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Microscopic study of fusion reactions with a weakly bound nucleus: Effects of deformed halo
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We present a microscopic study on the fusion reactions 14,15C + 232Th by emphasizing the effect of deformed
halo structure on reaction dynamics within the framework of time-dependent density functional theory. The
internuclear potentials are obtained by using the density-constraint frozen Hartree-Fock approach and then
are adopted to calculate the fusion cross sections of 14,15C + 232Th, taking all the orientations of deformed
reactants into account. Our microscopic calculations not only reproduce the enhancement of fusion cross
sections at sub-barrier energies without any adjustable parameters, but also reveal the underlying mechanism
of this enhancement, which is driven by the deformed halo structure of 15C. More interestingly, by performing
particle number projection based on the wave functions from time-dependent Hartree-Fock simulation, we find
that the one-neutron transfer probabilities are more sensitive to the orientations of 15C than 232Th, indicating the
notable effects of halo structure on the reaction dynamics.

DOI: 10.1103/PhysRevC.107.L011601

Introduction. The nuclear halo is one of the exotic nuclear
phenomena and is notably characterized by the small nucleon
separation energy and the enhancement of matter radius as
a result of weakly bound valence nucleons occupying s- or
p-wave orbitals. The nuclear halo phenomenon was first ob-
served in 11Li [1] and later in dozens of nuclei, including 6He,
17,19B, 15,19,22C, 29F [2–5]. The formation of the halo and its
structure are closely related to many factors including pairing
correlations, continuum, deformation effects, shell evolution,
and the interplay among them [6–12]. These characteristics of
halos can also manifest themselves in the low-energy heavy-
ion reaction with halo nuclei as reactants.

Fusion reactions involving halo nuclei have gained lots
of special attention during the last several decades [13–18].
Cross sections for several fusion reactions involving halo nu-
clei have been measured, including 11Li + 209Bi, 6He + 238U,
6He + 209Bi, 11Be + 209Bi, 15C + 232Th, and so on (see
Refs. [17,18] for recent reviews). Usually, a halo nucleus is
regarded as a system consisting of a core plus one (two)
weakly bound valance nucleon(s). Such properties lead to
complexities in the description of reactions involving halo
nuclei and influence the systematics of cross sections. It has
been shown that the fusion cross sections of 11Li + 208Pb
at sub-barrier energies are enhanced compared with those
of 7,9Li + 209Pb [19]. Similar observations are also found
in the fusions of 11,10Be + 209Bi [20], 4,6He with 208Pb or
209Bi [21,22], and 12,13,14,15C + 232Th [23]. It should be men-
tioned that this enhancement is not found in 6He + 238U [24],
which might be due to the fissility of 238U. Generally speak-
ing, the underlying mechanism of reactions involving weakly
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bound nuclei is still not completely understood, and a micro-
scopic study on this issue with no free parameters still has not
been achieved.

Theoretically, the fusion cross sections of reactions with
weakly bound nuclei can be well described by using
the coupled-channels and continuum discretized coupled-
channels approaches [15–18]. The adopted internuclear inter-
actions in these two approaches are usually phenomenological
ones containing several adjustable parameters, which might
influence the predictive power and the capability to reveal
the reaction mechanism. To date, the time-dependent den-
sity functional theory (TDDFT) starting from the effective
nucleon-nucleon interactions has been successfully applied
in many aspects of low-energy heavy-ion reactions [25–30]
including fusion reactions. One of the advantages of TDDFT
is that it can microscopically explore how the structures of
reactants affect reaction dynamics [31], and the resulting
conclusions are only dependent on the adopted density func-
tionals, in which the parameters are determined by fitting to
nuclear bulk properties. As far as we know, the TDDFT has
not been used to study fusion reactions with halo nuclei.

