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Number of virtual photons in the Coulomb dipole excitation
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In this study, the number of virtual photons obtained through general, relativistic, nonrelativistic, and in-
termediate methods was investigated, which is an important factor in obtaining the Coulomb dipole strength
distribution. The number of virtual photons was studied according to the incident energy Elab using five methods.
The general method, which has two different forms (integral and differential), is valid for all energy regions,
whereas the relativistic method is effective for regions with high β values. In addition, the validity of the
nonrelativistic approximation was tested by comparing it with the general method in the low-incident-energy
region, and the intermediate method was shown to be not effective in the high-excitation-energy region. Further,
an investigation was conducted on the dependence of the number of virtual photons on the charges of the
projectile and target nuclei. Using the same R value, target nuclei, and incident energy, it was found that the
number of virtual photons does not depend on the charge number of the projectile in the relativistic method.
With the same R value, projectile, and incident energy, in contrast it can be seen that the number of virtual
photon depends on the square of the charge number of target nuclei.
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I. INTRODUCTION

Nuclear physicists has long been interested in nuclear re-
actions involving the collision of a projectile and a target
nucleus. In these nuclear reactions, two important interac-
tions that determine the trajectory of the projectile are the
nuclear and Coulomb forces. At a long distance, where the
nuclear force does not reach, in general, the interaction be-
tween two nuclei is governed by the Coulomb force; therefore,
the projectile follows the Coulomb trajectory [1,2]. However,
as the distance between the projectile and target nucleus
decreases, the projectile no longer follows the Coulomb
trajectory owing to the influence of the attractive nuclear
force.

In general, the charged projectile and target nucleus are
excited by the Coulomb interaction generated between the
two nuclei. This Coulomb excitation leads to pygmy dipole
resonance (PDR) through the dipole vibration of valence neu-
tron(s) on the core nucleus, whereas giant dipole resonance
(GDR) is induced by the different phase motions of the neu-
trons relative to the protons in the nucleus [3,4]. In contrast to
the GDR that occurs at high excitation energies, the PDR ap-
pears primarily at relatively low excitation energies. Since the
1980s, several experiments have been conducted using weakly
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bound nuclei as incident beams. Beams such as 6,8He [5,6],
11Li [7–9], and 11Be [10–12] consist of neutron-rich nuclei
containing more than one valence neutron. In addition, these
incident beams have the feature that the valence neutron(s) can
be easily separated by the Coulomb interaction from the core
nuclei when the Coulomb excitation energy is greater than the
neutron separation energy. This phenomenon, which emanates
from Coulomb excitation, is called Coulomb dipole excitation
(CDE) [13].

The importance of this CDE effect can be observed in
the breakup reaction between a weakly bound projectile with
valence neutron(s) and a heavy target nucleus [7–12]. For
example, the ratio of the elastic scattering cross section (σel)
to that by the Rutherford scattering (σRU), PE ≡ σel/σRU, de-
creases rapidly at a forward angle (about θc.m. � 15◦) for the
11Li + 208Pb system compared to 9Li + 208Pb one [7]. This
shows that the projectile is already affected by the Coulomb
and/or nuclear interaction in the long-range region (or large
impact parameter region), such that the elastic scattering chan-
nel is switched to another channel related to the dissociation
effect by 11Li → 9Li +2n. Considering that nuclear interac-
tions only act in a short range, it is conjectured that this
long-range effect is mainly caused by Coulomb interactions.
Consequently, in the nuclear reaction between the weakly
bound projectile with valence neutron(s) and the heavy tar-
get nucleus, measurement of the Coulomb dissociation cross
section becomes very important.
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Because the projectile and target do not interpenetrate,
the electromagnetic interaction can be parametrized in terms
of the electromagnetic matrix elements at the photon point,
where the four-photon momentum q2 = ω2 − |�q |2 = 0. In
contrast, the interaction between electrons and hadrons is
determined by the exchange of a (spacelike) virtual photon,
that is, | �q | > ω. Moreover, for forward angle detection in low-
energy nuclear reactions between the projectile and target, the
four-photon momentum may approach zero; that is, the virtual
photon can be treated as a real photon, particularly for large
impact parameters.

