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New microscopic model for J/ψ production in heavy ion collisions
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We present a new model for the creation of J/ψ mesons in ultrarelativistic heavy ion collisions, which allows
one to follow the individual heavy quarks from their creation until the detector through the quark-gluon plasma,
which is formed in these collisions and described by the EPOS2 event generator. The c and c̄ quarks interact
via a potential, based on results of lattice gauge calculations. The annihilation and creation of J/ψ is described
by a density matrix approach whose time evolution is studied in the expanding system. The comparison with
PbPb data at

√
s = 5.02 TeV shows that this model can describe simultaneously the nuclear modification factor

RAA and the elliptic flow v2 of the J/ψ at low transverse momentum. Perspectives for further improvement are
discussed.
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I. INTRODUCTION

There is overwhelming evidence that in ultrarelativistic
heavy ion collisions a quark-gluon plasma (QGP) is created,
which evolves in time and disintegrates at the end of its
lifetime into hadrons. The multiplicity of light and strange
hadrons is well described by statistical model calculations
[1]. The consequence of this observation is that light and
strange hadrons cannot provide direct information about the
time evolution of the QGP from its creation to hadronization.
To study this time evolution and to get insight into the early
phase of the heavy ion collision one has to focus on probes
which do not come to equilibrium with the expanding QGP.
They include electromagnetic probes, jets, as well as hadrons,
which contain heavy quarks.

Among these probes, especially the hidden heavy flavor
meson J/ψ , composed of a c and a c̄ quark, has recently
gained a lot of interest. This is due to two experimental results,
which came as a surprise.

(1) The nuclear modification factor RAA = dσAA/d pT

Ncolldσpp/d pT
,

where Ncoll is the number of initial binary collisions
in the AA system, stays almost constant as a func-
tion of the centrality in heavy ion collisions at Large
Hadron Collider (LHC) energies [2] whereas it de-
creases strongly at Relativistic Heavy Ion Collider
energies [3].

(2) In some specific approaches, like for example in
the color glass condensate approach, J/ψ as well as
charmed mesons are produced in correlation to light
flavor mesons. This could explain the elliptic flow
of J/ψ observed in pp and pA collisions. However,
such correlations are local in space and do not add
coherently in the case of AA collisions, while the J/ψ’s
observed in experiment show a strong elliptic flow,
which follows the systematics of the v2 observed for
light hadrons [4]. This can only be explained if one

assumes that v2 is transferred to the individual charm
quarks. The observation of a v2 of J/ψ questions
the idea that it traverses the QGP as a color-neutral,
weakly interacting object.

In this paper we study how these observations can be
understood and what we can learn from the J/ψ about the
properties of the QGP, created in heavy ion collisions.

The idea to use J/ψ’s for such studies goes back to the
seminal paper of Matsui and Satz [5] who argued that in
strongly interacting thermal matter the color charges of the
c and c̄ are screened by color charges of the medium to the
extent that the J/ψ ceases to exist as a bound state if the
density of these charges becomes high enough. Later this
melting has been confirmed by lattice gauge calculations [6,7]
but the exact dissociation temperature, Tdiss, is still a subject
of debate.

The Wilson loop allows one to determine the free energy
between the c and c̄ as a function of their distance. The lattice
gauge results for the Wilson loop as a function of the temper-
ature allowed us to develop a static cc̄ potential which can be
employed in a Schrödinger equation and allows for studying
how the ground state energy of the cc̄ pair develops as a
function of the temperature of the QGP [8]. These calculations
confirmed the conclusions of Ref. [5] that there is a limiting
temperature above which the J/ψ becomes unstable. For a
recent review we refer to Ref. [9].

