kinetic description is only used to determine the
coupling to nonhydrodynamic moments; the form of the evo-
lution equations for the conserved charges remains completely
general.

While the framework accommodates arbitrary three-
dimensional flow patterns, we here studied it, for testing
purposes, only for Bjorken and Gubser flow.39 Assuming that
the microscopic physics of the fluid is controlled by the RTA
Boltzmann equation, these flows provide highly symmetric
environments in which this underlying microscopic physics
can be solved semianalytically with arbitrary numerical pre-
cision. These microscopic solutions then provide the exact
space-time evolution of the full energy-momentum tensor of
the system against which the predictions obtained numeri-
cally from the macroscopic ME hydrodynamic framework
can be compared with quantitative precision. In this work we
performed such comparisons for both massless and massive
Boltzmann gases undergoing Bjorken expansion and for a
massless gas undergoing Gubser flow. The agreement of the
macroscopic ME hydrodynamic predictions with the exact
underlying kinetic results was found to be excellent in all
cases, except for initial conditions encoding the most extreme
deviations from local thermal equilibrium where differences
of a few percent were visible between the micro- and macro-
scopic descriptions.

As shown in this work and in earlier publications, the
same is not true for most other macroscopic hydrodynamic
theories. Generically, other approaches fail to reproduce the
universal early-time (free-streaming) attractor for the nor-
malized longitudinal pressure PL/P in Bjorken flow, and the
universal longitudinal and transverse free-streaming attractors
for P̂L and P̂T at large negative and positive de Sitter times,
respectively, in Gubser flow. Whenever the bulk and/or shear
viscous stresses become large, the standard dissipative hydro-
dynamic approaches break down. The only other approach
that can compete with ME hydrodynamics in the cases of
Bjorken and Gubser flows is anisotropic hydrodynamics, but
only because it uses for truncation of the Boltzmann moment
hierarchy a custom-made ansatz of (modified) Romatschke-
Strickland form for the distribution function that includes
the momentum anisotropies associated with the shear and
bulk viscous stresses in these flows nonperturbatively (albeit
not by maximizing the Shannon entropy). Contrary to ME

39The exact solution of the relativistic Boltzmann equation for the
Friedmann-Lemaitre-Robertson-Walker cosmology [66] offers itself
for a similar test of ME hydro in a system that is again effectively one
dimensional but involves an energy-momentum tensor with different
symmetries (and thus with a different structure of the dissipative
fluxes).
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hydrodynamics, the success of anisotropic hydrodynamics for
Bjorken and Gubser flows is therefore not expected to carry
over to generic three-dimensional flow patterns.

We are confident that the excellent performance of ME
hydrodynamics carries over to generic three-dimensional hy-
drodynamic evolution.40 To subject this confidence to rigorous
numerical tests will require development of high-precision
numerical solutions for (3 + 1)-dimensional kinetic theory for
comparison. If successful, (3 + 1)-dimensional ME hydro will
become the preferred macroscopic dynamical framework for
relativistic heavy-ion collisions—unless it turns out that the
early stage of the latter is not sufficiently weakly coupled to
admit some sort of kinetic description. Since ME hydro is
based on a truncation of the Boltzmann moment hierarchy
we do not know how to generalize it to fluids which are
so strongly coupled that a kinetic theory approach becomes
fundamentally inapplicable.
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APPENDIX A: SENSITIVITY OF KINETIC THEORY
SOLUTIONS TO THE FORM OF THE INITIAL

DISTRIBUTION

In this Appendix we test the sensitivity of nonconformal
kinetic theory results to the choice of the initial distribution

40One can also test ME hydrodynamics in flow profiles that are
more complex than Bjorken and Gubser expansions, but amenable
to analytic or semianalytic treatments. For example, the flow profile
developed by Keegan et al. [67] models a system that starts from
thermal equilibrium in flat space before being driven away from it
by a gravitational pulse and eventually settles into a boost-invariant
Bjorken expansion at late times. The flow derived by Bantilan et al.
[68] describes a three-dimensional fluid having certain similarities
with the medium formed in heavy-ion collisions, namely, elliptic
flow, triangular flow, and vorticity. It is also interesting to test ME
hydro in extreme off-equilibrium scenarios arising in rarefied gases
where the three-dimensional Boltzmann equation can be solved ana-
lytically for certain classes of initial distributions [69,70].