In general, the excitation energy spectrum of the Coulomb
dissociation cross section, dσCD/dEx, for the E1 transition
associated with the CDE is written as [14–16]

dσCD

dEx
= NE1(Ex)

Ex
σE1(Ex) = 16π3

9h̄c
NE1(Ex)

dB(E1)

dEx
. (1)

Here, NE1(Ex), expressed as a function of the excitation en-
ergy Ex, is the number of virtual photon, and σE1(Ex) is the
total photonuclear cross section including the Coulomb dipole
strength distribution, dB(E1)/dEx [15,16]. More importantly,
the dipole strength distribution is a significant factor in de-
termining the strength of the CDE potential. Dipole strength
distributions have been measured for several projectiles, such
as 6He [17], 11Li [18], 11Be [19–21], 19B [22], and 15C [23]. In
Eq. (1), while the excitation energy spectrum of the Coulomb
dissociation cross section can be measured directly, the

experimental dipole strength distribution cannot be extracted
directly. Instead, the dipole-strength distribution can be ob-
tained using Eq. (1) after theoretically calculating the number
of virtual photons for the E1 transition, NE1(Ex) [15,24,25].

In the present work, we closely examine the calculation of
the number of virtual photons to extract the dipole strength
distribution, which plays a crucially important role in the
study of nuclear reactions for a weakly bound projectile with
valence neutron(s). To this end, we theoretically calculated the
number of virtual photons obtained under several conditions
(general, relativistic, intermediate, and nonrelativistic) and
compared them with each other.

II. NUMBER OF VIRTUAL PHOTONS

Generally, both the projectile and target nuclei are excited
by the Coulomb and nuclear interactions between the two
nuclei. In the present work, however, we only considered the
excitation of the projectile because we focused on calculat-
ing the number of virtual photons related to the Coulomb
dissociation of the weakly bound projectile with the valence
neutron(s).

The number of virtual photons NE1(Ex) is calculated by
solving the Schrödinger equation including a first-order per-
turbation theory. The final form is obtained by integrating the
equation

dNE1(Ex,�)

d�
= Z2

t α

4π2

(
c

v

)2

ε4ζ 2e−πζ

{
ε2 − 1

ε2
[Kiζ (εζ )]2 + [K ′

iζ (εζ )]2

}

= Z2
t α

4π2

(
c

v

)2

ε4η2e−πη

{
1

γ 2

ε2 − 1

ε2
[Kiη(εη)]2 + [K ′

iη(εη)]2

}
(2)

with respect to solid angle � [15,16]. Here, Zt and α are the target charge number and the fine structure constant, respectively.
Also, ε = 1/ sin(θ/2) is the eccentricity parameter of the Coulomb orbit related to the scattering angle θ [16] and ζ = γ η is
an adiabaticity parameter consisting of the product of γ = 1/

√
1 − v2/c2 and the Sommerfeld parameter, η = a0Ex/h̄v. Note

that a0 and Ex are the distance of closest approach in a head-on collision and the excitation energy given by the virtual photon
energy, respectively [16,26,27]. v is the projectile velocity related to the incident energy. Kiζ (εζ ) and K ′

iζ (εζ ) are modified Bessel
functions of imaginary order and derivative type, respectively. As detailed in Ref. [15], integrating Eq. (2) for all the eccentric
parameters ε can be written as follows [15,16]:

NE1(Ex) = 2Z2
t α

π
η2e−πη

(
c

v

)2 ∫ ∞

ε0

ε dε

{
1

γ 2

ε2 − 1

ε2
[Kiη(εη)]2 + [K ′

iη(εη)]2

}
, (3)

where ε0 = 1 for E � EB and ε0 =
√

1 + 4(E/EB)2(1 − EB/E ) for E > EB. Here E and EB are the incident (or bombardment)
and Coulomb barrier energies, respectively.

