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Prolate-shape dominance in atomic nuclei within the deformed relativistic
Hartree-Bogoliubov theory in continuum
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The dominance of prolate over oblate ground-state deformations has been a well-known empirical fact. With
the state-of-the-art deformed relativistic Hartree-Bogoliubov theory in continuum (DRHBc) and taking Te, Xe,
and Ba isotopes with neutron number 82 � N � 126 as examples, a self-consistent and microscopic study of the
prolate-shape dominance is given. According to the calculated potential-energy curves, most of these isotopes
have both prolate and oblate minima and prefer prolate in the ground state, while the small amount of oblate
ground-state shapes mainly appear after the major shell is half filled. It is also found that the prolate-shape
dominance enhances with the proton number increasing from 52 to 56. The dominance and its enhancement can
be well understood by the microscopic canonical single-particle energies obtained in the DRHBc theory, in good
agreement with the schematic interpretation based on the Nilsson diagram. Finally, pairing correlations are found
to bring more energy displacements to oblate minima on average but do not play a decisive role in prolate-shape
dominance.
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I. INTRODUCTION

It has been a well-known empirical fact that vast majority
of deformed nuclei are prolate rather than oblate [1]. Besides
the overwhelming dominance of prolate over oblate, another
interesting characteristic of nuclear ground-state deformation
is that these few oblate nuclei mainly appear near the very end
of a major shell. This intriguing prolate-shape dominance has
attracted extensive attention and discussion [2–26].

In the textbook of Casten [14], he outlined an inspiring
understanding on the origin of the prolate-shape dominance
from the simple perspective of a Nilsson diagram. The relative
angular orientations of different K orbitals and the specific
sequence of single-particle j shells are two essential points.
The former results in the fact that there are more downslop-
ing orbitals with low K values on the prolate side than the
downsloping orbitals with high K values on the oblate side.
The latter makes low K orbitals from different j shells come
together on the prolate side and interact, thus lowering the
lowest orbitals further.

To address the origin of the prolate-shape dominance
more quantitatively, many different approaches have been
employed. Tajima et al. have performed systematic Skyrme
Hartree-Fock plus BCS calculations on the ground states
of even-even nuclei and found the overwhelming prolate-
shape dominance in the nuclear region with N > 50, which
was suggested owing to the change of the nature of the
major shells from the harmonic-oscillator shell to the Mayer-
Jensen shell [12]. In Ref. [18], Hamamoto and Mottelson
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compared the system’s total energies defined as the sum of
the lowest-lying single-particle energies obtained from pure
harmonic-oscillator and spheroidal infinite-well potentials. By
the comparisons, they emphasized the importance of the sur-
face of one-body potentials and commented that the spin-orbit
potential alone cannot affect the prolate-shape dominance.
Within the framework of the Nilsson-Strutinsky method, it is
found that the synergism of the surface effect and the spin-
orbit potential has influence on the prolate-shape dominance
[15]. This study has been extended to the Woods-Saxon po-
tential, where the role of the spin-orbit potential is further
addressed [21,22]. Recently, the proxy-SU(3) model has been
applied to investigate the prolate-shape dominance and it turns
out that prolate-dominance can be understood within this al-
gebraic model [24,26].

Pairing correlations are of significance in the description
of nuclear ground-state properties. From a general point of
view, pairing correlations would enhance the dominance of
prolate over oblate, as oblate minima with relatively smaller
deformations more easily become spherical under pairing cor-
relations [18]. However, the numerical results based on the
Strutinsky shell-correction method showed that pairing cor-
relations have different influences under different parameter
conditions [16,22]. In some cases pairing correlations may
enhance prolate-shape dominance whereas in others they may
have preference for oblate ones.