FIG. 10. Comparison of scaled bulk and shear stress evolution
obtained from kinetic theory using an initial distribution of modified
Romatschke-Strickland form (solid lines) and maximum-entropy
type (dashed lines).

function used in the RTA Boltzmann equation. The solutions
for a certain set of initial shear and bulk inverse Reynolds
numbers (and temperature T0 = 500 MeV) generated by f0 =
fmRS have already been presented in Sec. III E. We now gener-
ate identical initial conditions for (T0, π̄0, �̄0) using an initial
distribution to be of maximum-entropy form, i.e., f0 = fME.
The solutions are shown by dashed lines in Fig. 10 where the
solid lines calculated with f0 = fmRS are the same as those in
Fig. 6. The orange and magenta curves in Fig. 10 a show that
nonhydrodynamic moments of the distribution function can
lead to observable differences in the early-time evolution of
hydrodynamic quantities. These differences are more promi-
nent in the bulk channel than in the shear sector, and also for
initial conditions where the shear inverse Reynolds numbers
are large and negative (π̄0 = −0.41 for the orange curve and
−0.22 for the magenta one). For π̄0 � 0, the differences are
found to be negligible.

Nevertheless, the early time nonuniversality in kinetic
theory results corresponding to the two choices of initial
distribution suggest that for f0 = fmRS modified anisotropic
hydro might perform better than ME-hydro, and vice-versa
for f0 = fME. We verify this intuition in Figs. 11 and 12.
In Fig. 11 the comparison between kinetic theory solutions
for f0 = fmRS (shown by solid lines) with m-aHydro (black
dashed lines) shows that the two are in excellent agreement. A
similar comparison in Fig. 12 between kinetic theory solutions
with f0= fME (shown by solid lines41) and ME-hydro (black
dashed lines) shows that the latter describes the former well.

41Note that the solid lines of Fig. 12 are identical to the dashed lines
of the corresponding color in Fig. 10.
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FIG. 11. Comparison of dissipative flux evolution obtained from
kinetic theory using an initial distribution f0 = fmRS (solid lines) and
modified viscous anisotropic hydro (mVAH) (black dashed lines).

Thus, for some initial conditions the band of uncertainty in
the microscopic description of hydrodynamic quantities due
to an incomplete knowledge of the initial distribution may
be too large to distinguish between the superiority of one
macroscopic description over another.

FIG. 12. Comparison of scaled bulk and shear evolution obtained
from kinetic theory using f0 = fME (solid lines) and ME-hydro
(black dashed lines).

FIG. 13. Comparison of scaled bulk and shear evolution obtained
from kinetic theory for particles obeying Bose-Einstein statistics
(dashed) and classical statistics (solid).

APPENDIX B: CLASSICAL VERSUS
QUANTUM STATISTICS

In Figs. 13 and 14 we explore the extent to which
the Maxwell-Boltzmann approximation describes the macro-
scopic dynamics of particles governed by quantum statistics

FIG. 14. Same as Fig. 13, but for dashed lines now standing for
Fermi-Dirac statistics.
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FIG. 15. Comparison between kinetic theory and ME-hydro for
Bose-Einstein statistics.

when subject to Bjorken flow.42 For both of these figures we
use initial distributions of maximum-entropy type, i.e., f0

given by Eq. (57) for classical statistics and by Eq. (71) for
quantum statistics with appropriate choice of θ . The results
for classical and quantum statistics are denoted, respectively,
by solid and dashed lines. The blue, maroon, magenta, and
orange curves in Fig. 13 a shows that Boltzmann approx-
imation does not appropriately capture the early-time bulk
viscous pressure evolution for particles obeying Bose-Einstein
statistics. In contrast, for Fermi-Dirac particles the agreement
between classical and quantum statistics is much better, as
demonstrated in Fig. 14.