First, if the incident energy of the projectile is significantly higher than the Coulomb barrier energy, E � EB, then ε0 ≈
2E/EB = R/a0. R is the sum of the projectile and target radii. Consequently, integrating Eq. (3) can be expressed as [15,16]

NE1(Ex) = 2Z2
t α

π
η2e−πη

(
c

v

)2{
− ξKiη(ξ )Kiη(ξ ) − 1

2

(
c

v

)−2

ξ 2

[
Kiη+1(ξ )Kiη−1(ξ )

− K2
iη(ξ ) + 1

ε0

(
Kiη(ξ )

〈
∂K ′

iη(ξ )

∂μ

〉
μ=iη

− K ′
iη(ξ )

〈
∂Kiη(ξ )

∂μ

〉
μ=iη

)]}
. (4)

Here ξ = ε0η. For reference, refer to Eqs. (3) and Eq. (4) as general methods with integral and differential forms, respectively.
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From the relativistic limit β → 1 (ε0 ≈ R/a0 → ∞, η = ζ/γ → 0) and nonrelativistic limit β → 0 (ε0 → 1), Eq. (3) can be
rewritten as follows [15,16]:

NE1(Ex) = 2Z2
t α

π

(
c

v

)2{
ξK0(ξ )K1(ξ ) − v2ξ 2

2c2

[
K2

1 (ξ ) − K2
0 (ξ )

]}
(5)

and

NE1(Ex) = −2Z2
t α

π
ζe−πζ

(
c

v

)2

Kiζ (ζ )K ′
iζ (ζ ). (6)

Similarly, we refer to Eqs. (5) and (6) as the relativistic and nonrelativistic methods, respectively.
For an intermediate energy of tens of MeV per nucleon, the number of virtual photons can be expressed as follows [24]:

NE1(Ex) = 2Z2
t α

π
e−πη

(
c

v

)2{(
1 − 2η2 + η2

ξ

)
ln

(
δ

ξ

)
− ξη2

[
1

ξ 2
+ ln2

(
δ

ξ

)]

− 1

2

(
c

v

)−2

ξ 2

[
1

ξ 2
− ln2

(
δ

ξ

)
+ η2

(
1

ξ 2
ln2

〈
δ

ξ

〉
+ 2 ln2

〈
δ

ξ

〉
+ 2

ξ − 1

ξ

)]}
. (7)

Here, we used δ = 1.123, as noted in Ref. [24]. Also, Eq. (7)
corresponds to the intermediate method.

III. RESULTS

A. Incident energy dependency of the projectile

First, to ensure the reliability of our calculations, we com-
pared our results with previous studies by other research
groups [25,28,29]. Figure 1(a) shows the number of virtual
photons obtained from the general, relativistic, and interme-
diate methods at Elab = 28 MeV/nucleon for 11Li projectile
compared to those calculated from Ref. [25]. The solid black
and dashed red lines were extracted using the general method
in the integral and differential forms [Eqs. (3) and (4)]. The
dotted blue, dash-dotted green, and dash-dot-dotted magenta
lines were extracted using the general method in the rela-
tivistic [Eq. (5)], nonrelativistic [Eq. (6)], and intermediate
[Eq. (7)] methods, respectively. As shown in the figure, it can
be seen that the number of virtual photons we calculated is in
good agreement with the general (black squares), relativistic
(green circles), and intermediate (violet stars) methods calcu-
lated in Ref. [25]. Therefore, we believe that the results of our
calculations are reliable.

Based on these results, we calculated the number of vir-
tual photons obtained using the five methods described in
Fig. 1(b). As shown in the figure, the numbers of virtual
photons obtained by both general methods (integral and differ-
ential forms) are highly consistent with each other. This means
that it does not matter whether one uses either the integral or
differential form in the general method. In our calculations
after this, we use the general method given by Eq. (4) in the
differential form.

