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Continuum-discretized coupled-channels calculations for 6Li fusion reactions with closed channels
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Fusion reactions induced by the weakly bound nucleus 6Li with targets 28Si, 64Ni, 144Sm, and 209Bi at energies
around the Coulomb barrier are investigated within a three-body model where 6Li is described with an α +
d cluster model. The total fusion (TF) cross sections are calculated with the continuum-discretized coupled-
channels (CDCC) method and the complete fusion (CF) cross sections are extracted through the sum-rule model.
The calculations demonstrate that (i) for the TF cross-section calculations, the continuum states up to 40 MeV
are found to be necessary, which corresponds to the inclusion of closed channels for light and medium mass
targets, such as 28Si, 59Co, and 144Sm; (ii) the converged CDCC results for TF cross section at energies above
the Coulomb barrier are almost the same as single-channel results in which the continuum coupling effect is
neglected; and (iii) the continuum coupling strongly influences partial-wave fusion cross sections and the closed
channels play a significant role in the improvement of the description of the CF cross sections at energies below
the Coulomb barrier for the 6Li + 28Si, 59Co, and 144Sm systems.
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I. INTRODUCTION

Reactions induced by weakly bound projectiles have been
extensively investigated in the past few decades [1–5]. In these
reactions, breakup is a very important reaction channel and
has a strong coupling effect on elastic scattering, inelastic
scattering, and transfer and fusion channels. In particular,
special attention has been given to the continuum coupling
effects on fusion reactions both theoretically and experimen-
tally [6–13]. Among the stable weakly bound nuclei, 6Li has
always been of interest, as it has only one bound state with a
low separation energy of 1.47 MeV for breaking up into α and
d fragments. So far, many experiments for 6Li-induced fusion
reactions have been reported, with targets varying from light
nuclei, such as 27Al [14] and 28Si [15], to heavy nuclei, such
as 197Au [16] and 209Bi [7,17]. But the experimental data are
still far from being fully understood.

Owing to the low binding energy of the projectile, there is
a high probability that the projectile breaks into two or more
fragments. In such cases, two kinds of fusion processes in the
collisions of weakly bound nuclei have emerged from previ-
ous investigations, namely the complete fusion (CF) and the
incomplete fusion (ICF). CF occurs when the whole weakly
bound projectile is captured by the target. ICF occurs when
some fragments of the projectile are captured and others es-
cape. The sum of CF and ICF amounts to the total fusion (TF).

It is a great challenge to develop a realistic theory to de-
scribe the fusion process of weakly bound nuclei. Up to now,
various theoretical approaches have been presented, among
which the continuum discretized coupled-channels (CDCC)
method has been the most popular one in making realistic
predictions for the fusion reactions induced by weakly bound
nuclei [5,11–13,18–23], as it can effectively take the contin-
uum coupling effect into account. For 6Li, many researchers

[11,12,22] have adopted the CDCC method to calculate its TF
cross sections. However, it is hard to evaluate the contributions
from CF and ICF processes to TF cross sections for 6Li as
its breakup fragments are both charged and their masses are
comparable. Recently, a direct approach based on the CDCC
method to evaluate the CF and ICF cross sections for 6,7Li
fusion reactions was developed by Lubian et al. [13,23,24],
in which the probabilities of CF and ICF processes were
obtained by integrating the scattering wave functions with dif-
ferent matrix elements of coupled-channels equations. They
obtained a reasonable agreement between theory and experi-
ment for 6,7Li fusion with heavy nuclei. On the other hand, Lei
and Moro [5] obtained the CF cross sections for 6,7Li + 209Bi
indirectly by subtracting the cross sections of elastic breakup,
nonelastic breakup, and inelastic scattering from the total
reaction cross section. Their results were in satisfactory agree-
ment with experimental CF data, too. In addition, a different
approach was developed by Parkar et al. [21] in which the
CF, ICF, and TF cross sections are obtained by three CDCC
calculations with different short-range imaginary potentials.
Their calculated results for 6,7Li + 198Pt and 209Bi were also in
reasonable agreement with experimental data. These studies
are all about 6Li fusion with heavy targets. Fusion reactions
of 6Li with light and medium mass nuclei are still rare.

In many cases, the convergence of CDCC calculations is
not easy to be achieved when they are applied in evaluating
the fusion reaction cross sections. To overcome this prob-
lem, Diaz-Torres et al. [11] neglected the imaginary parts
of off-diagonal couplings and only kept the imaginary parts
in diagonal couplings in their study of 6Li fusion reactions.
Similarly, Lubian et al. [13] neglected the imaginary parts
of matrix elements between bound and breakup channels. In
these works, the maximum energy of the continuum states,
εmax, for 6Li was set to be 6.0–8.0 MeV. It is far lower than
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the threshold energy of the continuum states, εth = Ec.m. − εb,
where Ec.m. is the incident energy in the center-of-mass system
and εb is the separation energy of α and d in the ground
state 6Li.

It is well known that closed channels, whose channel
energies are negative, play an important role in the low-
energy reaction induced by weakly bound nuclei. Yahiro
et al. [25] have discussed the coupling effect of closed
channels on deuteron elastic scattering, which is visible for
d + 58Ni reaction at low incident energy. Ogata and Yoshida
[26] have reexamined the calculations for deuteron elastic
breakup cross sections on 12C and 13Be at low incident en-
ergies. They pointed out that closed channels are required
for CDCC calculations to obtain good agreement with the
result of Faddeev-Alt-Grassberger-Sandhas theory, in which
the three-body problem is exactly solved. Very recently, we
[27] presented a CDCC analysis for 6Li + 59Co reactions at
energies around the Coulomb barrier and found that the εmax

for 6Li should be at least 50.0 MeV to obtain converged elastic
breakup reaction cross section. Therefore, it is worthwhile to
reexamine the fusion cross-section calculations by increasing
εmax to check whether the continuum coupling effect is com-
pletely taken into account.