In Figs. 15 and 16 we show ME-hydro solutions for Bose-
Einstein and Fermi-Dirac statistics, respectively, and compare
with the corresponding exact kinetic theory solutions. For
quantum ME hydro one must solve Eqs. (51)–(53) using
f = fME given by Eq. (71) to obtain the moments Ĩnrq [see
Eq. (50)]. As for the Boltzmann case, we solved directly for
the Lagrange parameters (�,λ�, γ ). The Jacobian of trans-
formation relating Ma

b to the moments Ĩnrq [Eqs. (59)–(61)] is
the same as for classical statistics, up to changing Ĩnrq → Ĩq

nrq,
where

Ĩq
nrq = 1

(2q)!!

∫
dP (pτ )n−r−2q

(
pη

τ

)r

p2q
T fME f̃ME, (B1)

with f̃ME ≡ 1−a fME. Figures 15 and 16 demonstrate that ME-
hydro gives an excellent description of nonconformal kinetic
theory for quantum statistics as well.

42For the exact solution of the (0 + 1)-dimensional RTA Boltzmann
equation for a gas of massive Bose-Einstein or Fermi-Dirac particles
see Ref. [71].

FIG. 16. Same as Fig. 15 but for Fermi-Dirac statistics.

APPENDIX C: EVOLUTION OF THE
LAGRANGE PARAMETERS

We discuss the evolution of the ME Lagrange parameters
in ME hydrodynamics for nonconformal fluids undergoing
Bjorken flow. Similar to Fig. 4 showing the corresponding
conformal evolution, we explore in Figs. 17 and 18 the time
dependence of the Lagrange parameters (�,λ�, γ ) (suitably
normalized as mentioned later) controlling the ME distribu-
tion function in a nonconformal gas. In Figs. 17(a) we notice
a curious feature that the parameter �, which one may be
inclined to associate with an inverse temperature, is negative!
This is not a problem though, as for the maximum-entropy
distribution to be well-behaved � does not need to be positive.
Instead, it is the sum of � and λπ that must be positive [see
Eq. (67)]. In fact, negative values of � arise as our initial
conditions correspond to negative bulk viscous pressures for a
gas at moderate temperatures (T0/m = 1).

One observes from Fig. 17(a) that the magenta, maroon,
orange, and cyan curves that correspond to initial �/P � 0
and substantial initial shear stress are characterized by neg-
ative �0. In contrast, the blue, green, and black curves with
initial �/P � 0 have positive �0. These are in line with the
arguments given above. The various solutions in Fig. 17(a)
evolve distinctly from each other during the early stages.
At times τ ≈ 2 τR they approach unity suggesting onset of
near-equilibrium dynamics when � can be thought of as an
inverse temperature. The solutions for λ�T , too, evolve quite
differently from each other at early times before approaching
zero as the bulk viscous pressure of the system vanishes. Note
that for all curves, the sum � + λ� is greater than zero; see
also Table V.

In Fig. 18(a) we plot the evolution of Lagrange multiplier
γ (made dimensionless by dividing by (�+λ�)) which con-
trols the momentum space anisotropy of the distribution. As
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FIG. 17. Evolution of Lagrange parameters � and λ� (both in
units of the instantaneous inverse temperature) of the maximum-
entropy distribution function corresponding to different initial
conditions; see text for details.

