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Research on exotic nuclei in deformed relativistic mean-field theory
plus BCS in complex momentum representation
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Study of exotic nuclei is one of the important frontiers in nuclear physics. The coupling of weakly bound
states and resonant states, deformation, and pairings play important roles at the formation of exotic phenomena.
To deal with these uniformly, we develop the deformed relativistic mean field theory in complex momentum
representations with BCS pairings. 44Mg is chosen as an illustration example. The calculated binding energy
indicates that 44Mg is a weakly bound nucleus. There are several broad resonant states with low orbital angular
momentum near the Fermi surface, and the occupation of these levels is responsible for the halo structure in 44Mg.
The available density distributions suggest that 44Mg is a deformed halo nucleus with prolate core and oblate
halo, which agree with the deformed relativistic Hartree-Bogoliubov in continuum calculations. In particular,
the role of resonances is clearly demonstrated in the halo formation, which is helpful to understand the physical
mechanism of deformed exotic nuclei.
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I. INTRODUCTION

Study of exotic nuclei is one of the important frontiers in
nuclear physics, and one of the major scientific goals to de-
velop the radionuclide beam technology over the world. Since
the discovery of the first exotic nucleus 11Li [1], physicists
have explored many exotic phenomena in the nuclei far away
from the β-stability line, which include single and double
neutron (proton) halos, deformation halos, the disappearance
of traditional magic numbers and the emergence of new magic
numbers, energy-level inversion, novel radioactivity, new ex-
citation modes, and so on [2,3].

In order to understand these exotic phenomena and pre-
dict new novel phenomena, physicists have proposed many
theoretical models and methods. A method for incorporating
the effect of the resonant continuum into Hartree-Fock+BCS
equations is proposed, and the widths of resonant states are
shown to have an important effect on the pairing properties of
nuclei close to the drip line [4]. Combined with the complex
scaling method, the few-body model presents an excellent de-
scription for light exotic nuclei [5–7]. Based on the Berggren
basis, the established Gamow shell model has been effective in
explaining exotic phenomena for medium mass nuclei [8–10].
To explore the novel properties of medium mass and heavy
nuclei, the Gamow Hartree-Bogoliubov model was developed
and the significance of coupling to the continuum was ex-
plored in Ref. [11].

Although these nonrelativistic models aforementioned are
successful in describing exotic nuclei, relativistic effects are
not negligible, such as the presence of spin-orbit coupling
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and pseudospin symmetry in realistic nuclei [12]. The self-
consistent covariant density functional theory (CDFT), which
includes the relativistic mean field (RMF) and relativistic
Hartree-Fock (RHF) theories, is one of the most successful
microscopic theoretical models in nuclear physics. It has been
successful in describing not only stable nuclei, but also exotic
nuclei [13–18]. The physical mechanism of the halo formation
in 11Li was explained successfully [19], and the possibil-
ity of the existence of a giant halo was predicted [20]. In
combination with the scattering phase shift [21], the analytic
continuation of the coupling constant method [22–24], the
real stabilization method [25,26], the complex scaling method
[27,28], the Green’s function method [29–31], the roles of res-
onances at the formation of exotic phenomena are recognized.

In order to explore the exotic phenomena in deformed
nuclei, the deformed relativistic Hartree-Bogoliubov in con-
tinuum (DRHBc) was developed [32,33]. To avoid the defect
of harmonic oscillator bases, which descend too quickly
with the increasing radius, the Woods-Saxon bases are pro-
posed in the DRHBc calculations. The Woods-Saxon bases
are obtained by solving Dirac equation with Woods-Saxon
potential in coordinate space. The DRHBc is successful
in describing deformed exotic nuclei. The deformed halo
and the decoupling of the core and halo are shown clearly
in the exotic nucleus 44Mg [32]. A high-precision mass table
in the DRHBc calculations is being constructed for even-even
nuclei [34], odd-A, and odd-odd nuclei [35]. In combina-
tion with the Glauber model, the deformed halo in 31Ne
was reproduced in the DRHBc calculations [36]. Considering
that the wave function of resonant states diverges in coordi-
nate space, in order to avoid the limitations of the limited
coordinate space for resonant states, the nuclear theory of
momentum representation was developed [37]. The complex
momentum representation (CMR) method can deal equally
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with the bound states, resonant states, and continuous spectra.
Not only narrow resonances but also broad resonances can
be obtained in the CMR calculations, which is important to
explore the exotic properties of weakly bound and unbound
nuclei.

