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β-decay half-lives as an indicator of shape-phase transition in neutron-rich Zr
isotopes with particle-vibration coupling effects
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Background: β-decay half-life is sensitive to the shell structure near the Fermi levels. Nuclear deformation thus
impacts the β-decay properties.
Purpose: A first-order shape-phase transition in neutron-rich Zr isotopes is predicted by some models. We
investigate the β-decay half-lives of neutron-rich nuclei around 110Zr, where the shape-phase transition is
predicted to occur, to see if the β-decay half-life can be an indicator of the shape changes.
Method: The proton-neutron quasiparticle random-phase approximation (RPA) is adopted to calculate the
Gamow-Teller transitions. In addition, we apply the quasiparticle-vibration coupling (PVC) to consider the
phonon couplings.
Results: The spherical and oblate configurations give similar half-lives but shorter ones than the prolate
configuration at the RPA level. The PVC effect further reduces the half-lives in general, but the effect is smaller
for the deformed configuration than that for the spherical one. As a result, it makes the shape change from the
oblate configuration to the spherical configuration visible. Therefore, a sudden shortening of β-decay half-lives
is always found at the nuclear shape changes.
Conclusions: β-decay half-life is an indicator of the shape-phase transition. The shape mixing and the roles of
the triaxial deformation are subject to study in the future.
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I. INTRODUCTION

The physics of exotic nuclei has been one of the major
subjects in the field of nuclear science with the upgrading and
constructing of the rare-isotope (RI) beam accelerator facili-
ties around the world. Recent progresses in the development
of the experimental technique of spectroscopic studies have
unveiled the nuclear structure of exotic nuclei [1], and it has
attracted much interest in how the shape of a nucleus changes
as a function of the number of neutrons and protons.

Empirical observables revealing the evolution of nuclear
shape are the excitation energies of the 2+

1 and 4+
1 states

and their ratio together with the E2 transition strengths. To
explore the evolution of nuclear shells and deformations, the
SEASTAR project [2] has been undertaken at RIKEN RIBF,
aiming at a systematic search for new 2+ energies in the wide
range of neutron-rich nuclei. Besides that, the two-neutron
separation energies, the monopole transition strengths, and the
isotope shifts also reflect the structural changes of neutron-
rich nuclei [3]. Nuclear deformation also has a substantial
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impact on the high-frequency excitation modes, such as in the
photoabsorption cross sections [4,5].

The Zr isotopes with A � 100 have been of theoretical and
experimental interest in nuclear structure as they span a region
of competition between various coexisting prolate, oblate, and
spherical nuclear shapes [3]. The first-order phase transition
occurs uniquely in this region, while we usually see a gradual
change of deformation with an increase in the neutron/proton
number in other regions such as in the rare-earth nuclei. The
mean-field calculations rooted in nuclear density-functional
theory (DFT) [6,7], the macroscopic-microscopic calculation
[8], as well as the recent shell model calculation [9] describe
well the sudden change from the spherical to the deformed
shape at 100Zr. The deformed region has been confirmed up to
110Zr by observing a low E (2+

1 ) value and the R4/2 value being
greater than 3 [10]. Furthermore, the calculations [6,7,11,12]
predict the shape transition from the deformed to the spherical
configuration around N = 74.

The β-decay half-life is one of the most experimentally
accessible physical quantities for RI beam facilities and plays
a decisive role in determining the time scale of the r-process
nucleosynthesis [13]. Observed short half-lives around A �
110 region speed up the r-matter flow [14]. There have been
numerous works on the roles of the nuclear deformation on the
Gamow-Teller (GT) strength distributions [15–22]. Thereby,
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it has been found that nuclear deformation plays an important
role in the β-decay half-lives. These works are, however,
based on the random-phase approximation (RPA) that consid-
ers coherent one-particle–one-hole excitations. To understand
nuclear excitations quantitatively, one sometimes needs to
take into account of beyond-RPA effects, namely higher-order
configurations such as phonon-coupling effects and coher-
ent two-particle–two-hole excitations. Important roles of the
beyond-RPA effects have been recognized also for the GT
strengths, which have a crucial influence on β decays. The
particle-vibration coupling (PVC) effect is essential for repro-
ducing the width of GT resonances [23–25] and improving
the β-decay half-lives [26–28]. We propose in this work the
β-decay half-lives as an indicator of the shape-phase transi-
tion, which may have an impact on the r process. We will
demonstrate it within the Skyrme Hartree-Fock-Bogolibov
(HFB) approach and proton-neutron quasiparticle-random-
phase approximation (pnQRPA) under the condition of an
axially deformed shape. We also discuss that one can confirm
the shape-phase transition of neutron-rich Zr isotopes from the
β-decay half-lives even in the presence of the phonon-
coupling effect within the quasiparticle-vibration coupling
(QPVC).