the black and cyan curves start with vanishing shear stress,
they correspond to γ0=0. The maroon curve has a large
initial positive shear (or PL/P � 1) and starts with a large
negative initial γ . Similar to the �T and λ�T evolution in
Fig. 17, the far-off-equilibrium dynamics of γ /(� + λ�) are
strongly dependent on initial conditions. However, at late
times, all of them approach zero as the system isotropizes.
We finally plot in Fig. 18(b) the time evolution of σ ≡ � +
λ� − |min(γ /2,−γ )| (again, made dimensionless by multi-
plication with the temperature) for all the ME hydro solutions
discussed so far. According to Eq. (67) σ must be positive
throughout the system’s evolution for the maximum entropy
distribution to be well-behaved. We see that this is indeed the
case for all curves. The kink in the magenta, green, orange
and blue curves occurs when γ crosses zero. At late times, λ�

and γ approach zero, and σ assumes the role of an inverse
temperature such that σT ≈ 1.

APPENDIX D: ENTROPY EVOLUTION

It has been shown earlier that both mVAH and ME-hydro
describe the kinetic evolution of hydrodynamic moments of
the distribution function rather well. In this Appendix we
compare their performance when it comes to modeling a non-
hydrodynamic moment of f . In Fig. 19 we plot the evolution
of the nonequilibrium entropy per unit rapidity and transverse

FIG. 18. Evolution of the scaled Lagrange parameter for shear
stress, γ /(� + λ�), in panel (a). Panel (b) shows the evolution of
parameter σ ≡ � + λ� − |min(γ /2, −γ )| for different initial con-
ditions; see text for details.

FIG. 19. Evolution of entropy per unit rapidity and transverse
area in nonconformal Bjorken flow. Solid lines are exact solutions
of kinetic theory; dashed lines correspond to hydrodynamic approx-
imations. For the color coding, refer to Table III.
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area, sτ , obtained using kinetic theory and the hydrodynamic
approximations.43

In Fig. 19(b) we solve kinetic theory with an initial dis-
tribution f0 = fME that generates (�̃0, π̃0) as mentioned in
Table III, and then compute the entropy density from Eq. (27).
The ME-hydro results for these initial conditions were already
obtained in Appendix A, Fig. 12. We use the corresponding
solutions for (�,λ�, γ ) to calculate the ME-hydro entropy
density (69). The corresponding results for sτ are shown by
dashed lines in Fig. 19(b). For Fig. 19(a) we repeat the same
procedure but use f0 = fmRS for the kinetic theory solutions,
and for mVAH we calculate the entropy density (27) by plug-
ging in the modified Romatschke-Strickland distribution (35)
with the corresponding time-dependent RS parameters [58].

Both panels show substantial differences in evolution
between the exact nonequilibrium entropy and the hydrody-
namic results. From the analysis of Calzetta and Cantarutti
[33] it can be deduced that in the conformal case the diver-
gence of the entropy four-current for a maximum-entropy type
distribution is given by

∂μSμ = − 1

τR
γ〈μν〉 πμν. (D1)

In the nonconformal case ∂μSμ gets generalized to

∂μSμ = − 1

τR
(γ〈μν〉 πμν + 3 λ� �). (D2)

For a system undergoing Bjorken expansion this implies that
the entropy per unit rapidity increases as

d (sτ )

dτ
= −3τ̄

(
γ

π

2
+ λ� �

)
, (D3)

where τ̄ ≡ τ/τR. This can also be verified using the entropy
density definition (69):

s = �e + λ� (PL + 2PT ) + γ (PT − PL ) + n. (D4)

Taking the differential of s and noting that

dn = −e d� − (PL + 2PT ) dλ� − (PT − PL ) dγ , (D5)

one finds44

ds = � de + λ� (dPL + 2 dPT ) + γ (dPT − dPL ). (D6)

Now, using the ME-hydro equations of motion (51)–(53) we
obtain

d (sτ )

dτ
= − 3τ̄

(
λ� � + γ

π

2

)
+ n − � PL

− γ (Ĩ240 − 2PL − Ĩ221)

− λ�(2PL − Ĩ240 − 2Ĩ221). (D7)

To show that the terms in r.h.s. of above equation that are not
proportional to τ̄ cancel each other we start with the number

43For nondissipative Bjorken expansion, the entropy of a fluid
element does not change with time which manifests in sτ being a
constant of motion.

