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Effect of octupole deformation of fragments on mass-asymmetric yields of fission of actinide nuclei
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The yield distributions of neutron-induced fission of actinides were calculated and evaluated by using the
improved scission-point model with considering octupole deformation of fragments. We studied the influence of
the octupole deformation on the asymmetric yields of actinides fission. The more probable scission configuration
is the pear-shaped heavy fragments rather than more spherical shape. We used the improved scission model to
calculate the peak of charge and neutron distributions and compared results with the experimental data. The
results confirm that the main asymmetric fission mode of the heavy actinides fission is indeed characterized
by “ZH ≈ 54.” The protons configuration of heavy fragment plays a dominant role in asymmetric fission of
actinides.
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I. INTRODUCTION

Since the phenomenon of neutron-induced fission of ura-
nium was discovered in 1938, research has been going on the
process of nuclear fission. In particular, actinides are impor-
tant nuclear fuel for fission devices, and its fission yields data
are the key to determining burnup and transmutation system
[1]. The model of actinides fission is mainly by asymmetric
splitting including mass distributions and charge distributions,
shown as bimodal shape, especially, low excitation energy.

The scission point model as a typical statistical method
can calculate and reproduce yield distributions [2–9]. The
potential at the scission point is essentially given by the liquid-
drop (LD) energy and shell energies of proton and neutron
subsystems of the two nascent fragments and their interac-
tion. The strong shell effects occur in spherical nuclear, so
the strongest shell energy of double magic nuclei 132Sn can
affect the peak position on mass distributions of fission heavy
fragments. Andreev et al. developed the scission point model
by the better definition of the scission configuration and by the
inclusion of the deformations of the fission fragments, which
can be used to calculate the yield distributions of fragment in
the neutron-induced fission of the actinide nuclide and predict
the excitation energy dependencies of the asymmetric and
symmetric fission modes [10,11]. However, the accuracy of
calculated yields distributions data needs to be further im-
proved.

The fission fragments will deform under strong interactions
at the scission point, and previous statistical models assumed
that the shapes of most heavy nuclei are characterized by

*Corresponding author: weizheng@lzu.edu.cn

spherical and quadrupole deformed nuclei [10–12]. But, in
recent years, experiments have identified stable octupole-
deformed nuclei in the ground state, such as 144,146Ba [13–15],
which give evidence of occurring pear-shaped fission frag-
ments at low energies. In the recent work, the authors
confirmed demonstrably that the elongated deformed com-
pound nucleus exhibit strong octupole shapes before scission
[16]. They consider that although spherical shell effects in
the 132Sn (Z = 50) are often considered as a driver for the
formation of the heavy fragments, which is also determined
by the extra stabilized octupole deformation nucleus 144Ba
(Z = 56). The shell-stabilized deformation can drive the fis-
sion dynamics toward neutron and proton numbers between
the double magic 132Sn (N = 82, Z = 50) and shaped 144Ba
(Z = 56, N = 88).

In this paper, the scission point model is further improved
by adding the octupole deformations of the fission fragments.
The improved scission point model can calculate the mass
distributions of neutron-induced actinides fission with low in-
cident neutron energy. We also given a reasonable explanation
from quantum shells. The more probable scission configu-
ration is the pear-shaped heavy fragments rather than more
spherical shape. We further studied the role of shells in the
asymmetric split in the actinides, the results suggest the posi-
tion of the heavy component is constant at ZH ≈ 54 and has
larger movement in neutron number. This indicates that the
shell effect of proton number plays a more important role in
asymmetric fission than previously thought.

This article is organized as follows: Sec. II is devoted to our
model briefly. The discussion is given on the results obtained
by considering octupole deformations of fragments in Sec. III.
The calculations and discussions of the mass yields are given
in Sec. IV. Finally, in Sec. IV, we will give a summary.
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II. METHODS

The basic assumption of the scission point model is that
statistical equilibrium is established at the scission where the
observable characteristics of fission process are formed. When
the deformation is large enough, the parent fissioning nucleus
splits into a pair of nearly touching coaxial daughter nuclei.
To simplify, we have adopted axial symmetry deformations
(β2i, β3i ). The index i (i = L, H ) designates the light or heavy
fragment.

