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Quantifying uncertainties due to optical potentials in one-neutron knockout reactions
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One-neutron knockout reactions have been widely used to extract information about the single-particle
structure of nuclei from the valley of stability to the drip lines. The interpretation of knockout data relies on
reaction models, where the uncertainties are typically not accounted for. In this work, we quantify uncertainties
of optical potentials used in these reaction models and propagate them, for the first time, to knockout observables
using a Bayesian analysis. We study two reactions in the present paper, the first of which involves a loosely bound
halo projectile, 11Be, and the second a tightly bound projectile, 12C. We first quantify the parametric uncertainties
associated with phenomenological optical potentials. Complementing this approach, we also quantify the model
uncertainties associated with the chiral forces that can be used to construct microscopic optical potentials. For
the phenomenological study, we investigate the impact of the imaginary terms of the optical potential on the
breakup and stripping components of the knockout cross sections as well as the impact of the angular range. For
the 11Be case, the theoretical uncertainty from the phenomenological method is on the order of the experimental
uncertainty of the knockout observables; however, for the 12C case, the theoretical uncertainty is significantly
larger. The widths of the uncertainty bands for the knockout observables obtained for the microscopic study
and the phenomenological approach are of similar orders of magnitude. Based on this work we conclude that
structure information inferred from the ratio of the knockout cross sections will carry a theoretical uncertainty
of at least 20% for halo nuclei and at least 40% for tightly bound nuclei.
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I. INTRODUCTION

It is an extraordinary time for rare isotope science, with
new generation isotope facilities coming online and enabling
laboratory exploration of a wider region in the nuclear chart,
particularly along the proton drip line and much closer to
the neutron drip line than before. Reaction studies are a pre-
ferred tool to explore these most exotic species, with transfer,
breakup, and knockout being among the most commonly
used. While both transfer and breakup measurements require
significant beam intensities, knockout experiments can be per-
formed with ≈100 pps beams because they entail an inclusive
measurement. In single-nucleon knockout experiments, the
core fragment is detected in coincidence with γ rays following
its deexcitation, allowing for the isolation of the different
single-particle components in the original projectile state. In-
formation regarding the angular momentum is extracted from
the momentum distributions of the core fragment, while spec-
troscopic factors (SFs) for each component are obtained from
the comparison of the total measured cross section and the
corresponding theoretical prediction.

Over the last two decades, experimentalists have collected
a large body of knockout data, spanning a wide range of
proton-neutron asymmetry (see Refs. [1,2] for a recent com-
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pilation). Disagreements between the extracted SFs and those
predicted by large scale shell-model calculations were found
for many of the systems considered. A systematic analysis of
the ratio of the SFs extracted from knockout measurements
and those predicted by theory revealed a strong dependence
on the neutron-to-proton asymmetry in the system. Indeed, a
linear dependence on the difference between the neutron and
proton separation energies in the system was found for that SF
ratio. The same quantity extracted using other probes, such as
quasifree scattering [3] and transfer reactions [4,5], does not
show the same trend. Although several groups have studied
thoroughly the validity of the theoretical models involved for
the last two decades, the origin of this discrepancy is still un-
settled and needs to be resolved (see recent review in Ref. [6]).

It is clear that the reliability of the nuclear-structure in-
formation extracted from any reaction probe depends on the
reaction model used. For knockout experiments, the eikonal
model, the standard method used [7–9], has been studied
in some detail (e.g., Ref. [10]). Like other reaction models,
the inputs to the eikonal model, namely, the fragment-target
interactions, carry uncertainties. The goal of the current study
is to quantify the optical potential uncertainties in predictions
for knockout observables, to better inform their interpretation.

Significant work has been undertaken to quantify, using
Bayesian analyses, the uncertainties coming from the fit of
the potential parameters to experimental scattering data (e.g.,
Refs. [11,12]). The propagation of these uncertainties to
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transfer observables [11,12] and charge-exchange observables
[13] shows that for some cases the uncertainties on the cross-
section angular distributions are much larger than the previous
rough estimates of 30%. In the present article, we extend
those studies to determine how the uncertainties in the optical
potential propagate to knockout observables. We focus on
uncertainties from the nucleon-target and core-target optical
potentials, and for now do not consider uncertainties in the
bound-state description (recent studies explored the sensitivity
of knockout observables to the bound-state effective interac-
tion [14,15]).

Complementing the phenomenological approach of
Refs. [11,12], in the current study we also quantify
uncertainties in knockout when using microscopic optical
potentials derived from many-body calculations. In the last
decade, theorists have made important progress in extracting
ab initio optical potentials in which the crucial element is
the nuclear force (see Ref. [16] for a recent review). In
particular, the nucleon optical potential was derived from
nuclear matter calculations considering a set of five different
nuclear forces derived within chiral effective field theory
(EFT) [17]. Recently, a formulation for the nucleus-nucleus
optical potential derived from the same chiral force and the
energy densities of the interacting nuclei was implemented
[18,19]. We combine these two microscopic developments
and include in this paper a study of theoretical uncertainties
on knockout observables coming directly from the underlying
chiral force through the microscopic optical model derived in
nuclear matter.

This paper is organized in the following manner. In Sec. II,
we briefly discuss the methodology and provide numerical
details. In Sec. III, results for the phenomenological approach
are presented and discussed. Section IV contains the results
following the microscopic approach. Finally, in Sec. V, con-
clusions are drawn.