The paper is organized as follows. In Sec. II, we briefly
explain the models for evaluating the β-decay half-lives. In
Sec. III, we show the results and discuss the roles of nuclear
deformation and the effects of phonon coupling. Section IV
summarizes the paper.

II. NUCLEAR ENERGY-DENSITY FUNCTIONAL METHOD
FOR β-DECAY PROPERTIES

A. Skyrme Hartree-Fock-Bogoliubov approach
for nuclear deformation

In the framework of the nuclear energy-density functional
(EDF) method we employ, the ground state of a mother nu-
cleus is described by solving the HFB equation [29]. The
single-particle and pair Hamiltonians are given by the func-
tional derivative of the EDF with respect to the particle density
and the pair density, respectively. An explicit expression of
the Hamiltonians is found in the Appendix of Ref. [30]. The
average particle number is fixed at the desired value by ad-
justing the chemical potential. Assuming the system is axially
symmetric, the HFB equation is block diagonalized according
to the quantum number �, the z component of the angular
momentum.

B. Proton-neutron quasiparticle random-phase approximation

Since the details of the formalism can be found in
Refs. [31,32], here we briefly recapitulate the basic equa-
tions relevant to the present study. The excited states | f 〉 in
a daughter nucleus are described as one-phonon excitations
built on the ground state |RPA〉 of the mother nucleus as

| f 〉 = �̂
†
f |RPA〉, (1)

�̂
†
f =

∑
αβ

{
X f

αβ â†
α,nâ†

β,p − Y f
αβ âβ,pâα,n

}
, (2)

where â†
n (â†

p) and ân (âp) are the neutron (proton) quasipar-
ticle (labeled by α and β) creation and annihilation operators
that are defined in terms of the solutions of the HFB equation
with the Bogoliubov transformation. The phonon states, the
amplitudes X f ,Y f , and the charge-exchange excitation en-
ergy ω f are obtained in the pnQRPA with a cutoff at 60 MeV.
The residual interactions entering into the pnQRPA equation
are given by the EDF self-consistently except for the J2 term:
the J2 term in the EDF is neglected in the HFB calculation but
included in the pnQRPA calculation.

C. Quasiparticle vibration coupling in spherical nuclei

The QPVC model includes correlations beyond the spher-
ical pnQRPA model by taking into account the quasipaticle
phonon coupling. The self-energy of pnQRPA states is
obtained by considering the coupling of doorway states con-
sisting of a two-quasiparticle excitation coupled to a collective
vibration. The properties of these collective vibrations, i.e.,
phonons |nL〉, are obtained by computing the QRPA response
for states of natural parity Jπ = 0+, 1−, 2+, 3−, 4+, 5−, and
6+, where those phonons with energy less than 20 MeV, and
absorbing a fraction of the non-energy-weighted isoscalar or
isovector sum rule (NEWSR) strength larger than 5%, are
taken into account in the model space. The self-energy of the
pnQRPA state | f 〉 is given as

� f (E ) =
∑

αβα′β ′
W ↓

αβ,α′β ′ (E )X f
αβX f

α′β ′

+ W ↓∗
αβ,α′β ′ (−E )Y f

αβY f
α′β ′ , (3)

where W ↓
αβ,α′β ′ (E ) represents the spreading terms associated

with the coupling of two-quasiparticle configurations with
the doorway states, and the detailed expressions are given in
Ref. [24]; X f and Y f are the forward and backward pnQRPA
amplitudes, respectively, as defined in the last subsection but
for the spherical case. To calculate the β-decay half-lives, we
use Gaussian smearing to get the GT strength distribution,

