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Properties of first-order hadron-quark phase transition from inverting neutron star observables
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By inverting the observational data of several neutron star observables in the three-dimensional parameter
space of the constant speed of sound (CSS) model while fixing all hadronic equation-of-state parameters at their
currently known most probable values, we constrain the three parameters of the CSS model and their correlations.
Using two lower radius limits of R, o; = 11.41 km and R, o; = 12.2 km for PSR J0740+4-6620 obtained from two
independent analyses using different approaches by the Neutron Star Interior Composition Explorer (NICER)
Collaboration, the speed of sound squared céM in quark matter is found to have a lower limit of 0.35 or 0.43 in
units of ¢2, above its conformal limit of céM < 1/3. An approximately linear correlation between the first-order
hadron-quark transition density p, and its strength Ae is found. Moreover, the presence of twin stars is deemed

improbable by the present work.
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I. INTRODUCTION

Novel phenomena are expected to occur in dense neutron-
rich matter existing naturally in neutron stars. However, their
signatures remain inconclusive and have attracted much effort
in both nuclear astrophysics and astronomy. In particular,
properties of possible phase transitions in dense matter can
affect the kilonova explosions and gamma-ray bursts associ-
ated with binary neutron star mergers. Their signatures may be
identified from the post merger high-frequency gravitational
wave signals of high-mass binaries using the next generation
gravitational wave detectors [1,2], such as the Cosmic Ex-
plorer [3], Einstein Telescope [4], or Neutron Star Extreme
Matter Observatory [5].

The hadron-quark phase transition is expected to occur at
high baryon densities, leading to the formation of hybrid stars.
However, there is still no consensus on the properties of such
phase transition, such as its onset density, nature (first-order or
smooth crossover), and strength (jump in energy density). For
example, some work found that the phase transition may occur
around 3—4 times the saturation density of nuclear matter
(oo =0.16 fm~3) [6,7] while a significantly lower transition
density is favored in Refs. [8—11]. Clearly, further research
is needed to clarify many remaining issues and improve our
understandings about the phase transition. Fortunately, recent
observations of neutron stars facilitate efforts in this direc-
tion and enable the community to move fcloser to realizing
the ultimate goal of determining the nature and equation of
state (EOS) of dense neutron-rich matter. In particular, the
maximum observed mass of neutron stars has increased from
2.08 £0.07Mg [12,13] to 2.35+0.17 Mg [14]. Two inde-
pendent analyses using different approaches by the Neutron
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Star Interior Composition Explorer (NICER) Collaboration
have reported that the radius of PSR J0740+6620 with a mass

of (2.08 & 0.07)My, is Rpsr j0740+6620 = 13.717¢ km [15] or

Rpsr 10740+6620 = 12.397 3¢ km [16]. Additionally, the LIGO
and Virgo Collaborations have found that the tidal deforma-
bility of canonical neutron stars is about 70 < A4 < 580 at
90% confident level [17]. These observations have provided
the much needed data—albeit still very limited, and some
have large uncertainties—for better understanding properties
of neutron star matter. Indeed, they have been used repeatedly
in various analyses in the recent literature and very interesting
physics has been extracted.

Perturbative quantum chromodynamics (pQCD) can
describe quark matter accurately when the baryon density is
larger than about 40py. Very interestingly, it was predicted
that the speed of sound squared of quark matter has the
so-called conformal limit of céM(p) < 1/3[18,19]. However,

how céM(,o) varies with density and whether and how
the conformal limit may be reached in neutron stars are
still open questions. For example, some studies (see, e.g.,
Refs. [20-23]) have shown that satisfying the conformal limit
at any density is contradictory to the observations of massive
neutron stars [12,13], and thus a bump in the variation
of céM(,o) with increasing density is expected. Generally
speaking, current predictions or assumptions about céM(,o)
are rather model dependent [24,25]. One extreme assumption
is that the céM(,o) is a constant. This assumption is used in the
constant speed of sound (CSS) model [26-28] in describing
a first-order hadron-quark phase transition in hybrid stars.
The CSS model coupled with various hadronic EOSs has
been used in studying properties of hybrid stars extensively
[9,11,26,29-35]. It has three parameters: the transition
pressure p, (or transition density p;), discontinuity in energy
density Aeg, and the cqm assumed to be density-independent.
In fact, the last assumption is consistent with predictions of
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some Nambu-Jona-Lasinio models [28,36-38], perturbation
theories [19,39], or bag-model-like EOSs [40,41]. Thus,
simultaneously constraining the above three parameters using
the available observational data of neutron stars can enhance
our understanding of quark matter in hybrid stars.