Among the reaction systems mentioned above, 15C + 232Th
is of particular interest because 15C has a one-neutron halo
structure [2,32] and 232Th is a deformed nucleus [33], and it
is significant to explore the effects of these nuclear structures
on the reaction mechanism. The calculations in Refs. [23,34]
fail to reproduce the data at sub-barrier energies, and re-
cently the influence of the deformation of 232Th on fusion
cross sections were studied, describing the halo structure 15C
phenomenologically, and the adopted internuclear interactions
were obtained by using a double-folding approach [35]. It
has been shown that the halo in 15C is not totally dominated
by the s wave [2], and calculations with density functional
theories have shown that the ground state of 15C has a prolate
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shape [36,37]. In this work, aiming at describing the nuclear
structure properties and reaction dynamics self-consistently,
we study the ground state properties, investigate the fusions
involving a one-neutron halo nucleus, and reveal the influ-
ence of halo structure of 15C on reaction mechanisms in a
uniformed TDDFT framework.

Theoretical framework. In the time-dependent Hartree-
Fock (TDHF) theory, the Hamiltonian of the reaction system
is a functional of various densities and the dynamic process
is described by the time-dependent single Slater determinant
|�〉 composed of the single-particle wave function ψi(r, t )
governed by the TDHF equations

ih̄
∂

∂t
ψi(r, t ) = hψi(r, t ) (i = 1, . . . , A), (1)

where h is the single-particle Hamiltonian and A is the number
of single-particle states. These non-linear equations are solved
on a three-dimensional Cartesian grid without any symmetry
restrictions [38]. The fusion cross section for above-barrier
energies can be estimated by the sharp cutoff approximation
over the impact parameter. The lack of quantum tunneling of
the many-body wave function means that the TDHF theory
cannot be directly used to study sub-barrier fusion reactions.
Most of theoretical approaches for fusion cross section start
with the internuclear potentials. Based on the densities from
static HF or TDHF calculations one can obtain the micro-
scopic internuclear potentials, which only rely on the adopted
density functional and do not contain any adjustable parame-
ters, by using the frozen HF [39], density constrained (DC)
TDHF [40], and DC frozen HF (DC-FHF) methods [41].
The potentials from DC-TDHF have been applied to many
systems, and good agreements with experimental fusion cross
sections have been achieved [30,42–49], but the potentials
from DC-TDHF, which contain the effects from dynamic ex-
citations and are dependent on incident energies, cannot be
directly used in coupled-channels analyses [41]. The potential
from FHF does not consider the effects of the Pauli princi-
ple [41,50], which are included in DC-FHF and DC-TDHF
by allowing the rearrangement of single-particle states in the
variation procedure. We also note that the DC-FHF method
has not been applied to deformed systems. In this work, to
investigate the influence of the deformed halo structure of
15C on the fusion cross sections, we use the orientation-
average formulas with the penetration probabilities calculated
by CCFULL under the internuclear potentials from the DC-FHF
method.

For fusion reaction between deformed nuclei, in principle
one should consider the orientation angles along both the
direction perpendicular to the reaction plane and the collision
direction. This means a total of four orientation angles to
be averaged for the deformed target and projectile. In most
theoretical calculations of fusion cross sections [35,51–53],
usually the orientation angles along the direction perpendicu-
lar to the reaction plane are averaged and the other angles are
treated with equal wights. Additionally, if here we consider
the internuclear potentials for all the possible orientations with
four angles, we need to calculate several thousand potentials
using DC-FHF, which needs nearly 106 CPU hours only for
calculating the internuclear potentials, and costs too much.

FIG. 1. Relative position of deformed projectile and target. θP

(θT) labels the angle between the symmetry axis of the deformed
projectile (target) and the collision axis (denoted by the black line).

Therefore, in this work we consider the orientation angles
along the the direction perpendicular to the reaction plane.

To obtain the potential at each orientation with DC-FHF
method, the HF calculations are performed constraining the
total proton p and neutron n densities to be the same as those
of the ground state,

δ

〈
H −

∫
d3r

∑
q=p,n

λq(r)[ρP,q(r; θP)+ ρT,q(r− R; θT)]

〉
= 0,

(2)

where ρP(θP) and ρT(θT) are densities of the projectile and
target for a given orientation labeled by (θP, θT), which can be
achieved by performing Eulerian rotations of Slater determi-
nants in a three-dimensional Cartesian geometry [54]. θP(θT)
denotes the angles between the principle axis of projectile
(target) and the collision direction, as shown in Fig. 1. This
variation procedure results in a unique Slater determinant
	(R). The internuclear potential is given by

VDC-FHF(R; θP, θT) = 〈	(R)|H |	(R)〉(θP, θT) − EP − ET,

(3)
where EP and ET are binding energies of projectile and target,
respectively.

