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Perturbative QCD and the neutron star equation of state
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We construct a physics-agnostic approach to the neutron star (NS) equation of state (EoS) based on a sound
speed model, which connects both low-density information from nuclear theory and high-density constraints
from perturbative quantum chromodynamics (pQCD). Using this approach, we study the impact of pQCD
calculations on NS EoS that have been constrained by astrophysical observations. We find that pQCD affects
the EoS mainly beyond the densities realized in NS. Furthermore, we observe an interesting interplay between
pQCD and astrophysical constraints, with pQCD preferring softer EoS for the heaviest NS while recent NICER
observations suggest the EoS to be stiffer. We explore the sensitivity of our findings to pQCD uncertainties and
study the constraining power of pQCD if future observations of heavy NS were to suggest radii larger than

13 km.
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Introduction. Obtaining a consistent description of the
equation of state (EoS) of dense matter from low densi-
ties, where nuclear effective field theories (EFTs) are valid,
n < 2ngy, [1,2] with ng &~ 0.16 fm—3 being the nuclear sat-
uration density, up to the highest densities explored in the
universe, n & 8ng,, remains one of the major goals in nuclear
physics [3]. At lower densities n < 2ng,, advances in chiral
EFT (xEFT) [4,5] allow for a microscopic description of
nuclear matter consistent with the symmetries of quantum
chromodynamics (QCD). Furthermore, properties of matter
at these densities can be investigated in experiments with
atomic nuclei [6-11], allowing to calibrate high-precision en-
ergy density functionals (EDF) that accurately reproduce such
properties, see for instance Ref. [12] and references therein.
At larger densities, the situation changes drastically. In this
regime, effective nuclear potentials based on xEFT are no
longer applicable due to the breakdown of the EFT [1,2]. Fur-
thermore, the extrapolation of EDFs well beyond the density
regime where they were fit comes with systematic uncer-
tainties that are difficult to quantify [7,13—16]. Therefore,
at these densities, our understanding of dense neutron-rich
matter comes mainly from observations of neutron stars (NS),
which are arguably one of the most fascinating objects in the
universe, containing dense matter up to n = n°V < 8ng in
their cores [17]. Recent multimessenger observations of NS,
i.e., radio [18-21], x-ray [22-25], gravitational-wave (GW)
observations [26-28], and their electromagnetic (EM) coun-
terparts [29,30], have provided valuable new insights into
the EoS of dense matter [9,10,31-45]. Nevertheless, many
open questions remain, such as if phase transitions occur
in NS cores. Answering these questions requires both new
experimental and observational data [46-50], as well as new
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theoretical constraints, such as the ones we discuss in this
study.

A potential additional source of information can be added
at asymptotically large densities [33,51,52], n = nyqcp ~
40ng,, where the theory governing the strong force (QCD)
is perturbative, enabling calculations of the EoS of weakly
interacting quark matter via a perturbative treatment of the
QCD Lagrangian [53,54]. For example, Ref. [52] claimed
to have found evidence for the presence of quark matter in
NS cores by employing, among other constraints, perturbative
QCD (pQCD) calculations at large densities. While intriguing,
pQCD calculations are valid above npocp, whereas stable
NS are not expected to explore densities larger than nT°.
Given the order of magnitude that separates these two density
regimes, the importance of pQCD calculations in analyses of
NS matter cannot be estimated straightforwardly. Additional
systematic uncertainties might be introduced by the choice of
interpolation scheme between these different density regimes.

Komoltsev and Kurkela have recently suggested a new
method to link both density regimes, allowing them to ‘in-
tegrate backwards’, i.e., to propagate the pQCD constraints to
lower densities in a completely general, analytical, and model-
agnostic manner using only the thermodynamic potential and
the conditions of causality and mechanical stability [55]. They
concluded that, neglecting NS observations, pQCD calcula-
tions exclude about 65% of the area in the pressure-energy
density plane at n = Sng,. Here, we address whether pQCD
constraints affect the NS EoS when existing constraints from
astrophysical observations are accounted for, by employing a
very general approach to extrapolate the EoS [49] to higher
densities.