In this work, by inverting the observables of neutron stars
in the CSS model’s three-dimensional (3D) parameter space
while fixing all hadron matter EOS parameters at their cur-
rently known most probable values, we investigate how or
if the available neutron star observational data can constrain
the CSS model parameters and their correlations. The rest
of this paper is organized as follows: The model EOSs for
hadronic and quark matter are described in Sec. II. The results
of this work are discussed in Sec. III. Our conclusions are
summarized in Sec. I'V.

II. METAMODEL EQUATIONS OF STATE
FOR HYBRID STARS

In the present work, an EOS of hadronic matter consisting
of nucleons, electrons, and muons (npeu) at 8 equilibrium
is connected to the CSS model. While all parameters in the
hadronic part of the EOS are fixed at their currently known
most probable values, all three parameters in the CSS model
are considered essentially as free. We then invert the neutron
star observables in the 3D parameter space of CSS. In this
sense, the CSS model is used as a metamodel. For com-
pleteness and ease of following discussions, here we recall
briefly the main features of the hadronic EOS we use for the
npep matter at 8 equilibrium, the CSS model for a first-order
hadron-quark phase transition, and the EOS of quark matter
in hybrid stars.

A. An EOS for hadronic matter in neutron stars

The EOS of npep matter in neutron stars at 8 equilibrium
can be constructed (see, e.g., [42]) using the parameterized
energy per nucleon Ey(p) of symmetric nuclear matter (SNM)
and the nuclear symmetry energy Eqym(p0):
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Around the saturation density py of SNM, the parameters in
the above equations have the same meaning as the Taylor
expansion coefficients of nuclear energy density functionals.
They are widely used in studying properties of neutron stars
and nuclei as well as their mergers and collisions. Moreover,
Egs. (1) and (2) can be seen simply as parametrizations and
the coefficients are free parameters, especially at high densi-
ties when the Taylor expansions do not converge. Much effort
has been made by the community to constrain the ranges of
these parameters within various approaches (including both
forward modelings and backward inferences) using data from

terrestrial experiments, astrophysical observations, and theo-
retical predications. Examples of using this hadronic EOS in
studying several properties of neutron stars can be found in
our previous publications [9,42-50].

Based on many terrestrial experiments and astrophysical
observations as well as theoretical calculations available be-
fore 2016, the binding energy Ey(pg) and incompressibility
Ky at py have been constrained to Ey(pp) = —15.9+0.4
MeV and Ky = 240 £ 20 MeV [51,52], while the symme-
try energy Egm(po) and its slope L at py are constrained
0 Egm(og) =31.7£3.2 MeV and L =58.7+28.1 MeV
[53,54], respectively. Recently, Ref. [55] surveyed 24 new
analyses of neutron stars between GW179817 and 2021. It
was found there that the available analyses gave an aver-
age value of L =57.7 £ 19 MeV and that of the curvature
of symmetry energy Kgym = —107 4= 88 MeV at 68% confi-
dence level. The latter is consistent with Ky, = —100 £ 100
constrained in Refs. [56-59]. In addition, within the same
framework of the present work, Ky, = —230f28 MeV was
found in Bayesian analyses of the available neutron star
observables [43].

As a parameter characterizing the stiffness of SNM EOS
at densities above about (2-3)pg, Jy is constrained to Jy =
—190 £ 40 MeV at 68% confidence level based on Bayesian
analyses of neutron star radii from LIGO and NICER observa-
tions [43,44], Jo = —180fi?g MeV from a Bayesian analysis
of nuclear collective flow in relativistic heavy-ion collisions
[9], —180 < Jy < 200 MeV by combining the observed mass
of PSR J0740+6620 and causality condition [47]. However,
very few constraints on Jy,, characterizing the stiffness of
symmetry energy at densities above about (2-3)p have been
obtained so far [59].