Subsequently, to calculate the penetration probabilities
TJ (Ec.m.) corresponding to orbital angular momentum J , i.e.,
different impact parameters, we solve the Schrödinger equa-
tion with the potential from the DC-FHF method,[−h̄2

2μ

d2

dR2
+ J (J + 1)h̄2

2μR2
+ VDC-FHF(R) − Ec.m.

]
ψ (R) = 0,

(4)

by using the incoming wave boundary condition method [55].
The capture cross sections at energies below and above the
barrier for each orientation (θT , θP ) are then calculated as

σcap(Ec.m., θT , θP ) = π

k2

∑
J

(2J + 1)TJ (Ec.m.), (5)

where k =
√

2μEc.m./h̄2 with μ being the reduced mass in
the entrance channel, and the summation is over all possible
angular momenta. TJ (Ec.m.) is the penetration probability for
given incident energy Ec.m. and angular momentum J . For
fusion reactions with deformed systems, the cross section can
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be calculated by using the orientation average formula [51]

σfus(Ec.m.) =
∫ 1

0
d cos(θP)

∫ 1

0
d cos(θT)σ (Ec.m., θP, θT).

(6)

To calculate the nucleon transfer probabilities the particle
number projection technique (PNPT) [56] is performed on
the finial wave functions of TDHF evolution. The probability
PV (N ) of N particle in the subspace V reads

PV (N ) = 1

2π

∫ 2π

0
dϑe−iNϑ 〈�|e−iN̂V ϑ |�〉, (7)

where N̂V is the particle number operator in the subspace
V and ϑ is the gauge angle. More details can be found in
Refs. [57,58].

Results and discussions. Experimentally it has been shown
that 14C is a magic nucleus with the magic number N =
8, and the halo of 15C is attributed to the valence neutron
partially occupying the s-wave orbital [32]. By using the
self-consistent mean-field calculations, it has been shown that
the ground state of 15C has a prolate shape [36,37] and the
valence neutron is unpaired, thus pairing correlations do not
influence its ground-state properties. In this work, the ground
state of 15C is calculated exactly with the contributions from
time-even and time-odd terms (see Refs. [59–62] for de-
tails). In our static HF calculations with the three-dimensional
grid 28×28×28 fm3 by using density functionals SLy5 [63],
SLy4d [64], UNEDF0 [65], and UNEDF1 [66], one-neutron
separation energies with SLy5 and SLy4d are about 1.5 MeV,
which is close to the measurement 1.28 MeV [67]. One-
neutron separation energies with UNEDF0 and UNEDF1 are
slightly larger than 2 MeV and overestimate the experimental
data. The quadrupole deformation parameters β2 from these
density functionals are all close to 0.15. The matter radii
Rm without including center-of-mass motion are about 2.65
and 2.77 fm for 14C and 15C, which are larger than the ex-
perimental values 2.33(7) and 2.54(4) fm [68]. It should be
noted when considering the correction from center-of-mass
motion that the calculations still overestimate the matter radii
but the discrepancies between calculations and experiments
become smaller. The center-of-mass motion is not taken into
account because it is usually not considered in TDHF cal-
culations [25–29]. Recently, the density functional SLy5 has
been adopted in many investigations [40,49,60,62,69–72], and
we use this interaction in following calculations. In Fig. 2,
we show the two-dimensional total density distributions of
14C and 15C. It is clear that the spatial extension of 15C is
obviously wider than that of 14C. The ground states of 14C
and 15C have spherical and prolate shapes, respectively. The
amplitude of the s-wave component in the valence neutron
orbital of 15C, which can be approximately calculated as
the overlap between the single-particle wave functions in the
ground state and the wave function of 2s1/2 in the spherical
limit, is about 20%, which is smaller than the values given
in Ref. [2]. Therefore, 15C has a deformed halo caused by
the s wave in the calculations with SLy5, which is similar
to the conclusion given in Ref. [37]. As for 232Th, the static
HF calculation shows an axially deformed ground state with
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FIG. 2. Two-dimensional density distribution for the ground
states of 14C and 15C in the static HF calculations with the density
functional SLy5. The z axis is the symmetry axis.