II. METHODOLOGY AND NUMERICAL DETAILS

A. Reaction model

In this article, we consider one-neutron knockout reactions
on a 9Be target at 60A MeV, which are the typical target and
beam energy used in experiments. As usual, we evaluate the
knockout cross section in a few-body framework, in which the
projectile is seen as a structureless core c and a valence neu-
tron n impinging on a structureless target T [9,20]. The inputs
of this few-body model are the single-particle overlap function
and effective core- and neutron-target interactions, so-called
optical potentials, accounting for all nonelastic channels not
explicitly included in the theory. Apart from the optical po-
tentials, knockout observables are then sensitive mainly to the
projectile separation energy Sn, the spin, parity, and root mean
square (rms) radius

√
〈r2〉 of the projectile overlap function

[1,9,15,21].
To quantify the uncertainties due to the choice of optical

potentials in knockout reactions, we consider two different
projectiles which have different Sn and 〈r2〉. First, we study the
reaction involving a halo nucleus projectile, 11Be, the ground
1/2+ and 1/2− excited states of which are described as a

10Be inert core to which a valence neutron is bound in a 1s1/2

orbital by Sn = 500 keV and in a 0p1/2 orbital by 184 keV,
respectively [22]. Second, we consider a 12C projectile, which
in its ground state is seen as a 11C inert core with a valence
neutron in a 0p3/2 bound by Sn = 18.72 MeV. For both cases,
we neglect the spin of the core, and we use single-particle
Gaussian potentials adjusted to reproduce the experimental
Sn and rms radius (

√
〈r2〉 = 6.5 ± 0.3 fm for 11Be [23] and√

〈r2〉 = 2.35–2.48 fm for 12C [24]). Note that, as for halo
nuclei, the asymptotic normalization constant (ANC) and the
rms radius are strongly correlated; enforcing the experimental
rms radius enables the reproduction of predicted [25] and
evaluated ANCs [26,27].

We compute the two contributions to the knockout cross
section σko, i.e., the diffractive breakup σbu and stripping
σstr , using the eikonal model [8,9,28]. The total cross sec-
tions are obtained by integrating the momentum distributions.
The Coulomb interaction is treated using the correction de-
scribed in Refs. [29,30]. These two contributions correspond
to different reaction processes, i.e., the diffractive breakup to
the reaction channel in which both the core and the neutron
survive the collision, and the stripping to the channel in which
the neutron is absorbed by the target. The relative importance
of σbu increases for projectiles with smaller Sn, since the
projectile is more fragile and breaks up more easily. For the
11Be (12C) calculations, we use the following model space: the
10Be -n (11C -n) continuum is described up to the c-n orbital
angular momentum lmax = 12 (lmax = 6).

B. Bayesian uncertainty quantification

When effective interactions are employed in the few-body
reaction framework, their inherent uncertainties propagate to
the reaction observables of interest. In the case of phenomeno-
logical effective interactions, one source of uncertainty arises
from optimizing the model parameters to experimental data.
Optical potentials are usually expressed in the following form:

U (r) = − V f (r; RV , aV ) − iW f (r; RW , aW )

+ i4aSWS
d

dr
f (r; RS, aS ), (1)

where f (r; Ri, ai ) = 1
1+e(r−Ri )/ai

and V , W , and WS are the real
volume, imaginary volume, and imaginary surface depths,
and Ri = riA

1/3
T and Ri = ri(A1/3

c + A1/3
T ) respectively for the

neutron- and core-target potentials, where Ac and AT denote
the mass numbers of the core and the target.

To quantify these parametric uncertainties we follow a
Bayesian approach [13,31,32] that assumes a prior distri-
bution and then explores the parameter space guided by
comparisons to experimental data. After a sufficiently long
exploration of parameter space, a posterior distribution of the
parameters is obtained. This posterior may be interpreted as
the most likely parameter distributions of the effective inter-
action given the prior knowledge and the experimental data
considered in the likelihood.

In the current work, we optimize the effective interac-
tions to elastic scattering data and then calculate knockout
cross sections with parameter sets sampled from the posterior
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TABLE I. Parameters of the optical potentials used to generate
the c-9Be and n-9Be mock data considered in the Bayesian analysis
for the one-neutron knockout of 11Be and 12C on 9Be at 60A MeV.

V rV aV W rW aW WS rS aS rC

(MeV) (fm) (fm) (MeV) (fm) (fm) (MeV) (fm) (fm) (fm)

c-9Be 123.0 0.75 0.80 65.0 0.78 0.80 1.2
n-9Be 33.08 1.14 0.65 4.15 1.14 0.65 9.18 1.36 0.18

distributions. Since there are no 10Be-9Be, 11C-9Be, and n-9Be
scattering data available, we considered here mock data, that
we generate at every 1◦ using realistic interactions (we have
verified that we obtain similar posterior distribution for mock
data generated at every 3◦). For this, we use the optical po-
tential that was fit to 10Be-12C scattering at 59.4A MeV [33]
and a n-9Be potential fitted to reproduce elastic-scattering and
polarization observables for a nucleon off a target nucleus
with AT � 13 at energies between 65 and 75 MeV [34]. The
parameters of both interactions used to generate the mock data
are listed in Table I.1 We assign an error of 10% to all mock
data, which is common for elastic-scattering experiments with
stable beams. We assume prior Gaussian distributions cen-
tered on parameter values used to produce the mock data with
widths equal to the mean values. This choice of a large prior
width is made to allow for a data-driven posterior. Unreason-
able parameters values, such as a ri < 0, ai < 0, and W < 0,
are excluded.