The covariant density functional theory (CDFT), which
includes the Lorentz invariance from the very beginning,
has been a powerful method for its successful descriptions
of many nuclear phenomena [27–35]. Based on the CDFT,
in order to properly consider the continuum effect in a
microscopic and self-consistent way, the relativistic contin-
uum Hartree-Bogoliubov (RCHB) theory was developed in
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Refs. [36,37] with the relativistic Hartree-Bogoliubov (RHB)
equations solved in the coordinate space. Inheriting the advan-
tages of RCHB theory and including the deformation degree
of freedom, the deformed relativistic Hartree-Bogoliubov the-
ory in continuum (DRHBc) was developed in Refs. [38,39]
with the deformed RHB equations solved in a Dirac Woods-
Saxon basis [40,41]. Both the RCHB and DRHBc theories
can treat the stable and exotic nuclei in a unified manner
and have achieved great success, such as Refs. [36,42–50]
and Refs. [51–67]. Very recently, based on the point-coupling
density functional PC-PK1 [68], the DRHBc mass table for
even-even nuclei has been constructed [69,70], and the table
for odd-A and odd-odd nuclei is under construction [71]. From
the DRHBc mass table, one can easily find the dominance of
the prolate shape over the oblate shape [70]. Therefore, it is
interesting to probe the prolate-shape dominance within the
state-of-the-art microscopic DRHBc theory. Besides, many
investigations on the prolate-shape dominance of stable nuclei
have been performed. With the DRHBc theory, it is possible
for us to further probe the prolate-shape dominance of more
unstable nuclei near the drip line.

In this paper, we take Te, Xe, and Ba isotopes with neutron
numbers in the major shell 82 � N � 126 as examples. In
this nuclear region, a typical prolate-shape dominance for
both even-even nuclei and odd-A nuclei will be presented
with the DRHBc calculations. The single-particle energies in
the canonical basis will be given to further understand the
dominance. To figure out the contributions of pairing effects,
the calculated results with and without pairing correlations
will be compared.

II. THEORETICAL FRAMEWORK

The details of the DRHBc theory can be found in
Refs. [38,39,69,71]. Here only a brief introduction is pre-
sented. In the DRHBc theory, the mean field and pairing
correlations are treated self-consistently by the relativistic
Hartree-Bogoliubov (RHB) equation [72],(

ĥD − λτ �̂

−�̂∗ −ĥ∗
D + λτ

)(
Uk

Vk

)
= Ek

(
Uk

Vk

)
, (1)

where ĥD is the Dirac Hamiltonian, λτ is the Fermi energy of
neutron or proton (τ = n, p), � is the pairing potential, Ek is
the quasiparticle energy, and Uk and Vk are the quasiparticle
wave functions. In the coordinate space,

hD(r) = α · p + V (r) + β[M + S(r)], (2)

where M is the nucleon mass, and S(r) and V (r) are scalar and
vector potentials, respectively. The pairing potential � reads

�(r1, r2) = V pp(r1, r2)κ (r1, r2), (3)

where κ is the pairing tensor [73] and V pp is a density-
dependent zero-range pairing force,

V pp(r1, r2) = V0
1

2
(1 − Pσ )δ(r1 − r2)

(
1 − ρ(r1)

ρsat

)
. (4)

For an axially deformed nucleus with spatial reflection
symmetry, the potentials and densities are expanded in terms

of the Legendre polynomials,

f (r) =
∑

λ

fλ(r)Pλ(cos θ ), λ = 0, 2, 4, . . . , λmax. (5)

For an exotic nucleus whose Fermi energy is close to the
continuum threshold, the continuum effect induced by pairing
scattering could make nucleon density more diffuse in spatial
distribution. To properly consider the continuum effect, the
deformed RHB equations (1) should be solved in coordinate
space with a large box or coordinate-like space. In the DRHBc
theory [38,39], one adopts the spherical Dirac Woods-Saxon
basis, in which the radial wave functions have a proper asymp-
totic behavior for large r.

After self-consistently solving the RHB equations, the total
energy Etot, quadrupole deformation β2, and other expectation
values can be calculated. The total energy of a nucleus is
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(6)

where the nucleon energy Enucleon reads

Enucleon =
∑
k>0

(λ − Ek )v2
k − 2Epair, (7)

with

v2
k =

∫
d3rV †

k (r)Vk (r). (8)

The pairing energy Epair, with the zero-range pairing force, is
calculated by

Epair = −1

2

∫
d3rκ (r)�(r). (9)

The center-of-mass (c.m.) correction energy is calculated by

Ec.m. = − 〈P̂2〉
2MA

, (10)

where A is the mass number, and P̂ = ∑A
i p̂i is the total

momentum in the c.m. frame [74–76]. The quadrupole defor-
mation is calculated by

βτ,2 =
√

5πQτ,2

3Nτ

〈
r2
τ

〉 , (11)

where Qτ,2 is the intrinsic quadrupole moment:

Qτ,2 =
√

16π

5
〈r2Y20(θ, φ)〉. (12)

The canonical basis is obtained by diagonalizing the den-
sity matrix ρ [73],

ρ|ψi〉 = v2
i |ψi〉, (13)
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where the eigenvalue v2
i is the corresponding occupation

probability of |ψi〉. Due to the axial and spatial reflection
symmetries, the third component K of the angular momentum
and parity π are good quantum numbers to characterize the
canonical single-particle levels.