The fission fragment distribution is determined by the rel-
ative potential energy of a given fragmentation combinations
at the scission point. The potential energy consists of bind-
ing energy of the light (L) and heavy (H) fragments with
the mass numbers AL (AH ) and charge numbers ZL (ZH ), as
well as Coulomb potential and nuclear potential between two
fragments. The potential energy U at the scission point as a
function of the deformations and the internuclear distance R
between fragments is described as

U (Ai, Zi, βi, R)

= B(AL, ZL, β2L, β3L, E∗
L )

+ B(AH , ZH , β2H , β3H , E∗
H ) − B(A, Z, β2, β3, E∗)

+ VC (Ai, Zi, β2i, β3i, R) + VN (Ai, Zi, β2i, β3i, R), (1)

where A = AL + AH (Z = ZL + ZH ) is the mass (charge)
number of the fissioning nucleus. The deformation param-
eters are βλi, where (λ = 2, 3; i = L, H) denote quadrupole
and octupole deformations of the light and heavy fragments,
respectively.

The binding energies B(Ai, Zi, β2i, β3i, E∗
i ) as a function of

quadrupole β2i and octupole β3i deformations are calculated
by using the macroscopic microscopic method [17–19]. The
binding energy of each fragment consists of the LD energy
U LD, the shell correction energy δU shell. The LD energy is
calculated as U LD = ELD(A, Z )

∏
λ=2 (1 + bλβ

2
λ ), the depen-

dence of bλ on the mass number can be reasonably well
described by the formula in Ref. [17]. The energy of a spheri-
cal nucleus is described a Bethe-Weizsäcker mass formula,

ELD(A, Z ) = − 15.5841A + 18.2359A2/3

+ 0.7173
Z (Z − 1)

A1/3
(1 − Z−2/3)

+ asymI2A − 5.5108A−1/3δnp, (2)

with isospin asymmetry I = (N − Z )/A. The expression of
δnp depends on the values of the proton number and neutron
number, express as

δnp =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

2 − |I| N and Z even
|I| N and Z odd
1 − |I| N enen, Z odd, and N > Z
1 − |I| N odd, Z even, and N < Z
1 N enen, Z odd, and N < Z
1 N odd, Z even, and N > Z

. (3)

The symmetry energy coefficient of finite nuclei is
written as

asym = 29.2876

[
1 − 1.4492

A1/3
+ 2 − |I|

2 + |I|A

]
. (4)

The influence of excitation energy on mass distributions
results from the tricky competition between the macroscopic
LD energies and the microscopic shell corrections at scission.
The shell correction is obtained by the traditional Strutinsky
procedure, which is the sum of shell energies of protons and
neutrons [20].

The damping of shell correction with excitation energy is
introduced as

δU shell (Ai, Zi, β2i, β3i, E∗
i )

= δU shell(Ai, Zi, β2i, β3i, E∗
i = 0) exp(−E∗

i /ED), (5)

where ED is the damping constant meaning the speed of wash-
ing out the shell correction against the excitation energy.

The interaction potential consists of the Coulomb potential
VC and nuclear potential VN . The Coulomb interaction can be
calculated by using Wong’s formula [21],

VC (R) = ZLZH e2

R

+
(

9

20π

)1/2 ZLZH e2

R3

∑
i=L,H

[
R2

i β2i p2(cos θi )
]

+ 3

7π

ZLZH e2

R3

∑
i=L,H

{
R2

i [β2i p2(cos θi )]
2
}

+
(

9

28π

)1/2 ZLZH e2

R4

∑
i=L,H

[
R3

i β3i p3(cos θi )
]

+ 3

7π

ZLZH e2

R4

∑
i=L,H

{
R2

i [β3i p3(cos θi )]
2
}
. (6)

The nuclear potential [22] is expressed as the double-
folding form

VN (βL, θL, βH , θH , R)

= C0

{
Fin − Fex

ρ00

( ∫
ρ2

L(R)ρH (R − RL )dR

+
∫

ρLρ2
H (R − RL )dR

)