For the Bayesian analysis, we follow Ref. [31] and we use
a Metropolis-Hastings Markov chain Monte Carlo (MCMC).
To ensure that initial parameters are within the posterior that
we are interested in sampling, we begin the search with a
burn-in phase, as described in Ref. [31] and using Nburn−in =
500. Once a good region of the parameter space is found,
random steps, with size scaled to ε = 0.02 of the parame-
ter prior means, are taken in parameter space. To guarantee
independence of the parameter samples, every tenth sample
is recorded. The resulting posterior, formed from 16 par-
allel parameter searches that each collect 1600 parameter
sets, is used to build 68% and 95% uncertainty intervals for
elastic-scattering cross sections. We then draw 1600 random
samples from this posterior to generate the uncertainty bands
for knockout cross sections.

III. PHENOMENOLOGICAL APPROACH

In this section, we study the parametric uncertainties as-
sociated with the phenomenological potentials, arising from
fitting to elastic scattering data. We apply a Bayesian analysis
to all optical potential parameters (nine for the n-9Be potential
and six for the c-9Be potential). As discussed in Appendix A,
we observe that the geometry of the imaginary volume
terms of both interactions are poorly constrained by elastic-
scattering data, and that adding reaction cross-section data did

1The spin-orbit part of the n-9Be potential was not considered in
this study.

not improve their constraint. To avoid unconstrained parame-
ters, we impose the imaginary volume geometry to be equal
to the real volume geometry, i.e., rW = rV and aW = aV , a
simplification consistent with Ref. [35].

A. Influence of the backward scattering angles

We first investigate the influence of n-9Be scattering data at
backward scattering angles (a similar study for the c-9Be in-
teraction can be found in Appendix B). In Fig. 1, we compare
two Bayesian analyses of the n-9Be interaction constrained
with mock elastic-scattering data at forward angles ∈ [0, 60◦]
(f., in blue) and including data at backward angles ∈ [0, 120◦]
(f.+b., in magenta). As expected, including data at backward
angles significantly narrows the 68% (hatched area) and 95%
(dotted lines) uncertainty bands of elastic-scattering cross
section at these angles [Fig. 1(b)]. However, the impact of
these data on the parameter posteriors and their correlations
is much more modest, as seen in the corner plot in Fig. 1(a).
Indeed, the additional data reduce only slightly the widths
of all posteriors [diagonal of Fig. 1(a)], indicating that they
do not greatly improve the constraint of the optical potential
parameters. Moreover, only the surface term parameters [off-
diagonal plots on the bottom right part of Fig. 1(a)] exhibit a
significantly different correlation structure.

For the knockout of a loosely bound neutron, i.e., the
one-neutron knockout of 11Be, the stripping σstr [Fig. 1(e)]
and diffractive-breakup σbu [Fig. 1(d)] contributions are of
the same order. Interestingly, including data at backward an-
gles reduces strongly the 95% uncertainty band on stripping
observables, but does not influence the diffractive-breakup
observables. Consequently, the 95% uncertainty interval on
the total knockout cross sections [Fig. 1(c)] is slightly nar-
rowed. As the neutron is absorbed by the target in the stripping
process, this suggests that these additional data mainly affect
the absorptive strength of the n-9Be interaction. Although the
95% uncertainty intervals are reduced, the 68% uncertainty
bands for all cross sections are not impacted by these data
at backward angles, indicating the complex structure of the
likelihood in this region of the parameter space.

The knockout of a more deeply bound neutron shown in
Fig. 1(f), i.e., the one-neutron knockout of 12C, is dominated
by the stripping contribution [Fig. 1(h)]. As for the loosely
bound case, including data at backward scattering angles does
not influence σbu [Fig. 1(g)]. However, contrary to the loosely
bound case, these additional data impact both the 68% and
95% intervals obtained for stripping observables, and hence
for total knockout cross sections, both their magnitudes and
their widths are larger when backward angles are included.

These contrasting effects for the removal of loosely and
more deeply bound neutrons can be understood by the mech-
anisms at play during the reaction, which are different for
both contributions. On one hand, σbu is mostly influenced
by forward scattering angles, because most of the breakup
will occur at impact parameters of the neutron that are large
enough to avoid its absorption by the target. Semiclassically,
these large impact parameters can be interpreted as forward
scattering angles. On the other hand, as the neutron is ab-
sorbed by the target in the stripping process, it takes place
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FIG. 1. Influence of the backward scattering angles for the n-9Be interaction onto elastic and knockout observables: the optical potential
parameters are constrained with data ∈ [0, 60◦] (f., in blue) and ∈ [0, 120◦] (f. + b., in magenta). (a) Corner plots; (b) elastic-scattering cross
sections of n off 9Be as a function of the scattering angle θ with mock data ∈ [0, 60◦] (black points) and ∈ [60◦, 120◦] (gray points); one-neutron
knockout cross sections, (c) σko along with their (d) diffractive-breakup σbu and (e) stripping σstr contributions, for 11Be and [(f)–(h)] 12C off a
9Be target at 60A MeV.

at small impact parameter, i.e., large n-9Be scattering an-
gles. Moreover, the effect on stripping observables depends
strongly on the separation energy of the projectile, as the core
must survive the collision. For the removal of deeply bound
neutrons, at small impact parameters, the core is also close to
the target and can be absorbed. The role of n-9Be elastic data
at backward scattering angles in knockout cross sections is
therefore intertwined with the range of the imaginary part of
the core-target optical potential, which drives the probability
that the core survives the collision. As shown in Appendix B,
we observe a similarly complicated influence of the backward
angles for the c-9Be interaction in knockout observables.