Based on the information provided above, in the present
work, we use Eg(p9) = —15.9 MeV, Egyn(00) = 31.7 MeV,
Ky =240 MeV, L =58.7 MeV, Ky, = —230 MeV, Jy =
—190, and Jiy, = 300 MeV. To our best knowledge, currently
they are approximately the most probable values of these pa-
rameters. Once the parameters in Egs. (1) and (2) are given, a
unique EOS for npep matter in neutron stars at 8 equilibrium
can be obtained from the energy density

e(p,8) = plE(p, 8) +My] + €1(p, §), 3)

where My represents the average nucleon mass, E(p, ) =
Eo(p) + Esym(,o)é2 + O(8*)is the average energy per nucleon
of neutron-rich nuclear matter with isospin asymmetry § =
(on + pp)/p, and g (p, ) denotes the lepton energy density
[60]. The particle densities (consequently the density profile
of isospin asymmetry 3(p)) can be obtained by solving the
B-equilibrium condition w, — i, = e = by ~ 46Esym(p),
where w©; = de(p,8)/dp; and charge neutrality condition
Pp = pe + pu. Then the pressure becomes barotropic and can
be calculated from

2d2(0.5(p))/p.

P(p)=p dp

“
Similarly, the energy density &(p, §(p)) — €(p) becomes
barotropic and the resulting EOS P(¢) is used in solving the
Tolman-Oppenheimer-Volkoff (TOV) equation.
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To exclude effects of the crust on properties of hybrid
stars, we fix the crust-core transition density at 0.08 fm=3
and choose the NV EOS [61] for the inner crust and the BPS
EOS [62] for the outer crust. This choice is consistent with the
hadronic EOS parameters selected above [46] and it does not
affect any conclusion we make in this work.

B. A metamodel for hadron-quark phase
transition and quark matter

With the increase of density, a phase transition from
hadronic to quark matter is expected to happen. We adopt
the CSS model of Alford, Han, and Prakash [26] assum-
ing the hadron-quark phase transition is first order. In this
model, the entire EOS of hybrid stars can be described
by [26-28]

enm(p),
emm(pr) + Ae + cou(p — po),

o< P
0> P,

e(p) = &)

where egm(p) is the energy density of hadronic matter be-
low the transition density p,. Since we can run through the
whole 3D parameter space in p,—Ae—céﬁ,l, the CSS model can
be considered as a metamodel. It can mimic many features
of more microscopic quark matter models and it has been
widely used in studying hybrid stars as mentioned earlier
[9,11,26,29-35]. Once the hadron EOS is given, properties of
hybrid stars are solely determined by the three CSS model
parameters.

In previous studies employing the CSS model, people nor-
mally consider several representative speed of sound values
(e,g., céM =1/3 and CéM = 11in Refs. [11,31]). However, in
this work, we hope to establish direct connections between
the observables and the CSS model parameters, enabling us
to simultaneously constrain all three CSS parameters using
the observable data. Consequently, we treat céM as a free pa-
rameter that needs to be determined through inverting neutron
star observables in the 3D CSS model parameter space, which
will be introduced in Sec. II D. Surprisingly, as we shall show
below, céM is constrained to the range of 0.35 < céM <1,
which is consistent with the widely used representative speeds
of sound.

To satisfy the causality condition, we require C(ng <L

Also we choose a lower limit for céM > 0.1 as a hybrid star
may not exist if the EOS of quark matter is too soft. As the
hybrid branch may not exist for large Ae, we also require that
the discontinuity in energy density Ae is smaller than 500
MeV. As nuclear matter is stable and the phase transition is
not expected around the saturation density pg, p; > pp is set
as a loose lower limit for the transition density, while several
higher values for this limit have been proposed or found
based on various analyses in the literature, e.g., p;/po > 1.84
[6], p:/po > 1.3-1.5[11], and p;/p9 > 1.7 [63]. In short, the
ranges of the three CSS parameters are selected as p; /0o > 1,
0 < Ae < 500 MeV, and 0.1 < céM < 1. As we will see
below, the above ranges are large enough for inverting the
presently available neutron star observational data without
prior biases.