S(E ) =
∑

n

1

σn

√
2π

e
− (E−En−
En )2

2σ2
n Bn, (4)

where σn = ( �n
2 + η)/

√
2 ln 2, with 
En = Re �n(E ) and

�n = −2 Im �n(E ), and Bn is the pnQRPA transition prob-
ability for state |n〉. η is the averaging parameter in W ↓ to
avoid divergence, taken as 200 keV. The details of the QPVC
formulas can also be found in Refs. [24,27]. It is noted that
the use of the Lorentz smearing instead of the Gaussian one
brings about an unphysical tail in low energy.

D. Calculation of the β-decay half-lives

The β-decay half-life T1/2 can be calculated with Fermi’s
golden rule as [33]

1

T1/2
= λβ

ln 2

= (gA/gV )2
eff

D

∑
E∗

f <Qβ

f (Z, Qβ − E∗
f )|〈 f |F̂ |RPA〉|2, (5)
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where D = 6147.0 s and we set (gA/gV )eff = 1 rather than its
actual value of 1.26 to account for the quenching of the spin
matrix in nuclei. E∗

f is the excitation energy of the daughter
nucleus with respect to its ground state. In some cases, the
forbidden transitions play an essential role in the β-decay
rate [34,35]. We, however, rely on the allowed approximation
in the present study. According to the global study of the
β-decay rates in Ref. [36], roles of the forbidden transitions
are not significant in the region under consideration. The
transition matrix element for the GT operator 〈 f |F̂ |RPA〉 is
evaluated by the quasiboson approximation as 〈 f |F̂ |RPA〉 �
〈0|[�̂ f , F̂ ]|0〉, where |0〉 denotes the HFB ground state. The
Fermi integral f (Z, Qβ − E∗

f ) in Eq. (5) including screening
and finite-size effects is given by

f (Z,W0) =
∫ W0

1
pW (W0 − W )2λ(Z,W )dW, (6)

with

λ(Z,W ) = 2(1 + γ )(2pR)−2(1−γ )eπν

∣∣∣∣ �(γ + iν)

�(2γ + 1)

∣∣∣∣
2

, (7)

where γ =
√

1 − (αZ )2, ν = αZW/p, α is the fine structure
constant, and R is the nuclear radius. W is the total energy of
β particle, W0 is the total energy available in mec2 units, and
p = √

W 2 − 1 is the momentum in mec units [33]. Here, the
energy released in the transition from the ground state of the
target nucleus to an excited state in the daughter nucleus is
given approximately by [37]

Qβ − E∗
f � λν − λπ + 
Mn−H − ω f . (8)

E. EDF employed in the numerical calculations

We employ in the actual calculations a Skyrme-type EDF
for the particle-hole channel. The SkM* functional [38] is
mainly used for the present investigation, and the SLy4 func-
tional [39] is used to supplement the discussion. The pairing
is considered by using the mixed-type contact interaction

Vpp(r, r′) = V0

[
1 − 1

2

ρ(r)

ρ0

]
δ(r − r′) (9)

with V0 = −225 and −290 MeV fm3 for the SkM* and
SLy4 functionals, respectively, and ρ(r) and ρ0 are the
isoscalar density and the saturation density 0.16 fm−3. The
pairing strengths in the deformed HFB calculation here are
determined to be consistent with the spherical HFB calcu-
lation for QPVC, where the pairing strengths are adjusted
by the experimental pairing gap of 114Zr from three-point
formulas. Then, the deformed and spherical HFB calcu-
lations give the same pairing energy for the spherical
configuration. In the pnQRPA calculations, we include the
proton-neutron pairing interaction as Eq. (9) with the same
strength.

