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Advancing the Ichimura-Austern-Vincent model with continuum-discretized coupled-channels wave
functions for realistic descriptions of two-body projectile breakup
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Inclusive breakup is an important reaction mechanism of reactions induced by weakly bound nuclei. The
Ichimura, Austern, and Vincent (IAV) model is widely used to analyze inclusive breakup processes and is based
on a distorted wave Born approximation (DWBA). However, the validity of the DWBA form for inclusive
breakup requires further exploration. In this study, we present a derivation of the IAV model, using the
continuum-discretized coupled-channels (CDCC) wave function, and apply it to the d 4+ **Nb reaction. We
examine the differences between the CDCC-IAV and DWBA-IAV models by artificially modifying the binding
energy of the deuteron using two distinct types of optical potential. Our findings indicate that the CDCC method
potentially provides a more fundamental description of the d + A interaction and may provide a more realistic
description of the interior part of the wave function. This study offers significant potential in increasing the
precision and dependability of weakly bound nuclei inclusive breakup process estimation within a fully quantum

mechanical model.
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I. INTRODUCTION

Nuclear reactions involving weakly bound nuclei have at-
tracted much attention in recent years due to their unique and
often exotic properties [1-6]. Because of their weak bind-
ing these nuclei usually behave differently from more tightly
bound nuclei. Thus, reactions of weakly bound nuclei can
lead to intriguing and occasionally surprising phenomena [7].
For example, the breakup of the weakly bound nucleus into
smaller fragments can provide insight into the structure of the
nucleus and the behavior of nuclear forces at low energies.
The study of reactions induced by weakly bound nuclei plays
a crucial role in advancing our understanding of fundamental
nuclear physics.

An important reaction mechanism of reactions induced
by weakly bound nuclei is the inclusive breakup, expressed
as a(=b+x)+A — b+ B*. Here, a=b+ x and B* rep-
resents any possible state between the x and A systems,
including elastic breakup (EBU). In EBU, x undergoes elas-
tic scattering with A and both the fragments and the target
are left in their respective ground states. Various nonelastic
breakup (NEB) channels are also possible, including the ex-
change of nucleons between x and A, projectile dissociation
accompanied by target excitation, and fusion of x by A, among
others.

The Ichimura, Austern, and Vincent (IAV) model [8], pro-
posed during the 1980s, allows for the treatment of inclusive
breakup processes. The first version of the model was based
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on the distorted wave Born approximation (DWBA) so that
the entrance channel wave function was described using a
distorted wave generated with an appropriate optical model
potential. The model was later extended to incorporate a
three-body description of the entrance channel by means of
the continuum-discretized coupled-channels (CDCC) wave
function [9], an approximation of the exact three-body wave
function, solution of the Faddeev equations [10]. Despite the
Faddeev equation being the most accurate method, obtain-
ing an exact solution can be computationally challenging for
a scattering problem. As a result, many applications in the
literature utilize a simpler solution by directly calculating
EBU cross sections with the CDCC method and solving NEB
processes using the DWBA framework [11-16]. However, it
should be noted that while the original IAV model utilizes
the lowest-order (elastic channel) wave function in DWBA
form, the validity of the DWBA form for the inclusive breakup
process requires further exploration.

In our previous work [16], we proposed the first imple-
mentation of the CDCC wave function to the IAV model.
We demonstrated that the DWBA form can approximate the
CDCC wave function for both the deuteron and °Li cases, at
least in the reactions analyzed in that work. The CDCC wave
function naturally separates the contributions between bound
states and continuum states, enabling the study of continuum
effects in nonelastic breakup processes. In other words, we
can examine nonelastic breakup as a two-step process such as
a+A— b+x+A — b+ B*, or as a one-step process such
asa + A — b+ B*. We can verify the latter by comparing the
results of applying the full CDCC wave function to the IAV
model with only the ground-state portion of the full CDCC
wave function.
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The former study has direct implications in the physical
interpretation of incomplete fusion (ICF), a type of nuclear
reaction between a projectile and a target nucleus in which a
fraction of the projectile nucleus fuses with the target nucleus
and the remaining part moves forward without fusing. By defi-
nition, ICF is part of the NEB process. Several models [17-20]
exist for calculating ICF cross sections, but the challenging
problem remains how to provide an unambiguous calculation
within a fully quantum mechanical model. Previous literature
describes the ICF process as a breakup fusion, a two-step
reaction where the projectile first breaks up into » and x, and
the fragment x is subsequently absorbed by the target nucleus.
However, recent experimental results question the reliability
of the breakup fusion model, suggesting instead that ICF prod-
ucts are consistent with a direct, one-step mechanism [21].
Our prior work identifies that the ICF entails a combination of
one-step and two-step process; however, it is predominantly
dominated by the one-step process.