C. The neutron star observational data used

Much progress has been achieved in the observations of
neutron stars in recent years, especially since GW170817.
For instance, the mass of PSR J0740+6620 has been up-
dated to be 2.08 £ 0.07 M at 68% confidence level [12,13].
Here we limit ourselves to studying nonrotating neutron stars.
Thus, the fastest and heaviest known galactic neutron star
with mass M = 2.354+0.17 Mg and frequency f = 709 Hz
[14], pulsar PSR J0952—0607, is not included in the present
work because it is known that fast rotations can increase
appreciably the maximum mass that a given EOS can sup-
port. Instead, we choose Mpy.x = 2.01My as the minimum
maximum mass (lower limit on the maximum mass on any
mass-radius sequence predicted by any EOS) and thus the
peaks of the mass-radius curves for all EOSs have to be larger
than 2.01M,.

Additionally, considering the two lower limits mentioned
earlier for the radius at 68% confidence level for PSR
J0740+6620 from NICER, we choose R, y; = 11.41 km and
Ry 01 = 12.2 km as two independent observations of the lower
radius limits of neutron stars with a mass 0f2.01Mg. We
purposely exclude the upper limits of R from the two
NICER analyses mentioned earlier as they provide less strict
constraints on the EOS compared to the observation of the
upper limit of A4 [49]. We thus also use the upper limit
of tidal deformability for canonical neutron stars A4 = 580
at 90% confidence level from GW170817 [17]. Note that it
corresponds to A4 = 427 at 68% confidence level (which is
used here to unify the confidence level for all the observables
considered). Similarly to the upper limit of R, ¢, the lower
limit of A4 from GW170817 is not as restrictive as the lower
limit of R ¢; in constraining the EOS, and it is thus not consid-
ered in the following analyses. Therefore, all EOSs selected in
this work should satisfy My.x > 2.01Mg, Ryo; > 11.41 km
orRyg; > 12.2km, and A4 < 427.

D. Inversion of neutron star observables in the CSS model’s
3D parameter space by brute force

Solving the inverse structure problem of neutron stars, i.e.,
inferring the internal structure, composition, and EOS from
neutron star observables, has been a longstanding goal of
nuclear astrophysics. While Bayesian statistical inference has
been very fruitful in most cases, when the observational data
have large uncertainties, especially when different kinds of
data are combined, it is useful to know what each specific
value of an observable may constrain the relevant model
parameter space. Given the data discussed in the previous
subsection, we use here a brute force approach to directly
invert the neutron star observational data in the CSS model’s
3D parameter space of p;/ po—As-céM. An advantage of this
approach is that one can actually visualize effects of each pa-
rameter on the observational data or conversely how the latter
can limit the parameter space. However, it is only applicable
to models with fewer than four parameters.

Technically, instead of generating normally multiple mil-
lions of Markov chain Monte Carlo (MCMC) steps in typical
Bayesian analyses, we search the entire parameter space by
brute force through three loops of the model parameters.
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R, =11.41 km

R, ,,=12.2 km

FIG. 1. The combined constraints of mass, radius, and tidal deformbility in the 3D parameter space of p,/ po—As—céM. The red arrows show

the directions that satisfying the corresponding observations.

While the posterior probability distribution functions of model
parameters in Bayesian analyses describe how statistically
the corresponding EOSs can reproduce the observational data
normally according to a Gaussian likelihood function, a given
observational data is reproduced within a specified inversion
precision (e.g., the precision for R; o; used here is 0.001 km)
by the EOSs found in the inversion. For example, if we want
to obtain the parameter sets giving R» oy = 11.41 £ 0.001 km,
for each set of Ae and céM values selected (inside the loops
of these two parameters), we vary p; /oo in steps of 0.001 (i.e.,
loop through this parameter range) to find a specific o,/
value leading to an EOS that gives Ry ; = 11.41 £ 0.001 km
from calling the TOV solver in the loop. Then we loop through
the uncertainty ranges of A¢ and céM to find all p;/pg values
that yield Ry o; = 11.41 £ 0.001 km. After going through all
three loops, we can plot a constant observable surface in the
3D parameter space of p,/ ,oo-Ae-céM. Each point on this
surface represents a unique EOS. All EOSs on the surface
can reproduce the same value of the observable within the
specified precision of the inversion process (not that of the
data itself).