Consequently, because knockout distributions have a com-
plicated dependence on both the n- and c-9Be optical
potentials, realistic estimates of their parametric uncertainties
can only be quantified with a joint Bayesian analysis including
both interactions.

B. Joint Bayesian analysis of the optical potential
parameters of the n-9Be and c-9Be interactions

In this section, we consider the uncertainties associated
with both the n-9Be and c-9Be interactions to determine the
theoretical uncertainties on knockout observables. The para-

metric uncertainties discussed in Sec. III A and Appendix B,
determined from fitting the elastic scattering data up to 60◦
for the n-9Be potential and to 11◦ for the c-9Be interaction,
were propagated through the eikonal model to knockout mo-
mentum distributions and total cross sections. We performed
this study by first propagating the uncertainties from only the
n-9Be interaction (N) and the uncertainties from only the c-9Be
interaction (C). We then included both simultaneously (NC).
As before, we consider the one-nucleon knockout of 11Be and
12C on a 9Be target at 60A MeV. The 11Be case has been
previously measured [10,36], but data for 12C knockout at this
energy are not available. We do not consider the uncertainties
due to the neutron-core interaction in the projectile, which can
be uniquely constrained by structure observables: the ANC for
halo nuclei [27] and the rms radius for more bound systems
[15,37].

Results for the integrated cross sections for breakup σbu,
stripping σstr , and knockout σko are displayed in Table II, for
the 11Be and 12C cases. The first row contains the results
including only the uncertainties from the n-9Be interaction,
the second row holds the results with the uncertainties from
the c-9Be interaction, and the third row corresponds to the
cross sections including both uncertainties. Figures 2(a) and
2(d) contains the theoretical predictions for the total parallel-
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TABLE II. Integrated one-neutron knockout cross sections σko along with their diffractive-breakup σbu and stripping σstr contributions for
11Be and 12C off a 9Be target at 60A MeV. The first (second) interval corresponds respectively to the 1σ (2σ ) uncertainties obtained from
a Bayesian analysis of the n-9Be (N) and the c-9Be (C) interaction separately, a joint analysis of both interactions (NC) and microscopic
results (M).

σbu (mb) σstr (mb) σko (mb)

N 87–106 (79–118) 72–123 (53–164) 173–222 (148–261)
C 98–110 (94–118) 69–79 (65–83) 168–189 (159–199)

NC 86–107 (76–117) 68–120 (49–158) 164–217 (140–260)11Be + 9Be
M 60–72.7 (59–89) 68–108 (52–134) 127–142 (119–176)

Expt. 203 ± 31
N 3.2–4.4 (2.7–5.6) 1.7–8.1 (0.7–15.5) 5.5–12.2 (4.9–20)
C 3.4–4.9 (2.9–6.0) 9.8–16.0 (7.1–19.0) 13.2–20.9 (10.2–25.1)12C + 9Be

NC 2.9–5.1 (2.5–7.2) 10.3–27.3 (6.1–44.1) 13.7–32.0 (9.3–50.7)
M 1.8–6.2 (1.8–7.2) 10.5–32.0 (8.3–52.9) 11.7–36.4 (9.9–59.7)

momentum distributions σko for 10Be (11C) detected following
the knockout reaction. In [Figs. 2(b) and 2(e)] we show the
parallel-momentum distributions for breakup σbu (stripping
σstr) for the 11Be case. Similarly, in [Figs. 2(c) and 2(f)] we
plot the parallel-momentum distributions for breakup (strip-
ping) for the 12C case. The hatched bands correspond to the
68% uncertainty intervals while the areas delimited by the
dashed lines correspond to the 95% uncertainty intervals. Fi-
nally, we also show the experimental data for the 11Be case.2

It is important to emphasize the good agreement with the
11Be knockout data, both for the integrated cross section and
for the momentum distribution, providing confidence that the
reaction model used is realistic. Indeed, the eikonal model has
been shown to perform well in this case [27]. The underesti-
mation of the cross section for low momentum was discussed
in Ref. [27] and is understood to be caused by dynamical
effects not included in the eikonal approximation.

We now turn to uncertainty quantification, the main goal
of the current study. We first focus on the 11Be case. When
inspecting the integrated cross section in Table II, it is evident
that the n-9Be interaction dominates the theoretical uncer-
tainties. Also, the uncertainties coming from the two optical
potentials, n-9Be and 10Be-9Be, do not add up in quadrature.
These two features can be understood due to the strong sen-
sitivity of the knockout cross section to the n-9Be absorption
and the mechanisms at play during the reaction, as discussed
in Sec. III A. Finally, the breakup and stripping components
are about the same magnitude but the relative uncertainties
on the stripping component are significantly larger than the
uncertainties on the breakup component, as seen when analyz-
ing the integrated cross sections or by comparing Figs. 2(b)
and 2(c). The resulting 1σ theoretical uncertainties on the
predicted knockout cross section of ≈15% is comparable to
the corresponding experimental error bar.

2The experimental data are extracted from Figs. 11 and 12 of
Ref. [10]. The error bars correspond to the 15% experimental un-
certainties reported in Ref. [36]. For a proper comparison between
theory and experiment, we have adjusted the position of the center of
the parallel-momentum distribution to the data.