For an odd-A or odd-odd nucleus, the blocking effect of the
unpaired nucleon(s) needs to be considered. Here the blocking
effect is included with the equal filling approximation [77,78].
More details can be found in Refs. [71,78].

III. NUMERICAL DETAILS

In this paper, we focus our DRHBc investigations for
prolate-shape dominance on the Te, Xe, and Ba nuclei with the
neutron number belonging to one major shell, i.e., 82 � N �
126. In the corresponding DRHBc calculations, the numerical
conditions determined for constructing a global mass table
as presented in Refs. [69,71] are used. For the particle-hole
channel, the relativistic density functional PC-PK1 [68] is
adopted and for the particle-particle channel, the density-
dependent zero-range pairing force in Eq. (4) is used, with the
pairing strength V0 = −325 MeV fm3, the saturation density
ρsat = 0.152 fm−3 and the cutoff energy in the quasiparticle
space 100 MeV for the pairing window. To guarantee the
convergence accuracy, the energy cutoff E+

cut = 300 MeV and
the angular-momentum cutoff Jmax = (23/2)h̄ for the Dirac
Woods-Saxon basis are used. Note that the number of states
in the Dirac sea is taken to be the same as that in the Fermi
sea [38–40]. Moreover, the maximum K value to be con-
sidered in the deformed single-particle orbitals is equal to
the value of Jmax. In Refs. [79,80] where the deformed rel-
ativistic Hartree-Fock-Bogoliubov equations are solved with
DWS basis, another truncation quantity Kmmax is introduced to
represent the number of blocks considered for the orbitals with
the maximum K value. The present truncation recipe in our
work corresponds to Kmmax = 1. For the Legendre expansion of
the deformed potentials and densities, the Legendre expansion
truncation λmax = 6 is used.

To make a quantitative analysis of prolate-shape domi-
nance, one needs to find out both the prolate minimum and
oblate minimum of a nucleus. To find correct local minima
without paying high computational cost, we have performed
unconstrained DRHBc calculations with initial deformations
β2 = −0.4, −0.2, 0.0, 0.2, 0.4, and 0.6. Then the solution
with the lowest total energy corresponds to the ground state,
whereas the solution with the lowest total energy at the prolate
(oblate) side corresponds to the prolate (oblate) minimum.
Constrained calculations have been performed for several
selected nuclei and the outcomes for the prolate (oblate)
minimum are consistent with the unconstrained calculations,
which guarantees the correctness of the selection and the self-
consistency of the DRHBc calculations.

IV. RESULTS AND DISCUSSION

A. Evolution of ground-state deformation

The ground-state quadrupole deformation parameters β2

as functions of the neutron number within the major shell
82 � N � 126 for Te, Xe, and Ba isotopic chains in the

DRHBc calculations are shown in Fig. 1. For Te isotopes,
except for the beginning N = 83 and 84, the deviation from
the spherical shape to the prolate shape after the shell closure
N = 82 and the increase of the absolute value |β2| before
midshell can be clearly seen. After midshell around N = 100,
|β2| starts to decrease gradually as expected and it suddenly
becomes close to zero at N = 111. Then the deformation
remains small up to the magic number N = 126, while the
last four odd Te isotopes tend to be slightly prolate. The most
striking behavior in the Te isotopic chain is the drastic change
from a prolate shape with β2 = 0.30 at N = 101 to an oblate
shape with β2 = −0.20 at N = 102. Besides the global evolu-
tionary trend, a slight odd-even neutron number dependence
of the ground-state deformation in Te isotopes can also be
noticed.