+ Fex

∫
ρL(R)ρH (R − RH )dR

}
, (7)

where, Fin,ex = fin,ex+ f ′
in,ex

NL−ZL
AL

NH −ZH
AH

, C0= 300 MeV ·
fm3, fin = 0.09, fex = −2.59, f ′

in = 0.42, f ′
ex = 0.54 and

ρ00 = 0.16 fm−3. The nuclear density distribution of nuclei
ρL and ρH can be, respectively, distributed in Woods-Saxon as

ρL(r) = ρ00

1 + exp((r − RL(βL ))/a]
, (8)

ρH (r) = ρ00

1 + exp((|r − R| − RH (βH ))/a]
, (9)
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FIG. 1. The dependence of shell corrections of (a) 132Sn, (b) 140Xe, and (c) 144Ba on the quadrupole and octupole deformation parameters.

where a = 0.52 fm represents the diffuseness parameter. The
multipole expansion of the nuclear radius Ri of fragments is
described in spherical coordinates as

Ri(αi ) = c(βλi )R0i

⎡
⎣1 +

∑
λ=2,3

βλiY
0
λ (α)

⎤
⎦, (10)

where c(βλi ) is an essential parameter on the premise of
the volume conservation. R0i is the radius of the spherical
nucleus. R corresponds to the Rm = RL + RH + 0.5 fm at
which the potential pocket takes the minimum value of the
interaction potential [22].

The relative formation probability w with fragments of
certain charge numbers, mass numbers and deformations can
be described as

w(Ai, Zi, β2i, β3i, E∗) = exp

[
−U (Ai, Zi, β2i, β3i, Rm)

T

]
.

(11)

The temperature is calculated as T = √
E∗/a, where a =

A/12 MeV−1 [22] is the level-density parameter in the Fermi-
gas model. The excitation energy at scission is the initial
excitation E∗

CN(E∗
CN = En + Q) minus the potential-energy

U (Ai, Zi, βi, Rm), which is expressed as

E∗(Ai, Zi, βi, Rm) = E∗
CN − U (Ai, Zi, βi, Rm). (12)

Here, En is the neutron kinetic energy, and Q is the reac-
tion energy. β2i and β3i should be integrated over to acquire
the mass-charge distribution of the fission fragments yields,
which is expressed as

Y (Ai, Zi, E∗) =
∫

dβ2Ldβ2H dβ3Ldβ3Hw(Ai, Zi, β2i, β3i, E∗).

(13)

Eventually, the total mass distributions of the fission frag-
ments should be normalized to 200% by definition. N0 is
the normalization constant. The mass and charge distributions
(13) can be evolved into

Y (Ai, E∗) = N0

∑
Zi

Y (Ai, Zi, E∗),

Y (Zi, E∗) = N0

∑
Ai

Y (Ai, Zi, E∗). (14)

III. OCTUPOLE DEFORMATION DURING FISSION

Nuclear fission of most actinides is dominated by asym-
metric modes with charge distribution of the heavy fragments
concentrated around proton numbers Z ≈ 54, which indicates
that 132Sn is not the only driver on the way to fission. In
this section, the main purpose is to analyze the influence of
the shell-stabilized octupole deformation on potential energy
affecting the scission-point configuration with the example of
the 235U fission.

Our calculation results in Sec. IV confirm that the peak
position of the mass distribution of 236U fission is around
A = 140. Figure 1 shows the dependence of shell correction
of 132Sn (a), 140Xe (b), and 144Ba (c) on the quadrupole and
octupole deformation parameters. The results are for regular
nuclei not fission fragments at scission that are connected
through a neck. With the increase in octupole deformation,
lower shell correction can be obtained for 140Xe and the
minimum can be obtained at β2 = 0.15, β3 = 0.25. Hence,
fragments 140Xe exhibit a significant octupole deformation
under strong nuclear force interaction at the scission point.
This conclusion is not surprising since the neutron-rich even-
even 140Xe nucleus with Z = 54, N = 86 is located at the