For the deeply bound case shown in Figs. 2(d)–2(f), the
knockout cross section is dominated by the stripping con-
tribution and its uncertainty. For this case, both n-9Be and
11C-9Be interactions produce large uncertainties in the inte-
grated knockout cross sections (see Table II). One can note
the large differences between the stripping contributions ob-
tained in the N and C calculations for 12C. The reduction
of these cross sections in the N case can be explained by
the small imaginary volume radius rW of the posterior dis-
tribution for the n-9Be interaction compared to the rW of
the potential generating the mock data. In the N case, the
neutron is therefore less likely to be absorbed than in the
C case, and the stripping contribution is reduced. In the NC
case, the stripping cross section is not only influenced by
the posterior of the n-9Be interaction but also by the rW of
the posterior distribution for the 11C-9Be interaction, which
reflects the probability that the core survives the collision.
Compared to the rW of the potential generating the 11C-9Be
mock data, the posterior distributions contain smaller rW . The
core is therefore more likely to survive the collision in the NC
case than in the N case, enhancing the stripping cross sec-
tions and compensating the reduction caused by the smaller
rW of the n-9Be interaction. These differences between the
N, C, and NC cases illustrate the fact that there is no single
solution to the inverse scattering problem; i.e., there exists an
infinite set of potentials exhibiting different features, such as
their geometry and imaginary strength, reproducing the same
scattering data. Unfortunately, there are no exclusive knockout
data populating the 3/2− ground state of 11C at 60A MeV,
to compare with our predictions. However, one can compare
the theoretical 1σ uncertainties we obtained due to the optical
potentials (about 40–50 %) to the experimental ones for typ-
ical knockout measurements (about 10–15 %) [38,39]. These
results suggest that the theoretical uncertainties for the tightly
bound cases will dominate the overall errors bars.

By comparing Figs. 2(a) and 2(d), one may conclude that
the relative uncertainties on the knockout cross section will
be larger for the knockout of tightly bound neutrons. This
result is intuitive given that, for a tightly bound nucleon, there
is an increased relevance of small impact parameters in the
knockout cross section, which should increase the sensitivity
to the details of the optical potentials. Additional tests demon-
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FIG. 2. One-neutron knockout cross sections (a) [(d)] σko with their contributions (b) [(e)] σbu and (c) [(f)] σstr for a 11Be (12C) projectile
off a 9Be target at 60A MeV. The black points are experimental data [10,36] and the theoretical bands represent the 68% (hatched area) and
95% (dashed lines) uncertainty intervals constructed from the joint Bayesian analysis of the optical potential parameters for the n-9Be and
c-9Be interactions.

strated that we obtain similar uncertainties for the one-neutron
knockout on 10C, suggesting that these uncertainties are about
40% not only on 12C but also for more asymmetric deeply
bound nuclei.

The theoretical uncertainties presented here are a lower
bound, since there are additional effects not included in our
Bayesian analysis. First, the uncertainties introduced by the
eikonal description of the reaction, and in particular by the
adiabatic and core spectator approximations, are expected to
be significant [40,41]. Second, any uncertainties associated
with the overlap function between initial and final state have
not been included. However, this second effect is expected
to be small for the two systems considered, as the overlap
functions can be well constrained by ANCs and rms radii
[15,27].

IV. MICROSCOPIC APPROACH

In this section, we consider the uncertainties associated
with microscopic optical potentials that we propagate to both
elastic-scattering and knockout cross sections. Microscopic
approaches offer an alternative way of quantifying uncertain-
ties in optical potentials, namely, from the uncertainties of
nuclear forces and many-body frameworks.

We utilize n-9Be and c-9Be interactions constructed from
microscopic nuclear matter calculations of the nucleon
self-energy computed from many-body perturbation theory
(MBPT) with nuclear forces derived within chiral EFT. For
both interactions, the local density approximation is employed
to obtain optical potentials for finite nuclei. In the current
microscopic approach, there are several sources of theoretical
uncertainties. These include uncertainties in chiral effective
field theory, truncations in the many-body perturbation ex-
pansion, and uncertainties associated with the local density
approximation (LDA). Given that there is no clear path to
quantify the uncertainties of the LDA, they are not considered
in this work. The uncertainties from chiral EFT and MBPT

are more straightforward to quantify. In Refs. [42,43] it was
shown that MBPT uncertainties are smaller than those from
chiral EFT for calculations of the nuclear matter equation of
state. For the following analysis, we only consider uncer-
tainties from chiral EFT since they are expected to be the
dominant theoretical uncertainty.

The n-9Be interaction is modeled by the Whitehead, Lim
and Holt (WLH) global optical potential, for which a mul-
tivariate parameter distribution was generated using a set of
chiral forces [17]. In practice, one can build up uncertainty
intervals for a specific reaction observable by drawing many
samples from this distribution. The c-9Be optical potential
used in this section [18] is constructed in a framework that
derives a nucleus-nucleus interaction from the energy den-
sities of the interacting nuclei [19]. The interaction term
of the energy densities is derived from the same nuclear
matter self-energy used in WLH. This allows for a con-
sistent construction of nucleon-nucleus and nucleus-nucleus
interactions. The c-9Be interaction is calculated using a set
of three next-to-next-to-next-to-leading-order (N3LO) chiral
forces with varied cutoffs in the range � = 414–500 MeV.
Contrary to the n-9Be potential, the c-9Be optical potentials
have not been parametrized in a global form and there-
fore cannot be sampled in the same way. The uncertainty
intervals for knockout observables to be presented in this
section are constructed from the c-9Be interactions using
each chiral force and 1600 samples of the n-9Be poten-
tial. Note that the repulsive character of these microscopic
potentials at short distances, i.e., below 2 fm, do not con-
tribute to the knockout calculations since the absorption
dominates at these distances, and the core does not survive the
reaction.