Due to the success of CDFT and advantages of CMR,
we have established the RMF-CMR by combining RMF
with CMR [37], which is applicable to describe the exotic
properties of spherical nuclei. We apply the RMF-CMR to
explore the pseudospin symmetry in resonant states and gain
an insight into the quality of pseudospin symmetry and its
dependence on the isospin and shape of potential [38,39].
To consistently handle bound states, resonant states, and cou-
plings among them, we have developed the RMF-CMR-BCS,
which successfully reproduces exotic phenomena such as ha-
los and predicts the giant halos [40–42]. Especially, it is shown
that the widths of resonant states have an important effect
on the pairing properties of nuclei close to the drip line, as
indicated in the RMF-rBCS calculation [4]. Considering that
most known nuclei are deformed, we have developed the rela-
tivistic version of the CMR method for deformed nuclei [43],
obtained the single particle resonances, and recognized the
role of resonant states in the deformed exotic nuclei 28,29,31F
[44] and 75Cr [45]. Besides the coupling of bound states and
resonant states, deformation and pairings play important roles
at the formation of exotic phenomena. Hence, it is necessary
to develop the DRMF-CMR with BCS pairings for deformed
nuclei. Since the resonance states are clearly separated from
the continuum in the CMR calculation, the coupling to the
resonant states can be conveniently handled with the BCS
method, which is helpful to understand the physical mecha-
nism of exotic phenomena.

Magnesium isotopes have received wide attention due to
the emergence of many exotic phenomena among them. 37Mg
is the heaviest halo nucleus observed so far [46,47]. 40Mg
is the heaviest magnesium isotope detected. More than one
experiment suggests that the neutron drop line of magnesium
is located beyond 40Mg [48,49]. The theoretical prediction
of the neutron drop line is model-dependent [50]. The RMF
calculations with NLSH, PK1, and NL3 suggest the drip line
at 40Mg [51], 42Mg [33], and 44Mg [52], respectively. The
Skyrme-Hartree-Fock-Bogoliubov presents a weakly bound
44Mg [53]. A similar conclusion was obtained in the three-
body cluster model [54]. The newly developed DRHBc
supports that the deformed halo structure in 42,44Mg persists
from the ground state to collective states [55].

In order to explore the unusual structure of deformed nuclei
such as magnesium isotopes and understand the mechanism
of deformed halo, we develop the DRMF-CMR-BCS. The
theoretical formalism is presented in Sec. II. The numerical
details and results on 44Mg are stated in Sec. III. A summary
is given in Sec. IV.

II. FORMALISM

To develop the DRMF-CMR-BCS, we first introduce the
theoretical formalism of RMF [13,14,56]. The start point of
the RMF theory is that nucleons are described as Dirac parti-
cles with interactions via mesons and photons. The effective

Lagrange density takes the following form:

L = ψ̄[iγ μ∂μ − M − gσ σ − gωγ μωμ − gργ
μ�τ �ρμ]ψ

− ψ̄
[

1
2 eγ μ(1 − τ3)Aμ

]
ψ + 1

2∂μσ∂μσ − U (σ )

− 1
4ωμνωμν + 1

2 m2
ωωμωμ + 1

4 c3(ωμωμ)2

− 1
4 �ρμν �ρμν + 1

2 m2
ρ �ρμ�ρμ − 1

4 FμνFμν (1)

with U (σ ) = 1
2 m2

σ σ 2 + 1
3 g2σ

3 + 1
4 g3σ

4. The field tensors for
the mesons and photon are defined as

ωμν = ∂μων − ∂νωμ,

�ρμν = ∂μ�ρν − ∂ν �ρμ,

Aμν = ∂μAν − ∂νAμ.