FIG. 2. The potential energy including the minimum potential
energy without deformation restriction (purple solid line) and the
sum of shell correction energy of light and heavy fragments with-
out deformation restriction (green dotted line) and β3 = 0 (green
dot-dashed line) as a function of light-fragment mass number for
neutron-induced fission of 235U at temperature T = 0.
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FIG. 3. The (a) quadrupole and (b) octupole deformations of
scission configurations as a function of mass number for neutron-
induced fission of 235U at temperature T = 0. The relationship (c)
between the octupole deformations of heavy fragments and the inter-
action potential energy by setting VN = 0, VC = 0, VC = VN = 0 and
without limiting the interaction VC �= VN �= 0 at temperature T = 0.

lower edge octupole deformed island [23] of 144Ba nucleus
with the Z = 56, N = 88. They have similar shell structure
as shown in Figs. 1(b) and 1(c). Although the LD energy
tends to form the combination with less asymmetric frag-
ments. The shell gaps nearer to symmetric splits will have
more effect than those further away in both same shell gaps.
Hence, this large gaps of octupole deformation are indeed
expected to favor the formation of 140Xe (Z = 54, N = 86)
rather than 144Ba (Z = 56, N = 88). In contrast, the spher-
ical magic nuclei 132Sn resists octupole deformation, which
prevents its production as a fission fragment. The shell ef-
fects in double-magic nuclei 132Sn show a weak influence
at the strong deformation. This provides explanation for the
favored production of 96Sr + 140Xe in neutron-induced 235U
fission.

Figure 2 shows the minimum potential energy and
corresponding sum of shell correction energy of fragments
configuration as a function light-fragments mass number.

FIG. 4. Comparison between the calculated mass distributions
for fission of 235U by neutron at β3 = 0 (blue dashed line) and
without deformation restriction (red solid line). The experimental
data (symbols) are from Ref. [24].

The light-fragment mass number around potential-energy
minimum is around AL = 96 (AH = 140), corresponding
to the peak region of yield distribution of fission fragment.
The deformation parameters values of β2i and β3i change

FIG. 5. The calculated mass distributions for fission of 235U by
neutron induced as a function for various values of the damping
energy ED (indicated in MeV) in liner (a) and logarithmic (b) co-
ordinates. The experimental data (symbols) are from Ref. [24].
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FIG. 6. The calculated mass distributions at β3 = 0 (blue dashed line) and without deformation restriction (red c line) for fission of (a)
232Th, (b) and (c) 238U, (d) 235U, (e) 237Np, and (f) 239Pu by neutron induced with incident energies of 5.80, 10.00, 5.50, 1.08, 2.00, and 4.48
MeV are compared with the experimental data from Refs. [29–33].

from 0.0 to 0.5 in steps of 0.05. Comparison of the shell
energies with β3 = 0 and without deformation restriction (β2i

and β3i change from 0.0 to 0.5 in steps of 0.05) shows that
the spherical shell gaps at AL = 102–104 (AH = 132–134)
diminish impact, whereas, the influence of other shell gaps
at AL = 94–98 (AH = 138–142) significantly increase with
increasing octupole deformation. Thus, considering octupole
deformation of heavy fragments, it shows the transformation
in the region of minimum potential energy. In the fission of
236U, the formation in the 140Xe region is more favorable. We
can obtain the mass distribution with a maximum in the 140Xe
region, which is an agreement with the experimental results.
This confirms the strong effects of octupole effects associated
with the asymmetric fission.

Figures 3(a) and 3(b) show most probable quadrupole and
octupole deformations of light and heavy fragments as a
function of mass number. We can see that the scission con-
figurations are characterized by small quadrupole deformation
of heavy fragments and large quadrupole deformation of light
fragments. The octupole deformations of light fragments re-
main around 0.4 and the heavy fragments remain 0.2–0.25.
Both fragments have significant quadrupole and octupole de-
formations. These octupole deformations are not surprising
since the pear shape is caused by the neck where there is

still strong nuclear attraction between the before scission.
In 2019, Scamps and Simenel [16] raised the heavy frag-
ments of 236U fission have octupole deformation parameters
β3 ≈ 0.25 ± 0.02 and light fragments have octupole deforma-
tion with β3 ≈ 0.3 ∼ 0.4 at scission (∼0.1 zs before the neck
breaks) based on constrained and time-dependent Hartree-
Fock with Bardenn-Cooper-Schrieffer dynamical pairing
correction. This conclusion is also confirmed by our results.