44Note that for a system in equilibrium ds = β de as expected.

density (in local rest frame coordinates):

n =
∫ ∞

0

d pT pT

2π2

∫ ∞

0
d pz fME

= −
∫ ∞

0

d pT pT

2π2

∫ ∞

0
d pz pz

∂ fME

∂ pz
. (D8)

We then use

pz
∂ fME

∂ pz
= − fME

p2
z

Ep

[
� + λ�

(
2 − p2

T + p2
z

E2
p

)]

+ γ

(
−2 − p2

T

2 E2
p

+ p2
z

E2
p

)]
, (D9)

to obtain

n = � PL + λ�(2PL − Ĩ240 − 2Ĩ221) + γ (Ĩ240 − 2PL − Ĩ221).

(D10)

Accordingly, the entropy production rate (D7) stems solely
from terms proportional to τ̄ (or the collisional kernel):

d (sτ )

dτ
= −3τ̄

(
λ� � + γ

π

2

)
, (D11)

consistent with Eq. (D3). Equation (D3) also implies that the
initial slopes of the solid and dashed curves in Fig. 19(b)
must be equal. This is because the kinetic theory curves are
initialized with a maximum-entropy type distribution such
that

d (sτ )

dτ

∣∣∣∣
τ0

=
(

τ

τR

)
0

∫
dP pτ log( fME) ( fME − feq,0)

= −3τ̄0

(
λ�,0 �0 + γ0

π0

2

)
. (D12)

Although in Fig. 19(b) the solid and dashed curves in orange,
blue, and cyan colors graze along each other at early times,
the initial slopes of the solid and dashed maroon curves differ
strongly. In fact, the initial slope of the maroon ME-hydro
curve agrees with the expectation (D3) whereas the kinetic
theory solution does not; the rate of entropy production is
considerably smaller for the latter than for the former. To
understand this puzzling behavior we compute the second
time derivative of sτ in kinetic theory. Starting from Eq. (27)
multiplied by τ and evaluating the first time derivative using
the RTA Boltzmann equation gives

d (sτ )

dτ
= τ

τR

∫
dP pτ log( f ) δ f , (D13)

where dP = d2 pT d pη/[(2π )3τ pτ ]. One then obtains for the
second derivative

d2(sτ )

dτ 2
= − d (sτ )

dτ

(
1

τR
+ d log τR

dτ

)

− τ

τR

∫
dP pτ log( f )

∂ feq

∂τ

− τ

τ 2
R

∫
dP pτ (δ f )2

f
. (D14)
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While the first momentum integral appearing on the r.h.s.
involving the derivative of feq is well behaved, it is not obvious
that the last one converges, especially for large deviations
from equilibrium. On expanding the integrand, (δ f )2/ f =
f − 2 feq + f 2

eq/ f , it becomes clear that for the initial slope of
the entropy production rate to be finite, the quantity f 2

eq,0/ fME

must decay to zero at large momenta. This in turn requires

2

T0
− �0 − λ�,0 >

∣∣∣∣min

(
−γ0

2
, γ0

)∣∣∣∣. (D15)

This criterium is not met by the maroon curve. In consequence
the initial slope of the kinetic entropy production rate has
a singularity: The slope of d (sτ )/dτ approaches negative
infinity. This singularity is not captured by ME hydro. To pin-
point the origin of this difference let us calculate the quantity
d2(sτ )/dτ 2 in ME hydro. Rewriting Eq. (D11) as

d (sτ )

dτ
= τ

τR

∫
dP pτ log( fME) ( fME − feq ) (D16)

and taking another time derivative we have

d2(sτ )

dτ 2
= − d log τR

dτ

d (sτ )

dτ

+ τ

τR

∫
dP pτ log( fME)

