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Collapse of the N = 28 shell closure in the newly discovered 39Na nucleus
and the development of deformed halos towards the neutron dripline
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Halos and changes of nuclear magicities have been extensively investigated in exotic nuclei during past
decades. The newly discovered 39Na with the neutron number N = 28 provides a new platform to explore such
novel phenomena near the neutron dripline of the sodium isotopic chain. We study the shell property and the
possible halo structure in 39Na within the deformed relativistic Hartree-Bogoliubov theory in continuum. It is
found that the lowering of 2p orbitals in the spherical limit results in the collapse of the N = 28 shell closure in
39Na, and a well-deformed ground state is established. The pairing correlations and the mixing of p f components
driven by deformation lead to the occupation of weakly bound or continuum p-wave neutron orbitals. An oblate
halo is therefore formed around the prolate core in 39,41Na, making 39Na a single nucleus with the coexistence of
several exotic structures, including the quenched N = 28 shell closure, Borromean structure, deformed halo, and
shape decoupling. The microscopic mechanisms behind the shape decoupling phenomenon and the development
of halos towards dripline are revealed.
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Atomic nuclei cannot be made from arbitrary numbers of
protons and neutrons. Their existence ends at the dripline,
which marks a boundary of the nuclear territory. Mapping
the dripline has always been a major goal of modern nuclear
physics, as it is crucial for understanding the nuclear force and
exploring the origin of elements [1]. The proton dripline
has been experimentally delineated up to neptunium (atomic
number Z = 93) [2]. The neutron dripline, however, is only
known up to neon (Z = 10) [3], because the production cross
sections for the most neutron-rich isotopes are extremely low.

Recently, further efforts were dedicated to probe the
neutron-rich limits beyond Z = 10 and nine events of sodium-
39 (39Na, Z = 11) were observed, while the existence of
heavier sodium isotopes was not excluded, thus not determin-
ing its neutron dripline [4]. The nucleus 39Na has a neutron
number of N = 28, which is normally a magic number. The
disappearance of traditional magic numbers and the appear-
ance of new ones in exotic nuclei near the dripline have
attracted a lot of attention [5–12]. It would be therefore in-
teresting to investigate the shell property of 39Na.

Another novel phenomenon discovered in exotic nuclei
is the halo [13], which also shares common interests in
atomic and molecular physics [14]. Nuclear halo phenomenon
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is not rare in light nuclei near the dripline. As shown in
Fig. 1, it has been experimentally suggested in every isotopic
chain from helium (Z = 2) to phosphorus (Z = 15) either on
the neutron-rich or the proton-rich side [13,15–34], except
sodium and silicon. The newly discovered 39Na and the world-
wide development of radioactive ion beam facilities provide
an excellent platform to study more halo nuclei and, in par-
ticular, to explore whether halos exist in neutron-rich sodium
isotopes. Meanwhile, timely theoretical studies based on ad-
vanced nuclear models are desired to guide the forthcoming
experiments.

In this work, we study the shell property of 39Na and ex-
plore possible halo structures in neutron-rich sodium isotopes
by using the deformed relativistic Hartree-Bogoliubov theory
in continuum (DRHBc) [36–41]. Many successful applica-
tions of the DRHBc theory have been realized in the past
dozen years, such as the study of halo nuclei 17,19B [42,43],
15,19,22C [44,45], 31Ne [46], and 42,44Mg [36,37,47], the in-
vestigation of deformation effects on the location of dripline
[48], the prediction of stability peninsulas beyond the primary
neutron dripline [49–51], the revelation of shape coexistence
from light to heavy nuclei [52–54], and the exploration of
rotational excitations of exotic nuclei through the combination
with the angular momentum projection [55,56].