Furthermore, as a semiclassical approach, the sum-rule
model [28–32] is adopted to distinguish the CF and ICF pro-
cesses. According to this model, CF and ICF occur at lower
and higher angular momenta, respectively. It is of interest to
study the continuum coupling effect on 6Li complete fusion
with this model, as it can give a clear and simple dependence
of CF cross sections on angular momenta and incident energy.
Meanwhile, it can be applied to the 6Li fusion reactions with
different targets, enabling us to investigate the influence of
targets on CF.

In the present work, we study the coupling effect of con-
tinuum states on TF and CF cross sections for 6Li fusion
with 28Si, 64Ni, 144Sm, and 209Bi targets at energies around
the Coulomb barrier. Particular attention is given to the re-
examination of CDCC calculations for 6Li total fusion cross
sections, where the numerical convergence problem should
be solved by increasing εmax. With the converged calculated
results, the CF cross sections will be extracted by the sum-rule
model to study the dependencies of CF process on breakup
channels and targets. The coupling effects of open and closed
channels will also be discussed.

The paper is organized as follows. The formalism is given
in Sec. II. Reexamination of 6Li CDCC calculations for to-
tal fusion is presented in Sec. III. Section IV discusses the
coupling effect of continuum states on TF and CF cross sec-
tions in detail. Finally, the summary and conclusion are given
in Sec. V.

II. THEORETICAL MODEL

A. α + d cluster model for 6Li
6Li is described in the α + d cluster model. Its internal

wave function is written as

ψ = A{
ϕ(α)[ϕs(d ) ⊗ χl (�r)]M

I

}
, (1)

TABLE I. Parameters of the effective α − d potential Vα−d [27]
in Woods-Saxon form. This potential is l dependent. Its nuclear
radius RN and Coulomb radius RC are both 2.1 fm. The diffuseness
parameter a is 0.65 fm. V0 and Vso represent the depths of the central
and spin-orbit potentials respectively and their units are MeV.

l 0 1 2

V0 67.69 63.90 65.33
Vso 0.00 5.72 4.78

where A denotes the antisymmetrization of the nucleons. ϕ(α)
and ϕs(d ) are the intrinsic wave functions of α and d clusters,
respectively. �r is the relative coordinate between two clusters.
χl represents the α − d relative motive with angular momen-
tum l , which couples with the spin of deuteron cluster, s, to
form the total spin I and its projection M.

In the present work, a simple version of the orthogonality
condition model [33–36] is used to calculate the 6Li internal
wave function ψ . The effects of the antisymmetrization of
nucleons are taken into account approximately by employing
an effective α − d potential, Vα−d , and excluding the deepest
bound state as the forbidden state. Therefore ψ is calculated
by solving a Schrodinger equation with Vα−d [27], which is
l dependent. Vα−d are parameterized by the Woods-Saxon
form [37], including the central and spin-orbit potentials. Its
parameters for l = 0, 1, and 2 are listed in Table I. Vα−d can
well reproduce the binding energy of 1.47 MeV (l = 0, s = 1,
and Iπ = 1+) as well as the 3+, 2+, and 1+ resonance states
in D-wave continuum. The calculated resonance energies and
widths are shown in Table II compared with the experimental
data [38]. Vα−d also describes the low-energy α − d scattering
phase shifts well, shown in Fig. 1 as a function of the relative
α − d energy in center-of-mass system ε.

The spacial wave functions of the d and α clusters are
assumed to be (1s)2 and (1s)4 harmonic oscillator shell-model
wave functions with different oscillator constants βd and βα ,
respectively (β = mω/h̄), and expressed as

ϕ(d ) = Nd exp

[
−βd

2

∑
i∈d

(�ri − �Rd )2

]
,

ϕ(α) = Nα exp

[
−βα

2

∑
i∈α

(�ri − �Rα )2

]
(2)

where βd = 0.390 fm−2 and βα = 0.375 fm−2, �ri is the coor-
dinate of particle i in 6Li relative to the center of mass of 6Li,
�Rd and �Rα represent the center of mass for the corresponding

TABLE II. Calculated resonance energies εcal
res and widths 
cal

res

compared with experimental value εexp
res and 
exp

res [38]. Their units
are MeV.

State εcal
res 
cal

res εexp
res 
exp

res

3+ 0.710 0.084 0.716 0.024
2+ 3.00 1.12 2.84 1.30
1+ 4.24 2.93 4.18 1.50
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FIG. 1. Calculated α − d scattering phase shift with Vα−d [27],
shown as a function of the relative α − d energy in center-of-mass
system, ε. Experimental data are taken from Schmelzbach et al.
[39] (squares), Grüebler et al. [40] (circles), and Jenny et al. [41]
(triangles).

clusters, and Nd and Nα are the corresponding normalized fac-
tors. The calculated value of root-mean-square matter radius
and that of charge radius are both 2.54 fm, which agree with
the experimental value 2.54 ± 0.03 fm [42] (the measured
values for these two radii are the same). The charge form
factor of elastic electron scattering by 6Li is also calculated,
as shown in Fig. 2. Reasonable agreement is obtained with the
experimental data [43].