gσ , gω, and gρ are the coupling constants of the isoscalar-
scalar σ , isoscalar-vector ω, and isovector-vector ρ mesons
with the masses mσ , mω, and mρ , respectively. The classical
variational principle gives the Dirac equation

[�α · �p + β(M + S) + V ]ψ = εiψ, (2)

for nucleons with the scalar potential S(�r) and vector potential
V (�r)

S(�r) = gσ σ (�r),

V (�r) = gωω0(�r) + gρτ3ρ
0(�r) + eA0(�r),

(3)

and the Klein-Gordon equations

−∇2σ + U ′(σ ) = −gσ ρs,

−∇2ω0 + m2
ωω0 + c3ω

3
0 = gωρv,

−∇2ρ0 + m2
ρρ

0 = gρρ3,

−∇2A0 = eρc,

(4)

for mesons and photons with the source terms

ρs =
A∑

i=1

ψ̄iψi, ρv =
A∑

i=1

ψ
†
i ψi,

ρ3 =
A∑

i=1

ψ
†
i τ3ψi, ρc =

Z∑
p=1

ψ†
pψp. (5)

For the axially deformed system with reflection symmetry,
the third component of total angular momentum mj and the
parity π are good quantum numbers. The Dirac spinor can be
expanded according to the spherical configurations

ψmj (�r) = 1

r

∑
l j

(
iGl j (r)Y l

jmj
(�r )

−F l j (r)Y l̃
jmj

(�r )

)
(6)

with l̃ = 2 j − l . Here, Y l
jmj

(�r ) is the spin spherical harmon-
ics. Putting Eq. (6) into Eq. (5), the scalar and vector densities
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are obtained. The available density distributions are

ρs(r, θ ) =
∑

λ

2λ + 1

4πr2
Pλ(cos θ )

∑
i(l j)(l j)′

v2
i

(
Gl j

i G(l j)′
i − F l j

i F (l j)′
i

)
A(λ, (l j)′, (l j), m), (7)

ρv (r, θ ) =
∑

λ

2λ + 1

4πr2
Pλ(cos θ )

∑
i(l j)(l j)′

v2
i

(
Gl j

i G(l j)′
i + F l j

i F (l j)′
i

)
A(λ, (l j)′, (l j), m) (8)

with

A(λ, (l j)′, (l j), mj ) =
∫

d�Y l
jmj

(cos θ )∗Pλ(cos θ )Y l ′
j′mj

(cos θ )

=
∫

d�Y l̃
jmj

(cos θ )∗Pλ(cos θ )Y l̃ ′
j′mj

(cos θ ). (9)

The same as in Ref. [32], only the even number λ is considered in the multipole expansion of a function f (�r), i.e., λ = 0, 2, 4, . . . .
Equations (2) and (4) are a set of coupled equations, which can be solved iteratively with a given accuracy.

To obtain the resonant states, the Dirac equation (2) is transformed into momentum representation,∫
d�k′〈�k|H |�k′〉ψ (�k′) = εψ (�k), (10)

where H = �α · �p + β(m + S(�r)) + V (�r), and ψ (�k) are the momentum wave functions. Similarly, the momentum wave function
ψ (�k) to describe axially deformed nuclei is expressed as

ψ (�k) = ψmj (�k) =
∑

l j

(
f l j (k)φl jm j (�k )

gl j (k)φl̃ jm j
(�k )

)
(11)

with φl jm j (�k ) = ∑
ms

〈lm 1
2 ms| jm j〉Ylm(�k )χms , where Ylm(�k ) is spherical harmonics and χms is the spin wave function. Putting

the wave function Eq. (11) into Eq. (10), the Dirac equation becomes

M f l j (k) − kgl j (k) +
∑
l ′ j′

∫
k′2dk′V +(l ′, j′, p, q, l, j, mj, k, k′) f l ′ j′ (k′) = ε f l j (k),

−k f l j (k) − Mgl j (k) +
∑
l ′ j′

∫
k′2dk′V −((l̃ )′, j′, p, q, l̃, j, mj, k, k′)gl ′ j′ (k′) = εgl j (k) (12)

with

V +(l ′, j′, p, q, l, j, mj, k, k′)

