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Quasiparticle resonance in decay spectrum of unbound nuclei near neutron drip-line

Yoshihiko Kobayashi1,* and Masayuki Matsuo 2,†

1Faculty of Education, Oita University, Oita 870-1192, Japan
2Faculty of Science, Niigata University, Niigata 950-2181, Japan

(Received 20 April 2023; accepted 25 August 2023; published 27 September 2023)

Background: The pairing correlation in weakly bound nuclei causes a mixing among bound and unbound con-
figurations. A remarkable consequence is the emergence of the quasiparticle resonance, which has been predicted
with the coordinate space Hartree-Fock-Bogoliubov (HFB) theory, but not yet observed experimentally.
Purpose: We discuss possible observation of quasiparticle resonances in decay spectrum of unbound nuclei near
the neutron drip-line. We deal with an example of unbound nucleus 21C which disintegrates to 20C and a neutron.
Method: We describe a scattering state consisting of 20C and a neutron in the framework of the HFB formalism.
We assume that a nucleon knockout reaction produces a doorway state of the decay, and we evaluate the decay
spectrum by taking an overlap of the doorway state and the scattering state of 20C +n. A numerical calculation
was performed with the Woods-Saxon potential and a density-dependent effective pairing interaction.
Results: We show that the quasiparticle resonance appears as low-lying peaks in the decay spectrum of 21C.
They originate from the weakly bound single-neutron orbits 2s1/2 and 1d5/2, but emerge as unbound resonant
quasiparticle states under the influence of the neutron pairing correlation. The resonance energy and the width
of the calculated quasiparticle resonances are consistent with an experimental observation whereas they are
sensitive to the neutron pairing correlation.
Conclusion: The results suggest that nucleon knockout reactions populating the unbound nucleus 21C provide
realistic opportunity of experimentally observing the quasiparticle resonance and of disclosing the pairing
correlation in neutron-rich nuclei.

DOI: 10.1103/PhysRevC.108.034313

I. INTRODUCTION

Exotic properties of unstable nuclei, especially neutron-
rich nuclei, have been disclosed in the progress of the RI
beam experiments [1,2]. The pairing correlation indispensable
for the description of nuclei [3–7] is also affected by weak
binding aspects of unstable nuclei. The pairing correlation
in such nuclei induces coupling among configurations with
bound single-particle states and those involving continuum
unbound single-particle states. It causes novel pairing proper-
ties such as the two-neutron halos, the dineutron correlations,
and the pairing antihalo effects [8–22].

Single-particle excitation mode is also influenced by the
pairing correlation as is represented by the Bogoliubov quasi-
particles. In finite nuclei the single-particle orbits can be either
bound or unbound depending on the single-particle energy
relative to the potential threshold. In pair correlated nuclei,
however, even a quasiparticle state originating from a bound
hole orbit may become unbound due to the coupling between
the bound and unbound configurations induced by the pairing
correlation [23–25]. A conspicuous consequence is emer-
gence of the quasiparticle resonance, which is predicted in
the Hartree-Fock-Bogoliubov (HFB) theory formulated using
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the coordinate space representation [11,23,25,26]. How-
ever, the quasiparticle resonance has not yet been observed
nor identified experimentally. It has been argued [11] that
observation in stable nuclei may be difficult since the quasi-
particle resonance appears at high excitation energy above the
neutron/proton separation threshold of several MeV, where
the level density is high.

In our preceding works [27,28], we have discussed that
neutron-rich nuclei having small neutron separation energy
are preferable to observe the quasiparticle resonance. In or-
der to investigate properties of the quasiparticle resonance,
we discussed the elastic scattering of a neutron on a pair
correlated even-even nuclei using the HFB theory. The res-
onance properties are analyzed in terms of the phase shift, the
cross section, and the S-matrix poles of the elastic scattering.
However, it is currently difficult to perform neutron scattering
experiments on neutron-rich nuclei. On the contrary, breakup
and/or knockout reactions of neutron-rich nuclei have been
powerful tools to explore the structure of the unbound states
in neutron-rich nuclei [2]. We note that the unbound nucleus
21C was studied recently with proton and neutron knock-
out reactions on 22N and 22C [29–31], and in a SAMURAI
experiment at RIKEN RIBF low-lying peak structures were
observed in the spectrum with decay channels leading to
20C +n. Although a detailed analysis of the experimental re-
sults is awaited, they suggest the presence of an s-wave peak
near 1 MeV excitation and a d-wave peak around 1.5 MeV
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[30,31] in the decay spectrum. We postulate that these peaks
could be signatures of the quasiparticle resonance.

The purpose of the present study is to explore the possi-
ble quasiparticle resonance which might appear in the decay
spectrum of unbound nucleus 21C produced in neutron and
proton knockout reactions. Using the same HFB theory as
adopted in the preceding works [27,28], we describe the de-
cay spectrum of 21C disintegrating to 20C and a neutron. In
order to make the analysis simple, we adopt an approximation
adopted by Hagino and Sagawa [32], where the spectrum can
be obtained by evaluating an overlap between a doorway state
of unbound 21C produced in the knockout reaction, and the
unbound 20C +n final states. We leave quantitative description
of the knockout reactions with absolute cross sections for
future studies.

The basic assumption of the present study is that the nuclei
of our interest are under the influence of the pairing correla-
tions. Some experimental facts which support this assumption
may be remarked. In the studies of 20C, finite occupation of
the neutron 2s1/2 orbit [33,34] is found, suggesting a smear-
ing of the Fermi distribution due to the pairing correlation.
Suggested breaking of the N = 14 subshell closure [35–37]
in 20C supports also treating this nucleus as open shell. The
breaking of the N = 14 shell gap is also discussed in shell
model calculations [38–40]. These studies suggest degeneracy
or inversion of neutron 2s1/2 and 1d5/2 orbits. Finally the
drip-line isotope 22C as well as 20C are bound nuclei while
the neighbor odd-N isotope 21C is unbound [41]. It may be an
indication of the neutron pairing correlation in these isotopes.