B. The CDCC method and the sum-rule model

Detailed CDCC formalism can be found in Refs.
[19,27,35,44]. In this method, a finite number of discretized
and square-integrable states are adopted to represent the con-
tinuum states of the projectile. Hence, the total wave function
with total angular momentum J and parity π can be expressed
as

Ψ Jπ =
∑

β

ΦJπ
β ψβ, (3)

where β represents the reaction channel. ψβ is the internal
wave function of 6Li in the β channel. The wave functions
for bound and discretized states are expressed on the same
footing. ΦJπ

β is the relative motion wave function between the
6Li in β channel and target. ΦJπ

β is determined by the coupled-
channels equations[

T + Eβ − U Jπ
ββ

]
ΦJπ

β = −
∑
β ′ �=β

U Jπ
ββ ′Φ

Jπ
β ′ , (4)

FIG. 2. Calculated charge form factors of elastic electron scatter-
ing by 6Li compared with the experimental data [43].

where Eβ is the channel energy and T denotes the kinetic
energy of 6Li-target relative motion. The coupling matrix
element U Jπ

ββ ′ is calculated as

U Jπ
ββ ′ = 〈ψβ |Uα−T + Ud−T |ψβ ′ 〉, (5)

where Uα−T and Ud−T are the optical potentials for α and d
with the target, respectively. The imaginary parts of the optical
potentials, Wα−T and Wd−T , are responsible for the absorption
of 6Li by the target. Therefore the coupling matrix elements
corresponding to the absorption is given by

W Jπ
ββ ′ = 〈ψβ |Wα−T + Wd−T |ψβ ′ 〉. (6)

The total fusion cross section is then obtained as

σTF =
Jmax∑
J=0

σJ , (7)

where

σJ = K

E

∑
πββ ′

〈
ΦJπ

β

∣∣W Jπ
ββ ′

∣∣ΦJπ
β ′

〉
. (8)

K is the projectile-target relative wave number in the incident
channel. It should be emphasized that the wave functions of all
channels, including open and closed channels, are required in
the calculations for σJ with Eq. (8). This method is equivalent
to the computing approach with S matrix [45], in which only
the S matrices of open channels are used.

According to the sum-rule model, the complete fusion
cross section can be extracted directly as

σCF =
Jc∑

J=0

σJ , (9)

where Jc is the cut-off angular momentum (see Sec. IV B for
details).
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III. CONVERGENCE OF TOTAL FUSION CROSS-SECTION
CALCULATIONS

Optical potential with a short-range imaginary part can be
applied to calculate the fusion cross section, which is equiva-
lent to the use of an incoming boundary condition inside the
Coulomb barrier [46]. In principle, the calculated fusion cross
section should be independent of the imaginary part of the
optical potential.

In this work, the São Paulo potential version 2 (SPP2)
[47] is adopted for the real parts of the nuclear interactions
between the α and d clusters with the target. The SPP2 po-
tential is calculated with the double folding method, which
requires the nucleon distributions of projectile and target. We
adopt the theoretical nuclear distribution embedded in the
code for the target, which is calculated by an axially sym-
metric self-consistent Dirac-Hartree-Bogoliubov mean-field
approach [48]. The nucleon distributions for α and d clusters
are calculated with the wave function in Eq. (2). For the
Coulomb potentials, the radius factor rC for two clusters with
the target are both set to be 1.5 fm.

The short-range imaginary parts of the d-target and
α-target optical potentials are parameterized in the Woods-
Saxon form. Their radius factor rW and diffuseness parameter
aW are set to be 0.8 and 0.1 fm, respectively so that the imag-
inary parts are inside the Coulomb barrier completely. The
depths of the two imaginary parts W0 are set to be the same,
varying from 20.0 to 80.0 MeV to examine the convergence
of total fusion cross-section calculation.

Following our previous study [27], the internal Hamil-
tonian of 6Li is diagonalized by the regularized Lagrange-
Laguerre mesh method [49–51]. This way of discretizing the
continuum states is called the pseudostate method, which
diagonalizes the Hamiltonian by square integrable basis func-
tions and can generate the bound and pseudostates together.
The pseudostates are used to represent the continuum states.
The basis functions are defined as

fi(r) = (−1)i

√
hxi

LN (r/h)

r − hxi
re−r/2h, i = 1, 2, . . . , N, (10)

where LN is the Laguerre polynomial of degree N . xi corre-
sponds to the zeros of LN , that is,

LN (xi ) = 0, i = 1, 2, . . . , N. (11)

h is a scaling parameter, adopted to the typical size of the
system. For more details one can see Refs. [27,49–51].

In this paper, the number of basis function N and the
scaling parameter h are set to be 35 and 0.5 fm, respectively.
Many tests have been performed to ensure that the calculated
fusion cross sections are insensitive to the parameters N and
h. Figure 3 shows the energy spectrum of 6Li bound and
pseudostates up to D-wave continuum and 40.0 MeV.

We first perform calculations for 6Li + 28Si, 64Ni, 144Sm,
and 209Bi systems at incident energy in center-of-mass system
Ec.m. = VB, where VB is the Coulomb barrier measured in
the references. VB = 6.87, 12.41, 25.15, and 30.40 MeV for
6Li + 28Si [15], 64Ni [52], 144Sm [8], and 209Bi [17] systems,
respectively. The l = 0, 1, and 2 states are taken into CDCC
calculations. The calculations are made with the maximum

FIG. 3. Energy spectrum of 6Li bound and pseudostates up
to D-wave continuum and 40.0 MeV, calculated with regularized
Lagrange–Laguerre mesh method (N = 35 and h = 0.5 fm).

continuum energy εmax from 0 to 40 MeV for all partial waves
with the depth of the imaginary potential being 20, 50, and
80 MeV, respectively. The results are shown in Fig. 4. Form
these results, we can get the following important information:

(1) The maximum continuum energy set in the calcula-
tions εmax should be large enough to ensure that the
σTF do not depend on the choice of the imaginary
potential depth. On the other hand, when εmax is set
large enough, the resulting σTF values do converge
to a value which is independent of the depths of the
imaginary potentials;

(2) For 6Li + 28Si, 64Ni, and 144Sm systems, the inclusion
of closed channels is necessary for the convergence of
the total fusion cross sections.