= (−)l il+l ′ 2

π

∫
r2dr[V (r) + S(r)] jl (kr) jl ′ (k

′r)
∑
ms

〈lm|Ypq(�r )|l ′m′〉
〈
lm

1

2
ms

∣∣∣∣ jm j

〉〈
l ′m′ 1

2
ms

∣∣∣∣ j′mj

〉

and

V −(l̃ ′, j′, p, q, l̃, j, mj, k, k′)

= (−)l̃ il̃+l̃ ′ 2

π

∫
r2dr[V (r) − S(r)] jl̃ (kr) jl̃ ′ (k

′r)
∑
ms

〈l̃ m̃|Ypq(�r )|l̃ ′m̃′〉
〈
l̃ m̃

1

2
ms

∣∣∣∣ jm j

〉〈
l̃ ′m̃′ 1

2
ms

∣∣∣∣ j′mj

〉
.

For simplicity in computation, the matrix is symmetrized by f (ka) = √
waka f (ka) and g(ka) = √

wakag(ka). After the transfor-
mation, the Dirac equation becomes

∑
b

[
Mδabf l j (kb) +

∑
l ′ j′

√
wawbkakbV

+(l ′, j′, p, q, l, j, mj, ka, kb)f l ′ j′ (kb) − kaδabgl j (kb)

]
= εf l j (ka),

∑
b

[
−kaδabf l j (kb) − Mδabgl j (kb) +

∑
l ′ j′

√
wawbkakbV

−(l̃ ′, j′, p, q, l̃, j, mj, ka, kb)gl ′ j′ (kb)

]
= εgl j (ka). (13)
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Solutions of Eq. (10) become an eigenvalue problem of symmetric matrix in Eq. (13). To obtain the density distributions in the
coordinate space, the wave functions are transformed into the coordinate representation with the upper and lower components as

Gl j (r)/r = −il+1

√
2

π

∫
k2dk jl (kr) f l j (k),

F l j (r)/r = −il̃

√
2

π

∫
k2dk jl̃ (kr)gl j (k). (14)

For the weakly bound nuclei, it is necessary to consider the coupling between bound states and continuum due to pairing
correlations. As the resonant states are separated clearly from the continuum in the present calculations, the BCS approximation
is applicable and effective for the pairings. When the resonant states are taken into account, the pairing correlations can be dealt
with the gap and particle number equations as∑

b

1√
(εb − λ)2 + �2

+
∑

r

∫
gr (ε)

1√
(ε − λ)2 + �2

dε = 2

G
, (15)

∑
b

(
1 − εb − λ√

(εb − λ)2 + �2

)
+

∑
r

∫
gr (ε)

(
1 − ε − λ√

(ε − λ)2 + �2

)
dε = N, (16)

where gr (ε) = 1
π

�r/2
(ε−εr )2+�2

r /4 . εb is the energy eigenvalues of H for the bound states. εr and �r are the energy and width of
resonant states of H . G is the pairing strength and N is particle number. The occupation probabilities for the bound and resonant
levels can be obtained in Eqs. (15) and (16). The densities in Eqs. (7) and (8) are modified as

ρs(r, θ ) =
∑

λ

2λ + 1

4πr2
Pλ(cos θ )

∑
b(l j)(l j)′

v2
b

(
Gl j

b G(l j)′
b −F l j

b F (l j)′
b

)
A(λ, (l j)′, (l j), m)

+
∑

λ

2λ + 1

4πr2
Pλ(cos θ )

∑
r(l j)(l j)′

∫
gr (ε)v2

r dε
(
Gl j

r G(l j)′
r − F l j

r F (l j)′
r

)
A(λ, (l j)′, (l j), m), (17)