Approach. To reliably analyze the impact of the pQCD at
asymptotically high densities and compare it to astrophysi-
cal and experimental constraints at lower densities, we rely
here on the computational setup presented in Ref. [49]. This
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formalism is general enough to (i) capture our knowledge of
the low-density EoS where nuclear physics constraints exist,
(ii) fully explore the present uncertainties in observational NS
data, and (iii) allow for the implementation of pQCD con-
straints minimizing the effects of uncontrolled interpolations
over vastly separated density regions. For simplicity, the EoS
up to ng, is given by the Douchin-Haensel SLY model [56]
based on the Skyrme SLy4 EDF [57] that is well calibrated
to the properties of nuclear matter and finite nuclei and com-
monly used in astrophysical applications. Beyond ng,, we
describe the EoS using an extension in the speed of sound
plane, see Ref. [49] for more details. For each EoS, we then
calculate the NS mass-radius-tidal deformability relations and
analyze astrophysical observations of NS.

We consider (i) the tidal deformability A = 22273 at
90% confidence level (CL) for GW170817 [28], which is
consistent with other analyses [26,27], (ii) the independent
analyses of x-ray observations of pulsars JO740+6620 and
J0030+4-0451 by the NICER telescope [22-25] by averaging
over different results for the same source, and (iii) radio ob-
servations of heavy NS imposing Moy = 2 Mg [18-20].

In order to implement pQCD constraints, we follow the
approach of Ref. [55] by first imposing that ny;, (1) < n(p) <
Mmax (1) for o < ul®V, where uT9V is the central chemical
potential at the TOV limit and

3p,—
Nmax (W) = {M - (Zﬁ%;ﬂmp) KL S U< M )
ngi/ iy He S U< Uy
and
npp/pr ML <K e
Nimin(1) = {Msnf,_(,;,;,,%z_mp) e < 1< i’ Q)

where 1/, is the chemical potential of the low-density Skyrme
EoS at n; = ngy and ny, puy are the corresponding pQCD
values evaluated at uy = upocep. Also, Ap = py — pr and
. 1s given by the intercept of the causal line and the integral
constraint, see Ref. [55].

In this work, we use the partial N3LO calculation of
Ref. [54] for the high density pQCD EoS which determines
the thermodynamic variables py (uy) and ng (g ). Note that
we connect our EoSs to the integral pQCD constraint at
the TOV point. The actual location of the TOV point, i.e.,
(uIV, nTOV) changes from one EoS to another, as shown
in Fig. 1. Beyond n'°V the NS branch is unstable and not
observable. Furthermore, in this work, we are interested in
determining the constraining power of pQCD at densities rel-
evant for NSs. This makes n1°V the natural density at which
the connection to pQCD should be performed. Matching at
a larger density could induce model dependencies based on
how the extrapolation to the larger density is performed. The
impact of the matching density is studied in more detail later
in this Letter.

The contours defined by Eqgs. (1)-(2) are shown in Fig. 1
in red. Note that the region encapsulated by the red contours
represent a necessary but not sufficient condition to fulfill the
pQCD constraint, since every EoS has to satisfy the additional
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FIG. 1. The baryon number density as function of the chemi-
cal potential. The red boundaries depict integrated constraints from
pQCD with the red band showing the uncertainty (see text). The
top (bottom) panel is constructed using the pQCD EoS down to
tpacp = 2.6 GeV (upeep = 2.4 GeV). We show all EoS in our set
(gray), the EoS constrained by pQCD, at X = 2, only (blue), by
astrophysical constraints only (orange), and by both astrophysical
and pQCD constraints, at X = 2, (green).

criteria pmin (i, 7) < p(i, n) < pmax(, n), where
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where n.(it) = nmax (i )t/ r. In the top panel of Fig. 1, we
have considered ppocp = 2.6 GeV as suggested in Ref. [54],
and we explore the sensitivity of the results to this choice in
the bottom panel for ppoep = 2.4 GeV. At fixed upqcep, the
uncertainties in the pQCD EoS can be estimated by varying
the renormalization scale parameter X as in Ref. [55]. In
Fig. 1, we show results for X = [1, 2, 4].