(a) (b)

(d)(c)

FIG. 4. Calculated TF cross sections for 6Li + 28Si, 64Ni, 144Sm,
and 209Bi systems at Ec.m. = VB with different imaginary part depth
W0 and maximum energy of the continuum state εmax. VB represents
the Coulomb barrier. The arrow indicates the threshold energy of the
continuum states εth = Ec.m. − 1.47 MeV. See the text for details.
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FIG. 5. Square of the absolute value of the radial wave functions,
|uJ

β |2, of elastic scattering channel for 6Li + 64Ni reaction at Ec.m. =
VB = 12.41 MeV. The wave functions calculated with εmax = 0, 10,
20, 30, and 40 MeV are represented by dashed, short dashed, dash-
dotted, dash-double-dotted, and solid lines, respectively. Panels (a),
(b), and (c) show the |uJ

β |2 at Jπ = 1+, 4−, and 10+ with L = L′ = 0,
5, and 10 respectively. See the text for details.

(3) For the 6Li + 209Bi system, the σTF calculated with
εmax = εth only differs from that calculated with
εmax = 40.0 MeV by 0.3% when W0 = 50 MeV. The
coupling effect of closed channels is weak for 6Li total
fusion with such a heavy nucleus.

Practically, εmax = 40 MeV seems to be sufficient for all
four reaction systems. In this case, the changes in the total
fusion cross sections are less than 2% when the imaginary
potential depth changes from 20 to 80 MeV. This εmax is
well above the threshold energy of the continuum state εth =
Ec.m. − 1.47 MeV and the closed channels are well included
in calculations.

For a further understanding of how the cut-off of contin-
uum state energy and the imaginary part of optical potentials
influence the fusion cross-section calculations, we compare
the radial relative wave function for 6Li + 64Ni system at
Ec.m. = VB with different εmax and W0. The radial relative wave
function is defined as

uJ
β (R) = R�J

β (R), (12)

where R is the relative distance between the centers of mass
of 6Li and target. To explicate the wave functions, the orbital
angular momentums of the projectile-target relative motive
in incoming and outgoing channels are required, namely L
and L′. The radial wave functions at Jπ = 1+, 4−, and 10+
are calculated for comparison. The partial wave fusion cross
section σJ reaches a maximum at J = 4, which is also the

FIG. 6. Same as Fig. 5 but for 3+ resonance breakup. The wave
functions calculated with εmax = 10, 20, 30, and 40 MeV are denoted
by dashed, short dashed, dash-dotted, and solid lines, respectively.
L = 0, 5, and 10 and L′ = 2, 7 and 8 for Jπ = 1+, 4−, and 10+,
respectively. The |uJ

β |2 in (a), (b), and (c) are multiplied by 102, 103,
and 103, respectively.

cut-off angular momentum for this reaction (see Sec. IV B for
more details).

In the present work, we study the influence of εmax and
W0 on wave functions of elastic scattering, 3+ resonance
breakup and closed channels. The 3+ resonance state of 6Li
is represented by the pseudostate in 3D3 partial wave with
eigenenergy 0.7111 MeV. For the closed-channel wave func-
tions, the uJ

β of the pseudostate in 3S1 partial wave with
eigenenergy 11.5108 MeV are calculated.

As the wave functions are used to calculate fusion cross
sections as shown in Eq. (8), we focus on the square of the
absolute value of wave functions |uJ

β |2. With a fixed W0 =
50 MeV, the wave functions are calculated with εmax = 0, 10,
20, 30, and 40 MeV. Figure 5 shows |uJ

β |2 of elastic scattering.
L = L′ = 0, 5, and 10 for Jπ = 1+, 4− and 10+, respectively.
It is observed that |uJ

β |2 well converges with εmax = 10 MeV,
which is in accordance with the general adopted εmax for ob-
taining converged 6Li elastic scattering angular distributions.

The |uJ
β |2 for 3+ resonance breakup are plotted in Fig. 6

for comparison. L = 0, 5, and 10 and L′ = 2, 7, and 8 for
Jπ = 1+, 4−, and 10+ respectively. Different from the elastic
scattering, the convergence of |uJ

β |2 for 3+ resonance breakup
needs a pretty high εmax = 40 MeV, especially in the inner
region (R < 15 fm).

In Fig. 7, the |uJ
β |2 of the closed channels are shown.

Although the wave fucntions are not completely converged
with εmax = 40 MeV, we found that these small differences
between the closed-channel wave functions calculated with
εmax = 30 and 40 MeV have little effect on the fusion cross
sections.
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FIG. 7. Same as Fig. 5 but for the closed channel. The wave
functions calculated with εmax = 20, 30, and 40 MeV are denoted
by dashed, short dashed, and solid lines, respectively. L = L′ = 0, 5,
and 10 for Jπ = 1+, 4−, and 10+ respectively. The |uJ

β |2 in (a), (b),
and (c) are multiplied by 103, 104, and 104 respectively.

In Eq. (8), the partial-wave fusion cross section are calcu-
lated in an integration method. We define

F Jπ (R) = K

E

∑
ββ ′

ΦJπ∗
β (R)W Jπ

ββ′(R)ΦJπ
β′ (R). (13)

Therefore

σJ =
∑
π

∫
F Jπ (R)dR. (14)

One point worth emphasizing is that F Jπ is dependent on J ,
π , and L. The summation of L is necessary for the projectile
with nonzero spin in the calculation of σJ , but we omit it in
Eq. (14) for simplification. As the range of W Jπ

ββ ′ is no more
than 15 fm in general, it can be deduced that F is sensitive to
the wave functions in the inner part and the convergence of F
also requires a high εmax.