This paper is organized as follows. Section II is devoted
to the theoretical framework to calculate the decay spectrum
on the basis of the HFB theory. Details of the model setting
and numerical calculation are discussed in Sec. III. We show
in Sec. IV numerical results obtained for the neutron removal
from 22C and then discuss the properties and the origin of the
quasiparticle resonances in detail. The results for the proton
removal from 22N are also presented. Finally, conclusions are
given in Sec. V. In the Appendix we discuss an approximation
adopted in the present formulation.

II. THEORETICAL FRAMEWORK

A. Hartree-Fock-Bogoliubov equation in the coordinate space

Single-particle motion under the influence of the pair-
ing correlation is described by the Bogoliubov quasiparticle.
The annihilation and creation operators, βi and β

†
i , of the

quasiparticle are defined by the generalized Bogoliubov trans-
formation using the quasiparticle wave function φi(rσ ) =
(ϕ1,i(rσ ), ϕ2,i(rσ ))T in the coordinate representation and the
field operators ψ (rσ ) and ψ†(rσ ) [24,42]:

β
†
i =

∑
σ

∫
dr[ϕ1,i(rσ )ψ†(rσ ) + ϕ2,i(rσ )ψ (rσ̃ )], (1a)

βi =
∑

σ

∫
dr[ϕ∗

1,i(rσ )ψ (rσ ) + ϕ∗
2,i(rσ )ψ†(rσ̃ )]. (1b)

The upper component of the quasiparticle wave function
ϕ1,i(rσ ) may be called particle component while the lower
component ϕ2,i(rσ ) is hole component. An HFB state |�〉

representing the ground state of a pair correlated nucleus is
a vacuum of the Bogoliubov quasiparticle [4], satisfying

βi|�〉 = 0 for all i. (2)

Imposing spherical symmetry, the radial part of the quasi-
particle wave function in the partial wave expansion φl j (r) =
(ϕ1,l j (r), ϕ2,l j (r))T obeys the coordinate space HFB equation(

h(r) − λ 	(r)
	(r) −h(r) + λ

)(
ϕ1,l j (r)
ϕ2,l j (r)

)
= E

(
ϕ1,l j (r)
ϕ2,l j (r)

)
. (3)

Here, h(r), 	(r), λ, and E are the single-particle Hamiltonian
including centrifugal barrier, pair potential, Fermi energy, and
quasiparticle energy, respectively.

The quasiparticle state becomes unbound if the absolute
energy e = E + λ is positive. In this case the particle com-
ponent ϕ1,l j (r) is a scattering wave with asymptotic wave
number k1 = √

2m(E + λ)/h̄. It represents the single-particle
motion of the nucleon interacting with the nucleus through the
mean-field h(r) and the pair potential 	(r). In the partial wave
representation, the asymptotic wave function of the unbound
quasiparticle state is given by

φl j (r, E ) = C(E )

(
cos δl j (E ) jl (k1r) − sin δl j (E )nl (k1r)

D(E )h(1)
l (k2r)

)

−−−→
r→∞ C(E )

( 1
k1r sin

(
k1r − lπ

2 + δl j (E )
)

0

)
, (4)

C(E ) =
√

2mk1

h̄2π
, (5)

where k2 is the wave number of the hole component ϕ2,l j (r)
[27,28]. The asymptotics of ϕ2,l j (r) is exponentially decaying
with r far outside the nucleus.

In the following we denote the unbound quasiparticle state
β

†
l j (E ). Note that we neglect the magnetic substates and angu-

lar momentum algebra for simplicity.

B. Decay spectrum in the Hartree-Fock-Bogoliubov formalism

Following Refs. [32,43], we describe a decay spectrum of
21C with an assumption on a reaction mechanism that the
knockout reaction produces a doorway state |�DWS〉 which
then decays to a scattering state of 20C +n. With this assump-
tion the decay spectrum may be given by

dP(e)

de
= |〈�DWS|�20C +n(e)〉|2. (6)

Here, |�20C +n(e)〉 is the scattering state of 20C +n and e is the
kinetic energy of the neutron.

We consider the case where the daughter 20C is in the
ground state, which we denote |�20C〉 in the following. We as-
sume that it is a pair correlated ground state, and we describe
it by means of the HFB framework:∣∣�20C

〉 = ∣∣�(20C)
ν

〉 ⊗ ∣∣�(20C)
π

〉
, (7)

where |�(20C)
ν 〉 and |�(20C)

π 〉 are the HFB state vectors for
neutrons and protons, respectively, obtained for 20C.

We describe 21C also in the HFB framework. Since it is
an odd-N system, the low-lying states may correspond to
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one-quasineutron configurations built upon an HFB ground
state. We note also that unbound 21C is a scattering state
20C +n consisting of the ground state 20C and an unbound
neutron, which is interacting with 20C through the mean-field
h(20C)(r) and the pair potential 	(20C)(r) of 20C in the HFB
framework. Thus we describe 21C as a one-quasineutron state

|�20C +n,l j (e)〉 = (
β

(20C)
νl j (E )

)†∣∣�(20C)
ν

〉 ⊗ ∣∣�(20C)
π

〉
, (8)

where the quasineutron state, described by (β (20C)
νl j (E ))†, is an

unbound one which obeys the boundary condition Eq. (4).
Note that we specify the scattering states with the quasi-
particle energy E = e + |λ| and the partial wave quantum
numbers l j.