The dotted blue line indicates the number of virtual
photons obtained using the relativistic method. Note that,
as the virtual photon energy (Ex) increases, the difference
in the number of virtual photons generated by the gen-
eral and relativistic methods gradually increases at Elab =
28 MeV/nucleon. As mentioned previously, the relativistic
method is calculated under the condition that the β value is

close to unity. Because the β value corresponding to Elab =
28 MeV/nucleon was approximately 0.24, it did not reach the
relativistic limit. Consequently, the difference between gen-
eral and relativistic methods arises from this approximation.
To take a closer look at the differences in the number of virtual
photons obtained by the two methods, we considered the in-
cident energy of the projectile with Elab = 280 MeV/nucleon
(β ≈ 0.64), which is ten times larger. As shown in Fig. 1(c),
the differences in the number of virtual photons obtained from
the two methods are indistinguishable. This means that, if it
is close to the relativistic limit, there is no problem using
the relativistic approximation instead of the general method
at Elab = 280 MeV/nucleon. To examine the consistency be-
tween the general and relativistic methods at high incident
energies, we chose an incident energy whose β value was
close to unity, and compared the number of virtual photons
obtained using the two methods. As shown in Fig. 1(d), plot-
ted for the number of virtual photons obtained using the two
methods, this consistency can be observed more clearly at
Elab = 2800 MeV/nucleon (β ≈ 0.97). In fact, as mentioned
in Ref. [25], the difference between general and relativistic
methods is approximately 2%.

The dash-dotted green line represents the number of virtual
photons obtained using the nonrelativistic method [Eq. (6)].
As shown in Figs. 1(c) and 1(d), it can be seen that the
number of virtual photons obtained from the nonrelativistic
method is relatively greater than that obtained from the gen-
eral method. This is also inferred to be different from the
nonrelativistic approximation (β → 0). In fact, it cannot be
stated that β values corresponding to the incident projectile
energies at Elab = 28 and 280 MeV/nucleon were close to
0. To examine the consistency between the general and non-
relativistic methods at low incident energies, we selected an
incident energy whose β value was close to zero and com-
pared the number of virtual photons obtained using the two
methods. Therefore, we selected an incident projectile energy
(Elab = 2.8 MeV/nucleon) with β ≈ 0.01, which is close to
zero, as plotted in Fig. 1(e). Consequently, the numbers of vir-
tual photons obtained using the two methods were, expectedly,
almost identical.
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FIG. 1. The number of virtual photons for the 11Li + 208Pb system at Elab = 2.8, 28, 280, and 2800 MeV/nucleon. The solid black and
dashed red lines represent the results obtained from the general method with integral and differential form, respectively, while the dotted blue,
dash-dotted green, and dash-dot-dotted magenta lines correspond to the relativistic, nonrelativistic, and intermediate methods, respectively.
See the text for details. Additionally, the black squares, green circles, and violet stars represent results obtained using the general, relativistic,
and intermediate methods by Sackett [25]. Note that we use the R = 10.3 fm [25].

Finally, the dashed-dotted magenta line represents the
number of virtual photons obtained using the intermediate
method [Eq. (7)]. As shown in Fig. 1(b), it can be seen that the
numbers of photons obtained from the general and intermedi-
ate methods differ approximately at Ex > 0.75 MeV, but it is
not clearly visible on a linear scale. Therefore, if redrawn on
a logarithmic scale, as shown in Fig. 1(f), the differences be-
tween the two methods can be clearly observed. In Ref. [24],
the following approximation was applied to the intermediate
method: ξ = ε0η 
 1. In fact, at Ex � 0.75 MeV correspond-
ing to ξ � 0.16, the number of virtual photon obtained by
the two methods is similar, but its difference increases as the

excitation energy (or the adiabaticity parameter) increases.
Therefore, it can be inferred that the intermediate method is
not effective in the high excitation energy region.