The F Jπ at Jπ = 1+, 4−, and 10+ are plotted in Fig. 8
with L = 0, 5, and 10, respectively. Convergence within the
deviation of less than 2% is reached with εmax = 40 MeV.
The F Jπ calculated with εmax = 0 and 40 MeV have the
same order of magnitude at Jπ = 1+ and 4−, but the former
becomes about 10 times less than the latter at Jπ = 10+. We
multiply the F Jπ calculated with εmax = 0 at Jπ = 10+ by
10 for easier viewing. A more detailed discussion about the
influence of εmax on σJ will be given in Sec. IV B. On the
other hand, the maximum of F Jπ locates at R=3.4 fm when
εmax = 0 and it moves outwards with the increase of εmax.
The peak of converged F Jπ at Jπ = 10+ even locates outside
of the Coulomb barrier radius RB = 9.1 fm [52]. The above
comparisons indicate that the continuum coupling effect not

FIG. 8. The integrands F for 6Li + 64Ni reaction at Ec.m. = VB =
12.41 MeV. The integrands calculated with εmax = 0, 10, 20, 30,
and 40 MeV are denoted by dashed, short dashed, dash-dotted,
short dash-dotted, and solid lines, respectively. They are evaluated at
(a) Jπ = 1+, L = 0; (b) Jπ = 4−, L = 5; and (a) Jπ = 10+, L = 10.
RB = 9.1 fm is the Coulomb barrier radius [52]. The F calculated
with εmax = 0 at Jπ = 10+ is multiplied by 10 for easier viewing.

only increases the partial-wave fusion cross sections at rela-
tively higher partial waves but also fully changes the fusion
mechanism.

Another worthwhile issue is that the total fusion cross sec-
tion is independent of the imaginary part of optical potentials
when εmax is large enough. With a fixed εmax = 40 MeV, we
investigate how the uJ

β changes as the potential depth of the
imaginary part varies. Figure 9 shows the |uJ

β |2 calculated
with W0 = 20, 50, and 80 MeV at Jπ = 1+. As W0 increases
from 20 to 80 MeV, the |uJ

β |2 of elastic scattering have hardly
any changes, while the |uJ

β |2 of 3+ resonance breakup and
closed channel vary visibly and their values are negatively
correlated with W0 in the very inner regions R < 4 and
7 fm, respectively. For example, the |uJ

β |2 of closed channel
calculated with W0 = 20, 50, and 80 MeV all reach a peak at
R = 3.75 fm and their values are 0.0013, 0.0005, and 0.0003,
respectively.

Comparisons at Jπ = 4− and 10+ are presented in Figs. 10
and 11. The |uJ

β |2 of elastic scattering is stable against W0.
The value of |uJ

β |2 of 3+ resonance breakup is still negatively
correlated with W0 at Jπ = 4− in the region R < 4 fm, but
it becomes independent of W0 at Jπ = 10+. However, for the
|uJ

β |2 of closed channel, the negative correlation with W0 is
kept at both Jπ = 4− and 10+.

Figure 12 shows the integrands F Jπ calculated with W0 =
20, 50, and 80 MeV at Jπ = 1+, 4−, and 10+. The F Jπ calcu-
lated with W0 = 20 MeV is flatter than those calculated with
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FIG. 9. Square of the absolute value of the radial wave func-
tions, |uJ

β |2, for 6Li + 64Ni reaction at Ec.m. = VB = 12.41 MeV and
Jπ = 1+. The wave functions calculated with W0 = 20, 50, and
80 MeV are represented by dashed, solid, and short dashed lines,
respectively. Panels (a), (b), and (c) show the |uJ

β |2 of elastic scat-
tering, 3+ resonance breakup, and closed channel, respectively. The
|uJ

β |2 of 3+ resonance breakup and closed channel are multiplied by
100 and 1000, respectively. See the text for details.

FIG. 10. Same as Fig. 9 but for Jπ = 4−. The |uJ
β |2 of 3+ res-

onance breakup and closed channel are multiplied by 103 and 104,
respectively.

FIG. 11. Same as Fig. 9 but for Jπ = 10+. The |uJ
β |2 of 3+

resonance breakup and closed channel are multiplied by 103 and 104,
respectively.

W0 = 50 and 80 MeV. Fortunately, although the three kinds
of F do not coincide perfectly, their integrations are almost
the same, which will not affect the subsequent analysis. Fur-
thermore, an overall comparison of partial-wave fusion cross

FIG. 12. The integrands F for 6Li + 64Ni reaction at Ec.m. =
VB = 12.41 MeV. The integrands calculated with W0 = 20, 50, and
80 MeV are denoted by dashed, solid, and dash-dotted lines, respec-
tively. See the text for details.

064610-7



CHEN, PANG, GUO, TAO, SUN, AND YING PHYSICAL REVIEW C 107, 064610 (2023)

FIG. 13. The partial-wave fusion cross section σJ for 6Li + 64Ni
reaction at Ec.m. = VB = 12.41 MeV. The σJ with W0 = 20, 50, and
80 MeV are denoted by dashed, solid, and dash-dotted lines, respec-
tively. See the text for details.

sections calculated with different W0 is presented in Fig. 13. σJ

at each J is indeed independent of W0 when εmax = 40 MeV.
In Fig. 14, an example of the convergence of TF cross-

sections calculations is shown for the 6Li + 64Ni system at
energies around the Coulomb barrier. In these calculations,
W0 = 50.0 MeV. The CDCC calculations with εmax = 40.0
and 45.0 MeV are almost the same when l = 0, 1, and 2
states are included. The inclusion of the states with higher l
has an invisible effect on TF cross sections. Therefore, the
convergence of TF cross-section calculations in the present
work is ensured.

FIG. 14. Calculated TF cross sections for 6Li + 64Ni system with
different conditions. The arrow indicates the Coulomb barrier. See
the text for details.

FIG. 15. Calculated TF cross sections for 6Li + 28Si, 64Ni, 144Sm,
and 209Bi systems shown in logarithmic scale. Experimental data are
taken from Refs. [7,8,15,17,52–56]. See the text for details.