Similar to Te, except for 140Ba with N = 84, the ground-
state deformation parameters for Xe and Ba increase after
the shell closure N = 82 and reach the maxima near midshell
around N = 100. The shapes of Xe and Ba also deviate from
spherical to prolate at the beginning of the major shell, and
change to oblate dramatically. But in comparison with N =
101 for Te, the transformation points for Xe and Ba isotopic
chains are delayed by 4 and 10 neutrons to N = 105 and
N = 111, respectively. The shapes of Xe and Ba turn back
into prolate at N = 117 and N = 115 again, respectively, and
finally return spherical at the edge of the major shell N = 124
and N = 126. Besides, the slight odd-even neutron number
dependence of the ground-state deformation can also be seen
in Xe and Ba isotopes. In a word, most of the ground-state
shapes of Te, Xe, and Ba prefer prolate after the shell closure
N = 82, and the small amount of oblate ground-state shapes
mainly be found after the major shell is almost half filled.

As clearly reflected in Fig. 1, the number of nuclei with
prolate ground-state shapes is significantly larger than oblate
one, namely the prolate-shape dominance in the 82 � N �
126 major shell can be self-consistently obtained within the
microscopic DRHBc theory. Quantitatively for Te, 36 nuclei
are obtained to be deformed with 14 (38.9%) being oblate.
For Xe, 11 of 42 (26.2%) deformed nuclei are oblate and, for
Ba, only 3 of 41 (7.32%) deformed nuclei are oblate. The de-
crease of this ratio suggests the enhancement of prolate-shape
dominance as the proton number Z increases from 52 to 56.
In addition, the delay of the prolate-to-oblate transformation
point shown in Fig. 1 also highlights the important role played
by proton here.

The evolution of the ground-state deformations, espe-
cially the drastic prolate-to-oblate changes mentioned above
can be better understood with the potential-energy curves
(PECs), which are obtained by the quadrupole deformation
constrained DRHBc calculations. The PECs of selected Te,
Xe, and Ba isotopes with even N = 82, 90, . . . , 122 and odd
N = 83, 91, . . . , 123 are displayed in Fig. 2. As shown, ex-
cept for a few nuclei near the beginning or the end of the
major shell, most nuclei have two local minima with one at
the prolate side and the other at the oblate side. For instance,
both the PECs of 170Ba and 171Ba have two local minima
respectively lying at the prolate and oblate sides, and their
energies are close to each other. In 170Ba the oblate minimum
is slightly lower, but in 171Ba the prolate one is slightly lower,
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FIG. 1. Quadrupole deformations as functions of the neutron number with 82 � N � 126 for Te (red square), Xe (blue circle), and Ba
(green diamond) isotopic chains in the DRHBc calculations with density functional PC-PK1.

corresponding to the sudden change of ground-state shape
from oblate to prolate here.

B. Prolate and oblate minima

To further probe the prolate-shape dominance in this nu-
clear region, it is natural for us to focus on the quadrupole
deformation parameters β2 of the prolate and oblate minima
and the energy difference between them, i.e.,

Ediff = Emin(oblate) − Emin(prolate). (14)

For the cases with only one spherical minimum in PECs, e.g.,
for 134,174Te, we consider it as both prolate and oblate minima
and then let Ediff = 0.

Figure 3 presents the deformation evolutions of both pro-
late and oblate minima as well as the energy difference Ediff

between them obtained in the DRHBc calculations for Te,
Xe, and Ba isotopes. As displayed in Fig. 3(a), for most Te
isotopes, there exist both prolate and oblate minima. But for
the even isotopes 134,136Te at the beginning of and 164–178Te
at the end of the major shell, only the spherical minima
are obtained. It is interesting to note their neighboring odd
isotopes such as 135Te and 165–177Te exhibit both prolate and
oblate minima with very small |β2| values, which highlights
the polarization effect of the odd nucleon. For the remaining
isotopes, the |β2| values of both prolate and oblate minima
increase with neutron number before the midshell and de-
creases after the midshell. Most absolute values of β2 at the
prolate side are larger than those at the oblate side. Specif-

FIG. 2. Evolution of the potential-energy curves of Te, Xe, and Ba isotopes with even N = 82, 90, . . . , 122 (red solid lines) and odd
N = 83, 91, . . . , 123 (blue dashed lines). For clarity, in each panel, the PEC of the lightest isotope (134Te, 136Xe, and 138Ba) is renormalized to
its ground state, and other PECs are shifted upward by 0.5 MeV per increasing one neutron. The evolution of the ground-state deformation is
shown with the black squares.