∂ fME

∂τ

− τ

τR

∫
dP pτ log( fME)

∂ feq

∂τ

+ τ

τR

∫
dP pτ ( fME − feq )

fME

∂ fME

∂τ
. (D17)

We can simplify the second term on the r.h.s. of this equa-
tion as follows: Although fME is not a solution of the
Boltzmann equation, the ME hydro equations of motion (51)–
(53) permit replacement of the partial derivative ∂ fME/∂τ by
−( fME − feq )/τR. To see this we write

∫
dP pτ log( fME)

∂ fME

∂τ

= −
∫

dP
∂ fME

∂τ

[
� (pτ )2 + λ�

(
p2

T + p2
η

τ 2

)

+ γ

(
p2

T

2
− p2

η

τ 2

)]
(D18)

and use the ME hydro equations of motion for (e, PL, PT ) in
the form [33]

∫
dP (pτ )2

[
∂ fME

∂τ
+ 1

τR
( fME − feq )

]
= 0,

∫
dP

p2
η

τ 2

[
∂ fME

∂τ
+ 1

τR
( fME − feq )

]
= 0,

∫
dP

p2
T

2

[
∂ fME

∂τ
+ 1

τR
( fME − feq )

]
= 0. (D19)

The second term on the r.h.s. of Eq. (D17) can therefore be
written as45

− τ

τ 2
R

∫
dP pτ log( fME) ( fME − feq ) = − 1

τR

d (sτ )

dτ
, (D20)

and the second-derivative of sτ in ME hydro becomes

d2(sτ )

dτ 2
= − d (sτ )

dτ

(
1

τR
+ d log τR

dτ

)

− τ

τR

∫
dP pτ log( fME)

∂ feq

∂τ

+ τ

τR

∫
dP pτ ( fME − feq )

fME

∂ fME

∂τ
. (D21)

At τ = τ0 and for kinetic theory initialized with a maximum
entropy distribution, the r.h.s. of the above expression agrees
with the kinetic result (D14) for the first two terms.46 How-
ever, as fME does not solve the Boltzmann equation, the last
term differs in the two approaches:

( fME − feq )

fME

∂ fME

∂τ
�= − 1

τR

( fME − feq )2

fME
. (D22)

Note that the source of divergence for d2(sτ )/dτ 2 at τ=τ0

is precisely the term ( fME − feq,0)2/ fME. In ME hydro
∂ fME/∂τ ∝ fME such that

( fME − feq )

fME

∂ fME

∂τ
∝ ( fME − feq ) (D23)

whose momentum integral in Eq. (D21) is finite. This is why
ME hydro does not capture the singularity in the second time
derivative of sτ for initial conditions deviating strongly from
thermal equilibrium.47

APPENDIX E: GUBSER FLOW IN MILNE COORDINATES

Although it is mathematically convenient to work with
Gubser flow in curved space-time parametrized by de-Sitter
coordinates, one may gain a more physical picture of the
expanding fluid by expressing it in familiar Milne coordi-
nates. For instance, the quantity θ̂ ≡ 2 tanh ρ which is usually
dubbed as the scalar expansion rate in Gubser flow goes
negative at ρ < 0, although the fluid is always expanding
in flat space. It should be noted that unlike scalar quantities
such as temperature where the transformation from Milne
to Gubser coordinates is implemented by a simple scaling,
T → T̂ = τT , the relation between the Milne expansion rate
θ and the Gubser expansion rate θ̂ is more complicated

45Note that the term involving the Lagrange multiplier � in
Eq. (D18) vanishes due to Landau matching.

46Note that the initial slope of the temperature in ME hydro is
identical to that in kinetic theory initialized with fME. This also
implies that ∂ feq/∂τ at τ = τ0 is identical in both approaches.