The decay spectrum in a specific partial wave l j can be
evaluated with Eq. (6) using an overlap amplitude between the
doorway state |�DWS〉 and the scattering state |�20C +n,l j (e)〉.
The doorway state |�DWS〉 depends on the reactions under
consideration.

Consider the case where 21C is produced via a neutron
knockout reaction on 22C. Here, we assume 22C is the pair
correlated ground state∣∣�22C

〉 = ∣∣�(22C)
ν

〉 ⊗ ∣∣�(22C)
π

〉
. (9)

We suppose that the knockout reaction removes one neutron
from the ground state of 22C. The doorway state in this case
may be given by

|�DWS〉 = a1c(22C)
ν2s1/2

|�22C〉 + a2c(22C)
ν1d5/2

|�22C〉 + · · · , (10)

where c(22C)
i represents the particle annihilation operator for

a single-particle orbit i defined in the mean-field h(22C)(r) for
22C. Here, the first two terms represent components where a
neutron in the 2s1/2 and 1d5/2 orbits, the most weakly bound
neutron orbits in 22C, is removed from the ground state of
22C. The coefficients a1, a2, . . . are amplitudes for each com-
ponent.

The above doorway state, Eq. (10), can decay by emitting a
neutron in multiple decay channels with different neutron par-
tial waves. Relevant to the spectrum probing the Jπ = 1/2+
state of 21C is an overlap between the doorway state, Eq. (10),
and the scattering state in the partial wave s1/2:

〈�DWS|�20C +n,s1/2
(e)〉

= a∗
1

〈
�22C

∣∣(c(22C)
ν2s1/2

)†|�20C +n,s1/2
(e)〉

= S1
〈
�(22C)

ν

∣∣(c(22C)
ν2s1/2

)†(
β (20C)

νs1/2
(E )

)†∣∣�(20C)
ν

〉
(11)

with S1 = a∗
1〈�(22C)

π |�(20C)
π 〉. In the present study we do not

intend to discuss the absolute value of the cross section, and
hence we treat the amplitude a1 and the coefficient S1 as
arbitrary energy-independent constants for simplicity.

One needs matrix element 〈�(22C)
ν |(c(22C)

ν2s1/2
)†(β (20C)

νs1/2
(E ))†

|�(20C)
ν 〉 between two different HFB states for neutrons,

|�(20C)
ν 〉 and |�(22C)

ν 〉, corresponding to the ground states of 20C
and 22C, respectively. As discussed in the Appendix, this can
be calculated exactly, provided that the unbound quasiparticle
states are discretized, e.g., by adopting the box boundary

condition. In order to evaluate matrix elements for continuum
scattering quasiparticle states, however, we introduce an ap-
proximation, in which the matrix element is expressed as〈

�(22C)
ν

∣∣(c(22C)
ν2s1/2

)†(
β (20C)

νs1/2
(E )

)†∣∣�(20C)
ν

〉
≈

∑
σ

∫
drϕ(22C)

ν2s1/2
(rσ̃ )ϕ(20C)

2,νs1/2
(rσ, E ) (12)

in terms of the single-particle wave function ϕ
(22C)
ν2s1/2

(rσ ) of

the 2s1/2 orbit in 22C, and the hole component wave function

ϕ
(20C)
2,νs1/2

(rσ, E ) of the unbound quasineutron state (β (20C)
νs1/2

(E ))†

in the scattering state |�20C +n,s1/2
(e)〉. We call it diagonal

approximation, and its validity is discussed in the Appendix.
Thus we have

〈�DWS|�20C +n,s1/2
(e)〉

≈ S1

∑
σ

∫
drϕ(22C)

ν2s1/2
(rσ̃ )ϕ(20C)

2,νs1/2
(rσ, E ). (13)

The doorway state also has a decay channel of the d5/2

wave if the amplitude a2 of the second term of right-hand
side of Eq. (10) is not zero. In parallel to the s-wave case,
the overlap relevant to this decay channel is given by

〈�DWS|�20C +n,d5/2
(e)〉

= a∗
2

〈
�22C

∣∣(c(22C)
ν1d5/2

)†|�20C +n,d5/2
(e)〉

= S2
〈
�(22C)

ν

∣∣(c(22C)
ν1d5/2

)†(
β

(20C)
νd5/2

(E )
)†∣∣�(20C)

ν

〉
≈ S2

∑
σ

∫
drϕ(22C)

ν1d5/2
(rσ̃ )ϕ(20C)

2,νd5/2
(rσ, E ) (14)

with S2 = a∗
2〈�(22C)

π |�(20C)
π 〉. It originates from the removal of

a neutron in the 1d5/2 orbit of 22C.

III. DETAILS OF NUMERICAL CALCULATION

The HFB model adopted in the present study is based on
a phenomenological Woods-Saxon mean-field and the two-
body interaction of a contact type responsible for the pairing
correlation.

We use a standard Woods-Saxon potential [3]

V (r) = V0 f (r) + VSO(
l · 
s)
(r0 + 	r0)2

r

d

dr
f (r), (15)

V0 = −51 + 33
N − Z

A
+ 	V0,

VSO = 22 − 14
N − Z

A
, (16)

f (r) =
[

1 + exp

(
r − R

Caa

)]−1

, (17)

a = 0.67 fm, R = (r0 + 	r0)A1/3 fm, r0 = 1.27 fm,

(18)

while we modified slightly the parameters as represented by
	V0, Ca, and 	r0. Here, the radius parameter is slightly re-
duced by 	r0 = −0.17 fm so that the density distribution
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obtained for 20C reproduces the experimental root-mean-
square (r.m.s.) radius 2.97+0.03

−0.05 fm [34]. Adjustments in the
potential depth and the diffuseness, 	V0 = −12.0 MeV and
Ca = 1.2, respectively, are introduced to control the single-
particle energies of the neutron 2s1/2 and 1d5/2 orbits.