III. RESULTS AND DISCUSSION

Figure 1 shows the potential energy surfaces (PES) of the
neutron-rich Zr isotopes with N = 72–78 calculated by using
the SkM* functional, where the shape transition is predicted
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FIG. 1. Potential energy surface (zero at the spherical configura-
tion) of 112–118Zr obtained by employing the SkM* functional.

to occur with an increase in the neutron number [6–8,11,40].
The prolate and oblate configurations compete in energy in
112,114Zr, while the spherical and oblately deformed config-
urations compete in energy in 116,118Zr. We find a similar
feature in the results obtained by employing the SLy4 func-
tional, where the spherical and oblate configurations compete
in energy. A standard probe of the shape change from the
prolate to oblate deformations is a sign change of the spec-
troscopic quadrupole moment of the 2+

1 state. However, it is
challenging to measure the spectroscopic quadrupole moment
for these neutron-rich nuclei [41].

The β-decay half-life is a rather experimentally accessible
quantity even for very neutron-rich nuclei, and the calculated
half-lives are shown in Fig. 2. The observed half-lives up
to N = 72 are well reproduced by the calculation using the
SkM* functional with the prolate configuration. We see that
the calculated half-lives calculated assuming the prolate shape
shorten monotonically beyond N = 72, whereas a sudden
drop occurs at N = 74 when the nuclear shape changes to the
oblate deformation. In the case of SLy4, the results underes-
timate the measurements. However, we see that the half-lives
for the oblate configuration are shorter than for the prolate
configuration as in the case of SkM*.

We discuss the mechanism for the shortening of the half-
lives due to the shape change from the prolate to oblate
deformations. Figure 3 shows the distributions of the partial
decay rate associated with the GT transitions in 112,114Zr. The
GT states appear in low energies for the oblate configura-
tion. In 114Zr, the GT strengths for the oblate configuration
are larger than those for the prolate configuration. The GT
strengths for the spherical configuration appear relatively
higher in energy but are much larger than those for the de-
formed configuration, leading to the half-lives being as short
as for the oblate configuration.
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FIG. 2. β-decay half-lives of the Zr isotopes obtained by employ-
ing the SkM* (upper) and SLy4 (lower) functionals. Filled symbols
indicate the lowest energy configuration. The calculated half-lives
are compared with the experimental data [42] and the FRDM+QRPA
calculation [43].

We show in Figs. 2 and 3 the results considering the
quasiparticle-phonon coupling for the spherical configuration
denoted as QPVC. Comparing with the results of half-lives
for the spherical configuration, those for QPVC are shortened.
This is because the GT states couple with other phonon states,
resulting in distributions to lower energies. We will discuss
the mechanism in more detail later on. It is considered that
the PVC effect is weaker in deformed nuclei than in spherical
nuclei because the quadrupole correlation is mostly described
as a deformed mean field [44].

Let us study the effect of PVC in the present case. The
low-lying phonon excitations are shown in Fig. 4. The first-
excited quadrupole state appears at 1.7 MeV with a strength
of 6.4 × 103 fm4 for the spherical configuration, while we
see the K = 2 state located around 0.6 MeV with a strength
of 1.3 × 103 fm4 for the prolate configuration. For the oblate
configuration, the strength is ≈6.0 × 103 fm4, which is much
larger than that for the prolate configuration because these
nuclei show softness against the triaxial deformation [45]. We
also show in the right panel of Fig. 4 the octupole excitations,
the major states coupling with the GT states. The calculated
lowest-lying octupole state appears at 1.1 MeV in both the
spherical and oblate configurations, while the strengths for the
oblate and prolate configurations are more than one order of
magnitude smaller than the case of the spherical configuration.
Since 114Zr has different behaviors for spherical and deformed
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FIG. 3. Distributions of the partial-decay rates in 112Zr (upper)
and 114Zr (lower) as functions of the excitation energy with respect
to the ground state of the mother nucleus. The RPA results for the
prolate, oblate, and spherical configurations are shown together with
the QPVC result for the spherical configuration. The RPA results are
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TABLE I. Half-lives of 114Zr calculated by the spherical RPA
model (SkM*) and the simplified PVC model (see text) with only
the first 2+ phonon (“PVC 2+

1 ”), only the first 3− phonon (“PVC
3−

1 ”), as well as both phonons (“PVC 2+
1 , 3−

1 ”), taking the energies
and transition strengths of these phonons at spherical and oblate
deformations.