In this paper, we provide a rigorous derivation of the IAV
model using the CDCC wave function and apply it to the
d + PNb reaction. Additionally, we implement a toy model
to investigate the effects of varying the binding energy of
the deuteron, comparing the NEB cross sections obtained via
the full CDCC wave function (CDCC-NEB) and the DWBA
(DWBA-NEB). Our approach offers significant potential to
enhance the precision and dependability of weakly bound
nuclei inclusive breakup process estimation within a fully
quantum mechanical model.

The structure of the paper is as follows. Section II provides
a thorough derivation of the IAV model with CDCC wave
function. In Sec. III, we apply the formalism to inclusive reac-
tions induced by deuterons. Lastly, in Sec. IV, we summarize
the main findings of this study and provide an overview of
potential future developments.

II. THEORETICAL FRAMEWORK
A. CDCC wave function

The CDCC technique was developed as an approximation
to the Faddeev equations [9,22-25]. Its main objective is to
provide a reliable and practical approach to describe reactions
that involve three-body breakup. For example, consider a re-
action system a +A where a = b+ x, suchasd =n+ p or
SLi = a + d. In this case, the effective three-body Hamilto-
nian may be expressed as follows:

H =Hproj +TR+Ub+Uxa (1)

where H,,;; represents the projectile internal Hamiltonian, i.e.,
Hyroj = T, + Vi, with T, the kinetic energy operator, 7 denotes
the internal coordinate of the projectile connecting b and x,
and Vj, the binding potential of projectile. It should be noted
that Hp,; is Hermitian and supports the bound state of the
projectile. The operators U, and U, describe the optical po-
tentials for the elastic scattering of corresponding subsystems
b + A and x + A at the same energy per nucleon of the incident
projectile. Thus, from the perspective of the internal system
of a two-body projectile, the unit operator of this three-body

model space can be expressed as:

1=Y" / R*dR|¢}" Ra)( ¢ Rar|

ang
+ Q)" 32 / R*dR / dk|¢k(+)R ““Ra\,

where the index ng runs over the discrete spectrum Hy;, the

integral dk is over its continuous spectrum, R is the relative
coordinate between a and A, and |«) are the angular momen-
tum eigenstates with

laey = |[la(SpSx)Spx ] jox (Aasa) jas M), 3

where sp, s, and s, are the spins of b, x, and A particles,
respectively, while /, and A4 correspond to the orbital angular
momentum of the pair b-x, and of the system a-A, respectively.
The J and M values represent the total angular momentum
and its projection onto the z axis. The discrete state ¢,° and

continuous state qbb(“ can be expressed as
Jbr
ltl
(rBloi) = ”; “
and
PYICo) ar Iy g T AW ot
(rBmj |3} = e £ ) 1" B xs (60}

&)
where |B) = |l,(SpSx)Spxs Jox), 01, are the Coulomb phase
shifts, and X:Zj’“ (6) are the normalized spin functions. The
radial part of the bound-state wave function, which is ob-
tained by solving the corresponding Schrédinger equation, is
denoted by £ Jox (). On the other hand, f;/ I (kr) represents the

radial part of the scattering wave functlon at momentum Fk,
which is solved by the radial Schrédinger equation for positive
energies.

For practical reasons, the integral over projectile scattering
states in Eq. (2) is discretized and truncated at a maximum
energy. Several methods can be used for discretization; for
this study, the well-known bin method was chosen. As per the
definition given in Ref. [26], the radial functions of the con-
tinuum bins are a superposition of the scattering eigenstates,

(rBl#5) = V2Joc + 1(rBm, |#},)

_ n+1 Jne
= W/nNk / glk) ;" (kr)dk, (6)

where g(k) is the weight function and the normalization
constant is chosen as N, = fk]:”*' |g(k)|2dk. Tt is important
to note that the bin-state wave functions do not depend
on the magnetic quantum number m;, . The probability
of identifying all possible magnetic quantum states corre-
sponding to a particular state of angular momentum can be
expressed as >, |(rBm;, ¢} > = |(rBlgy )|>. Thus, for
each bin state Wlth a specific magnetic quantum number
mj,, it can be evaluated by averaging the corresponding
angular momentum state. Additionally, the bin-state wave
functions are independent of the direction of k. For the con-
tinuum part of Eq. (2), we can separate it into different cells
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and insert the bin state into the corresponding integration cell, resulting,

(2n)—3ZZ/R2dR/ dk}¢k(+)R )( k(+)Ra|
= Q2n) 322 / R2dR / dk| ¢} Ra ¢>,,x|¢"<+))< §;+>|¢;}x)(¢gx1ea;

=) / R*dR|¢;,Ra)(¢}, )
where in the last line we have introduced the notation & = {«, n} and
CATAEEDY / righ s s 91
,Smjbx
NIPES ,/ N —g *(k)e' Z Z Z(lamzabems,,x Jox )i Y, () ™ (6. (8)