014319-4



PROLATE-SHAPE DOMINANCE IN ATOMIC NUCLEI … PHYSICAL REVIEW C 108, 014319 (2023)

FIG. 3. Quadrupole deformation parameters β2 of the prolate
(blue squares) and oblate (green triangles) minima, as well as the
energy difference (red circles) between them Ediff = Emin(oblate) −
Emin(prolate), as functions of the neutron number for Te, Xe, and Ba
isotopic chains in the DRHBc calculations with PC-PK1.

ically, the maximum of |β2| of prolate minimum is 0.329,
larger than the maximum of |β2| = 0.202 at the oblate side.
They both reach the maximum at N = 101. For the energy
difference between the prolate and oblate minima Ediff, it can
be found that the value increases with neutron number until
Ediff = 2.21 MeV at N = 89 and then decreases, correspond-
ing to the prolate ground states for nuclei before midshell.
The Ediff alters the sign at N = 102, corresponding to the
drastic change of ground-state shape to oblate as shown in
Fig. 3. The lowest Ediff = −1.61 MeV appears at N = 111 and
then suddenly drops to zero as the nucleus 164Te is spherical.
Furthermore, we highlight the region where |Ediff| � 1 MeV
to show the nuclei whose prolate and oblate minima have very
close energies. It is found that nuclei from 146Te94 to 159Te107

all have prolate and oblate minima close in energy and with
relatively large deformation, indicating that they might be
good candidates of shape coexistence.

For Xe and Ba isotopes presented in Figs. 3(b) and 3(c),
except for few exceptions like 136,178,180Xe and 138,182Ba, all
nuclei have two minima. In consistent with Te isotopes, the
|β2| of both prolate and oblate minima increases with neutron
number before the midshell and decreases after the midshell,
and most |β2| at the prolate side are larger than those at the
oblate side. The maxima of |β2| at both prolate and oblate
sides also appear around N = 101. The evolutionary trends
of the Ediff curves in Xe and Ba isotopes are similar to Te,
i.e., the value increases with neutron number until N = 89 and
then decreases, corresponding to the prolate ground states for
nuclei before midshell. The Ediff alters the sign at N = 106
for Xe and at N = 112 for Ba, respectively, corresponding to

FIG. 4. (a) Single-neutron energies in the canonical basis of 154Te
as functions of the deformation parameter β2 obtained in the DRHBc
calculations. The Fermi energy as a function of quadrupole deforma-
tion is also displayed by a dashed line. The deformation parameters
of the prolate and oblate minima are marked by the vertical dashed
lines. The neutron number obtained by filling all the lower levels is
shown with a circle at several energy gaps. The spherical subshells l j

are denoted and the p f shell includes p3/2, f5/2, and p1/2. For clarity,
the orbitals stemming from the spherical subshell l j=l+1/2 are shown
in blue and those from the subshell l j=l−1/2 are in red. (b) The same
as panel (a) but for single-proton energies.

the drastic changes to the oblate ground-state shape. However,
Ediff alters the sign again at N = 117 for Xe and at N = 115
for Ba, respectively, which corresponds to the return of the
prolate ground-state shape and remarkably shrinks the regime
of oblate ground states in comparison with Te. If comparing
the Ediff in the three isotopic chains quantitatively, it can be
found that the Ediff for the same N seems to increase as the
proton number increases from 52 to 56, that is, the curve of
Ediff roughly moves up with Z .