IV. CALCULATED RESULTS AND ANALYSIS

In this section, we study the continuum coupling effect on
total and complete fusion. The CDCC calculations are per-
formed with W0 = 50.0 MeV and l = 0, 1, and 2 continuum
states. Four types of calculations are performed:

(1) No continuum states are included, i.e., single-channel
calculations;

(2) Continuum states below εmax = 6.0 MeV are included,
which include the resonance states;

(3) Continuum states below εmax = εth are included, closed
channels are ignored;

(4) Continuum states below εmax = 40.0 MeV are in-
cluded.

It should be emphasized that the second type of calculation
is not made for 6Li + 28Si system at some low incident ener-
gies to avoid the inclusion of closed channels. The fourth type
of calculation is not performed for 6Li + 209Bi system at a few
high energies, where εth is larger than 40.0 MeV.

Although the second and third types of calculations cannot
provide converged TF cross sections, they can be applied to
analyze the coupling effect of the continuum states in different
energy regions. In the present work, we mainly focus on the
coupling effect from the continuum states above the resonance
energy regions (ε � 6.0 MeV). The coupling effects of open
and closed channels can be distinguished by comparing the
results of the third and fourth types of calculations.

A. Continuum coupling effect on total fusion

Figures 15 and 16 show the calculated TF cross sec-
tions for 6Li + 28Si, 64Ni, 144Sm, and 209Bi systems and their
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FIG. 16. Same as Fig. 15 but shown in linear scale.

comparison with the experimental data [7,8,15,17,52–56].
The two figures are shown in logarithmic and linear scales,
which is convenient to see the TF cross sections at energies
below and above the Coulomb barrier, respectively.

In general, the agreement between the converged CDCC
results and the measured value is reasonably good in the sub-
barrier region, but the converged CDCC results overestimate
the experimental data at energies above the Coulomb barrier
for 64Ni, 144Sm, and 209Bi targets. This overestimation may be
resulted by the following reasons:

(1) The adopted nuclear potentials for α and d with targets
(SPP2) are the systematic research results for various elastic
scattering experimental data and it is expected that there are
some disagreements for specific reaction systems.

(2) In the present work, only the 6Li → α + d channel is
taken into account. However, there are other important reac-
tion channels, such as n transfer, which can influence the TF
cross sections.

(3) Rath et al. [56] measured the incomplete fusion cross
section for 6Li + 144Sm by summing the detected cross sec-
tions for d and α capture, in which not all possible evaporation
residue channels were included. Therefore, the values of the
ICF and TF (= CF + ICF) can be considered as the lower
limit. Similarly, Dasgupta et al. [7,17] measured the fusion
cross sections for the 6Li + 209Bi system by detecting α par-
ticles emitted by the evaporation residues of the compound
nuclei. However, they missed the contribution from 209Po,
which could not be measured due to its long half-life (about
200 yr). According to the statistical model estimation [7], the
contribution from 209Po was excepted to be significant at the
high energies.

For all the four collision systems, it can be seen in Figs. 15
and 16 that the results of the CDCC calculations become close

FIG. 17. 
i (i = 2, 3, and 4) for 6Li + 28Si, 64Ni, 144Sm, and 209Bi
systems. See text for details.

to the single-channel results in the above-barrier region by
varying εmax from 6.0 to 40.0 MeV. In the sub-barrier region,
the calculated TF cross sections are enhanced by increasing
εmax. To determine the continuum coupling effect on TF cross
section, we define


i = σTF(i)

σTF(1)
− 1, i = 2, 3, 4. (15)

The σTF(i)(i = 1, 2, 3, 4) denotes the TF cross section ob-
tained by the ith type of calculation as listed in the beginning
of Sec. IV.

Figure 17 presents the 
i values (i = 2, 3, and 4) for the
6Li + 28Si, 64Ni, 144Sm, and 209Bi systems. Compared with the
TF cross sections obtained without continuum states coupling,
there is a 10–15% suppression at energies above the Coulomb
barrier for these reaction systems when εmax = 6.0 MeV (see
the results of 
2). However, this suppression is much reduced
for 6Li + 28Si and eliminated for 6Li + 64Ni, 144Sm, and 209Bi
when the converged result is obtained with εmax = 40.0 MeV
(see the results of 
4). In the sub-barrier region, the theoretical
TF cross sections are further enhanced by increasing εmax. A
detailed discussion is given below.

For the 6Li + 28Si system, with the εmax increasing from
6.0 MeV to εth, the suppression remains nearly unchanged in
the region 1.0 � Ec.m./VB � 1.8 and is moderately reduced
in 1.8 � Ec.m./VB � 2.5 (see the results of 
3). Only when
the closed channels are taken into CDCC calculations can the
suppression effect be negligible. In higher incident energies,
the TF cross sections obtained with εmax = εth and 40.0 MeV
are almost the same, indicating that the coupling effect of
closed channels can be ignored in this high-energy region.
In the sub-barrier region, a much stronger enhancement is
provided by the calculation with εmax = 40.0 MeV, where the
coupling effect of closed channels is completely taken into
account.

For the medium mass targets 64Ni and 144Sm, the cal-
culated results obtained with εmax = εth are slightly smaller
than the single-channel results in a very narrow region around
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TABLE III. The values of C0, C1, and Jcrit .

System C0 C1 Jcrit

6Li + 28Si 0.54 0.60 16
6Li + 64Ni 0.86 0.80 22
6Li + 144Sm 0.94 0.86 30
6Li + 209Bi 1.00 0.82 35

Ec.m.. But the converged CDCC calculation, which includes
the closed channels, has only an enhanced effect on σTF at
energies below the Coulomb barrier. When Ec.m. > 1.1 VB,
the values obtained with εmax = εth and 40.0 MeV are almost
the same as the single-channel results. In the energy region
Ec.m. < 0.9 VB, the CDCC calculations with εmax = εth and
40.0 MeV provide a similar enhancement effect on TF cross
section, which is stronger than that given by the calculation
with εmax = 6.0 MeV.