Model Deformation T1/2 (ms) Deformation T1/2 (ms)

RPA sph. 6.4
PVC 2+

1 sph. 3.9 obl. 2.6
PVC 3−

1 sph. 1.1 obl. 5.4
PVC 2+

1 , 3−
1 sph. 0.9 obl. 2.4

shapes with respect to the quadrupole and octupole strengths,
we need to investigate the interweaving roles of quadrupole
and octupole phonons in PVC.

To distinguish the role of quadrupole and octupole phonons
in PVC for 114Zr, we consider a simple model. In this simple
model, we do not include the pairing correlations, nor the
momentum-dependent interactions in the PVC vertex calcu-
lation, so that the transition densities of phonons are used
directly in the PVC vertex calculation [46]. With this ap-
proximation, we could estimate the PVC effect for deformed
configurations by using the phonon energies of deformed
configurations and rescaling the transition densities from the
spherical configuration to the deformed one to adjust the
transition strength. The corresponding results are shown in
Table I.

From the spherical to oblate configurations, the lowest
quadrupole-phonon energy is shifted downwards and the
strength increases, which should give a stronger PVC effect
for the oblate configuration. This is confirmed in the simple
model by including only the lowest quadrupole phonon in
the PVC calculation, which gives 3.9 ms for the spherical
configuration and 2.6 ms for the oblate configuration, com-
pared with 6.4 ms in the RPA calculation. However, the lowest
octupole phonon energy is nearly the same, but the strength is
reduced by more than one order of magnitude, which would
give a smaller PVC effect for the oblate configuration. This
is confirmed by including only the lowest octupole phonon
in the PVC calculation, which gives 3.9 ms for the spher-
ical configuration and 5.4 ms for the oblate configuration.
From the spherical to oblate configurations, the quadrupole
and octupole phonons play different roles. Then we further
include both phonons, and obtain 0.9 ms for the spherical
configuration and 2.4 ms for the oblate configuration. It is
clear to see that the PVC effect is much smaller for the oblate
configuration than that for the spherical configuration.

As for the prolate configuration, the energy and strength of
the lowest octupole phonon are similar to those in the oblate
configuration [Fig. 4(b)], while the energy of the prolate shape
is higher than that of the oblate shape, with smaller strength

for the lowest quadrupole phonon [Fig. 4(a)]. Thus, one can
expect the PVC effect for the prolate configuration to be
smaller than that for the oblate configuration. Therefore, after
considering the PVC effect, the sudden change of half-lives
from the prolate configuration to the spherical configuration
remains, and the sudden change from the oblate to spherical
configurations will also appear, which is not seen at the RPA
level. For the SkM* functional, the shape change from the
prolate to oblate configurations is observed at N = 74, and
the half-life is shortened already at the RPA level. With the
further inclusion of the PVC effect, the change in half-life
will be more apparent. For the SLy4 functional, the shape
changes from oblate to spherical, and no significant short-
ening is observed in half-life at the RPA level, but, with the
further inclusion of the PVC effect, the sudden shortening of
half-life will also manifest around N = 74.

We have ignored the triaxial deformation in the present
study. By looking at the PES in two dimensions of β and γ

in Ref. [45], some nuclei are soft against the triaxial defor-
mation. The β-decay half-lives need to be investigated again
after considering the triaxial degree of freedom as well as the
shape-mixing effect.

IV. SUMMARY

We have investigated the β-decay half-lives in the Zr iso-
topes with shape changes. The GT strength distributions were
evaluated in the proton-neutron QRPA and QPVC approaches.
The spherical and oblate configurations give similar half-lives,
and the oblate configuration is shorter than the prolate one at
the RPA level. The PVC effect could further reduce the half-
lives; however, the effect would be smaller for a deformed
configuration than that for a spherical one. When a sudden
drop of half-lives around N = 74 is observed experimentally,
it is an indication of the shape transition. However, the present
model does not take into account the triaxial shape and the
shape mixing. Considering these effects remains a challenge
in the future.
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