C. Canonical single-particle energies

As discussed in the literature, such as Refs. [14,18,25], the
prolate-shape dominance is closely related to the underlying
single-particle energy spectra on the prolate and oblate sides.
To get a further understanding of the origin of the prolate-
shape dominance in this nuclear region, it is of particular
interest for us to examine the single-particle levels obtained
in the self-consistent DRHBc calculations. As an example,
Fig. 4 shows the calculated single-particle energies in the
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canonical basis as functions of the deformation parameter β2

for 154Te.
When a nucleus is axially deformed, the total angular mo-

mentum j is not a good quantum number any more, but its
projection on the symmetry axis K remains a good quantum
number. So, as presented in Fig. 4, a j shell in the spherical
case will spilt into several K orbitals on the prolate and oblate
sides. It is obvious that the splitting of single-particle levels is
asymmetric with the prolate-oblate transformation. As seen in
Fig. 4(a), the neutron levels near the Fermi energy for 154Te
are orbitals stemming from the spherical f7/2, p f shell, h9/2

as well as the intruder subshell i13/2.
From a casual inspection of Fig. 4(a), we can see orbitals

with downward slope on both prolate and oblate sides. As is
well known, orbitals with low K values tend to go downward
on the prolate side whereas high K orbitals have a down-
ward trend on the oblate side. One can notice in Fig. 4(a)
that there are more downsloping orbitals on the prolate side
than the other side. Generally a high j shell will split more
downsloping orbitals on the prolate side than the oblate side.
For instance, orbitals with |K| � 7

2 from i13/2 have a down-
ward slope while only orbitals with |K| � 9

2 upward on the
prolate side. It stems from the fact that the orientations of the
orbital planes change very little for low K values, but increase
rapidly for high K [14].

In addition, the lowering of downsloping orbitals due to
interactions between low K orbitals can also be found in
Fig. 4(a) [14]. Focusing on the lowest K = 1

2 orbital from f7/2

on the prolate side, one notices that it has large downward
slope at the beginning and then is pushed still lower due to
the interaction with the K = 1

2 orbital from h9/2. Owing to
the simple fact that only high j shells have high K orbitals
while every subshell in a major shell can split out low K
orbitals, the avoided-crossing interactions between the same
K orbitals will strengthen the fanning out of the prolate side
but reduce the fanning out of the oblate side. This brings an
apparent asymmetry in the splitting of single-neutron levels,
and finally results in an energetic preference for prolate shape
and the emergence of the prolate-shape dominance. Neverthe-
less, after these strong downsloping orbitals on the prolate side
have been filled with N ≈ 102, a preference for oblate shape
may have a chance to develop, producing the occurrence of
oblate ground states in the second-half of the major shell. It
is interesting to note that, in comparison with the traditional
Nilsson diagram [14,73], the DRHBc calculations predict that
the positive parity i13/2 orbital is the highest spherical subshell
within the major shell (82 � N � 126) instead of in the mid-
dle. Still one can see that the lowest three orbitals stemming
from i13/2 descend so rapidly that they can make contributions
to the prolate-shape dominance in this nuclear region. By
further increasing N towards 126, the deformation gets close
to zero. As seen in Fig. 4, the filling of the orbitals from
i13/2 would become more important. In this sense, due to the
existence of three strongly downsloping orbitals from i13/2 on
the prolate side, the nucleus would prefer the prolate shape. As
a result, the sign of Ediff might change again from negative to
positive and the oblate to prolate shape transformation appears
near the end of the major shell. Investigations on the single-
neutron levels for some other Te isotopes as well as Xe and Ba

isotopes have been done and the similarities of shell structure
have been identified, which can explain the similarities of the
energy displacement Ediff presented in Fig. 3.

As seen in Fig. 4(b), the proton levels near the Fermi
energy for 154Te are orbitals stemming from the spherical g9/2,
g7/2, and d5/2. One can notice that, after the shell closure
(Z = 50), the lowest spherical shell here is the high- j orbital
g7/2. Similar to the case presented in Fig. 4(a), the K = 1

2
orbital stemming from g7/2 has a large downward slope due
to the interaction with the same K = 1

2 orbital from d5/2.
From the single-proton and single-neutron levels in Fig. 4, a
possible explanation can also be given on the enhancement of
the prolate-shape dominance as proton number increases from
52 to 56. Figure 3 shows that after the shell closure (N = 82)
with neutron filling downsloping f7/2 and h9/2 orbitals, Ediff

increases with neutron number increasing from 84 to 88, indi-
cating more energetic preference for prolate shape. Similar to
the case, the filling of protons in the downsloping g7/2 orbital
after the shell closure (Z = 50) can also bring more energetic
preference for prolate shape, thus enhancing the prolate-shape
dominance as Z increases from 52 to 56.