As the Coulomb barrier for 6Li + 209Bi system is quite
high, the results obtained with εmax = 40.0 MeV are almost
the same as those obtained with εmax = εth. Their results are
approximately equal to the results obtained without contin-
uum states coupling at energies above the Coulomb barrier.
In the sub-barrier region, the TF cross sections are further
enhanced by taking higher-energy continuum states (ε � 6.0
MeV) into CDCC calculations.

The above results seem to suggest that the coupling effects
from low-energy continuum states (0 � ε � 6.0 MeV) and
higher-energy continuum states (6.0 � ε � 40.0 MeV) add
destructively for the total fusion cross sections at energies
above the Coulomb barrier. In the end, the converged CDCC
results provide nearly the same total fusion reactions as single-
channel calculations. This is an interesting observation.

B. Continuum coupling effect on complete fusion

Based on the converged TF cross sections and the experi-
mental data for complete fusion [7,8,15,17,52,56], we apply
the sum-rule model to extract the cut-off angular momentum
Jc and CF cross section σCF, as shown in Eq. (9).

In the early researches [28–30], the sum-rule model was
applied to the reactions at incident energies well above the
Coulomb barrier. In these cases, CF and ICF processes can be
well separated by a critical angular momentum, Jcrit , which is
nearly independent of the incident energy. Recently, Mukeru
et al. combined this model with CDCC method to study the fu-
sion of weakly bound nuclei at energies around the Coulomb
barrier, such as 8Li + 208Pb [31] and 9Be + 124Sn, 144Sm, and
208Pb [32]. The angular momentum to separate the CF and ICF
processes, Jc, was found to be incident-energy dependent.

Following the method of Mukeru et al. [31,32], Jc can be
linked to the critical angular momentum Jcrit with an analytical
expression

Jc =
{

1 − exp

[
−C0

(
Ec.m.

VB
− C1

)]}
Jcrit. (16)

Jcrit is calculated with the formalism in Ref. [28]. C0 and C1

are obtained by fitting Jc. Their values are listed in Table III.
The extracted Jc and the fitting curves are plotted in Fig. 18.

FIG. 18. The extracted cut-off angular momentum Jc for
6Li + 28Si (squares), 64Ni (circles), 144Sm (upper triangular), and
209Bi (lower triangular) systems. The corresponding fitting curves
are represented by the solid, dashed, dashed-dotted, and short-dashed
lines, respectively.

The fitted value is set to 0 when it is negative. As the energy
decreases, it can be seen obviously that the fitting curve for
6Li + 28Si returns to zero at Ec.m./VB ≈ 0.6 while those for
other systems return to 0 at Ec.m./VB ≈ 0.8. As there are no
available CF data for 6Li + 28Si system in the sub-barrier
energy region; this difference is expected to be explained with
further experimental and theoretical studies.

The calculated CF cross sections are compared with exper-
imental data in Fig. 19. Good agreement is obtained between
theory and experiment. To analyze the continuum coupling
effect on CF process, we pay close attention to the partial-
wave fusion cross sections σJ in the partial waves below the
cut-off angular momentum Jc at energies below, near, above,
and well above the Coulomb barrier. In addition, it is practical
to apply Jc for the single-channel calculation to extract the
cross section σ 1ch

CF , which can be regarded as the CF cross

FIG. 19. The CF cross sections extracted though the sum-rule
model for the 6Li + 28Si, 64Ni, 144Sm, and 209Bi systems compared
with the experimental data [7,8,15,17,52,56].
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FIG. 20. Partial-wave fusion cross section σJ for 6Li + 28Si at
Ec.m. = 5.0, 7.0, 9.0, and 12.0 MeV. The four energy points cor-
responding to the energies below, near, above, and well above the
Coulomb barrier, respectively. The calculated results without contin-
uum coupling and those with εmax = 6.0 MeV, εth, and 40.0 MeV
are plotted in black dashed-double-dotted, green dashed-dotted, blue
dashed, and red solid lines, respectively. The short dotted lines rep-
resent the cut-off angular momentum Jc.

section without continuum coupling. It can be compared with
σCF to determine the continuum effect on complete fusion
quantitatively.

Figure 20 shows the partial-wave fusion cross sections σJ

for 6Li + 28Si system at Ec.m. = 5.0, 7.0, 9.0, and 12.0 MeV.
At the first energy point which is below the Coulomb bar-
rier, the σJ of the single-channel calculation and the CDCC
calculation with εmax = εth at J � Jc are almost the same. It
suggests that, in this case, the continuum states of open chan-
nels have little coupling effect on complete fusion, although
the 3+ and 2+ resonance states have been taken into account.
Only when the closed channels are taken into calculations will
the σJ in lower angular momenta be significantly enhanced.

FIG. 21. Same as Fig. 20 but for 6Li + 64Ni at Ec.m. = 11.0, 12.0,
14.0, and 17.0 MeV.

FIG. 22. Same as Fig. 20 but for 6Li + 144Sm at Ec.m. = 22.0,
25.0, 27.0, and 30.0 MeV.

At Ec.m. = 9.0 and 12.0 MeV, the converged σJ in J � Jc is
slightly larger than those calculated with εmax = 6.0 MeV and
εth. But they are all visibly smaller than the single-channel
results in Jc − 2 � J � Jc. Because of the continuum cou-
pling, the σCF in the above-barrier region is smaller than σ 1ch

CF
about 5–20%, which is consistent with the suppression factor
of 15% given by Mandira and Lubian [15].