The details of the DRHBc theory can be found in
Refs. [37,40]. Here, the formalism is only briefly presented. In
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FIG. 1. Experimentally known nuclear landscape from helium to phosphorus, where stable nuclei and experimentally confirmed/suggested
neutron [13,15–29] as well as proton [30–34] halo nuclei/candidates are indicated by grey, olive/green, and orange/yellow colors, respectively.
Here, a confirmed halo nucleus means that both enhancement of the cross section and narrow momentum distribution are observed [35].
Otherwise it is treated as a candidate.

the DRHBc theory, the relativistic Hartree-Bogoliubov (RHB)
equation reads [57](

hD − λ �

−�∗ −h∗
D + λ

)(
Uk

Vk

)
= Ek

(
Uk

Vk

)
, (1)

where λ is the Fermi energy, and Ek and (Uk,Vk )T are the
quasiparticle energy and wave function, respectively. hD is the
Dirac Hamiltonian,

hD(r) = α · p + V (r) + β[M + S(r)], (2)

where S(r) and V (r) are the scalar and vector potentials,
respectively. � is the pairing potential,

�(r1, r2) = V pp(r1, r2)κ (r1, r2) (3)

with a density-dependent force of zero range,

V pp(r1, r2) = V0
1

2
(1 − Pσ )δ(r1 − r2)

{
1 − η

[
ρ(r1)

ρsat

]γ }
,

(4)
and the pairing tensor κ [58]. In the pairing channel, 1

2 (1 −
Pσ ) is the projector for the spin-zero component, η = 0 corre-
sponds to a volume pairing, η = 1 and γ = 1 correspond to a
surface pairing, and η = 0.5 and γ = 1 correspond to a mixed
one. A finite-range pairing force, such as the Gogny [59] or
separable one [60], is also expected to be implemented in the
future. The pairing tensor and various densities and potentials
in coordinate space are expanded in terms of the Legendre
polynomials,

f (r) =
∑

λ

fλ(r)Pλ(cos θ ), λ = 0, 2, 4, . . . . (5)

The RHB equations (1) are solved using a Dirac Woods-Saxon
basis [61,62], which has a wave function with a more appro-
priate asymptotic behavior compared to the commonly used
harmonic oscillator basis and is suitable for the description
of weakly bound nuclei. In Eq. (4), η = 1 and γ = 1, i.e., a

surface pairing is adopted, which has been one of the usual
choices in the study of nuclear halos [36,37,42–47,59,63–
65]. The pairing strength V0 = −325 MeV fm3, the saturation
density ρsat = 0.152 fm−3, and a pairing window of 100 MeV
are taken. This pairing reproduces well the odd-even mass dif-
ferences for not only calcium isotopes in the same mass region
of 39Na, but also lead isotopes in the heavy mass region, and,
thus, is suggested for the DRHBc mass table calculations [40].
For the Dirac Woods-Saxon basis, the energy cutoff E+

cut =
300 MeV and the angular momentum cutoff Jmax = 23/2 h̄
are adopted. In Eq. (5), the Legendre expansion truncation is
chosen as λmax = 6. The blocking effects in odd-mass or odd-
odd Na isotopes are taken into account in the present DRHBc
calculations via the equal filling approximation [38,41,66].
The above numerical details are the same as those used in the
global DRHBc mass table calculations over the nuclear chart
[40,41,67].

Our calculations are carried out with density functionals
PC-PK1 [68], PC-F1 [69], NL3* [70], NL-SH [71], and PK1
[72]. In the calculated results, the binding energy of 38Na is
smaller than that of 37Na, meaning that it is unstable against
one-neutron emission. 39Na is deformed in its ground state
with a prolate deformation β2 ≈ 0.45 and weakly bound with
a two-neutron separation energy S2n � 1 MeV. The results are
therefore in agreement with the experimental hints that 39Na
has a Borromean structure [3,4], i.e., it is a bound three-body
(37Na +n + n) system, even though no pair of its constituents
is a bound system. In the PC-PK1 results, 41Na is less de-
formed with β2 = 0.37 and the last bound Na isotope, i.e., the
neutron dripline, with S2n = 0.49 MeV. The NL3* and PK1
results also suggest 41Na as the neutron dripline, while PC-
F1 and NL-SH support 39Na. The accurate prediction of the
dripline location is an ambitious goal in both nonrelativistic
and relativistic density functional theories [67,73–75], and
it depends on the employed density functional and pairing
interaction, which will not be discussed in detail in this work.
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FIG. 2. Single-neutron levels around the Fermi energy λn