Results for the EoS. Several EoS in our set are consis-
tent with astrophysical NS observations but inconsistent with
pQCD constraints for X = 2 and X = 4, see Fig. 1. These EoS
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FIG. 2. The PDFs for the central pressure (left), the central energy density (middle), and central chemical potential (right) in maximally
massive NS. The shaded orange PDF is obtained by imposing astrophysical constraints only, whereas the green and magenta PDFs impose

pQCD constraints on top of the astrophysical constraints.

are too stiff below nT°, leading to a fast rise of the chemical
potential with the number density. The chemical potential then
becomes too large to be connected to the pQCD limit. This
violation of the pQCD constraint is even more pronounced for
Mpoep = 2.4 GeV, leading to an interesting interplay between
the pQCD constraining power and astrophysical observations.
Current astrophysical observations of NS are consistent with
stiffer EoS at high densities to account for the existence of
2Mg NS [20] and their possibly large radii suggested by
NICER [24,25]. Hence, these data require a rapid increase
of the pressure as function of the energy density €, which in
turn, implies large values for the speed of sound ¢? = dp/de.
Because the speed of sound can also be expressed as ¢? =
(nop)/(uon), this implies that the chemical potential rises
rapidly with the number density. In Fig. 1, we see that for
some EoS chemical potentials as large as u ~ 2.2 GeV can be
reached in the center of maximally massive NS, which is com-
parable to ppqcp. If the number density for this configuration
is too low, the asymptotic pQCD limit cannot be reached in
a thermodynamically consistent manner and, therefore, such
EoS are ruled out. This clarifies how pQCD impacts dense
matter at NS densities even though pQCD itself is valid only
at much larger densities: while NS never explore densities
close to npqcp, they might explore chemical potentials close
to UpQeD-

Note that, for the probability density functions (PDF)
shown in Fig. 2, the pQCD constraints are imposed “on top
of” the astrophysical constraints. We see that the dashed lines
corresponding to X =1, with uyocp = 2.6 GeV, coincide
with the astro-only PDF, showing that pQCD has no impact

in this case. For pI%V, pQCD constraints with X =2 and
X =4 reduce the maximal pressure explored in NS, with
the effect being more pronounced for larger values of X and
lower values of upocp. Interestingly the case X =1 with
tpacp = 2.4 GeV clearly impacts the PDF for pT° and ;T
by excluding certain soft EoS.

In the left panel of Fig. 3, we show envelopes for the
pressure as function of the energy density around all the EoS
allowed in a certain set. The bands are terminated at the TOV
limit. For the cases X = 2 and X = 4, we find that incorporat-
ing pQCD constraints reduces the allowed region in the p — €
plane by lowering the maximum allowed pressures. Again, the
pQCD constraints do not reduce the number of EoS if X =1
and ppoep = 2.6 GeV. In general, for ppoep = 2.6 GeV, we
have found that the minimal value of X at which pQCD
becomes constraining is around X =~ 1.3. Note the impact
of pQCD if X =1 and ppocp = 2.4 GeV as previously dis-
cussed.

Results for the NS masses and radii. In the middle and
right panels of Fig. 3, we show the PDFs over the maximal
NS mass Mroy and the radius of the corresponding NS, Rroy.
For Mroy, the effects of pQCD are most significant when the
case X = 1 and ppqep = 2.4 GeV is considered. For X = 2
and X = 4, we find that pQCD constraints slightly shift the
distributions for Mgy to lower values when added on top
of astrophysical constraints but the corresponding PDF over
Rrov show no significant change. These results indicate that
present pQCD calculations do not impact the masses and radii
of observable NS, but they are on the brink of becoming
constraining.
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FIG. 3. Left panel: pressure as a function of the energy density where the upper and lower edges of the contours represent the envelop over
all the EoS allowed in the corresponding set. PDFs over the maximum NS mass (middle panel) and its corresponding radius (right panel) are

also shown.
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FIG. 4. The speed of sound as function of the energy density.
The upper and lower edges represent a 20 uncertainty where o is the
sample standard deviation of our EoS ensemble. Top: Constraints on
the speed of sound for NS observational data to date for a variation
of the pQCD renormalization scale X. Bottom: Constraints on the
speed of sound for NS observational data when additionally impos-
ing Ry > 13 km (Astro*). Note that the X = 1 magenta dashed lines
are not visible since they overlap with the X = 1 green case.