For reference, based on the calculation results so far,
the percentage differences between the relativistic method
and the general one given by |N (Ex )rel−N (Ex )gen|

[N (Ex )rel+N (Ex )gen]/2 × 100(%) for
Elab = 28, 280, and 2800 MeV/nucleon are about 4% (20%,
39%), 0.1% (0.6%, 1.2%), and 0.002% (0.01%, 0.02%), re-
spectively, at Ex = 1 MeV (5 MeV, 10 MeV). It means that the
relativistic method does not work in low incident energy re-
gion. On the other hand, the percentage difference between the
nonrelativistic method and the general one for Elab = 2.8, 28,
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FIG. 2. The same as Fig. 1 but for R = 12.3 fm at (a) Elab =
28 MeV/nucleon, (b) Elab = 70 MeV/nucleon, and (c) Elab =
280 MeV/nucleon of the 11Li + 208Pb system. The solid black lines
are our present result. Additionally, the red circles and blue squares
are the results obtained by Nakamura [29] and Bertulani [28], respec-
tively, as reported in Refs. [28–30]. Note that the relativistic method
is used to obtain the number of virtual photons in these calculations.
Nakamura data were obtained through private communication [30].

and 280 MeV/nucleon are about 1% (3%, 6%), 95% (171%,
195%), and 97% (140%, 167%), respectively, at Ex = 1 MeV
(5 MeV, 10 MeV). Therefore, nonrelativistic approach is not
good for the energy region of tens and hundreds of MeV. Re-
garding the intermediate method, since the number of virtual
photons changes rapidly with respect to the excitation energy
(Ex) as shown in Fig. 1(f), it seems meaningless to find the
percentage difference between the intermediate method and
the general one, so it is omitted.

We can examine the reliability of our calculations by re-
ferring to other studies [28,29]. Figure 2 shows the number
of virtual photons obtained using the relativistic method at
Elab = 28, 70, and 280 MeV/nucleon, respectively. For ref-
erence, if the target nucleus is the same, the number of virtual
photons obtained from the relativistic method is always the
same regardless of the type of projectile [28]. As shown in
Fig. 2, it can be seen that our results are almost identical to
those of Bertulani and Nakamura. However, for the number of
virtual photons used at Elab = 70 MeV/nucleon, we used the
data directly received from the Nakamura group [30] instead
of those obtained from Fig. 2.3 of Ref. [29].

B. Charge dependency of the projectile and target nucleus

In this section, we examine the dependence of the projectile
and target nuclei on the number of virtual photons. As men-
tioned earlier, the number of virtual photons obtained is the
same for a given target nucleus, regardless of the projectile
type used. If we assume that the incident energy per nucleon
is the same, then the velocity of the projectiles will be the
same. In Eq. (5), therefore, at the same R value, the parameter
ξ = ExR

γ h̄v
expressed as a function of velocity will be the same.

Consequently, the same value was obtained for the number of
virtual photons [28].

Figure 3(a) shows the number of virtual photons for various
projectiles with respect to R = 12.3 fm and 208Pb target at
Elab = 70 MeV/nucleon. The solid black, dashed red, dotted
blue, and dash-dotted green lines represent the number of
virtual photons for 11Li, 11Be, 16O, and 40Ca nuclei, respec-
tively. As mentioned previously, there is no dependence on
the type of projectile used. Figure 3(b) shows the number
of virtual photons for various target nuclei with respect to
R = 12.3 fm and 11Li projectile at Elab = 70 MeV/nucleon.
The solid black, dashed red, dotted blue, dash-dotted green,
and dash-dotted lines represent the number of virtual photons
for 28Si, 58Ni, 144Sm, 197Au, and 208Pb nuclei, respectively.
In Eq. (5), the number of virtual photons depends on the
square of the target nuclei’s charge number. Therefore, we
extract the number of virtual photons at Ex = 2MeV and find
NE1(Ex) = 7.845, 31.382, 153.866, 249.812, and 269.146 for
28Si, 58Ni, 144Sm, 197Au, and 208Pb nuclei, respectively. If
we set the number of virtual photons to NE1(Ex) = 0.04 Z2

t
and substitute the charge number of each projectile, we obtain
NE1(Ex) = 7.84, 31.36, 153.76, 249.64, and 268.96 for 28Si,
58Ni, 144Sm, 197Au, and 208Pb nuclei, respectively. The num-
ber of virtual photons obtained from a simple approximation
is similar to that obtained using the relativistic method. This
only applies to a specific excitation energy (Ex = 2MeV);
however, if the excitation energy changes, then a factor of 0.04
is no longer available. For reference, we arbitrarily selected
light to heavy nuclei as target nuclei, which were 28Si, 58Ni,
144Sm, 197Au, and 208Pb nuclei.