III. RESULTS AND DISCUSSIONS

The combined constraints of mass, radius, and tidal de-
formability in the 3D parameter space of p; /,oo-As-céM
are shown in Fig. 1. The red arrows show the directions
satisfying the corresponding observational constraint. We
note that the surfaces of My,.x = 2.01Mg, Ry = 11.41 km,

and R,; = 12.2 km converge at the front bottom corner if
we put them into one plot. This convergence occurs because
the radius of a hybrid star with Mp,.x = 2.01M exceeds
12.2 km for soft quark matter EOSs and weak phase transition
strengths, and all three constraints are satisfied simultane-
ously. This convergence disappears gradually as céM and Ae
increase. The aforementioned three surfaces provide the upper
and left boundaries for the available parameter space. Ad-
ditionally, the surfaces of A4 =427 and p,;/pp = 1 set the
lower limit of the available parameter space. Note here again
that we use p,/pp = 1 as a loose lower limit. The right and
back boundaries of the available parameter space are provided
by Ae = 0and céM = 1, respectively. The A 4 = 427 surface

intersects with other surfaces as p;/po and céM increase. The
enclosed parameter space can satisfy all observational con-
straints or physical conditions considered. The intersecting
lines can be used to constrain the individual parameters or
their correlations, which will be discussed below. We can see
that while the enclosed space is thin, the parameter uncertain-
ties within it are not strongly constrained by the observational
data considered.

Compared to the other three surfaces, the Mp,x = 2.01Mg
surface is almost vertical and closest to the Aeg-p, plane,
indicating that céM plays the most important role in determin-
ing My.x by controlling the stiffness of quark matter EOS,
thereby the maximum mass of hybrid stars. Focusing on the
M. = 2.01M, surface, it is seen that, when Acg is less than
approximately 230 MeV, p,/po could exceed 3. However,
the simultaneous measurements of mass and radius of PSR
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FIG. 2. Projections to the p,/py — céM plane of the intersecting
lines between the surface of A;4 = 427 and surfaces of M., =
2.01Mg, Ryo; = 11.41 km, and R,y = 12.2 km, respectively. The
arrows indicate the directions satisfying the specified observations.

J07404-6620 by NICER have significantly constrained the
available parameter space, with the strictest upper limit set
by the Ry 1 = 12.2 km constraint. Thus, p;/po < 3 is used
in the following discussions. In addition, the slopes of the
surfaces with R, g = 11.41 km and R, o; = 12.2 km decrease
with increasing céM apparently. This indicates that the effects

of céM on the radii of massive neutron stars decrease for larger

céM values. This implies that the radius of a massive neutron
star is mainly controlled by p;/p9 and Ae when the EOS of
quark matter is already stiff.

To extract quantitatively constraints on the available pa-
rameter space and the correlations among the parameters,
we now examine the intersecting lines between the surface
of A4 =427 and the surfaces of Myx = 2.01Mg, Ry =
11.41 km, and Ry 9; = 12.2 km, respectively, and then project
them first to the p;/ po—céM plane in Fig. 2. These intersecting

lines set the lower limits on the céM and the arrows show the
directions satisfying the indicated observations. We can see
that the lower limits of céM are almost independent of p,. The
Ry 01 = 11.41 km constraint provides almost the same lower
limit as My,x = 2.01M, because the two surfaces still merge
together around céM = 0.35, if we combine the three boxes
in Fig. 1 together. This is because the radius of a hybrid star
with M.« = 2.01Mg is always larger than 11.41 km for small
values of Ag and céM. With the tighter constraint of Ry o =
12.2 km, the lower limit of céM increases from about 0.35 to
0.43 apparently. This indicates that measuring accurately the
radii of massive neutron stars can help constrain tightly the
lower limit of ¢ The large value of ¢, is consistent with
the findings of some other analyses of the maximum mass
of neutron stars or the tidal deformability from GW170817
[8,64]. Most importantly, the lower limits of cZM extracted
above show clearly that the conformal limit cannot be satisfied
in neutron stars. The tension between the conformal limit and
observations of neutron star has been discussed also in, e.g.,