(dashed line) of 39Na in the canonical basis from constrained cal-
culations. Their quantum numbers nl j in the spherical limit and
�π on the prolate side are labeled, where π is the parity and �

the projection of angular momentum on the symmetry axis. The
occupation probability v2 is scaled by colors. The grey vertical line
corresponds to the ground state (g.s.) of 39Na.

Future experimental determination of the neutron dripline as
well as measurement on, e.g., quadrupole deformations along
the dripline, could be helpful in constraining and optimizing
the density functionals and pairing interactions. Since PC-
PK1 has been successfully used for a global description of
nuclear ground-state properties [67,75], in the following we
explore the possible exotic structure of 39Na based on the
PC-PK1 results.

The large prolate deformation of 39Na implies the collapse
of the N = 28 shell closure. To study the shell structure of
39Na, the evolution of single-neutron levels around the Fermi
energy with the quadrupole deformation obtained from the
constrained calculations is shown in Fig. 2. In the spheri-
cal limit, the orbitals 2p3/2 and 1 f7/2 are nearly degenerate
and close to the Fermi energy, while 2p1/2 is just above
them within 1 MeV and close to the particle emission
threshold. In the traditional shell model [58], there is a con-
siderable energy gap between 1 f7/2 and 2p3/2, forming the
N = 28 shell closure and making the spherical shape en-
ergetically favored. From Fig. 2 it becomes clear that the
lowering of 2p orbitals results in the collapse of the N = 28
shell closure in 39Na. The stable quadrupole deformation
of 39Na could also be explained as a result of the nuclear
Jahn-Teller effect [76], induced by the near-degeneracy of
the p f orbitals in close proximity to the particle emission
threshold.

Such near-degeneracy has also been predicted in 39Na and
40Mg by relativistic continuum Hartree-Bogoliubov theory
with NL-SH density functional [77] and the DRHBc theory
with PC-F1 [56], respectively. In the relativistic Hartree-
Bogoliubov calculations with DD-PC1 density functional
[78], the single-neutron energy difference between 1 f7/2 and
2p3/2 orbitals in the spherical limit is around 2 MeV for 40Mg
and around 3 MeV for 42Si. In the relativistic Hartree-Fock
calculations with DD-ME2 and PKA1 density functionals
[79], such difference extracted from nuclear masses in an

effective way is around 2 MeV for 42Si. Our additional
DRHBc calculations using NL3* and PK1 density functionals
show that the 1 f7/2 − 2p3/2 energy difference is smaller than
1.0 MeV for 40Mg and smaller than 2.5 MeV for 42Si in
the spherical limit, and both have deformed ground states
with |β2| > 0.3, providing a consistent explanation for the
suggested N = 28 shell quenching [9,11]. Another N = 28
isotone, 41Al, may even exhibit triaxial deformation as
predicted by the triaxial relativistic Hartree-Bogoliubov
theory in continuum [80], and the 1 f7/2 − 2p3/2 energy
difference in the spherical limit is around 1 MeV in the
PC-PK1 result. Thus, the proximity of 2p3/2 and 1 f7/2

orbitals in the spherical limit might be common in the
covariant density functional theory for N = 28 isotones
from 39Na to 42Si, which are very neutron-rich. Note that
in stable nuclei the pseudospin symmetry would lead to the
near-degeneracy of 2p3/2 and 1 f5/2 orbitals [81]. In fact, the
erosion of N = 28 shell closure near the neutron dripline for
10 � Z � 14 is also manifested in terms of the evolution of
two-neutron separation energies and two-neutron gaps from
the DRHBc mass table for even-even nuclei [67].