The partial-wave fusion cross sections for 6Li + 64Ni sys-
tem are presented in Fig. 21. There is a noticeable issue shown
in Fig. 21(a). At the energy (11.0 MeV) below the Coulomb
barrier, the CDCC calculated σJ in J � Jc decreases first when
εmax increases from 6.0 MeV to εth and it then increases by
including closed channels. Eventually, the converged σJ is
slightly larger than the single-channel result in J � Jc. As
the σJ in J � Jc obtained with the single-channel calculation
and the CDCC calculation with εmax = 6.0 MeV are almost
the same, it can be concluded that the enhancement on σCF

mainly comes from the continuum states above 6.0 MeV and
the closed channels have a fundamental coupling effect. At

FIG. 23. Same as Fig. 20 but for 6Li + 209Bi at Ec.m. = 28.0,
30.0, 32.0, and 35.0 MeV.
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Ec.m. = 12.0, 14.0, and 17.0 MeV, the σJ in J � Jc obtained
with εmax = 40.0 MeV are moderately larger than the results
of other two kinds of CDCC calculations, while they are all
smaller than the single-channel result in Jc − 2 � J � Jc ob-
servably. By comparing σ 1ch

CF and σCF, a 13–18% suppression
factor is given at energies above the Coulomb barrier, in good
agreement with the result of 13 ± 7% in Ref. [52].

In Fig. 22, the partial-wave fusion cross sections σJ for
the 6Li + 144Sm system are plotted at Ec.m. = 22.0, 25.0, 27.0,
and 30.0 MeV. As εmax increases from 6.0 to 40.0 MeV, the σJ

in J � Jc is slightly enlarged for all four energy points. The
σCF is larger than the σ 1ch

CF at Ec.m. = 22.0, while it becomes
smaller about 5–25% at other three energies because of the
reduction of σJ in Jc − 2 � J � Jc. It is reasonably consistent
with the suppression of 32 ± 5% in Ref. [8].

The partial-wave fusion cross sections σJ for 6Li + 209Bi
are presented in Fig. 23 at Ec.m. = 28.0, 30.0, 32.0, and
35.0 MeV. The results obtained with εmax = εth and 40.0 MeV
are almost the same in all partial waves, suggesting that the
closed channels have hardly any coupling effect on this reac-
tion system. On the other hand, the σJ in J � Jc is visibly
enlarged at Ec.m. = 28.0 and 30.0 MeV by increasing εmax

from 6.0 MeV to εth, showing the obvious coupling effect of
the continuum states above the resonance energy region. With
the same improvement of εmax, there is a slight enhancement
on σJ in J � Jc at Ec.m. = 32.0 and 35.0 MeV. Similarly with
other reaction systems, σCF is higher than σ 1ch

CF at Ec.m. =
28.0 MeV but becomes lower about 10–35% at higher ener-
gies, which agrees with the suppression of 36 ± 3% provided
by Dasgupta et al. [7].

In addition, for all four reaction systems, we found that
(1) At energies below the Coulomb barrier, the σJ ob-

tained by the converged CDCC calculation is larger than that
obtained by single-channel calculation at each J . Based on
the sum-rule model, it indicates that continuum coupling in-
creases both the complete fusion and incomplete fusion cross
sections in the sub-barrier energy region.

(2) At energies above the Coulomb barrier, the single-
channel calculated σJ is larger than that obtained by the
converged CDCC calculation in angular momentum region
around Jc but it becomes smaller at relatively higher J . Fi-
nally, the single-channel calculation and the converged CDCC
calculation provide close values for the total fusion cross
section, as shown in Fig. 16. It can be deduced that continuum
coupling reduces and increases the probabilities of CF and
ICF processes respectively in the above-barrier energy region.

As our present work overestimates the TF cross section at
energies above the Coulomb barrier, we do not further inves-
tigate the continuum coupling effect on incomplete fusion in
this paper. A comprehensive study of the continuum coupling
effect on 6Li fusion will be done in the future with a good
description of CF, ICF and TF processes.

V. SUMMARY AND CONCLUSION

CDCC calculations have been presented for the fusion re-
actions of weakly bound projectile 6Li with 28Si, 64Ni, 144Sm,
and 209Bi targets. The inclusion of continuum states up to
40 MeV was found necessary for the convergence of the
total fusion cross sections, which means that the inclusion
of closed channels in CDCC calculations is necessary for 6Li
fusion with light and medium mass targets, such as 28Si, 64Ni,
and 144Sm, at incident energies around the Coulomb barriers.
Reasonable agreement between the calculated TF cross sec-
tion and experimental data is obtained.

At energies above the Coulomb barrier, it is found that the
continuum coupling effects induced by low-energy (0 � ε �
6.0 MeV) and higher-energy (6.0 � ε � 40.0 MeV) contin-
uum states are different for TF cross sections: The former
reduces the TF cross sections by around 10–15%, but the latter
increases the TF cross sections. Therefore the final converged
results are nearly the same as the results of single-channel
calculations, in which no continuum coupling effects were
taken into account.

In the sub-barrier region, the calculated TF cross section is
further enhanced by including the higher-energy continuum
states.

The sum-rule model has been adopted to extract the
complete fusion cross section as well as the critical angu-
lar momentum Jc. The coupling effect of continuum states
cannot be ignored for the complete fusion process, espe-
cially at energies below the Coulomb barrier. In particular,
the enhancement effect on the complete fusion cross sec-
tion in the sub-barrier region is dominated by closed channels
for the 6Li + 28Si, 64Ni, and 144Sm systems. At energies
above the Coulomb barrier, the CDCC calculated complete
fusion cross section can be slightly enlarged by taking the
higher-energy continuum states into account, while the con-
verged result is still smaller than the single-channel result. In
general, the extracted suppression factors for complete fusion
in the above-barrier region are consistent with previous stud-
ies for these reaction systems. It is found that the suppression
mainly occurs in the angular momentum region Jc − 2 � J �
Jc, which is independent of the fusion system. We believe that
this independence calls for full-quantum investigations.

Finally, as the coupling effect of the higher-energy con-
tinuum states (including both open and closed channels) is
remarkable for 6Li induced fusion reactions, it is of interest
to study their effect on the fusion reactions induced by other
weakly bound nuclei, such as 7Li and 9Be. Related research is
in progress.
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