We use a density-dependent δ interaction (DDDI) for the
pairing interaction [15,44,45]

vpair (r − r′) = v0

(
1 − η

(
ρ(r)

ρ0

)α)(
1 − Pσ

2

)
δ(r − r′),

(19)

where ρ(r) = ρn(r) + ρp(r), ρ0 = 0.32 fm−3, η = 1.0, and
α = 1.0. The above DDDI leads to the self-consistent pair
potential

	(r) = v0

(
1 − η

(
ρ(r)

ρ0

)α)
ρ̃(r) (20)

with ρ̃(r) being the pair density which is given in terms of
the quasiparticle wave functions. The pairing force strength
is the most important parameter which influences the pairing
correlation and the quasiparticle resonances under discussion.
We will investigate dependence on the pairing correlation by
controlling v0. Note a typical value is v0 = −292.0 MeV fm3

[46], which reproduces the experimental neutron pair
gap in 120Sn.

We solve the HFB equation in the coordinate space with
spherical symmetry using the polar coordinate system with the
partial wave expansion. We solve the radial HFB equation us-
ing the Runge-Kutta method by imposing the box boundary
condition ϕi(Rmax) = 0 with Rmax = 30 fm and the trunca-
tion with respect to the maximal angular quantum numbers
lmax, jmax = 7, (15/2)h̄ and the maximal quasiparticle energy
Emax = 60 MeV. We calculate continuum quasiparticle states
by solving the same radial HFB equation using the pair po-
tential and the Fermi energy thus obtained. In this case the
quasiparticle wave function is connected to the asymptotic
wave, Eq. (4), at the box radius r = Rmax = 30 fm far outside
the interaction region.

IV. QUASIPARTICLE RESONANCE IN DECAY SPECTRUM

A. Decay spectrum of 21C in neutron knockout reaction on 22C

We first discuss a representative result which is obtained
with the pairing force strength v0 = −320.0 MeV fm3. Table I
shows the results of the HFB calculation for the ground states
of 20C and 22C. Here, we show the neutron Fermi energy λ,
the r.m.s. matter radius

√〈r2
m〉, and the neutron average pair

gap, estimated in two different ways:

	uv =
∫

	(r)ρ̃(r)dr
/ ∫

ρ̃(r)dr, (21a)

	vv =
∫

	(r)ρ(r)dr
/ ∫

ρ(r)dr. (21b)

The Woods-Saxon single-particle energies for the neutron
2s1/2 and 1d5/2 are also shown. Note that 1d3/2 is unbound.
The two-neutron separation energy S2n is not calculated
directly since the Woods-Saxon model is not suitable for
evaluating the total energy, and instead we list here an estimate

TABLE I. Ground state properties of 20C and 22C obtained in the
present calculation, listing the neutron single-particle energies e2s1/2

and e1d5/2 of the Woods-Saxon potential, the neutron Fermi energy λ,

the matter r.m.s. radius
√〈r2

m〉, the average neutron pairing gap 	uv

and 	uu. The two-neutron separation energy S2n is an estimate −2λ.
Experimental values are also shown for

√〈r2
m〉 and S2n.

20C Calc. Exp.

e2s1/2 [MeV] −2.468 –
e1d5/2 [MeV] −1.802 –
λ [MeV] −1.098 –
S2n [MeV] 2.195 3.56 ± 0.23 [48]√〈r2

m〉 [fm] 3.019 2.97+0.03
−0.05 [34]

	uv [MeV] 2.569 –
	uu [MeV] 3.051 –

22C Calc. Exp.

e2s1/2 [MeV] −2.582 –
e1d5/2 [MeV] −2.065 –
λ [MeV] −0.112 –
S2n [MeV] 0.224 −0.14 ± 0.46 [47]√〈r2

m〉 [fm] 3.184 3.44 ± 0.08 [34]
	uv [MeV] 2.327 –
	uu [MeV] 2.860 –

using the Fermi energy S2n ≈ −2λ. It is noted that the adopted
force strength v0 = −320.0 MeV fm3 gives a pairing gap
about 	 ≈ 2.3–3.0 MeV for both 20C and 22C, which is close
to the systematic value 	syst = 12/

√
A = 2.68 and 2.56 MeV,

respectively. Note also the neutron Fermi energy λ = −0.112
MeV in 22C is negative and very small, indicating that this nu-
cleus is bound only very weakly. It is qualitatively consistent
with the experimentally known very small two-neutron sep-
aration energy S2n(22C) = −0.14 ± 0.46 [47]. On the other
hand, the neutron Fermi energy in 20C is λ = −1.098 MeV,
pointing to small but relatively larger binding energy than 22C.
We remark that there is no bound quasiparticle states in the
HFB calculation for 20C and 22C with v0 = −320.0 MeV fm3,
pointing to that 21C whose ground state would be a one-
quasineutron configuration is unbound in the present model.

Under the above condition, we calculated the decay spec-
trum of 21C → 20C +n in the neutron knockout reaction on
22C, i.e., by using Eqs. (6), (13), and (14). The results are
shown in Fig. 1, where the red solid curve is a plot for the
s1/2-wave decay after neutron removal from 2s1/2 orbit, and
the green dotted curve is the one for the d5/2-wave decay after
removal from 1d5/2. The vertical axis is in an arbitrary unit as
we put S1 = S2 = 1.

A remarkable feature is that there exist peak structures in-
dicating resonances in both s1/2- and d5/2-wave decays. Note
that the resonance energy eR and resonance width �, which
we evaluate using the S-matrix pole [28], are consistent with
the peak energy and the peak width of the experimentally
observed two-peak structure in the neutron knockout reaction
on 22C [30,31], as shown in Table II.