In axially deformed cases, each nl j orbital is split into
2 j + 1 ones ( 2 j+1

2 displayed in Fig. 2 because of Kramers’
degeneracy) with quantum numbers �π , where π is the parity
and � the projection of angular momentum on the symmetry
axis. The pairing correlations and the p f component mixing
driven by deformation lead to the partial occupation of the
1/2− and 3/2− orbitals with certain p-wave components. The
valance neutrons with s- or p-wave nature in weakly bound
nuclei can tunnel far out into the classically forbidden re-
gion, and a diffuse neutron density distribution or possibly a
neutron halo occurs [35,82–84]. The lowered 2p states have
been revealed to play a crucial role in the formation of halos
close to the island of inversion, e.g., in 29F [26,85,86] and
31Ne [28,46]. Given its small two-neutron separation energy,
a two-neutron halo might be expected in 39Na, which was also
indicated by the neutron density profiles obtained from the
Skyrme-Hartree-Fock-Bogoliubov calculations [87,88].

To examine further the possible halo in 39Na, the neutron
density distributions along and perpendicular to the sym-
metry axis for neutron-rich odd-even sodium isotopes with
N � 20 are shown in Fig. 3. The ground-state deformation
of 31Na is spherical due to the N = 20 shell closure, and
33,35,37Na are well deformed with quadrupole deformation
β2 > 0.35. Therefore, the significant increase in density dis-
tribution along the symmetry axis from 31Na to others shown
in Fig. 3(a) can be understood from the deformation effects.
From 33Na to 41Na, the neutron density distribution along the
symmetry axis gradually becomes more diffuse with the in-
creasing neutron number. In Fig. 3(b), similar gradual growth
is seen in the neutron density distribution perpendicular to the
symmetry axis from 31Na to 37Na, while remarkable increases
at large r⊥ are found for 39Na and 41Na, even though they are
prolately deformed. This suggests that an oblate neutron halo
that is mainly distributed perpendicular to the symmetry axis
is formed around the prolate core in 39,41Na.

To understand the formation of the oblate halo, the root-
mean-square (rms) radii and main spherical components of the
single-neutron levels around the Fermi energy are shown in
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FIG. 3. Neutron density distributions (a) along (θ = 0◦) and
(b) perpendicular to (θ = 90◦) the symmetry axis for neutron-rich
odd-even sodium isotopes 31,33,...,41Na. In (b), r⊥ = √

x2 + y2.

Fig. 4 for 39Na. The levels are labeled by numbers according
to the single-neutron energies in Fig. 4(a), and their quantum
numbers are respectively 3/2−, 1/2−, 5/2−, 1/2−, and 3/2−
as seen in Fig. 2. The rms radii of levels 4 and 5 that are em-
bedded in the continuum and bound level 2 are notably larger
than those of levels 1 and 3. This can be understood from the
spherical components shown in Fig. 4(b). The considerable
components of 2p1/2 and 2p3/2 account for the large rms radii
of levels 2, 4, and 5. In contrast, the large centrifugal barrier
of f -wave components hinders strongly the spatial extension
of wave functions for levels 1 and 3. Note that level 2 is
relatively deep bound with an energy ε ≈ −2 MeV and there
are already nearly two valance neutrons occupying the levels
above the Fermi energy. Thus level 2 would not contribute to
the halo.