ρv (r, θ ) =
∑

λ

2λ + 1

4πr2
Pλ(cos θ )

∑
b(l j)(l j)′

v2
b

(
Gl j

b G(l j)′
b +F l j

b F (l j)′
b

)
A(s, (l j)′, (l j), m)

+
∑

λ

2λ + 1

4πr2
Pλ(cos θ )

∑
r(l j)(l j)′

∫
gr (ε)v2

r dε
(
Gl j

r G(l j)′
r + F l j

r F (l j)′
r

)
A(λ, (l j)′, (l j), m). (18)

The pairing correlations are handled with BCS approxima-
tion. Equations (15) and (16) are solved at a given pairing
strength G or energy gap �. The occupation probabilities ν2

are calculated by Eqs. (15) and (16). The densities ρs and ρν

are obtained by Eqs. (17) and (18), where the wave functions
in the coordinate spaces G(r) and F (r) are computed from
Eq. (14). Similarly, ρ3 and ρc are obtained. The sources in
Eq. (5) consist of these densities and are used to calculate the
meson fields and new potentials (3). This process is repeated
to the required accuracy.

III. NUMERICAL DETAILS AND RESULTS

Based on the developed DRMF-CMR-BCS formalism, we
explore the ground state properties for deformed exotic nuclei
with 44Mg as an illustrated example. For comparison with
the DRHBc calculations, the effective interaction NL3 [57]
is adopted. The coupled-channel method is used to solve
Eq. (10). The wave functions f (k) and g(k) are expanded in
terms of different spherical configurations with the labels l j.
The sum over l j in Eq. (11) is limited to a finite number Nc.
Nc represents the number of spherical configurations adopted.
In the present calculations, Nc = 8 is used in every block with

the determined �π . The momentum is truncated to kmax = 3.0
fm−1. The pairing correlations are handled with BCS approx-
imation. The energy gap is employed by an empirical formula
� = 12/

√
A for the neutron and proton pairings [58].

In the DRMF-CMR-BCS calculations, the available single-
neutron levels in 44Mg are displayed in Fig. 1. We ignore the
levels that are not relevant to the problem discussed in this
article, and only the 11 levels around the Fermi surface are
shown in this figure. For the resonant states, the energy levels
are shown with error bars. The center line and height of the bar
correspond to the position and width of the level, respectively.
Here, the axisymmetric deformation with reflection symmetry
is considered, the third component of angular momentum �

and the parity π are good quantum numbers, and the levels are
labeled as �π . For easy access to the knowledge in Fig. 1, the
levels are ordered from left to right according to energy from
small to large. The dotted line marks the position of chemical
potential λ for neutrons. The lowest two bound levels in this
figure have little effect on the exotic properties for 44Mg.
We mainly focus on the two weakly bound levels and the
seven resonant levels, which may play an important role at
the formation of exotic phenomena. For convenience, we label
these levels from 1 to 9, as shown in this figure.
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FIG. 1. The available single-neutron levels around Fermi surface
including the bound states and resonant states in 44Mg. For the
resonant states, the energy levels are shown with error bars. The
center line of the bar corresponds to the position of the energy level,
and the height of the bar corresponds to the width of the energy level.
The quantum numbers of angular momentum and parity are labeled
as �π . λ is the chemical potential marked by the dotted line, and n is
the serial number of levels under consideration.