D. Pairing effects

Pairing correlations are essential in understanding many
nuclear properties [73]. Therefore, it is meaningful to study
the influence of pairing correlations on the prolate-shape
dominance within the self-consistently microscopic DRHBc
calculations. Taking Te isotopic chain as an example, Fig. 5
shows the impacts of pairing correlations on the prolate-oblate
shape competition, including the influence on the quadrupole
deformation parameters of the prolate and oblate minima, on
the corresponding binding energies, as well as on the energy
difference Ediff by comparing the results with and without
pairing correlations.

As presented in Fig. 5(a), pairing correlations will in gen-
eral make |β2| of both prolate and oblate minima become
smaller. In particular, at the beginning and end of the major
shell, for most nuclei with moderate deformation in the ab-
sence of pairing, the inclusion of pairing correlations leads
them spherical or nearly spherical. This behavior is what we
can expect, as the existence of monopole pairing correlations
favors a spherical nuclear shape [73].

Figure 5(b) shows a detailed examination on the total-
energy displacements �E brought by the pairing correlations
for both prolate and oblate minima. All the values of �E are
non-negative due to the fact that pairing correlations always
tend to make nuclei more bound. Also as expected, there
appears the obvious odd-even staggering in �E , because the
blocking of the odd nucleon will reduce the pairing effect
and then bring less binding in odd-N nuclei. It can be further
noticed that, for a certain nucleus, pairing correlations mainly
bring more binding to the oblate minimum than to the prolate
minimum; the opposite case seldom happens. Concretely, the
average energy displacement brought by the pairing correla-
tions for the oblate minima �E = 1.39 MeV is larger than
�E = 1.01 MeV for prolate ones. The larger �E of the oblate
minima might be attributed to the higher energy level densities
near the neutron Fermi surface. For example, as presented
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FIG. 5. The impacts of pairing correlations on the prolate-oblate
shape competition for Te isotopic chain obtained in the DRHBc
calculations with PC-PK1. (a) Quadrupole deformation parameters
of the prolate and oblate minima as functions of the neutron number
with (solid symbols) or without (open symbols) pairing correlations.
(b) Energy difference between the prolate local minima with and
without pairing correlations (red circles), and that between the oblate
ones (blue squares). (c) Energy difference between the prolate and
oblate minima with (black squares) or without (olive circles) pairing
correlations.

in Fig. 4, when about 98 neutrons are filled, three single-
particle levels very close in energy can be found at β2 ≈ −0.2,
whereas obviously less energy levels appear at β2 ≈ 0.3. This
indicates more energies from pairing effects on the oblate side
than the prolate side, which is consistent with the obviously
larger energy displacement for oblate minima in the region
97 � N � 100, as shown in Fig. 5(b). Similarly, the obviously
larger �E in the regions 84 � N � 90 and 116 � N � 124
can be understood from the higher level densities on the oblate
side as well.

Figure 5(c) further shows the energy difference between
the prolate and oblate minima Ediff for Te isotopes obtained by
the DRHBc calculations with pairing correlations, in compar-
ison with the corresponding calculations without pairing cor-
relations. As seen, the two curves of Ediff are roughly similar
to each other and their transformation points from the prolate
to oblate ground state are at the same nucleus 154Te. Corre-
sponding to the more binding brought to oblate minima shown
in Fig. 5(b), the prolate and oblate minima become more
close for many Te isotopes. For the detailed ratio, 16 of 45
(35.6%) deformed nuclei in ground state are oblate when cal-
culated without pairing correlations, in comparison with the
aforementioned ratio 14 of 36 (38.9%) when calculated with
pairing. These numbers indicate the prolate-shape dominance
in Te isotopes gets slightly weakened by considering pairing

correlations. As seen in Fig. 5(a), this weakening is mainly
caused by that several prolate nuclei at the end of the major
shell become spherical when including pairing correlations.