They are the quasiparticle resonances which emerge in
the HFB description of the pair correlated nuclei. We
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FIG. 1. The calculated decay spectrum dP(e)/de of the 21C
doorway state produced by the neutron removal from 22C. The red
solid curve is for decay channel 20C +n in the s1/2 wave while the
green dotted curve is for that in the d5/2 wave. The absolute value
is arbitrary (see text), and the horizontal axis is the neutron kinetic
energy e.

emphasize that these resonances cannot be explained as or-
dinary single-particle resonances. The neutron d5/2 wave
in the Woods-Saxon potential has a bound 1d5/2 orbit at
e = −1.80 MeV. The s1/2 wave has also a bound orbit 2s1/2

at e = −2.47 MeV, and hence there is neither resonance nor
virtual state without taking into account the pairing.

Figure 2 shows wave functions of continuum quasiparticle
states for the s1/2 and d5/2 resonances, evaluated at the res-
onance energy in Table II. These wave functions have large
amplitude inside the nucleus, indicating a clear resonance
behavior. In particular, the amplitude of the hole component
is larger than that of the particle component. This is a feature
of hole-like quasiparticle resonance which originates from a
bound hole orbit [27].

B. Dependence on pairing strength

In order to clarify the origin and properties of the quasi-
particle resonances, we examine dependence on the pairing
strength. Here, we vary the pairing force strength v0 while the
other parameters are fixed.

TABLE II. Resonance energy eR and resonance width � of the
quasiparticle resonances in unbound Jπ = 1/2+ and 5/2+ states of
21C, evaluated from the S-matrix pole for the scattering states 20C +n
in the s1/2 and d5/2 waves. They are compared with energy and
width of the peaks found in the experimental spectrum of the neutron
knockout reaction on 22C [30].

Calc. Exp. [30]

eR,s1/2 [MeV] 0.846 0.8 ± 0.15
�s1/2 [MeV] 0.628 0.9 ± 0.9
eR,d5/2 [MeV] 1.629 1.5 ± 0.1
�d5/2 [MeV] 0.227 0.2+0.9

−0.2

FIG. 2. Quasiparticle wave functions of the scattering states
20C +n (a) in the s1/2 wave and (b) in the d5/2 wave, calculated at
the resonance energies listed in Table II. The red solid and green
dotted curves represent the particle and the hole components, ϕ1(r)
and ϕ2(r), respectively.

Figures 3 and 4 show the decay spectrum obtained with
various values of the pairing force strength v0 for the s1/2-
wave decay and the d5/2-wave decay. It is seen that the
quasiparticle resonances are strongly influenced by the pairing
force strength with respect to both the resonance energy and
the resonance width. The resonance energy and the width
increase monotonically with increasing v0.

For a small value of the pairing interaction strength
|v0| � 240.0 MeV fm3, the resonance peaks do not show up.
This is because the quasineutron states associated with the
2s1/2 and 1d5/2 single-particle orbits are bound, i.e., the quasi-
particle energy is below the threshold E < |λ|. Note that
for v0 = 0 the quasiparticle states are identical to the 2s1/2

and 1d5/2 single-particle orbits, which are bound at e2s1/2 =
−2.47 MeV and e1d5/2 = −1.80 MeV. As the pairing force
strength v0 increases, the pair gap increases. Accordingly the
quasiparticle energies of the 2s1/2 and 1d5/2 orbits increases
as shown in Fig. 5. They become unbound, E > |λ|, for
|v0| � 240.0 MeV fm3, and emerge as the quasiparticle res-
onances shown in Figs. 3 and 4.

034313-5



YOSHIHIKO KOBAYASHI AND MASAYUKI MATSUO PHYSICAL REVIEW C 108, 034313 (2023)

FIG. 3. Dependence of the decay spectrum dP(e)/de on the
pairing force strength v0 for the 21C doorway state produced by the
neutron removal from 22C for the decay channel in the s1/2 wave.

This behavior is very different from that of the potential
scattering of a neutron, in particular in the case of the s wave.
In the potential scattering case, a transition from a bound
state to unbound state accompanies a virtual state, but not
a resonance, for the s-wave scattering having no centrifugal
barrier. The essential difference is that the quasiparticle state
in the HFB framework has a two-component wave function.
Even when the transition from bound to unbound states occurs
in the particle component, the hole component is confined
inside the nucleus irrespective of whether the quasiparticle
state is bound or unbound, see Fig. 2. Because of this property,
the unbound quasiparticle state behaves as a quasibound state.
Note also that the resonance width increases with the pairing
strength (Figs. 3 and 4) since the coupling between the particle
and hole components is proportional to the pairing gap.

The above behavior can be described more precisely by
examining a trajectory of the S-matrix pole, the phase shift,
and the cross section of the neutron elastic scattering [28],
which are shown in Figs. 6 and 7 for the s1/2-wave scattering

FIG. 4. The same as Fig. 3, but for the decay channel in the d5/2

wave.