M Mg My,

The indexes ny and n can be combined into a single index n. For this study, n < 0 denotes the bound state while n > 0 indicates
the discretized continuum states. By doing so, the unit operator in Eq. (2) can be simplified, i.e.,

L~Y" / R*dR|¢}Ra)(¢p, Rer|. ©)

For a reaction of the form a(= b + x) + A, the initial state is characterized by j,, m,, and my, where j,, m,, and m, are the
spin of projectile and the magnetic quantum numbers of projectile and target, respectively. To simplify the notation, one can
label these states as ji, = {j,, m4, ma}. The CDCC wave functions for given incoming states are the solution of Schrodinger
equation

(E — Hyoj — Tz — Up — U)W/ = 0. (10)
In the CDCC method one solves the above equation by projecting it onto a bin state of |¢; Re), so that Eq. (10) becomes
(E — &5 — Toa(R))(@h Rt | W) = (¢}, Rat U, + Uy W), (1)

where

Toa(Ra) = —

12)

? 132R Aa(hg + 1)
2/tan | R OR? R? ’

&, is calculated as (¢, |Hproil ¢}, ), and a4 denotes the reduced mass of the a + A system. Inserting the unit operator in Eq. (11),

the right-hand side becomes
RHS. =) / R?dR (¢ Rer| Uy + Uy | g R o' R o' | W), (13)

Y
By assuming all the interactions are local, then the Schrédinger equation becomes

(E — &y — Toa(Re) @}, Rer [ W) = 3 " U (RY @} Rer | W H) = 0, (14)

with the coupling potentials
Us.a(R) = (¢} Ret|Up + Uy | R') = / d7dR'dr'dR" (¢} Re|FR )(FR'|U, + Uy R")(F' R"| ¢} Rat'). (15)

As we have assumed the optical potentials to be local and independent on the internal degrees of freedom of the three
fragments, and denoting U = U, + U, we have,

Uz (R) = / didR'U (7, R)(¢pRa [FR 7R | gy Ret'). (16)
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In the above equation, (713’|¢Z;Ra’) takes the form

I A, L
(FR |ppRe’) = Y [QL+ @S + 1)2jp + D@jj + DI {5, sa S ¢ (FRIFRUML((5p5:)8h,52)S: M) (B |$7)
LS Jéx ‘]1{1 J
a7
and likewise for (¢ZxRa|?§/) so Eq. (16) becomes
Uoox L) (L L
Usa (R) =Y (28 + DIQjp, + D@jie + DQ2js + DQ2ja+ DI 50 54 Stisne sa S
s T Ja ) e Ja J
X / r2dr(rB'| o5 )¢5 |rB) / dQdQrYy Y Y VO RYBYR)
My mymy mym;,
x (U m)\lym | LML) (Lymy hamy [LML)U (7, R). (18)

In the above equation, the potential and spherical harmonics ¥ depend on the angles 7 and R. For the evaluation of the integral,
we choose R as z direction, and assume 7 is in the x-z plane:

B 0 rv'1 —x2
R=1]0 7= 0 , (19)
R rx

where x is the cosine of the angle between 7 and R.In addition, one should note that f dQ,dQg = 872 f dx. Then, Eq. (18)
becomes

oA, L
Usar(R) =Y 2m(2S + DIQ2jp, + DQjjne + D24y + D@ja + D@hs + D@2) + DI 355 54 S
LS Jl/yx -]//1 J
l. s L .
x {spe sa S f rzdr(rﬂ/|¢zx)<¢;}x|rﬂ)Z(l;MLA;mLML)<1aML)\A0|LML) f dxy " ()Y (U 7, R).
jhx jA J My ’

(20)

In the particular case in which the intrinsic spins of the particles can be ignored, the equation above takes a particularly simple
form

2 ,
Us & (R) = 2L:TL C[2ha + DA, + 1D]'? / r2dr{rB’|dp )b rB) D (LMLANOILML) (LML AAOILMy)
My,
x / dxy," (R, (DU 7, R). 1)

To solve the coupled equations of Eq. (14), one can use the technique discussed, for example, in Refs. [27,28] with the
following outgoing boundary conditions

0

<¢ZxRa|\pjin(+)> R:)oo k‘l_HReiﬂm Z&O Z"’"AO"’J'A <)\0m;\0sAmA |jAmJ-A )(jamajAmjA |JMJ>i)‘0Y;:).o*(]’€a)é‘ I:H)S_)aét&n _ J)T&OS&&OH)E-H} ,

(22)

where HA(H is the Coulomb-Hankel function, the velocity vy verifies vy = +/(E — €,)/ 4y, Ho 1S the reduced mass, and the
S-matrix Sag, gives the amplitude of an outgoing wave in channel & that arise from an incoming wave in channel &y. One
can note that the boundary condition also depends on the incoming channel index &, corresponding to the & index in which
projectile and target are in their ground state. In practical calculations, it is convenient to separate the angular and radial parts of
(¢ Ro|Win) e,