Next we analyze the shape decoupling phenomenon. For
level 4 with �π = 1/2−, both spherical harmonic functions
|Y10(θ, ϕ)|2 and |Y1±1(θ, ϕ)|2 from 2p states contribute ac-
cording to the angular momentum coupling, and the latter
dominates. For level 5 with �π = 3/2−, only |Y1±1(θ, ϕ)|2
contributes. The angular distribution of |Y10(θ, ϕ)|2 ∝ cos2 θ

is prolate, while that of |Y1±1(θ, ϕ)|2 ∝ sin2 θ is oblate. There-
fore, an oblate halo is expected for 39Na. This also demon-
strates that the deformation of a halo depends essentially

FIG. 4. (a) The rms radius versus the energy ε for single-neutron
levels around the Fermi energy λn in the canonical basis for 39Na.
The thickness of each level is proportional to its occupation proba-
bility. (b) The main spherical components of the single-neutron levels
labeled by numbers 1–5 in (a).

on the quantum numbers of the halo orbitals and their main
components.

As shown in Fig. 3, a more pronounced neutron halo might
develop in 41Na. This is because the increase of neutron num-
bers occupying the halo orbitals 1/2− and 3/2− (labeled by
numbers 4 and 5 in Fig. 4) after adding two more neutrons;
although the considerable 2p components give rise to the for-
mation of the halo in 39Na, the halo orbitals are only partially
occupied as shown in Fig. 2, resulting in a limited number
of p-wave neutrons. To see this intuitively, the number of
p-wave neutrons in the single-neutron levels split from 2p and
1 f7/2 orbitals are shown in Fig. 5. This number is calculated
by 2v2 × ∑ |Cp|2 for each level, where v2 is its occupation

FIG. 5. Same as Fig. 2 but only with 2p and 1 f7/2 orbitals. Here,
the occupation number of p-wave neutrons is scaled by colors.
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probability and Cps are the coefficients of its wave function on
the p-wave Dirac Woods-Saxon bases. For the ground state of
39Na, each halo orbital contributes less than 0.3 p-wave neu-
trons, summing to 0.56, about 30% of the valance neutrons.
For 41Na, the ground state is less deformed compared to 39Na,
which, together with the mean field change induced by adding
neutrons, lowers the halo orbitals 1/2− and 3/2−. As a result,
the two more neutrons in 41Na make the halo orbitals more
occupied and contribute more p-wave neutrons. It turns out
that more than 1.2 p-wave neutrons are contributed, leading
to a more prominent halo in 41Na.

In summary, the newly discovered 39Na with the neutron
number N = 28 is investigated within the deformed rela-
tivistic Hartree-Bogoliubov theory in continuum. Based on
several relativistic density functionals, 39Na is found to be
well deformed in its ground state. From the single-neutron
levels around the Fermi energy, it is revealed that the lower-
ing of 2p1/2 and 2p3/2 orbitals in the spherical limit results
in the collapse of the N = 28 shell closure in 39Na. The
pairing correlations and the p f component mixing driven by
deformation lead to the partial occupation of the 1/2− and
3/2− orbitals with certain p-wave components, giving rise
to the formation of a neutron halo. The density profiles of
neutron-rich sodium isotopes suggest that an oblate halo is
formed around the prolate core in 39,41Na, adding them as
new candidates of deformed halo nuclei with shape decou-
pling. A microscopic examination of the rms radii, the main
components, and the neutron numbers occupying p-wave
orbitals unravels the mechanisms behind the shape decou-
pling phenomenon and the development of halos towards the
dripline.

The calculated p orbital percentage of ≈30% for the
valance neutrons in 39Na would be valuable for the spec-
troscopic factors obtained in future experiments. In addition,
the two-neutron halo in 39Na would belong to the category
of “Borromean halos”. This particular three-body dynam-
ics would be relevant to its further study through different

nuclear reactions, e.g., the electric dipole response of
low-lying excitations. The measurements of reaction cross
sections, core momentum distributions, and Coulomb disso-
ciations would also be helpful in uncovering the mystery of
39Na. Finally, the question of which observables are closely
related to shape decoupling effects in deformed halos remains
unanswered. It is anticipated that future precise measure-
ments on the density distribution and scattering of hadronic
probes may reveal signals that shed light on this novel
phenomenon.
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