Rm = 5.86 fm and β2 = 0.25, which is very consistent with
the experimental data [33]. Other high-order deformations are
self-consistently included in our calculations for ground states
and internuclear potentials.

To study the internuclear potentials for deformed system,
we have implemented the DC-FHF method [41] based on the
modified version of the SKY3D code [38], which has been
used in Refs. [49,58–62,69–74]. After getting the ground
state densities, the DC-FHF calculations are performed in a
three-dimensional grid with size 42×28×28 fm3 and the grid
spacing in each direction is taken to be 1 fm, which have
been checked for achieving good numerical accuracy for all
the cases studied here. For calculating the total fusion cross
sections, we use the Gaussian-quadrature to treat the integral
in Eq. (6). Since the ground states of reactants 15C and 232Th
are axially deformed, the number of the mesh points for θP and
θT in the interval [0◦, 90◦] are all taken to be 7, which means
that we totally get 49 internuclear potentials to calculate fu-
sion cross sections. To study the deformation effects of 15C we
also calculate the potentials with θP = 0◦ (tip) and θP = 90◦
(side), i.e., 14 potentials are obtained additionally. Since 14C
has a spherical ground state 7 potentials are calculated for
14C + 232Th. Therefore in the present work, we totally calcu-
lated 70 internuclear potentials and the computation cost of
each potential is about hundreds of CPU hours, which needs
much computational cost.

In Fig. 3, the internuclear potentials for 14,15C + 232Th for
selected orientations are displayed. For 14C + 232Th, since 14C
is spherical, the internuclear potentials are dependent on the
orientations of the target 232Th. It is clear that the Coulomb
barrier of side orientation is higher than that of tip orientation.
By comparing the potentials constructed from double fold-
ing method given in Ref. [35] with those from DC-FHF, for
14C + 232Th the barriers in the latter case are slightly higher
than the former about 1.5 MeV. In Fig. 3, we also show
the internuclear potentials for 15C + 232Th for four selected
orientations. The barrier heights of 15C + 232Th are always
lower than those of 14C + 232Th for a given θT. For a fixed
orientation of target, the orientation of 15C also influence the
barriers and the barrier height between tip and side orienta-
tions of 15C differs about 2 MeV. Lowering of the Coulomb
barrier leads to an increase of fusion cross sections such that
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FIG. 3. Internuclear potentials for 14,15C + 232Th by using the
DC-FHF method with SLy5 density functional. For 15C + 232Th the
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Gaussian quadrature. For 14C + 232Th, 14C has a spherical ground
state and the selected potentials are labeled as the orientation of
232Th: θT.

we can deduce that the deformed halo structure of 15C also
influences the fusion cross sections.

After obtaining the internuclear potentials for different ori-
entations, one can calculate the total fusion cross sections by
using Eq. (6). The calculated results and the comparison with
experimental data [23] are shown in Fig. 4. The fusion cross
sections using average orientations of target and projectile
are shown by red and black solid lines for 14C + 232Th and
15C + 232Th, respectively. It is clear that our microscopic
calculations without free parameters can well reproduce the
measured fusion cross sections for two reaction systems, and
the enhancement of fusion cross section at sub-barrier ener-
gies is found, i.e., cross sections of 15C are larger than those of
14C below barrier, indicating the predictive power of our mi-
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FIG. 4. The comparison between calculated fusion cross sec-
tions and experimental ones for 14,15C + 232Th. Experimental data of
14C + 232Th and 15C + 232Th are taken from Ref. [23] and labeled by
red solid circles and black solid diamonds, respectively. Calculated
fusion cross sections for 14C + 232Th and 15C + 232Th are shown by
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FIG. 5. Calculated one-neutron transfer probability of the fusion
reaction15C + 232Th by using TDHF with the particle number projec-
tion technique. The incident energies for all orientations are taken to
be 54 MeV.

croscopic approach. Additionally, we also present the fusion
cross sections for 15C + 232Th with 15C having side and tip
orientations while all the orientations of 232Th are considered.
At sub-barrier region fusion cross sections of both side and
tip orientations of 15C are all larger than those of 14C + 232Th.
This is because 15C has a one-neutron halo structure and both
the charge and matter radii of 15C are obviously larger than
those of 14C [68] such that the Coulomb barrier is lower
and fusion cross sections are increased further. The calculated
fusion cross sections for the sub-barrier region with θP = 90◦
are smaller than the experimental data while those for θP = 0◦
are larger than data. After averaging the orientations of 15C,
a nice agreement between measurements and calculations in
the sub-barrier region is achieved. This shows that orientation
of 15C plays an important role in the description of sub-barrier
fusions.