‘ - 4 . Mk
(e Ror|[ W) = ™ (g Ror| o) = k_”R D €0 Y (hom,samal jamj, ) jamajam, [ TMp)iR " (R, (R),  (23)
o &0

ap My M,

where the radial functions ugzg,(R) verify the coupled equations

P”od: RPA(+1)
2,UvaA dR2 2,bLaAR2

+ & — E:|Maa0 (R) + Z Us,o (R)ug,(R) =0, (24)
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incoming channel A outgoing channel A

FIG. 1. Coordinates used in the breakup reaction.

subject to the boundary condition

T e Vo )
Uga, (R) e 3 |:H,\ Saay — EOSQ%HA :| (25)

Finally, the CDCC wave function can be represented in
angular momentum basis, |rRa), as

(rRa|\Ijjin&0(+)>
=) / R?dR/(rRa |} R'o')($p R o’ [Win®H)
a'n

=Y " (ra|op)(gpRe | win®o) (26)

B. TAV model of inclusive breakup

First, one can write the process under study in the form

a(=b+x)+A — b+ B, 27

where the projectile a, made up of b and x, interacts with
the target A, leaving the particle b and other fragments. Thus
B* is any possible state of the x +A system. By apply-
ing energy conservation in Jacobi coordinates, the following
equation holds: Ej, + E, = E;, + E,. Here, E}, represents the
relative energy of the pair b + x, and E, represents the relative
energy of the pair x + A. Similarly, E, and E}, represent the
relative energy of the third particle with respect to the pair.
Moreover, k,, kp, and k, correspond to the wave numbers of
E,, Ep, and E,, respectively. The relevant coordinates of these
processes are depicted in Fig. 1.

In the TIAV model, the inclusive breakup cross section is
expressed as

d*c _
dE,dSyy

2 e B (%
——po(Ep) Im(p(kp)| G| (K )).

hv, (28)

where p,(Ep) = m,kh/(87r3h2) is a density of states, w; is the
reduced mass of b + B* system, G, = (E, + ie — T, — U,)™!
is resolvent operator, and the source term takes the form

(Felp(kp)) = (Fext” (i) Vpost W30, (29)

where X;E_)* (I_éb, 7pp) 1s the distorted wave (obtained with some
optical potential Uyp) describing the relative motion between
b and B, Vot = Vi + Up — Upp is the postform transition
operator and W3+ the three-body scattering wave function.
The imaginary part of the Green’s function can be expressed
as [29]

Im G = (14 UG Im Go(1 + GPU,)

+ GTW,.GP, (30)

where W, is the imaginary part of optical potential U,. Insert-
ing the above equation into Eq. (28), one gets

d*c

2 - .
- _ % o (E (] + Ut
dE,dS, Pp(Ep){pkp)|(1 + UG

hv,
x Im Go(1 + GOU) | p(ks))

2 > >

= P(En) (pRn) |G WG o). (31)
a

The first and second terms correspond, respectively, to the

elastic and nonelastic breakup contributions of the inclusive

breakup cross section. The former can be written in a more

familiar form using the energy-conserving § function operator

k2
Im Gy = —n8<Ex - x>,
2y

(32)

Wy is the reduced mass of x + A system, so that the EBU terms
results

d*c 27 . k2 "
Eaa.| = m P ED &I+ A Gi*”)a(Ex - 2—*)(1 + GOUY pky))
b b EBU a 12
21 7 F (N (T hzkf TN o) 7 —6 37 37/
= 7—m(E) [ (pUan)| (1 + UG ko) (k3 ( B — o k) (kL (1+ GPU) | plhy)) 27) " Cdk.dE,.  (33)
By noting that (x (k)] = (k.|(1 + G{PUy), then
d*c 27 - - R k2 -
TV = ——po(Ep) / |<x,£—><kx>|p(kb)>|26<Ex - 2—X><2n>—3dkx
b b EBU a Mx
2n TN o (T 2
= 7= P(EpcED) [ 1067 Rolp o)) Pd S, (34)
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where p,(E;) = tyky/ (87r3h2) is a density of states. The nonelastic breakup differential cross section [second part of Eq. (31)]
takes the form

d*c 2 . R
dEdS, I Po(Ep)(GL p(ky) Wi |G p (k). (35)
NEB ¢

The common part of Egs. (34) and (35) is the source term. In the next section, the partial wave expansion of the source term will
be discussed.