FIG. 5. Dependence on the pairing force strength v0 of the results
of the HFB calculation for 20C. (a) The quasiparticle energies of the
low-lying quasineutron states in the s1/2 and d5/2 waves. The thresh-
old energy −λ for unbound states is also shown. (b) The average
neutron pair gap 	uv and 	vv .

of 20C +n. We remark here that the S matrix is specified by
two complex wave numbers k1 and k2 for the particle and
hole components, respectively, of the quasiparticle wave func-

tions. Correspondingly the quasiparticle energy E = h̄2k2
1

2m −
λ = − h̄2k2

2
2m + λ has four Riemann sheets. Because of the two-

component structure, there appears a pair of poles even in the
case the quasiparticle state is bound: one with Im(k1) > 0 and
Im(k2) > 0 corresponding to the physical bound state (located
on the first Riemann sheet E (1), labeled ‘a’ in Fig. 6) and
the other one with Im(k1) < 0 and Im(k2) > 0 (on the second
Riemann sheet E (2) with label ‘b’ in Fig. 6) which exhibits a
behavior of an antibound state with Im(k1) < 0 while the hole
component keeps a bound state character with Im(k2) > 0.
As the quasiparticle state becomes unbound with increasing
the pairing strength and pairing gap, the two poles interact on
the second Riemann sheet E (2) and form a pair of resonance
and antiresonance poles, which represent the quasiparticle
resonances discussed above. The resonance energy eR and the
resonance width are related to the position of the pole a as

eR = Re(Ea) − |λ|, � = −2Im(Ea). (22)
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FIG. 6. Trajectory of the S-matrix poles in the scattering state
20C +n in the s1/2 wave. (a) The first Riemann sheet E (1) with
Im(k1) > 0 and Im(k2) > 0. (b) The second sheet E (1) with Im
(k1) < 0 and Im(k2) > 0. The square symbols represent the position
of the poles for varied values of v0 = 0, −20, . . . ,

−360, −380 MeV fm3. The threshold energy E = −λ (for v0 =
−240 MeV fm3) is also shown.

Note that the resonance width is relatively small compared
with the resonance energy. Note also that in the case of the s-
wave quasiparticle, a virtual state is formed in a short interval
just before the formation of the resonance poles [28]. Influ-
ence of the virtual state is seen in the elastic cross section for
v0 = −240 MeV fm3. Note that the asymmetric resonance
shape seen in the elastic cross section [Fig. 7(b)] arises from
an interference between background and resonance compo-
nents visible in the phase shift [Fig. 7(a)], and it could be
interpreted as the Fano effect discussed in Ref. [49].

Figures 8 and 9 shows the results of the d5/2 wave. We can
see that there is v0 dependence similar to Fig. 6. However,
compared to the results of s1/2-wave case, the poles in Fig. 8
are located near the real axis due to the centrifugal barrier.
These poles make narrow peak structures in Fig. 9(b) and
Fig. 4. We note also that the quasiparticle energy of the 1d5/2

state depends more strongly on the pairing force strength v0

FIG. 7. Dependence on the pairing force strength v0 of (a) the
phase shift and (b) the elastic cross section for the scattering state
20C +n in the s1/2 wave.

than that of 2s1/2 as seen in Fig. 5(a). It is because the effective
pairing gap of the 1d5/2 is larger than that of 2s1/2. Conse-
quently the resonance energy of the 1d5/2 is larger than that
of the 2s1/2 at sizable pairing gap, e.g., at the representative
value v0 = −320 MeV fm3 of the pairing strength.

C. Decay spectrum of 21C in proton knockout reaction on 22N

Let us consider the case where 21C is produced via a
proton knockout reaction on 22N. Assuming that 22N is also
influenced by the pairing correlation and is described in the
mean-field framework of the HFB, the ground state configura-
tion may be given as a two-quasiparticle configuration, one for
neutron and the other for proton, since 22N is an odd-odd nu-
cleus. Experimental spin-parity Jπ of the ground state and the
first excited state of 22N are 0− and 1− (E1 = 183 ± 16 keV),
respectively [48], and it suggests that relevant quasiparticle
states may be ν2s1/2 and π1p1/2 states for neutrons and pro-
tons, respectively. We describe the ground state of 22N as a
two-quasiparticle configuration ν2s1/2 ⊗ π1p1/2:

∣∣�22N

〉 = (
β

(22N)
ν2s1/2

)†(
β

(22N)
π1p1/2

)†∣∣�(22N)
ν

〉 ⊗ ∣∣�(22N)
π

〉
. (23)
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FIG. 8. The same as Fig. 6, but for the scattering state 20C +n in
the d5/2 wave.

The doorway state produced in the proton knockout reac-
tion on 22N may be given by a configuration in which a proton
is removed from the ground state of 22N:

|�DWS〉 = a′
1c(22N)

π1p1/2
|�22N〉 + a′

2c(22N)
π1p3/2

|�22N〉 + · · ·
= (

β
(22N)
ν2s1/2

)†∣∣�22N
ν

〉 ⊗ [
a′

1c(22N)
π1p1/2

(
β

(22N)
π1p1/2

)†∣∣�(22N)
π

〉
+ a′

2c(22N)
π1p3/2

(
β

(22N)
π1p1/2

)†∣∣�(22N)
π

〉 + · · · ]. (24)

The doorway state has finite overlap with scattering state of
20C +n with the s-wave neutron, and its overlap amplitude is
given by

〈�DWS|�20C +n,s1/2
(e)〉 = S′

1

〈
�(22N)

ν

∣∣β (22N)
ν2s1/2

(
β (20C)

νs1/2
(E )

)†∣∣�(20C)
ν

〉
(25)

with a constant S′
1 = a′∗

1 〈�22N
π |β (22N)

π1p1/2
(c(22N)

π1p1/2
)†|�(20C)

π 〉.
Similarly to the neutron removal from 22C, we evaluate the
matrix element in Eq. (25) using the diagonal approximation
(Appendix). Then we have

〈�DWS|�20C +n,s1/2
(e)〉

FIG. 9. The same as Fig. 7, but for the scattering state 20C +n in
the d5/2 wave.

≈ S′
1

∑
σ

∫
dr

[(
ϕ

(22N)
1,ν2s1/2

(rσ )
)∗

ϕ
(20C)
1,νs1/2

(rσ, E )

+ (
ϕ

(22N)
2,ν2s1/2

(rσ )
)∗

ϕ
(20C)
2,νs1/2

(rσ, E )
]
, (26)

which is essentially an overlap integral of quasiparticle wave
functions of the bound quasineutron state 2s1/2 in 22N and of
the unbound quasineutron state with s1/2 interacting with 20C.