From Fig. 1, it can be seen that the widths are relatively
small for the third (�π = 7/2−), the fourth (�π = 1/2−),
and the sixth (�π = 3/2−) levels. The three resonant states
correspond to narrow resonances, and hold relatively long
lifetimes. Comparatively, the resonant state 7/2− has a longer
lifetime and is similar to a quasibound state. Due to the
large angular momentum and high centrifugal barrier, the
neutron density distribution contributed by this level is not
very diffuse. Besides these narrow resonances, there appear
four broad resonances with energy below 5 MeV. As we know,
the broad resonances, especially those with lower angular
momentum, play an important role at the formation of the
halo. For 44Mg, the fifth resonant state �π = 1/2+ and the
seventh resonant state �π = 3/2+ are the broad resonances
with lower angular momentum. The occupations of the two
levels result in a diffuse matter density distribution. Although
the eighth resonant state �π = 5/2− and the ninth resonant
state �π = 1/2+ are also broad resonant states, they are far
from the Fermi surface. The occupancy probabilities of the
two levels are relatively small. In addition, the eighth level
has a large angular momentum. These indicate that 44Mg
is most likely a neutron halo which is contributed by the
fifth �π = 1/2+ and the seventh �π = 3/2+ levels. These
two narrow resonances (the fourth �π = 1/2−) and the sixth
�π = 3/2−) may have some contributions to the exotic halo
structure because they have a lower centrifugal barrier.

To understand the role of resonant states at the formation
of exotic properties in 44Mg, in Fig. 2 we have displayed
the occupation probabilities of single neutron levels for these
levels in the vicinity of Fermi surface in 44Mg. A vertical
dotted line marks the position of the chemical potential. For all

FIG. 2. The occupation probabilities of single particle levels
around Fermi surface in 44Mg. The relatively bound levels are de-
noted as gray circles. The weakly bound and resonant levels are
marked as solid circles with different colors. The chemical potential
λ labels the position of Fermi surface.

these levels, the occupation probabilities decrease gradually
with increasing energy. A slight exception appears in the sixth
level �π = 3/2−. Although the energy of the level is slightly
greater than that of the adjacent level 1/2+(1), the occupation
probabilities of the level is also slightly greater. This reason
may be attributed to the width of this level 3/2−(2) being
much smaller than that of its adjacent level 1/2+(1). Although
the occupation probabilities become smaller for these levels
with larger energies, the occupations of these resonant levels
are not negligible. In the present calculation, the neutron num-
ber occupying these resonance levels is approximately equal
to 2, which is the cause of the exotic phenomenon halo in
44Mg.

To obtain an intuitive impression of exotic structure in
44Mg, we have plotted the total neutron density distributions
in Fig. 3(a). It can be seen that the density distributions in
44Mg are very diffuse. There is a neutron halo structure in
44Mg. To understand the physical mechanism of halo for-
mation, the single neutron levels are divided into two parts.
The first part consists of the deeply bound levels with energy
below −2.0 MeV. The second part consists of the weakly
bound and resonant levels. The energy gap between the deeply
bound levels and the weakly bound levels is larger than
2.0 MeV. The neutron density distributions contributed by
these deeply bound levels are displayed in Fig. 3(b), while
those by the weakly bound and resonant levels are displayed
in Fig. 3(c). The density distributions in Fig. 3(b) are less
diffuse and correspond to “neutron core”. The density distri-
butions in Fig. 3(c) are considerably diffuse and correspond
to “neutron halo”. The dispersion of the total neutron density
distribution come from neutron halo, i.e., the contribution of
weakly bound and resonant levels. Moreover, the calculated
root mean square (rms) radii of the core and the halo in 44Mg
are 3.94 and 8.38 fm, respectively. The rms radius of the halo
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FIG. 3. The matter density distributions for neutron in 44Mg.
(a) displays the total neutron density distributions. (b) and (c) display
the density distributions contributed by these neutrons occupying in
the deeply bound levels, and those in the weakly bound and resonant
levels.

is twice larger than that of the core, which is another feature of
the halo. We have also observed that the density distributions
of neutron core is prolate, while that of neutron halo is oblate.
There is decoupling of the core and halo in 44Mg, which
agrees with the predication in Ref. [32].