C. Source term expression in angular momentum basis
The source term can be expressed in the angular momentum basis |y) = |l,(5:54)5x4; jram;,) index with selected spin
projection of the incoming and outgoing particles as
(rey o™ () = (rey X7 () [Vpost 7). (36)

Here we use the CDCC wave function to approximate the three-body scattering wave function. By inserting the complete basis,
one gets

1
(rey 1p™ " (kp)) = Z / drbrl%(rxyxgnb(i)(kb)‘rxrbaout)Z/ dxVpost(rx, 1o, X, Uedec )T o (rxrbx)<rbxraacdccI"IJﬁ"H—))v
-1

edee > Xout
Hout edee

(37

with

my(=) (7, 4 . sp+my |+ . i oy, =A™ (T
(rey xRy | rerporon) = %;Z(Abmx,,sb—mb|me,-,,)(—)b+ P Jeamj, jom, [ IM)f (ky, rp)e ™o i 0¥, (ks),  (38)
iy My

where f{:(kb, 7p) is the radial part of the solution of the Schrédinger equation with the optical potential Uz and

. lx SxA ij la Shx jbx
Golt o (rerpx) = 2(25 + DV @b + D@ja + D@joa + D@+ D3 As 85 Jo ¢ Y24 sa a
LS L S J L S J

L

My * o n my ko LML omy, o TS oy s = LM
x 82 Y YR Y )}V (R — ) Y, (B 4 ey}
Mp=—L
X (=) 2 D)2+ ”{?Z s iZA}’ >

where the angular momentum states are defined as

|acdcc> = | (la (Shsx )be )jbx ()"ASA )]A 5 JM)
lotour) = [(Le(Sx54)Sxa) Jxa (ApSp) jos IM ), (40)

where [ is the angular momentum between the b-x pair and A is the one between the pair and the third fragment. The coefficients
a, b, and c are the mass ratios

nmy

ma +mx

_ (mb + my, + mA)mx
(ma + my)(my + my)

mp

=, 41
c e 41

The relevant coordinates of the incoming channel are given by

P (FyFpX) = \/azrf + r} = 2arrpx

ra(rxrpx) = \/bZI’f + ¢2r2 + 2bcryrpx. (42)

In Eq. (39) the curly brackets grouping the spherical harmonics indicate that they are coupled to a state of total orbital angular
momentum L and third component M, . For the evaluation, one can choose 7, as z direction and assume that 7, is in the x — z
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plane, i.e.,

where x is the cosine of the angle between 7, and 7,. Then 7, and 7, can be computed accordingly.

D. Elastic breakup

The elastic breakup cross section Eq. (34) in the angular momentum basis can be rewritten as

d*c
— (=)my,m, mp, jin
JE,dS, pb(Eb))Ox(E )2 +12SA+IZZZZ/} 2 (k)| (R d 2
EBU mg myg my my
By inserting the complete basis, one obtains
Lo (Eppu(E)s——
By~ T, g PPEDP: 2ju 125,11

XZZZZ/ Z/ Cmems k) |rey ey 1™ (R ridr | dy,

mg my mp my

where

> 4 i . N
(X)E Yy iy (kx)’rﬂ/) = %fim (kyry )t (— )Seatmetma Z (lxlesxA — (my, + mA)’ijmij>i_ xYlA ¥ (ky),

mi,

in which f; Jua (k1) is the radial part of the distorted wave solution for the optical potential U,.

E. Nonelastic breakup

In the angular momentum basis, the NEB cross section of Eq. (35) can be rewritten as

dZU 2 Y M, fin 14
dEpd<2, NEB pb( h)2 +1 2sA+1 ZZZZ/ |y e kb)| WY (ro)dry,

mg  ma  my

where
YL (e k) = (rey |G " (k) = / rEG el )y 1 ()
with
G 1 ¥) = = 00,

(43)

(44)

(45)

(46)

(47)

(48)

(49)

where 7. (1) means the lesser(greater) of r, and r, f,, and h;,‘” are the radial parts of the regular and irregular solutions with

optical potential Uy, respectively.

To assist the discussion in the next section, we introduce also for completeness the expression for the angle-integrated NEB

differential cross section, which is given by:

do d’o 1
- = —dQ = 2 Raln a(\ul W " d s
dE), / dEpdy, b " 2mhu, 2o, P b)ZJa +1 2SA 11 ZZ/ ’ (ry )| (ro)dr,

Oin  Cout
where

, 1672 ; A :
R&“MG)=zif/vfGﬁmbddﬁwﬁfdm%ﬁ%%JwéwlM}:/ldﬂ%ﬂdJ%Lamﬁ

alb -
edee

u ra)
g0u1<—m (7‘ rbx)(rbxacdcc|¢bx) acdcc:-tm( a za)tm l)hm

edee,Xout
a

(50)

(5D

where |in) = |(L(SpSx)Shx) ja(XinSa) ja; JM) is the set of quantum numbers characterizing the spin-angular part of the incident

channel.
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TABLE I. Fitted parameters for various binding energies while
keeping the rest of parameters constant, namely r, = 1.17 fm, a, =
0.81 fm, r, = 1.56 fm, a,, = 0.9 fm, r,, = 1.33fm, and a,, =
0.67 fm.