In Fig. 3, we first look at how these microscopic interac-
tions compare with phenomenological ones used to generate
the mock data (solid black line; see Sec. II B) for the scat-
tering of 10Be [Fig. 3(a)], 11C [Fig. 3(b)], and n off a 9Be
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FIG. 3. Elastic-scattering cross sections for (a) 10Be, (b) 11C, and (c) n off a 9Be target at 60A MeV. The black lines are obtained with
the phenomenological potentials used to generate the mock data (see Sec. III). For the 10Be-9Be and 11C-9Be cross sections, the microscopic
predictions for different values of the chiral EFT cutoff are shown in brown. For the n-9Be cross section in (c), results of 1600 samples of
the WLH global optical potential without a spin-orbit term are shown in brown for both 68% and 95% uncertainty intervals. The one-neutron
knockout cross section for 11Be (12C) projectiles on a 9Be target are shown in (d) [(g)] with contributions from breakup (e) [(h)] and stripping
(f) [(i)]. The microscopic knockout cross sections produced by the potentials benchmarked in (a)–(c) are shown in brown and experimental
data in black in panel (d).

target [Fig. 3(c)]. For Figs. 3(a) and 3(b), the 10Be-9Be and
11C-9Be angular distributions are obtained for the three differ-
ent choices for the chiral force (brown dashed, dotted, and
dot-dashed lines). As expected, all microscopic predictions
agree with phenomenological ones for forward angles, where
the Coulomb repulsion dominates and details of the optical
potential play a minor role. The similarity in the diffraction
patterns also suggests that the range of the microscopic optical
potential is similar to the phenomenological one. At larger
angles, the microscopic nucleus-nucleus cross sections are
smaller than the phenomenological results, indicating that
these microscopic interactions are more absorptive at angles

below 50◦. This larger absorption strength is also consistent
with the microscopic results for n-9Be scattering which tends
to produce cross sections smaller than the phenomenological
one [see Fig. 3(c)]. Above 40◦, the microscopic nucleus-
nucleus cross sections diverge, most likely due to the breaking
down of the frozen density approximation used to build the
microscopic potential, as discussed in Ref. [18].

It must be stressed that neither the phenomenological
potential that generates the mock data nor the microscopic
potential is guaranteed to provide the correct answer over the
whole angular range. Since the core-target interaction was fit-
ted to elastic data for a different system and with experimental
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data only up to 11◦, we cannot determine which, if any, is
correct. However, this fact has no impact on our goal which
is not to predict elastic scattering but rather to quantify the
uncertainty in knockout observables.

We now use these microscopic interactions and propagate
their uncertainties to one-neutron knockout cross sections of
11Be and 12C, as well as to their breakup and stripping
contributions. Results for integrated cross sections are shown
in Table II with the label M, and the parallel-momentum dis-
tributions are plotted in Fig. 3. For the 11Be case, both the total
knockout cross section and momentum distribution [Fig. 3(d)]
fall within the experimental error bars. However, there are
two noticeable differences when compared to the phenomeno-
logical results in Fig. 1: all the cross sections are slightly
smaller and the relative importance of the stripping contri-
bution is larger. Both of these features can be traced back to
the more absorptive character of the microscopic interactions.
The stripping process is favored because as the neutron is
more easily absorbed by the target and there is a decrease the
overall knockout strength as the core is less likely to survive
the collision. Similarly, for the 12C case [Figs. 1(g)–1(i)] the
relative importance of the stripping cross section is larger for
the microscopic interactions than the phenomenological ones.
However, this causes an opposite effect of that for the loosely
bound case: the total knockout cross section obtained using
the microscopic potentials is now slightly larger than in the
phenomenological case.

Despite the large disagreement between the elastic-
scattering angular distribution obtained with microscopic and
phenomenological potentials above 10◦, the knockout cross
sections have a comparable magnitude and exhibit similar
uncertainties. This can be explained by the compensation of
the strong absorptive character of the microscopic n-9Be and
c-9Be interactions, suggesting that one may achieve reason-
able predictions of knockout cross sections as long as both
interactions are derived within the same formalism.

V. CONCLUSIONS

Given the importance of knockout reactions in exploring
the structure of rare isotopes at the limits of stability, it is
essential to understand the uncertainties in the theoretical
models used to interpret those data. This study performs a
Bayesian analysis on the reaction model, quantifying paramet-
ric uncertainties on the optical potentials, to obtain uncertainty
intervals for knockout observables, both momentum dis-
tributions and integrated cross sections. We first perform
a calibration of the optical model parameters using mock
elastic-scattering data as the constraint. Then we propagate the
resulting posterior distributions through the knockout reaction
framework. We consider the knockout of a halo nucleus 11Be
and that of a tightly bound system 12C on 9Be at 60A MeV
to cover the range of possible dynamics. We inspect the
two separate components contributing to knockout, namely,
the breakup component (more sensitive to larger impact pa-
rameters) and the stripping component (sensitive to surface
effects).