For Xe and Ba isotopes, we find similar effects of pairing
correlations on the prolate and oblate minima, i.e., pairing
correlations make |β2| of both prolate and oblate minima
become smaller and generally bring more binding to the oblate
minima than to the prolate minima. It is also found that 13 of
45 (28.9%) deformed Xe nuclei are oblate when calculated
without pairing in comparison with 11 of 42 (26.2%) when
with pairing, and 4 of 45 (8.89%) deformed Ba nuclei are
oblate when calculated without pairing in comparison with 3
of 41 (7.32%) when with pairing. This means, in contrast with
Te, pairing correlations slightly enhance the prolate-shape
dominance in Xe and Ba. By examining the energy difference
between the prolate and oblate minima, it is found that the en-
hancement comes from two reasons: (1) As noted in Ref. [18],
a few oblate systems with slight deformation become spher-
ical when pairing correlations are included. (2) Although,
in general, pairing correlations bring more binding to the
oblate minimum than to the prolate minimum, the opposite
cases happen occasionally and lead very few oblate systems
to become prolate when with pairing. Nevertheless, based
on the study of all three chains, one can draw a conclusion
that pairing correlations do influence the quantitative ratio of
prolate systems to oblate ones but do not play a decisive role
in the emergence of prolate-shape dominance.

Finally, it has to be mentioned that the present investigation
is in the axially symmetric case. In Ref. [81], by using the
triaxial relativistic Hartree-Bogoliubov (TRHB) theory with
the same density functional PC-PK1 but with the finite-range
separable pairing force, the authors have performed a systemic
study of the even-even nuclei with 8 � Z � 104. According to
their results, the prolate-shape dominance appears throughout
the nuclear landscape. For the Te, Xe, and Ba isotopes studied
here, the similarities and differences between present results
and those in Ref. [81] are worth noting. In the TRHB calcu-
lations, except 168Xe and 168,170,172Ba, all the other isotopes
are predicted to be spherical or axially deformed. Both the
behavior of prolate-shape dominance and the shape evolutions
along with the neutron number are quite similar between the
two results, only that in TRHB the prolate-to-oblate trans-
formation points are slightly shifted to N = 98 and N = 106
for Te and Xe isotopes, respectively, and for Ba isotopes
the few oblate ones in DRHBc are replaced by the triaxial
ones in TRHB. The displacement of the transformation points
can be attributed to the different pairing interactions adopted.
Nevertheless, this comparison indicates the inclusion of the
triaxial degree of freedom would not break the dominance of
prolate over oblate and the main conclusion presented here
still holds.

V. SUMMARY

In summary, taking Te, Xe, and Ba isotopes with neutron
number in the major shell 82 � N � 126 as examples, the
prolate-shape dominance is investigated with the state-of-the-
art microscopic DRHBc theory. It is found that most of these
isotopes prefer prolate after the shell closure N = 82, and the
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oblate ground-state shapes mainly appear after the shell is
half filled. As the proton number Z increases from 52 to 56,
the delay of the prolate-to-oblate transformation point and the
enhancement of prolate-shape dominance are shown. Accord-
ing to the calculated potential-energy curves, most studied
isotopes have both prolate minimum and oblate minimum, and
the drastic prolate-to-oblate transformation corresponds to the
strong competition between the two minima. The deforma-
tions of oblate and prolate minima and energy difference Ediff

between them are examined to further probe the prolate-shape
dominance. It is shown that prolate minima have overall larger
deformations than oblate ones. Additionally, it is found that
all three isotopic chains have similar evolutionary trends of
the Ediff curves and the enhancement of the prolate-shape
dominance is revealed by the moving-up of the Ediff curve
with Z . The prolate-shape dominance and its enhancement are
understood through the single-particle levels self-consistently
obtained by the DRHBc theory. The dominance can be mainly
attributed to more downsloping orbitals in quantity on the
prolate side and the interaction between them. Besides, both
proton and neutron can play an important role in prolate-shape
dominance. The effect of pairing correlations is also examined
by the comparison between the results with and without pair-
ing correlations. It is found that though pairing correlations
bring more energy displacements to oblate minima in average,
they do not play a decisive role in prolate-shape dominance.

In the future, the construction of the DRHBc mass table
[70,71] would allow us to investigate the prolate-shape domi-
nance on the whole nuclear chart rather than a specific nuclear
region, and in particular one may probe the phenomenon for
the vast weakly bound nuclei far away from the β-stability
line. In addition, it would be interesting to study the triaxial
effects on the prolate-shape dominance by using the newly
developed triaxial relativistic Hartree-Bogoliubov theory in
continuum [82] and to explore the beyond-mean-field effects
by restoring the rotational invariance and considering the
shape fluctuations.
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