E,, (MeV) 1.224 2224 3224 4224 10 20
V (MeV) 69.1 105.7 71.3 71.6 716 715
W (MeV) 7.9 2.7 3.7 2.8 2.3 1.9
Wa (MeV) 0.8 11.4 6.2 7.2 6.7 7.1

III. NUMERICAL RESULTS

In this section, we assess the validity of DWBA-NEB cal-
culations by comparing them with CDCC-NEB results for the
breakup reaction of “*Nb(d, pX) at E; = 25.5 MeV using a
toy model in which the deuteron binding energy is varied ar-
tificially. This reaction has already been studied in our earlier
work [11] using the DWBA versions of the IAV model, and
good agreement with the experimental data was found.

We have employed the same potentials as in our previous
calculations for this reaction. The proton-target and neutron-
target interactions were taken from the global parametrization
of Koning and Delaroche [30] while omitting the spin-orbit
term. In the CDCC calculations, £ = 0—4 partial waves and
up to a maximum excitation energy of 20 MeV were consid-
ered for n-p continuum states. Intrinsic spins are disregarded
to simplify the calculations. The deuteron-target potential
used for the DWBA calculations was initially adopted from
Ref. [31], but the potential depths were readjusted to repro-
duce the elastic scattering differential cross section calculated
by CDCC. Table I lists the fitted parameters for various
binding energies of the toy deuteron model. During the fitting
process, the remaining parameters were kept unchanged. The
rationale behind this adjustment is to limit the variability when
comparing the NEB cross-sectional differentials derived by
these methods.

Figure 2 shows the angular distribution of the elastic
scattering cross section of d 4+ **Nb at an incident energy
of 25.5 MeV for the deuteron binding energies [Fig. 2(a)]
E,, = 1.224 MeV, [Fig. 2(b)] E,, = 2.224 MeV, [Fig. 2(c)]
E,, =3.224 MeV, [Fig. 2(d)] E,, = 4.224 MeV, [Fig. 2(e)]
E,, = 10 MeV, and [Fig. 2(f)] E,, = 20 MeV. The CDCC
results are depicted by solid lines, whereas the dashed lines
represent the phenomenological optical model calculations
with parameters adjusted to reproduce the CDCC result. Over-
all, we find good agreement between both calculations in the
whole angular range. The OM so obtained was used to com-
pute the entrance channel distorted waves in the DWBA-NEB
calculations [cf. Eq. (48)]. It is worth noting that the effect of
the deuteron continuum on the elastic cross section becomes
progressively smaller as the binding energy increases, becom-
ing negligible for the well bound cases. This is illustrated in
Fig. 2(f) where, in addition to the full CDCC calculation, we
also include (dotted line) the CDCC calculation omitting the
p-n unbound states, which is equivalent to an optical model
calculation with the so-called Watanabe potential [32], i.e., the
diagonal ground-state potential from the CDCC calculation.
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FIG. 2. Elastic scattering of d + **Nb at 25.5 MeV with dif-
ferent binding energy of n-p pair, (a) E,, = 1.224 MeV, (b) E,, =

2.224MeV, (¢) E,, = 3.224 MeV, (d) E,, = 4.224 MeV, (¢) E,, =
10 MeV, and () E,, = 20 MeV.
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FIG. 3. The NEB contribution to the **Nb(d, pX) reaction at a
laboratory energy of 25.5 MeV for an outgoing proton center-of-
mass energy of 14 MeV versus the neutron-target orbital angular
momentum. Each panel corresponds to an assumed binding energy
of the deuteron, as indicated by the labels.
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FIG. 4. Top panels: Modulus of the reduced radial part of elastic
channel wave function for d + *Nb at E = 25.5 MeV for the incom-
ing partial waves A = 0 (a) and A = 10 (b). Bottom panels: Modulus
square of the radial part of neutron-target wave function defined in
Eq. (48) for A = 0 (c) and A = 10 (d).

In Fig. 3, we present the angle-integrated NEB differential
cross section, do /dE,, as a function of the neutron-target or-
bital angular momentum at a proton energy of £, = 14 MeV
in the center-of-mass (c.m.) frame [cf. Eq. (50)]. The solid
and dashed lines correspond, respectively, to the CDCC-NEB
and DWBA-NEB calculations. Figures 3(a)-3(f) correspond
to the deuteron separation energies 1.224 MeV, 2.224 MeV,
3.224 MeV, 4.224 MeV, 10 MeV, and 20 MeV, respectively.
Several conclusions can be drawn from this figure. First, one
sees that the NEB cross section decreases as the binding
energy increases. Specifically, a significant change can be ob-
served by comparing the binding energies E,, = 1.224 MeV
and E,, =2.224 MeV. This is because the former repre-
sents a loosely bound halolike case, which will be extremely
vulnerable to breakup during a collision. Second, the CDCC-
NEB and DWBA-NEB calculations are found to yield almost
identical results for the least bound case, but they progres-
sively depart from each other as the binding energy grows.