Figure 3(c). shows the relationship between the octupole
deformations of heavy fragments and the interaction potential
energy. In the case of only the nuclear potential (VC = 0),
there is no octupole deformations of heavy fragments and
nearly spherical in shape, which can maintain relatively com-
pact distance. Under the action of Coulomb potential only
(VN = 0), the heavy fragments have large octupole deforma-
tions. In the absence of interaction potential (VC = VN = 0),
the heavier fragments (AH � 140) have octupole deforma-
tions, which indicates that these nuclei are octupole deformed
in ground state. This is mutually verified with the conclusion
of shell effect in Fig. 1. Taking into account the interac-
tion potential (VC �= VN �= 0), these nuclei all obtain octupole
deformation. Therefore, we can deduce that the octupole de-
formations come from the interaction potential between two
fragments.
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IV. RESULTS AND DISCUSSION

Figure 4 shows the calculated mass distributions of
235U(n, f) at β3 = 0 (blue dashed line) and without deforma-
tion restriction (β2i and β3i change from 0.0 to 0.5 in steps of
0.05) (red solid line), which are compared with experimental
data at the incident-neutron-energy 6 MeV [24]. The peak
position of the calculated mass distributions without deforma-
tion restriction is in good agreement with the experimental.
As well as light fragments have also octupole deformation
and can reduce corresponding potential-energy surface, which
results in a larger yields and wider distribution of the corre-
sponding light fragments not underestimates the mass yields
for AL < 94 [25]. As mentioned above, our results show that
the more probable scission configuration is the pear-shaped
heavy fragments of 140Xe rather than more spherical shape of
132Sn. The most important features of fission nuclear shape,
such as elongation and reflection asymmetry, are described by
quadrupole and octupole deformation [26,27]. We can infer
that the dynamical fission paths will eventually reach the min-
ima related to asymmetric pear shaped on the potential-energy
surface. We also calculated the mass distribution at β3L = 0.4,
β3H = 0.2 of 235U(n, f) (red solid line).

The mass asymmetry depends on the contribution of shell
correction. The damping factor ED describes the speed of
washing out the shell correction relative to the excitation
energy. However, the damping constant ED is not a constant
value, depending on excitation energy (temperature), which
can vary from ED = 15 MeV to ED = 60 MeV [28]. In
this paper, we only consider the case of low-energy induced
fission. Therefore, for the sake of simplicity, setting a constant
damping constant value is feasible. Figure 5 shows the calcu-
lated mass distributions for a wide range of damping energies
ED in liner and logarithmic coordinates and compare with the
experimental data. It is obvious that ED in the range of 15–45
MeV are too small, leading to a large peak-to-valley ratio.
The experimental data are well reproduced for ED = 60 MeV.
Therefore, we use the ED = 60 MeV for subsequent
calculations.

To verify the model description, Fig. 6 shows the calculated
mass distributions for neutron-induced 232Th 235,238U, 238U,
237Np, and 239Pu fission, compared with β3 = 0. The results
of considering the octupole deformation are in better agree-
ment with the experimental data [29–33] especially the peak
position for 232Th(n, f) reaction. This suggests the peak po-
sition of mass distributions is dominantly driven by octupole
deformation shell effects.

Figure 7 shows the calculated neutron-charge ratio (neu-
tron excess) for 236,239U and 240Pu fission. The results are
described by scission point model (red solid line), which
agree well with the experimental data at 8.3 MeV [34], and
macroscopic LD model (blue dashed line). It shows that the
N/Z ratios are all around the expectation of the macroscope
model prediction. The deviation from the macroscope pre-
diction is the contribution of the shell effects. The sawtooth
structure relates to the shell structure of fragments. In the
case of fissioning 236U, the most probable configuration at
ZL = 32 is 82Ge + 154Nd due to the closed shell NL = 50. And
the probable macroscope configuration is 81Ge + 155Nd. The

FIG. 7. The neutron-charge ratio for (a) 239U, (b) 236U, and
(c) 240Pu fission by the scission point model (red solid line) and
macroscopic LD model (blue dashed line). The experimental data
(symbols) are from Ref. [34].

configuration 92Kr + 144Ba, 96Sr + 140Xe, and 103Nb + 133Sb
become the most likely due to the neutron shells NH = 82,
86, and 88 of heavy fragments. In the intervals ZL = 40 and
41, the neutron number of heavy fragments is close to magic
82 and almost unchanged. Therefore, the ratio decreases with
increasing Z. These suggest the octupole and quadrupole de-
formation shell effects of the fragments strongly impact the
neutron-charge ratio.