To study neutron transfer, we perform the TDHF calcula-
tions with the PNPT [56–58,71] to calculate the probability
of the channel 14C + 233Th. In realistic calculations, after ob-
taining the time evolution of 15C + 232Th for 49 orientations
with the incident energy of 54 MeV, which is below all the
Coulomb barriers for 49 calculated internuclear potentials, the
PNPT is carried out for the light fragment to get the trans-
fer probabilities. The obtained one-neutron transfer channel
probabilities are shown in Fig. 5, and the probabilities for
other channels are very small and are not given. It is clear that
the probabilities of the one-neutron transfer channel strongly
rely on the orientations. The orientations close to side-to-side
have larger transfer probabilities while those close to tip-to-tip
become smaller. The dependence of transfer probabilities on
the orientation of 15C is much stronger than 232Th, indicating
the important role of one-neutron halo structure.

From above discussions, our microscopic study has re-
vealed that the enhancement of sub-barrier fusion cross
sections for 15C is related to the deformed one-neutron halo
structure. However, there exist discrepancies between calcu-
lations and experiments. For 14C, a tightly bound nucleus, the
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breakup channel should have no influence and the difference
between calculations and experimental data might originate
from the adopted density functional. As for 15C + 232Th, the
discrepancies might be related to the absence of breakup ef-
fects in our microscopic calculations of fusion cross sections.
But we can discuss the influence of one-neutron transfer on
cross section from a simple picture. In our calculations the
fusion cross sections for 14C + 232Th in the above-barrier re-
gion are generally well reproduced and are smaller than those
of 15C + 232Th. The internuclear potentials of 14C + 233Th
should be almost the same to those of 14C + 232Th, leading
to the cross sections of these two systems being almost equal
to each other. Thus one can assume that the total fusion
cross sections of 15C + 232Th can be approximated as the
mixing of two channels: 15C + 232Th and 14C + 233Th. Thus
the above-barrier cross sections is lowered after considering
the one-neutron transfer channel. However, a microscopic
treatment is still a very important open question in fusion
reactions and it is very difficult to self-consistently treat it.
It is meaningful to develop a strategy to examine how the
transfer channels influence fusion cross sections based on the
framework of TDHF and DCFHF, but this is beyond the scope
of the present investigation.

Summary. We have presented a microscopic study of fu-
sion reaction involving a one-neutron halo nucleus based
on the self-consistent descriptions of nuclear structure prop-
erties of reactants and reaction dynamics. The static HF
calculation shows that the ground state of 15C has a de-
formed halo structure, and so the effect of a deformed halo
on fusion of 15C + 232Th has been studied. By performing
coupled-channels calculations for 14,15C + 232Th with the
internuclear potentials obtained from DC-FHF, the enhance-

ment of sub-barrier fusion cross sections is reproduced and
our study demonstrates that this phenomenon is attributed
to the one-neutron halo structure of 15C. The one-neutron
transfer probabilities are strongly dependent on deformation
orientations and more sensitive to the orientations of 15C than
232Th, indicating the importance of the deformed halo in 15C.
The method presented in this work can also be extended to
other fusions involving weakly bound nuclei, thus providing a
microscopic description which only depends on the adopted
effective nucleon-nucleon interaction. This is helpful and
meaningful to reveal the relationship between exotic nuclear
structure and the reaction mechanism. More comprehensive
studies will explore the dependence of fusion reactions on the
adopted density functional, since it directly determines the
structures of reactants, and will incorporate the contribution
from the one-neutron transfer channel to the fusion cross
section based on the present microscopic approaches.
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