Numerical calculation is performed in the following way.
We first perform the HFB calculation for 22N to obtain the
two-quasiparticle configuration, Eq. (23). Here, we have cho-
sen the pairing force strength v0(22N) = −220.0 MeV fm3,
which is smaller than that adopted or 20C and 22C, in order
to simulate the blocking effect caused by the quasiparticle
excitation both in neutrons and protons. The result is shown in
Table III. The neutron average pairing gap is 	 ∼ 0.9 MeV,
about one-third of those in 20C and 22C. The quasineutron
state of the lowest energy is the 2s1/2 state with excitation
energy E2s1/2 = 1.18 MeV, and the lowest quasiproton state
is 1p1/2 with E1p1/2 = 0.69 MeV. This is consistent with our
assumption that the ground state of 22N is ν2s1/2 ⊗ π1p1/2.
The energy difference between the quasineutron state and
the threshold for unbound states (which corresponds to the
neutron separation energy) is |λn| − E2s1/2 = 1.34 MeV, be-
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TABLE III. Ground state properties of 22N obtained with the
pairing force strength v0(22N) = −220 MeV fm3. E2s1/2 and E1d5/2

are the quasiparticle energy of the quasineutron states corresponding
to the 2s1/2 and 1d5/2 orbits, respectively. See also the caption of
Table I.

Calc. Exp.

e2s1/2 [MeV] −3.562 –
e1d5/2 [MeV] −3.390 –
E2s1/2 [MeV] 1.183 –
E1d5/2 [MeV] 1.262 –
λ [MeV] −2.524 –
Sn [MeV] 1.340 1.54 ± 0.25 [48]√〈r2

m〉 [fm] 3.024 3.08 ± 0.12 [50]
	uv [MeV] 0.850 –
	uu [MeV] 0.933 –

ing qualitatively consistent with the experimental one-neutron
separation energy Sn = 1.54 ± 0.25 MeV.

Figure 10 is the calculated decay spectrum for the s1/2-
wave decay of the doorway state produced by the proton
removal from 22N. The spectrum has a peak around 1 MeV,
which originates from the quasiparticle resonance associated
with neutron 2s1/2 orbit, i.e., the same resonance as those
discussed for the decay spectrum in the neutron knockout
reaction on 22C. (The scattering state 20C +n is same as pre-
vious section which has the resonance parameters given in
Table I.) The profile of the peak is slightly different from that
in the neutron knockout due to a difference in the overlap,
Eq. (13) vs Eq. (26). A noticeable difference from the neutron
knockout is that there is no components decaying to the d5/2

and other partial waves. This is because the doorway state,
Eq. (24), produced by the proton knockout from the simple
two-quasiparticle configuration, Eq. (23), can have neutron
scattering state 20C +n in the s1/2 wave. The decay spectrum
shown in Fig. 10 is qualitatively consistent with the experi-
mental data [30,31].

FIG. 10. Calculated decay spectrum dP(e)/de in the s1/2 wave
for the 21C doorway state produced by the proton removal from 22N.

FIG. 11. The same as Fig. 10, but for the varied pairing force
strength v0(22N).

We have treated the blocking effect in 22N in a simpli-
fied manner by reducing the pairing force strength v0, which
effectively reduces the pairing gap. This treatment may be
checked by seeing the dependence on the parameter v0. As
shown in Fig. 11, the decay spectrum depends only weakly on
the choice of v0 as far as the 2s1/2 quasineutron state appears
as a bound state with sizable binding energy �0.5 MeV with
|v0| � 260 MeV fm3 (see Fig. 12).

V. CONCLUSIONS

We have discussed the quasiparticle resonance appearing
in the decay spectrum of unbound 21C, which is produced
in nucleon knockout reactions and then decays to 20C by
emitting a neutron. Using the coordinate space HFB theory,
we describe 21C, a neighbor to the neutron drip-line, as an
unbound one-quasineutron state built on the pair correlated
ground state of 20C. We then calculate the decay spectrum in
terms of an overlap between the unbound one-quasiparticle
state and a doorway state produced by the neutron (or proton)

FIG. 12. Dependence on the pairing force strength v0(22N) of the
quasiparticle energies of the low-lying quasineutron states in the s1/2

and d5/2 waves in 22N. The threshold energy −λ is also shown.
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removal from 22C (or 22N), all of which are described also in
the same HFB framework.

We have shown that the quasiparticle resonances associ-
ated with the last bound neutron single-particle orbits, 2s1/2

and 1d5/2, show up as low-lying peaks in the decay spectrum
of 21C. A remarkable feature is that the quasiparticle reso-
nance emerges in the decay channels of the s1/2-wave neutron,
i.e., in the Jπ = 1/2+ state of 21C. This is quite contrasting
to the single-particle potential scattering of a neutron, which
exhibits no s-wave resonance. The quasiparticle state under
the influence of the pairing correlation has two components,
each representing particle- and hole-like single-particle mo-
tion. Hence, even the s-wave neutron can exhibit a resonance
through a coupling to the hole component, which keeps a
bound state character even if the quasiparticle itself represents
a scattering neutron.

Another characteristic feature of the quasiparticle reso-
nance is that the resonance energy and the resonance width
depend sensitively on the strength of the pairing correlation
since the coupling between the particle and hole components
is governed by the pairing gap. In the present numeri-
cal analysis of 21C we find that a standard value of the
pairing gap, approximately following the systematic value
∼12/

√
A MeV provides the 2s1/2 and 1d5/2 resonances, the

resonance energy and width of which are consistent with
the peaks found in the nucleon knockout reactions on 22C
and 22N. This suggests that the peaks found in the ex-
periments may be realistic candidates of the quasiparticle
resonance. Experimental confirmation of the quasiparticle
resonances will provide information on the neutron pair-
ing correlation in those nuclei. We note also the present
HFB model describes qualitatively a clear difference be-
tween the experimental spectrum produced by the neutron
knockout from 22C and that from the proton knockout
from 22N.