Impact of potentially more constraining future mea-
surements. Thus far, we have addressed the interplay of
astrophysical observations, requiring a stiffening of the EoS,
and pQCD calculations, requiring a softening of the EoS.
Now, we investigate how an improved future measurement
of the radius R, of a two solar mass NS would influence
our findings. In the top panel of Fig. 4, we show constraints
on the sound speed including observational NS data to date.
Additionally imposing constraints from pQCD slightly lowers
the average sound speed when larger values of X are consid-
ered, but we find a significant overlap of EoS ranges with or
without pQCD constraint. In the bottom panel of Fig. 4, we
now impose the additional constraint R,y > 13 km, which is
a possible future scenario given the NICER measurement of
PSR J0740+6620 [24,25]. We find that in this case, adding
pQCD constraints on top of astrophysical data shows a more
significant impact, leading to the formation of a pronounced
peak in the sound speed for X = 2 and X = 4: At low energy
densities, the sound speed rises rapidly due to the imposed
constraint Ry > 13 km; at € = 500 MeV fm =3, the speed

of sound plateaus if only astrophysical data are considered,
while it decreases significantly if pQCD (at larger X values)
is added. Such nonmonotonous behavior of the sound speed
is expected to be indicative of the appearance of exotic, non-
nucleonic degrees of freedom [49,58,59], such as quarkyonic
matter as suggested in Ref. [60].

Impact of changing the matching density. Recently, the im-
pact of pQCD on the inference of the NS EoS has been studied
by Ref. [61], using an approach similar to ours. However, their
results seem to indicate a larger impact of pQCD on the NS
EOS. There are three main differences in the two approaches:

(i) We match to the pQCD constraint at 7 °V while
Ref. [61] matches at 10ng,;,
(i1) Ref. [61] uses Gaussian processes (GPs) to generate
EoS models while we use a speed-of-sound model,
(iii) and Ref. [61] uses a probabilistic approach while we
study envelopes.

We argue that point 1 is the most important factor.

Regarding point 3, when studying the impact of pQCD on
the nuclear EOS it is most conservative to study envelopes as
they account for all possible EoS behavior. Probabilistic treat-
ments, on the other, could smear out the existence of phase
transitions because these are more fine-tuned EOS models.

Regarding the second point, while different EOS
parametrizations might impact results in a probabilistic
framework (see, e.g., Ref. [62]), EoS envelopes are less
sensitive to this choice and the speed-of-sound parametriza-
tion can equally well capture extreme behavior compared
to GPs. Furthermore, previous EoS inferences using similar
astrophysical and EoS constraints agree well, independent
of using GPs or a speed-of-sound parametrizations [41,63].
Hence, we do not expect this choice to influence our results
drastically.

We, therefore, expect that the difference between our re-
sults and those of Ref. [61] arise primarily due to point 1.
To investigate this, we repeated our study using a matching
density of 10ng; see Figs. 5 and 6. In Fig. 5, the result
obtained using a matching density of 10ng, is compared with
that obtained using n°V, whereas in Fig. 6, we show results
only for the 10ns, case. The EoSs that are very stiff inside
NSs have a larger probability of remaining somewhat stiff
beyond nTOV than for the EOS to undergo a phase transition,
leading to a likely violation of the pQCD limit if the matching
is performed at larger densities. We find that changing this
matching density to 10ng, leads to an exclusion of stiff EoS,
in complete agreement with the findings of Ref. [61].

Because the density where pQCD integrals are connected
plays an important role for making claims about the con-
straining power of pQCD, constraints from pQCD are very
sensitive to model assumptions. This emphasizes our findings
that pQCD is currently not constraining but might be so in
future, when uncertainties are reduced such that simple model
choices do not matter as much.

Conclusions. We have systematically studied the effects of
incorporating pQCD calculations when analyzing the EoS of
NS. Using a model-independent approach to the EoS, we con-
cluded that pQCD does not significantly constrain the EoS,
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FIG. 5. The baryon number density as function of the chemical
potential, similar to the top panel of Fig. 1. Additionally, we show
results for a matching density of 10ny, in purple. Each EoS is plotted
up to the TOV limit.

if it is imposed on top of current observational constraints
on NS taking their uncertainties into account. However, the
calculations are at the brink of being constraining for NS: im-
proved pQCD constraints or new astrophysical data preferring
stiff EoS will reveal the potential of pQCD for EoS selection.
We found an interesting interplay of astrophysical observation
and pQCD calculations: While certain astrophysical observa-
tions of NS are consistent with stiff EoS, supporting large
NS masses and radii, such EoS are disfavored upon imposing
pQCD constraints.

These findings have important implications for the study
of dense matter. In particular, while an analysis of future
astrophysical data alone might be inconclusive with respect
to the existence of exotic matter in neutron-star cores, the
combined analysis of astrophysical and pQCD data might help
answering this question. Therefore, future work on improving
pQCD constraints is crucial for the studies of dense neutron-
star matter.
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