To understand the role of resonant states at the halo
formation, the total neutron density distributions, density dis-
tributions of neutron core, and density distributions of neutron
halo are plotted in Fig. 4. The same as Fig. 3, in every panel,
the levels are divided into two parts, the first part consists of
the deeply bound levels with energy below −2.0 MeV and
the second part consists of the weakly bound and the resonant
levels considered. “Neutron core” corresponds to the matter
distribution contributed by all the neutrons which occupy the
first part of the levels. “Neutron halo” corresponds to the mat-
ter distribution contributed by all the neutrons which occupy
the second part of the levels. For all the subfigures, the levels
contributing to the neutron core are the same, while the levels
contributing to the neutron halo are different. In Fig. 4(a),
the neutron halo is contributed by the two weakly bound
levels (the levels with the serial numbers 1 and 2 in Fig. 1).
In Fig. 4(b), the neutron halo is contributed to by the two
weakly bound levels and one resonant level (the resonant level
with the serial number 3 in Fig. 1). In Fig. 4(c), the neutron
halo is contributed by the two weakly bound levels and two
resonant level (the two resonant levels with the serial numbers
3 and 6 in Fig. 1). Similarly, from Fig. 4(d) to Fig. 4(h),
the resonant levels contributing to the neutron halo increase
sequentially from near to far in terms of the distance from the
real momentum axis. Until Fig. 4(h), the levels contributing
to the neutron halo include the two weakly bound levels and
seven resonant levels (all the resonant levels shown in Fig. 1).

FIG. 4. The total neutron density distributions, density distribu-
tions of neutron core, and density distributions of neutron halo in
44Mg, which are marked by the black solid, red dash-dot, and blue
short dot lines, respectively. From (a) to (h), the resonant levels
contributing neutron halo increase sequentially from near to far in
terms of the distance from the real momentum axis.

From Fig. 4(a), it can be seen that all the density distributions
are not very diffuse, which means that the two weakly bound
energy levels do not contribute significantly to halo formation.
From Fig. 4(b) to Fig. 4(h), the total neutron density distribu-
tions and the density distributions of the neutron halo become
more and more diffuse, which indicates that the more resonant
levels occupied by valence neutrons, the greater possibility for
the formation of neutron halo. Especially, when the resonant
level 1/2+(1) or 3/2+ is considered in contributing density
distributions [see Fig. 4, from (f) to (g) or from (g) to (h)], the
total neutron density distributions and the density distributions
of neutron halo become remarkably diffuse, which indicates
that the resonant levels 1/2+(1) and 3/2+ play important roles
at the formation of neutron halo in 44Mg.

As indicated in Ref. [59], there is an inherent problem in
the treatment of pairing correlations with the BCS approxima-
tion. The neutron density distributions in Fig. 4(h) decrease
with the increases of r in the range from r = 0 to r = 12 fm.
When r > 12 fm, the calculated neutron density distributions
decrease slowly, or even remain a small constant, with the
increase of r, which means that the core is surrounded by an
unphysical neutron gas. This is because the wave functions

024320-6



RESEARCH ON EXOTIC NUCLEI IN DEFORMED … PHYSICAL REVIEW C 108, 024320 (2023)

TABLE I. The variation of binding energies with the cutoff in the
tail of wave functions of resonant states. Rc represents that the tail of
the wave function of resonant states is truncated from Rc. Eb is the
calculated binding energy for 44Mg.

Rc [fm] Eb [MeV] Rc [fm] Eb [MeV]

10 −279.24788 20 −279.24487
12 −279.24492 22 −279.24487
14 −279.24481 24 −279.24487
16 −279.24484 26 −279.24487
18 −279.24485 28 −279.24487

of the resonant states are not convergent in the coordinate
space. Fortunately, this defect can be cured by a cutoff in
the tail of the wave functions of the resonant states [4,21].
We have checked the dependence of the calculated results
on the cutoff at the tail of the wave functions of resonant
states. The calculated binding energies in different cutoffs
at the tail of wave functions of resonant states are listed in
Table I. From Table I, it can be seen that the convergence of
the calculations on the cutoff at the tail of the wave functions
of resonant states is very good. With the increase of the cutoff
from Rc = 10 fm, the change in the calculated binding energy
with the increase of Rc is very small. When Rc exceeds 20 fm,
the calculated binding energies remain unchanged within our
current precision.