47We found that the discrepancies between ME hydro and kinetic
theory typically become serious once PL/P or PT /P drop below about
10%.
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(see Eq. (7) of Ref. [72]):

τθ = θ̂ + 3

τ

∂τ

∂ρ
= 1 + 2r̃2 + 5τ̃ 2

s+ s−
. (E1)

Here s± ≡ (1 + r2
±)1/2, with r± ≡ (r̃ ± τ̃ ), and the scaled co-

ordinates are r̃ ≡ q r and τ̃ = q τ (here, q characterizes the
inverse size of the system). To get to the last equality in
Eq. (E1) we used the relations (see Eq. (148) of Ref. [52])

τ̃ = sechρ

cos θ − tanh ρ
, r̃ = sin θ

cos θ − tanh ρ
, (E2)

and wrote everything in terms of Milne coordinates.48 Note
that Eq. (E1) could have also been obtained directly from the
definition of the expansion rate in flat space-time:

θ ≡ dμuμ = ∂uτ

∂τ
+ ∂ur

∂r
+ uτ

τ
+ ur

r
, (E3)

where, in Milne coordinates, the components of uμ are given
by [52] uτ ≡ cosh κ , ur ≡ sinh κ , with

tanh κ (τ, r) = 2τ̃ r̃

1 + τ̃ 2 + r̃2
. (E4)

To extract the early and late-time behaviors of the flow, we
compute the longitudinal and transverse expansion rates [73],
θL ≡ zμdzuμ, θ⊥ ≡ θ − θL, where dz = −zμdμ, with zμ be-
ing the longitudinal component of velocity,

zμ = 1√
1 + (ur )2

(
τuη, 0, 0,

uτ

τ

)
. (E5)

For Gubser flow uη = 0 such that the only nonvanishing
component of zμ is zη = 1/τ . Accordingly the longitudinal

48The θ appearing in Gubser coordinates (ρ, θ, φ, η) should not be
confused with the scalar expansion rate, also denoted by the same
symbol.

expansion rate is

θL = −zηzη

(
∂uη

∂η
+ �η

ητ uτ

)
= cosh κ

τ
. (E6)

Written in terms of Milne variables, the longitudinal and trans-
verse expansion rates are

τθL = 1 + r̃2 + τ̃ 2

s+s−
, τθ⊥ = r̃2 + 4τ̃ 2

s+s−
. (E7)

The symmetries of Gubser flow imply that the state of a
fluid element A located at rA at proper time τA is identical
to that of the central fluid cell C(r=0) at a proper time τC =
(1/q) × sechρA/(1− tanh ρA), where ρA = ρ(τA, rA). This al-
lows us to focus on the central cell. Equation (E7) implies
that the longitudinal expansion rate of Gubser flow is θL =
1/τ at all times, which is identical to the Bjorken expansion
rate, as expected. In contrast, the transverse expansion rate
θ⊥ = (1/τ ) × 4τ̃ 2/(1 + τ̃ 2) vanishes at early times τ � 1/q
but approaches θ⊥ ≈ 4/τ at late times. Clearly, θ⊥ dominates
over θL at late times, with a transition taking place around τ̃ =√

1/3. Note that the corresponding Gubser transition time is
ρ ≈ −0.55.

Although the transverse expansion rate exceeds the longi-
tudinal one at late times, it decreases with τ . Why then does
the system not thermalize at late times as in Bjorken flow?
The reason is the following: Once PT /e � 1, the temperature
decreases as, dT̂ /dρ = −(tanh ρ) T̂ /2. For the central cell,
∂ρ = τ ∂τ , such that at late times (or large ρ),

∂T

∂τ
≈ −3

2

T

τ
⇒ T ∼ τ−3/2. (E8)

Accordingly, the expansion rate θ ∝ 1/τ exceeds the mi-
croscopic scattering rate 1/τR ∝ T ∼ τ−3/2 and does not
permit the system to thermalize. Note that assuming (in-
correctly) an ideal cooling law for the central cell leads
to even faster cooling at late times, T ∼ τ−5/3 (hence, an
even slower microscopic scattering rate), leading to the same
conclusion.
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