200

160

120

Ae (MeV fm™)
£

40

1.0 . 2.0
P/Po

FIG. 3. Projections to the p,/po-Ae plane of the intersecting
line between the surfaces of A4 = 427 and My,.x = 2.01M, (blue
lines, labeled as A4 = 427) and the intersecting lines between the
causality condition céM =1 and the surfaces of Ry = 11.41 km
(red lines, labeled as R,y = 11.41 km) and R, ; = 12.2 km (green
lines, labeled as R, = 12.2 km), respectively. The arrows indicate
the directions satisfying the specified observations.

Refs. [20-23]. In particular, the lower limit of céM was found
to be 0.55 and 0.41 in Refs. [20] and [22], respectively, while
Ref. [23] reported that the conformal limit must be violated
at p > 2py.

Similarly, we also project the intersecting line between
the surfaces of A4 = 427 and M, = 2.01M (blue lines,
labeled as Aj4 = 427), and the ones between the causality
condition of ¢y =1 and the surfaces of Ryo; = 11.41 km
(red lines, labeled as R, = 11.41 km) as well as Ry =
12.2 km (green lines, labeled as R,o; = 12.2 km) to the
p:/po-Ae plane in Fig. 3. The arrows show the directions
satisfying the indicated observations. The intersecting line be-
tween the surfaces of A4 = 427 and My,.x = 2.01M serves
as the lower limit and constrains the plane from the left
side, while the intersecting lines between the causality con-
dition of céM =1 and the surfaces of R,y = 12.2 km as
well as Ry, = 11.41 km provide the two upper limits from
the right side. We can see that if we use the observation
of Ryg1 = 12.2 km (Ry9; = 11.41 km) as a constraint, the
upper limit for Ag is only 175 MeV fm 3 (231 MeV fm~?)
with the loose lower limit of p,/py = 1. Smaller values of
Ae are favored if we use larger values for the lower limit
of p; from Refs. [6,11,63]. This indicates that the strength
of the first-order hadron-quark phase transition cannot be too
large. On the other hand, for R, o; = 12.2 km, the upper limit
for p, is 2.45p9, while it is constrained to be about 3.03p,
with Ry 9; = 11.41 km. This is consistent with the finding of
pr < 2.5p0 in Refs. [8—11].

An interesting phenomenon associated with hybrid stars is
the possible existence of twin stars. In this case, two stable
branches with similar masses but different radii are predicted
to exist for a given neutron star EOS. As shown in Fig. 3
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FIG. 4. 137 mass-radius curves calculated from the parameter sets selected from the surfaces of R,y = 11.41 km (left panel) and

A4 = 427 (right panel).

of Ref. [26], the twin star can exist for large discontinuity
in energy density Ae and small transition pressure p,. Ref-
erence [63] found that Ae = 350 MeV fm~ is the lowest
value to generate visible twin stars within a mass range larger
than 0.1M. In our above analysis, the upper limit of Aeg is
constrained to be 231 MeV fm™> for R, o; = 11.41 km. This
relatively low limit on Ae seems to exclude the existence of
twin stars. To further validate the above conjecture, we present
137 mass-radius curves calculated from the parameter sets
selected from the surfaces of R,y = 11.41 km (left panel)
and A4 = 427 (right panel) in Fig. 4. It is clearly shown
that no twin star can be observed within the parameter space
constrained by the observations selected in the present work,
and thus the presence of twin star is disfavored.