There were two aspects we studied in detail, in preparation
for the full analysis: first, the relevance of the imaginary sur-

face term relative to the imaginary volume term in the optical
potentials, and second, the relevance of backward angles in
the elastic-scattering data used to constrain the interaction.
We find that, even at these intermediate energies, it is mostly
the surface term of the optical potential that is constrained
by elastic-scattering data. Having an unconstrained imagi-
nary volume term in the effective interactions can introduce
large uncertainties in the knockout predictions, particularly
in the stripping component which is sensitive to the imagi-
nary strength. We resolve this ambiguity by following Koning
and Delaroche; we take the geometry of the imaginary vol-
ume term to be the same as that of the real volume term.
However, it is clear that this uncertainty could be greatly
reduced by using more nonelastic reaction data that constrain
the imaginary part of these potentials. Concerning the impor-
tance of backward angles in the elastic angular distributions
used to calibrate the optical potentials, while this has a pro-
nounced effect in the uncertainty bands obtained for elastic
scattering, their impact on the knockout observables is not
convincing. The influence it has on the breakup component
is insignificant, and the effect on the stripping component is
entangled and depends simultaneously on the overlap func-
tion of the projectile and both the n-9Be and c-9Be optical
potentials.

We next perform the full analysis, quantifying both the
n-9Be and c-9Be parametric optical potential uncertainties.
These two contributions do not add up coherently and must be
evaluated simultaneously. We show that for the one-neutron
knockout off a loosely bound projectile, the parametric 1σ

uncertainty is comparable to the experimental one, i.e., about
15%, while for a more deeply bound projectile, these paramet-
ric errors dominate and are about 40%.

In addition, we also include a microscopic study, in which
the optical potentials are obtained from many-body calcula-
tions with chiral force. We propagate the uncertainties from
chiral EFT directly to the knockout observables, without any
calibration to elastic-scattering data. The microscopic optical
potentials predict larger absorption for the fragment-target
interactions used, and there are significant differences in the
magnitude of the total knockout cross section. Although the
relative importance of breakup and stripping contributions
differs when compared to the phenomenological approach,
our results produce a 1σ uncertainty band for knockout of the
same order of magnitude as the phenomenological approach.

In conclusion, we expect that any information on the
overlap function, such as the root mean square radius or the
spectroscopic factor, inferred from the ratio of experimental to
theoretical knockout cross sections, will carry an uncertainty
of at least ≈√

0.12 + 0.42 × 100 ≈ 40% (assuming the
experimental 10% and theoretical 40% uncertainties are
uncorrelated). For loosely bound nuclei, if no accurate
theoretical prediction exists for the ANC, one can extract it
from the ratio of the experimental and theoretical knockout
integrated cross sections, when the process is peripheral
[14,27]. The uncertainties on the extracted ANC will derive
mainly from the experimental errors and the theoretical
uncertainties coming from the optical parameters. In the 11Be
example discussed here, the theoretical 1σ errors are about
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15% and the experimental ones are about 15%. Thus the 1σ

uncertainties on the ANC2 will therefore be about√
0.152 + 0.152 × 100 ≈ 20%.
Furthermore, additional model uncertainties such as the

adiabatic approximation and core spectator assumptions may
be less accurate, especially for the removal of deeply bound
nucleons [40,41]. Recent efforts have been devoted to de-
velop new models for knockout relaxing these approximations
[44,45]. Once these new models become available, it will be
useful to apply Bayesian tools to perform model comparison
between the two approaches.
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APPENDIX A: IMPORTANCE OF THE SURFACE TERM

Here, we investigate the importance of the surface term in
the optical potential and how well it can be constrained with
elastic-scattering data before the parameters are propagated to
knockout observables. We first consider the n-9Be interaction,
using two parametrizations for the optical potential. In one,
we set the surface depth to zero and only vary the six param-
eters of the volume term, performing the Bayesian analysis
by fitting to elastic-scattering data with angles up to 60◦.
The parameter posterior distributions are shown as the green
distributions and contours in Fig. 4(a). Although the posterior
distributions for the real depth, radius, and diffuseness are
well constrained, the parameters in the imaginary volume term

FIG. 4. Comparison of two Bayesian analyses of the optical potential parameters of the n-9Be interaction: (green) volume real and
imaginary parameters included in the optimization and (blue) the real volume, imaginary surface, and imaginary volume parameters included
in the optimization while imposing the constraint rW = rV and aW = aV . (a) Corner plots; corresponding 68% (hatched area) and 95% (dashed
lines) uncertainty bands for (b) elastic-scattering cross section of n off 9Be and (c) one-neutron knockout cross section σko = σbu + σstr of 11Be
off a 9Be target at 60A MeV, along with its (d) diffractive-breakup σbu and (e) stripping σstr contributions.
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FIG. 5. Influence of the experimental angular range for the c-9Be interaction on observables: the optical potential parameters are constrained
with data ∈ [0, 11◦] (f., in blue) and ∈ [0, 30◦] (f. + b., in magenta). (a) Corner plots for the 10Be-9Be optical potential parameters; (b) elastic-
scattering cross sections (normalized to Rutherford) of 10Be off 9Be as a function of the scattering angle θ with mock data ∈ [0, 11◦] (black
points) and ∈ [11◦, 30◦] (gray points); one-neutron knockout cross sections, (c) σko, and their contributions, (d) σbu and (e) σstr , of 11Be and
(f)–(h) 12C off a 9Be target at 60A MeV.

have very wide distributions—sometimes even wider than the
prior and beyond the limits of what we typically consider
reasonable for optical potentials. In particular, the geometry of
the imaginary volume term (rW , aW ) is not well constrained,
leading to a broad distribution in the depth (W ).