To further investigate these results, we analyze in more
detail the cases E,, = 2.224 MeV and E,,, = 20 MeV, as rep-
resentative examples of the weakly bound and strongly bound
cases. In the top panels of Fig. 4, we present the modulus of
the elastic channel wave function (x ;X ) for the partial waves
A = 0 [Fig. 4(a)] and A = 10 [Fig. 4(b)] and a binding energy
of E,, =2.224 MeV, where A refers to the orbital angular
momentum between the deuteron and the target. In each plot,
we include the results obtained with the phenomenological
optical potential (OMP-fit) and with the CDCC calculation.
It is apparent that both calculations agree well in phase and
magnitude, both in the asymptotic and internal regions. In
the bottom panels of this figure, we show the quantity R¥" =
ﬁ D o |Ron@out |2 where R%n%u is the radial part of he
neutron-target wave function given by Eq. (51). The quantity
R% is meant to provide information on the spatial location of
the NEB cross section along the x-A coordinate. Again, the
solid and dashed lines represent the results obtained evaluat-
ing the source term with the CDCC wave functionn or in the
DWBA approximation with the phenomenological optical po-

FIG. 5. NEB double differential cross section angular distribu-
tion for the d + **Nb reaction at 25.5 MeV and an outgoing proton
energy of 14 MeV in the center-of-mass frame, using a deuteron
binding energy of 20 MeV.

tential, respectively. The wave function calculated with both
methods are remarkably close, which explains the results in
Fig. 3(b).

We now consider the well-bound case, E,,, = 20 MeV. The
elastic scattering distributions predicted by the three calcula-
tions are remarkably similar, as shown in Fig. 2(f). However,
the NEB results, shown in Fig. 5, exhibit significant differ-
ences, with the DWBA-IAV NEB cross section exceeding
greatly the CDCC-IAV result. To pin down the effect of
the continuum states in the CDCC-IAV calculation, we also
show the NEB cross section computed with the DWBA-IAV
formula but with the Watanabe potential. This calculation is
very close to the full CDCC-IAV result, confirming the fact
that continuum states are not responsible for the disagreement
between the CDCC-IAV and DWBA-fit calculations.

These findings indicate that the description of the entrance
channel wave function can drastically affect the calculated
NEB cross sections. In the particular case analyzed here, we
consider that the CDCC wave function, being based on the
better known nucleon-nucleus potentials, should provide more
reliable results. Indeed, we cannot rule out the possibility that
an alternative choice of the phenomenological optical poten-
tial may give results closer to those obtained with CDCC, but
we have not explored this possibility further in this work.

To clarify the differences between the DWBA-IAV and
CDCC-IAV results we have performed some additional cal-
culations, summarized in Fig. 6. Figure 6(a) presents the
partial wave distributions of the reaction cross section ob-
tained with the CDCC approach, with the phenomenological
optical model (OMP-fit), and with the Watanabe potential
(OMP-Wat) mentioned earlier. The three calculations give
very similar results. This is consistent with the results shown
in Fig. 2(f) for the elastic scattering cross section. Figure 6(b)
displays the partial wave distribution of the NEB differential
cross-section energy distribution, do /dE, for a CM frame
outgoing proton energy of 14 MeV. The CDCC and DWBA
results agree only for partial waves with A > 10, while sig-
nificant differences are evident at lower partial waves. Note
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FIG. 6. (a) Partial wave distributions of reaction cross section be-
tween projectile and target d +**Nb at E =25.5MeV with a
(hypothetical) deuteron binding energy of 20 MeV. (b) Partial wave
distributions of NEB cross-section (with A the projectile-target rela-
tive angular momentum). (¢) and (d) Modulus squared of the reduced
radial part of the d + **Nb elastic scattering wave function for A = 7
and A = 10, respectively.

that the DWBA calculation utilizing the Watanabe potential
produces comparable results to the full CDCC calculation.

The similarity of the d + A elastic and reaction cross sec-
tion computed with the OMP-fit and CDCC methods suggests
that their elastic d + °*Nb wave functions must agree in the
asymptotic region. However, these functions do not neces-
sarily coincide in the internal region, and this might explain
the differences in the NEB cross sections. To explore this, in
Figs. 6(c) and 6(d), the modulus of elastic scattering wave
functions computed by CDCC, the Watanabe OMP and the
fitted OMP (OMP-fit) are shown for A = 7 and A = 10 waves,
respectively. The results confirm that the asymptotic part of
these wave functions agree (both in phase and magnitude) for
all three calculations. However, the CDCC and OMP-fit wave
functions differ considerably in the internal region. This result
suggests that the discrepancy seen in Fig. 6(b) is primarily due
to variations in the internal part of the elastic wave function.
Specifically, the difference is maximum for A = 7, while for
A = 10 the interior part of the wave function is relatively small
compared to the external part, resulting in a small difference
in the NEB cross sections.