Low-energy fission in the actinide region is asymmetric.
These results are first traced back to the main effect of the
number of shell-stabilized neutrons in nascent fragments.
In the year 2000, advances in experimental methods made
it possible to obtain the charge number distribution. These
experimental results may indicate that the shell effects in
proton number play a more important role in asymmetric
fission thought previously. Simultaneously, to further the role
of shells in the asymmetric split in the actinides, the ZL(H )

and NL(H ) are shown in Fig. 8 as a function of ZCN/ACN

and NCN. The experimental data include both (γ , f ) reaction
[35,36] and neutron-induced fission [29–33]. In this case, the
ZL(H ) and NL(H ) are the mean number from a multi-Gaussian
fit of the experimental distribution and derived under the
unchanged-density assumption: NH = NCN × ZH/ZCN. Our
calculated values indicate that the charge number of heavy
fragment is constant at ZH = 54, and the experimental data
are also confined within a narrow range around 54. On the
contrary, the light fragment charge is much more dependent
on ZCN/ACN. This confirms that the asymmetric fission mode
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FIG. 8. The peak position of light and heavy fragments in (a) charge number ZL(H ) and (b) neutron number NL(H ) as a function of ZCN/ACN

and NCN.

“ZH ≈ 54” play a major role in the population of the fission
fragments in actinides fission. The both NL and NH increase
with increasing number of neutrons NCN. We can deduce that
protons configuration of heavy fragment plays a dominant role
in asymmetric fission of actinides.

The difference between experimental and theoretical val-
ues of Zexp

L(H ) − Z th
L(H ) and Nexp

L(H ) − N th
L(H ) are shown in Fig. 9 as

a function of ZCN/ACN and NCN. The differences of the peak
of charge number distribution do not exceed 0.89 nucleons,
and neutron number do not exceed 1.14 nucleons. Because

the peak position of neutron distribution is derived under
the unchanged-density assumption anther than experimentally
measured directly, which leads to some error. On the whole,
the calculated results are in good agreement with experimental
data within the error range.

V. CONCLUSION

In this paper, we calculated the mass yields and neutron-
charge ratio of actinides fission based on the improved

FIG. 9. The peak position of the difference between experimental and theoretical values of light and heavy fragments in (a) and (b) charge
number ZL(H ) and (c) and (d) neutron number NL(H ) as a function of ZCN/ACN and NCN.
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scission point model, which results in good agreement with
the experiments results. Knowledge of deformation of frag-
ments plays a crucial role at the scission point. Compared with
previous work, we introduce octupole deformation to describe
the shape of fragments.

The scission point model is improved by considering the
octupole deformations of the fission fragments, which can
accurately calculate the mass distributions of neutron-induced
actinides fission with low incident neutron energy. The heavy
fragments peak position of mass distributions tends to 140Xe
region, it can be concluded that the octupole deformation
plays an important role on the way to fission, which strongly
inhibits the impact of spherical shell effect at the scission
point.

The improved scission point model can also calculate the
neutron-charge ratio (neutron excess) of actinides fission, the
octupole and quadrupole deformation shell effects of frag-
ments jointly impact the neutron-charge ratio. Moreover, the
improved scission point model can also account for the con-
stant proton number for actinides in the fission process, which

is approximately constant at Z ≈ 54. We deduce that protons
configuration of heavy fragment plays a dominant role in
asymmetric fission of actinides.

The improved scission point model considers the octupole
deformations of the fission fragments, which show a signifi-
cant advance for calculating yields of neutron-induced typical
actinides fission. More importantly, pear-shaped fission frag-
ments described by the improved scission point model can
driver for the formation of the heavy fragments by along
with the spherical shell effects, which is expected to further
understand the fission process.
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