C. Application for the Coulomb dipole strength distribution,
dB(E1)/dEx

Thus far, we have calculated the number of photons using
various methods. As mentioned above, the number of vir-
tual photons is calculated to determine the Coulomb dipole
strength distribution, dB(E1)/dEx, from the excitation en-
ergy spectrum of the Coulomb dissociation cross section,
dσCD/dEx. So, we will try to calculate the Coulomb dipole
strength distribution by applying various methods to ob-
tain the number of virtual photons in a specific system
(19B + 208Pb system).

Figure 4(a) shows the number of virtual photons at Elab =
220 MeV/nucleon for the 19B + 208Pb system using the
general (solid black), relativistic (dashed blue), and non-
relativistic (dash-dotted green) methods. Owing to the high
incident energy, the numbers of virtual photons obtained
from the two methods were almost the same, except for that
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FIG. 3. The same as Fig. 1 but for (a) various projectiles with R = 12.3 fm and 208Pb target and (b) various target nuclei with R = 12.3 fm
and 11Li projectile at Elab = 70 MeV/nucleon. Note that the relativistic method is used to obtain the number of virtual photons in these
calculations.

obtained from the nonrelativistic method. Figure 4(b) shows
the Coulomb dipole strength distribution extracted from these
virtual photons using R = 11.17 fm. For this calculation,
we did not use the experimental two-neutron separation en-
ergy Sexp

2n = 0.089 MeV, but applied S2n = 0.5 MeV, as in
Ref. [22]. Consequently, we obtained three types of Coulomb
dipole strength distributions. With the exception of the nonrel-
ativistic method (green stars), all of the other methods produce
Coulomb dipole strength distributions that closely match the
experimental distribution obtained from Ref. [22]. In partic-
ular, the experimental Coulomb dipole strength distribution
obtained using the relativistic method (red circles) and our
results obtained using the same method (blue triangles) are
almost identical, as shown in Fig. 4(b). Therefore, our results
for the number of virtual photons are reliable.

IV. SUMMARY AND CONCLUSION

We studied the number of virtual photons obtained from
general, relativistic, nonrelativistic, and intermediate meth-
ods. The number of virtual photons is a very important
factor in obtaining the Coulomb dipole strength distribution,

dB(E1)/dEx, from the excitation energy spectrum of the
Coulomb dissociation cross section.

First, we compared the results for the number of virtual
photons obtained from other research groups, and the reliabil-
ity of our results was confirmed because they were reproduced
well.

Next, we investigated the number of virtual photons ac-
cording to the incident energy Elab. The general method is
valid for all energy regions, whereas the relativistic method
is effective for regions with high β values. However, be-
cause the difference between the two methods is not large
(approximately 2%), it is confirmed that there will be no
problem even if the relativistic method is used instead of
the general method for convenience. In addition, the valid-
ity of the nonrelativistic approximation was confirmed by
comparing it with the general method in the low-incident-
energy region. Because the intermediate method is applied
to the approximation ξ = ε0η 
 1, we can infer that the in-
termediate method is ineffective in the high-excitation-energy
region.

Finally, we investigated the dependence of the number
of virtual photons on the charge numbers of the projectile

FIG. 4. (a) The number of virtual photons and (b) the Coulomb dipole strength distribution at Elab = 220 MeV/nucleon for the 19B + 208Pb
system using various methods. Note that we use R = 11.17 fm and two-neutron separation energy S2n = 0.5 MeV instead of the experimental
value Sexp

2n = 0.089 MeV [22].
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and target nuclei. Using the same R value, target nuclei, and
incident energy, we observed that the number of virtual pho-
tons in the relativistic method was independent of the charge
number of the projectile. However, with the same R value,
projectile, and incident energy, we found that the number of
virtual photons depends on the square of charge number of
target nuclei.
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