In addition, it is clearly shown in Fig. 3 that the
pi-Ae correlation is strongly dependent on the obser-
vations while individual limits of o, and Ae cannot
be constrained independently. In particular, the cross
lines between céM =1 and Ryp; = 11.41 km (red) and
Ryp1 =12.2 km (green) can be well fitted by Ae =
—112.91p,/po + 345.86 MeV fm ) (r = 0.9994) and As =
—119.890;/p9 + 296.33 (MeV fm™3) (r = 0.9994), respec-
tively. They have very similar slopes but different intercepts.
These features indicate that, on the causality surface where
céM =1, Ry itself may have a strong relation with p,/pg
and Ag¢. To reveal this relation, in Fig. 5 by keeping céM =1,
we now vary R, o; beyond the above two observational values
from NICER. The horizontal lines correspond to constant
values of R; o1, and their projections to the bottom surface can
help constrain the p;/pp-Ae correlation. We can see that the
increase of R, ; can potentially constrain p;/pg or Ae more
tightly. The value of R, o; on the causality surface can be well
fitted by the following equation (with r = 0.9940):

Ae
Roo1 = 7.46 + 12.29 exp <—’;/6’;° - 505 40) (km). (6)

This analysis generalizes the results shown in Fig. 3 and
further quantifies how an accurate measurement of R, can
set an upper boundary for the p,/po-Aeg correlation.

IV. SUMMARY AND CONCLUSIONS

By inverting the observational data of several neutron star
observables in the 3D CSS model parameter space for quark
matter while fixing all hadronic EOS parameters at their cur-
rently known most probable values, we constrained properties
of the first-order hadron-quark phase transition and their cor-
relations. This approach provides a visual representation of
the effects of each model parameter on the observables or con-
versely the constraints on the model parameter space provided
by the latter. We found that the observational constraints of
Mpnax = 2.01M, the lower radius limits of Ry, = 11.41 km
and R0 = 12.2 km are equivalent for soft quark matter
EOSs (small céM) and weak phase transition strengths as
the radius of a neutron star with My,x = 2.01M exceeds
12.2 km in this region, and all three constraints are satisfied

167
15
144

131

R, ¢ (km)

124

11 -

10+

60
A 120180 2.
&
(Mevy fin?)
FIG. 5. The radius of PSR J07404-6620 versus p,/po-Ae on the

causality surface where céM = 1. The horizontal lines correspond to
different values of R, (.
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simultaneously. However, this convergence disappears gradu-
ally with increasing céM and Ae.

The lower limits of céM are found to be 0.35 and 0.43
with the Ry o; = 11.41 km and R, ¢; = 12.2 km observational
constraints, respectively, which implies that the conformal
limit céM < 1/3 cannot be satisfied in neutron stars. No cor-
relations are observed between céM and p;/p9 or Ae. On

the other hand, the upper limit of céM is not constrained by
the observations considered. The upper limits of p,/py and
Ag are found to be 3.03 (2.45) and 231 (175) MeV fm—>
with the constraints of Ry o; = 11.41 km (R, 91 = 12.2 km),
respectively. The constraint on Ae¢ indicates that the strength
of a first-order phase transition cannot be too large (e.g.,
Ref. [63] takes Ae > 350 MeV fm > as a strong phase transi-
tion). However, the present work does not constrain the lower
limits of Ae and p;/po. Additionally, the p;-Ae correlation
is found to be closely dependent on the observations of R; ¢
but the individual limits of p, and Ae cannot be constrained
simultaneously with the data available. Finally, considering
that the upper limit of Aeg is restricted to 231 MeV fm™3
for Ry = 11.41 km, the presence of twin stars is deemed
improbable.

Certainly, our work has limitations and caveats. Our in-
version of neutron star observables is limited to the 3D CSS
model parameter space. Some of the high-density hadronic
EOS parameters still have large uncertainties although we

used their most probable values known to us, possibly with
some biases. Moreover, by choice the CSS model assumes that
the hadron-quark phase transition is first order and the speed
of sound in quark matter is a constant. Furthermore, possible
formation of various hyperons and other particles may further
complicate the situation. Finally, we found that the conformal
limit will be violated in the case of a hybrid star with a
first-order phase transition. However, it may still be satisfied
in the case of a quark star [40,65] or two-families scenario
[66,67]. Nevertheless, our results obtained from using the
limited observational data available indicate clearly that our
approach is useful in improving our knowledge about neutron
star matter. With more precise data expected to come from
multimessenger astronomy in the near future, we are hopeful
that our approach will help further reveal the nature and EOS
of dense neutron-rich matter.
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