Finally we note that further investigations are required to
confirm the quasiparticle resonance by comparing with the
nucleon knockout experiments. First of all, the results in
the present formulation do not describe the absolute value
of the spectrum. We need to describe the cross section of
the knockout process where the final state includes 20C
and a neutron with low relative energy. This will allow us
also to analyze, for example, the relative intensity popu-
lating the 2s1/2 and the 1d5/2 quasiparticle resonances in
the reaction. Second, the phenomenological Woods-Saxon
potential adopted in the present analysis needs to be im-
proved, for example by replacing it with the self-consistent
mean-field.
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APPENDIX: DIAGONAL APPROXIMATION
FOR THE OVERLAP MATRIX ELEMENTS

Here, we discuss the methods to evaluate the matrix
elements which refer to two different HFB states. In the fol-
lowing we denote the two reference states |�0〉 and |�1〉.

First, we consider the matrix element 〈�1|c(1)†
i β

(0)†
k |�0〉,

where c(1)†
i is a nucleon creation operator for single-particle

state i defined with respect to the mean-field associated with
the reference state |�1〉 while β

(0)†
k is a creation operator of the

quasiparticle state k defined for the other reference state |�0〉.
The nucleon operator and the quasiparticle operator can be
expressed in terms of the field operators (ψ†(x), ψ (x)) and the
single-particle wave function ϕ

(1)
i and the quasiparticle wave

function (ϕ(0)
1,k (x), ϕ(0)

2,k (x)) as

c(1)†
i =

∫
dxϕ(1)

i (x)ψ†(x), (A1)

β
(0)†
k =

∫
dx

[
ϕ

(0)
1,k (x)ψ†(x) + ϕ

(0)
2,k (x)ψ (x̃)

]
. (A2)

Here, x = rσ is a collective notation of the coordinate
spin variables. Note also

∫
dx = ∫

dr
∑

σ and ψ (x̃) =
(−2σ )ψ (r − σ ).

The matrix element can be calculated as

〈�1|c(1)†
i β

(0)†
k |�0〉

=
∫

dxϕ(1)
i (x̃)〈�1|ψ†(x̃)β (0)†

k |�0〉

=
∫

dxϕ(1)
i (x̃)

∑
k′

〈�1|ψ†(x̃)β (1)†
k′ |�0〉(U −1)k′k

= 〈�1|�0〉
∫

dxϕ(1)
i (x̃)

∑
k′

ϕ
(1)
2,k′ (x)(U −1)k′k . (A3)

FIG. 13. The decay spectrum dP(e)/de of the 21C doorway state
for the s1/2 wave, calculated with the same conditions as that in
Fig. 1, except that the unbound quasineutron states are discretized.
The red square symbol is the calculation using the exact expression
(A3) while the green circles are that with the diagonal approximation
(A7).
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Here, Uk′k is matrix elements defining the generalized Bogoli-
ubov transformation between β

(0)†
k and β

(1)†
k′ , the quasiparticle

operator referring to |�1〉:

β
(1)†
k =

∑
k′

[
Uk′kβ

(0)†
k′ + Vk′kβ

(0)
k′

]
, (A4)

and it can be calculated as

Uk′k = {
β

(1)†
k′ , β

(0)
k

}
=

∫
dxϕ(0)∗

1,k′ (x)ϕ(1)
1,k (x) +

∫
dxϕ(0)∗

2,k′ (x)ϕ(1)
2,k (x). (A5)

The result, Eq. (A3), is a variant of the Onishi formula [4,51].
Note also 〈�1|�0〉 = √

detU . The above expressions can be
calculated numerically with no approximation if the quasipar-
ticle states k and k′ are discretized. However, it cannot be used
in the case where the quasiparticle states have a continuum
spectrum as the inverse matrix U −1 is not calculated.

To overcome this problem we introduce an approximation

〈�1|ψ†(x̃)β (0)†
k |�0〉 ≈ ϕ

(0)
2,k (x) (A6)

with which the matrix element under discussion is given by

〈�1|c(1)†
i β

(0)†
k |�0〉 ≈

∫
dxϕ(1)

i (x̃)ϕ(0)
2,k (x). (A7)

This expression can be used both for discretized and contin-
uum spectra. We have checked numerically the accuracy of
this replacement, which we call the diagonal approximation.
An example is shown in Fig. 13.

The expression for the matrix element 〈�1|β (1)
k′ β

(0)†
k |�0〉 is

obtained in the same way, and given by

〈�1|β (1)
k′ β

(0)†
k |�0〉

=
∫

dxϕ(1)∗
1,k′ (x)〈�1|ψ (x)β (0)†

k |�0〉

+
∫

dxϕ(1)∗
2,k′ (x)〈�1|ψ†(x̃)β (0)†

k |�0〉

= 〈�1|�0〉
[ ∫

dxϕ(1)∗
1,k′ (x)

∑
k′′

ϕ
(1)
1,k′′ (x)(U −1)k′′k

+
∫

dxϕ(1)∗
2,k′ (x)

∑
k′′

ϕ
(1)
2,k′′ (x)(U −1)k′′k

]
. (A8)

Applying the diagonal approximation (A6) to Eq. (A8), we
obtain

〈�1|β (1)
k′ β

(0)†
k |�0〉

≈
∫

dxϕ(1)∗
1,k′ (x)ϕ(0)

1,k (x) +
∫

dxϕ(1)∗
2,k′ (x)ϕ(0)

2,k (x). (A9)
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