To investigate how the differences between the elastic
deuteron-target wave function calculated with the different
models can affect the corresponding NEB cross sections,
we compare in Figs. 7(a) and 7(c) the functions R%"(ry),
defined earlier, for the A = 7 and A = 10 partial waves, re-
spectively. We also show in Figs. 7(b) and 7(d) the product
R (ry) Wy(ry) evaluated for the same neutron-target partial
waves. The plots show that, for A = 7, the CDCC and Watan-
abe potential models produce very close results within the
range of the imaginary part of the neutron-target optical po-
tential, as shown in Fig. 7(b). By contrast, the results obtained
with the phenomenological optical model potential exhibit
considerable disparity when compared to the previous results.
These observations align well with the results presented in
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FIG. 7. (a) and (c) Radial dependence of the quantity |R{i 12 (see
main text) as a function of the neutron-target separation for the d +
%Nb reaction at E = 25.5MeV and an artificial deuteron binding
energy of 20 MeV for the projectile-target orbital angular momenta
A =7 (a)and A = 10 (c). (b) and (d) Product |R‘X"in(rx)|2 We(ry), with
W, (r,) the imaginary part of the neutron-target optical potential.

Fig. 6(b) for the NEB cross section, where the DWBA-fit
calculation deviates significantly from the CDCC and DWBA-
Wat results. For the A = 10 partial wave, although all three
calculations yield slightly different results, the variations are
much smaller than for A = 7 and this explains the similarity
of the corresponding NEB cross sections found in Fig. 6(b).

IV. SUMMARY AND CONCLUSIONS

In this work, we have presented the numerical implemen-
tation of the IAV model for the inclusive breakup of two-body
projectiles using a full three-body description of the scattering
problem. We have provided a detailed derivation of the IAV
model with the CDCC three-body wave function, employ-
ing an angular momentum channel basis. We have provided
detailed formulas for the CDCC-IAV formulation within a
unified formalism.

The method has been then applied to the d + **Nb reaction
at an incident energy of 25.5 MeV. Our numerical application
examined the difference between the CDCC-IAV and DWBA-
TAV models, by artificially modifying the binding energy of
the deuteron. For the DWBA calculations, two distinct types
of optical potentials have been used: one fitted to the elastic
scattering cross section obtained from the CDCC calculations
and the other computed with the Watanabe model. Our main
findings can be summarized as follows:

(i) For the weakly bound cases (E,, < 4 MeV), the NEB
cross sections computed with the CDCC and the phe-
nomenological OMP give very similar NEB cross
sections.

(i) As the deuteron separation energy is gradually in-
creased, the CDCC-IAV and DWBA-IAV calculations
deviate from each other, in spite of the fact that they
give very similar elastic cross sections.

(iii) Inspection of the elastic channel wave function
revealed that, for the weakly bound case, these func-
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tions are very similar for the CDCC and phenomeno-
logical OMP, both in the internal and asymptotic
parts. By contrast, for the well-bound cases, the
elastic wave functions agree only in the asymptotic
region, but they differ considerably in the interior.
This explains the agreement of the elastic cross
sections and the disagreement on the NEB cross sec-
tions since these observables are mostly sensitive to
the asymptotic and internal parts, respectively.

To investigate the effect of the deuteron continuum,
DWBA-IAV calculations with the Watanabe potential
have been also performed. The elastic and NEB cross
sections obtained in this case are very close to the
CDCC results, indicating that the continuum plays a
minor role in the NEB calculated cross sections and
it is therefore not responsible for the observed differ-
ences between the CDCC-IAV and DWBA-IAV NEB
calculations.

Although the reliability and accuracy of the CDCC-IAV
and DWBA-IAV methods should be further assessed against
experimental data for different systems and energies, we may
foresee that, at least in the case of deuteron induced reactions,
the CDCC wave function should provide a more realistic

(iv)

description of the entrance channel wave function and hence
more reliable NEB predictions since this method relies on
nucleon-nucleus potentials, which are in general better con-
strained than those for nucleus-nucleus scattering.

Whereas our results have provided significant insights, our
study has limitations. In particular, for very weakly bound
nuclei, such as halo nuclei, new effects might arise due to
the enhanced breakup probability. Because of the larger model
space required in this case, it becomes more demanding com-
putationally. Calculations are nevertheless underway and the
results will be published elsewhere.
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