Although we recognize that resonant states are important
in the formation of halos, we plotted the ratios of the density
distributions of every single particle level to the total density
distributions in Fig. 5 so as to find out which resonance plays
a dominate role in halo 44Mg. From the ratios in Fig. 5, it can
be seen that the density distributions are not diffuse for the
two weakly bound levels 1/2−(1) and 3/2− (1). The density
distributions of the four broad resonant states 3/2+, 1/2+(1),
5/2−, and 1/2+(2) are considerably diffuse. Especially for
the two broad resonant states 3/2+ and 1/2+(1), their density

FIG. 5. The ratios of the density distributions of single particle
levels to the total density distributions for the weakly bound and
resonant levels in 44Mg for neutrons. These levels are the same as
those in Fig. 1.

distributions are very diffuse, which support the neutron halo
structure in 44Mg. Although the density distributions of the
two broad resonant states 5/2− and 1/2+(2) (the eighth and
ninth levels are in Fig. 2) are also diffuse, their occupancy
probabilities are relatively small and their contributions to the
total density are relatively small. The density distributions of
the two narrow resonant levels 1/2− (2) and 3/2−(2) (the
fourth and sixth levels are in Fig. 2) are relatively diffuse, they
contribute partially to the halo because the neutron occupa-
tion probabilities of the two levels are relatively large. These
indicate that the resonances, especially the broad resonances
with lower angular momentum and near Fermi surface play a
dominate role in the formation of the halo. The halo structure
in 44Mg originates mainly from the two resonant levels 3/2+
and 1/2+(1) occupied by valence neutrons. The two broad
resonant levels 5/2− and 1/2+(2), and the two narrow res-
onant levels 1/2−(2) and 3/2−(2) have some contributions
to the halo structure in 44Mg. Although the resonant state
7/2− has a lower energy and a larger neutron occupation, due
to the large angular momentum and high centrifugal barrier,
the occupation of this level does not contribute to a diffuse
neutron density distribution.

IV. SUMMARY

We have established the DRMF-CMR-BCS to explore the
exotic structure for deformed nuclei. Theoretical formalism
and numerical details are presented. The extremely neutron
rich nucleus 44Mg is chosen as an illustrate example. The
single particle levels including the bound states and resonant
states around the Fermi surface are obtained. There are two
broad resonant states with low angular momentum near the
Fermi surface, which play a dominate role at the formation of
halo.

Although the calculated occupation probabilities decrease
with the increasing energy, the occupations of the resonant
levels are not negligible. In 44Mg, the neutron number occu-
pying in the resonant levels is approximately equal to 2, which
is the cause of the formation of exotic phenomenon halo.

The available density distributions contributed to by the
weakly bound and resonant levels are considerably diffuse,
and are claimed as neutron halo. While those contributed to
by the deeply bound levels are less diffuse, and are claimed as
the neutron core. For 44Mg, the neutron core is prolate, while
the neutron halo is oblate. This shape decoupling phenomenon
agrees with the predication in Ref. [32].

The role of every resonant state at the halo formation is
explored. The density distributions contributed to by valence
neutrons become more and more diffuse with the resonant
levels included increasing sequentially from near to far in
terms of the distance from the real momentum axis in the
present calculations. The more resonant levels are occupied
by valence neutrons, the more diffuse density distributions are
formed.

The contribution of every resonant state to halo is com-
pared. The resonances, especially the broad resonances with
lower angular momentum and near Fermi surface, play an im-
portant role in the formation of the halo. Combining the con-
sideration of occupation probabilities, the broad resonances
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1/2+(1) and 3/2+ should be responsible for the halo in 44Mg,
while the broad resonances 5/2− and 1/2+(2), and the narrow
resonances 1/2−(2) and 3/2−(2) have also some contributions
to the halo structure in 44Mg.

Although we have only studied 44Mg, the present model
is universally applicable to the neutron rich nuclei, which has
been confirmed in the spherical case [40,41]. This defect in
BCS approximation can be remedied by introducing a cutoff
in the tail of the wave functions of the resonant states, which
does not influence the conclusion that the resonant states play
an important role at the formation of exotic phenomena.
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