In Fig. 4(b), we show the 68% (hatched) and 95% (dashed)
uncertainty bands for the n-9Be elastic-scattering cross sec-
tion. Even though the imaginary volume terms are fairly
unconstrained, the uncertainty intervals are constrained within
the angular range covered by the data, and the uncertainties
are reasonable at backward angles, particularly when con-
sidering the 1σ intervals. However, when these potentials
are propagated to the knockout observables, as shown for a
11Be projectile in Fig. 4(c), the constraint is much poorer,
particularly for the stripping contribution [Fig. 4(e)]. This
feature is understandable as the imaginary strength of the
interaction quantifies the probability of the neutron to be ab-
sorbed by the target. Neither adding more elastic scattering
data at backward angles nor including the reaction cross-
section data in the fit improves the constraint on the imaginary
part of this potential. This indicates that at these high energies
(above 60A MeV), the imaginary volume geometry is not
well constrained by elastic-scattering data. This conclusion
also holds for all of the core-target interactions studied in this
work.

Instead, we include both volume and surface imaginary
terms in the optimization. It was seen in Ref. [13] that elastic
scattering alone was not enough to constrain the three terms in
the optical potential in Eq. (1), so following that prescription,
we fix the geometry of the imaginary volume term to be
the same as that of the real volume term, that is, rW = rV

and aW = aV (consistently with Ref. [35]). The parameter
posterior distributions and contour plots are again shown in
Fig. 4(a), in blue. We see similar posterior distributions for
the real volume potential parameters and, as expected, the ge-
ometry of the imaginary volume term is much more strongly
constrained. However, while the imaginary surface radius has
a narrow posterior distribution, the width of the diffuseness
and depth posteriors of this piece of the potential are wider
than the prior distributions. These wide distributions also lead
to very wide uncertainty intervals on the elastic-scattering
cross section, shown in Fig. 4(b) by the blue hatched and
dashed regions.

The tighter constraints on the imaginary volume and
surface radii provided by the elastic-scattering data reduce
the uncertainties on the stripping cross section [Fig. 4(e)];
uncertainties of these cross sections are now compara-
ble to the ones on the diffractive breakup contribution
[Fig. 4(d)]. This indicates that knockout observables could
provide a tighter constraint on the optical potential than only
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elastic-scattering data. Interestingly, the widths of the un-
certainty intervals on the breakup contribution are similar
between the two calculations (no surface term and fixed vol-
ume geometry) as seen in Fig. 4(d), but this feature is not
surprising as the breakup contribution depends on the prob-
ability for the neutron to be scattered by the target, which is
well constrained by both interactions by fitting to the elastic-
scattering data. We do note that σbu is smaller when the
volume and surface imaginary potentials are included in the
optimization, due to a larger absorption from both imaginary
terms.

This conclusion holds also for the other system studied
in this work. For the tightly bound 12C case, we observe
that the geometry of the imaginary volume term of the c-9Be
interaction is also poorly constrained by elastic-scattering
data and adding reaction cross-section data (not shown here)
did not improve the constraint. Nevertheless, since the core
survives the collision in the knockout reaction, the effect of
the unrealistic geometry of the imaginary part of the core-
target interaction is less dramatic on knockout cross sections.
However, for consistency, we keep the geometry constraint
rW = rV and aW = aV for all reactions studied in this work.3

APPENDIX B: INFLUENCE OF THE BACKWARDS
SCATTERING ANGLES FOR THE c-9Be INTERACTION

In this Appendix, we extend the analysis presented in
Sec. III A and we study the effect of the backward scattering
angles in the fit of the c-9Be interaction on elastic-scattering
and knockout observables.

3We verified that using a geometry similar to the one of the mock
potential, i.e., 1.04 × rW = rV and aW = aV for the c-9Be interaction,
does not significantly influence our results.

In Fig. 5, we compare two Bayesian analyses of the c-9Be
interaction constrained with mock elastic-scattering data at
angles ∈ [0, 11◦] (in blue) and ∈ [0, 30◦] (in magenta). Simi-
lar to the analysis in Sec. III A, additional data at backward
scattering angles reduce the 95% (dashed lines) and 68%
(hatched) uncertainty intervals on the elastic-scattering cross
section in this angular range [see Fig. 5(b)]. However, in
this case, the posterior widths stay similar and only the
diffuseness and depth parameter correlations are impacted
[see Fig. 5(a)]. We observe similar features for the 11C-9Be
interaction.

On one hand, for the one-neutron knockout of 11Be
[Figs. 5(c)–5(e)], including data at backward angles for the
10Be-9Be interaction does not affect the uncertainty inter-
vals for both contributions [Figs. 5(d) and 5(e)] to the total
knockout cross section [Fig. 5(c)]. This can be easily un-
derstood by the fact that, as the 10Be core needs to survive
the collision, only contributions for large impact parame-
ters, i.e., forward scattering angles, play an important role
for this process. On the other hand, for the removal of a
more deeply bound neutron [Figs. 5(f)–5(h)], including data
at larger angles in the fit of the 11C-9Be interaction in-
creases the uncertainty bands of both the diffractive-breakup
[Fig. 5(g)] and stripping cross sections [Fig. 5(h)]. As ex-
plained in Sec. III A, these contrasting effects for the removal
of loosely and more deeply bound neutrons can be under-
stood by the different mechanisms at play during the reaction.
Indeed, for the deeply bound case, the stripping process is
influenced mainly by small impact parameters of both the neu-
tron and the core, which correspond to backward core-target
scattering angles. This analysis confirms the conclusions
drawn in Sec. III A. The uncertainties due to both optical
potentials do not simply sum up; they can therefore only
be quantified with a joint Bayesian analysis involving both
interactions.
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