In ultrarelativistic heavy ion collisions the situation is more
complex than in a static medium. Shortly after the initial
binary collisions of the nucleons of projectile and target a high
temperature QGP is formed in which a J/ψ cannot survive. It
can only be produced when the temperature of the expanding
system gets lower than Tdiss. Therefore, the c and c̄ of the final
J/ψ and those c and c̄ quarks, which are finally part of open
heavy flavor hadrons, traverse initially the same QGP. Hence
the knowledge acquired in the last years about open heavy
flavor mesons is also of use for the study of J/ψ .
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Open heavy flavor hadrons, produced in heavy ion col-
lisions, have been extensively studied in the last years,
experimentally and theoretically. Recently the theoretical
models, which differ in details, have been compared [10–12].
This comparison suggests that the initial c and c̄ quarks are
created in elementary baryon-baryon collisions at the begin-
ning of the heavy ion reaction and that their initial transverse
momentum distribution is well described by first order next to
leading log (FONLL) calculations [13,14]. The heavy quarks
interact subsequently with the QGP constituents, the light
quarks, and gluons, in elementary collisions, which are de-
scribed by perturbative QCD Born diagrams, and pick up by
these collisions a finite elliptic flow. Finally, they convert into
heavy hadrons when the QGP hadronizes. The last process is
usually described by a combination of coalescence and frag-
mentation. A modification of the J/ψ distribution by hadronic
rescattering is also possible (see Refs. [15,16]), but beyond the
scope of the present paper.

When the local temperature of the QGP gets lower than
Tdiss of the J/ψ , it can be formed but also destroyed by an
elastic or an inelastic collision of one of its constituents with
a QGP parton. The difference between formation and colli-
sional decay determines the J/ψ spectrum at the end of the
QGP phase.

Recently it has been shown that in central collisions at LHC
energies also in the statistical hadronization model the relative
abundance of charmed hadrons but not the total multiplicity
of charmed hadrons can be understood assuming that all the
charmed hadrons are formed at chemical freeze-out, when
also the light hadrons are produced [17].

Transport models have also been advanced to study the
dynamical production of J/ψ [18,19]. The model of Du and
Rapp [18] describes the J/ψ production in central PbPb col-
lisions at

√
s = 2.76 by a kinetic rate equation applied in an

expanding fireball. The rate for J/ψ production in the fireball
is based on many-body quantum mechanics using as main
ingredient a potential V , which is calibrated to lattice results
such as the free energy and the quarkonium correlators [20].
It is only dependent on the local temperature of the system.
While the main part of the quarkonium production happens in
the fireball, it is also supplemented by a significant regenera-
tion contribution in the expanding hadron gas after the fireball
has been disintegrated into hadrons. Being in quasiequilib-
rium1 with the expanding fireball, the c and c̄ acquire a
finite elliptical flow when the geometrical anisotropy in co-
ordinate space is converted into an anisotropy in momentum
space. The absolute value of the elliptic flow is underesti-
mated. It can, however, be increased [21] by introducing, in
the cc̄ → J/ψ hadronization process, off-equilibrium c and
c̄ distributions from the Langevin dynamics as well as some
space-momentum correlations.

Zhou et al. [19] have advanced a dynamical semiclassical
model for dissociation and regeneration of J/ψ when the c
and c̄ pass through the QGP, which is modeled by hydrody-
namics. Dissociation and regeneration are calculated via the

1A reduction of the equilibrium limit is accounted for through a
thermal relaxation factor.

σgJ/ψ cross section, assuming that the charm quarks are in
equilibrium in the QGP.

There are also two more recent and interesting approaches,
which have not yet yielded quantitative predictions. The one
is the treatment of the J/ψ production under the aspect of an
open quantum system [22,23] whose time evolution is given
by the Lindblad equation. The other is the description of the
J/ψ by the time evolution of a reduced density matrix [24].
Both treat the c and c̄ pairs as quantum systems, a challenging
as well as complex task.

In this paper we advance a microscopic model for the J/ψ
production which follows the c and c̄ from the initial creation
until hadronization. By this we avoid one-body transport ap-
proaches like Boltzmann or Fokker-Planck equations. These
equations are not appropriate to study two-body correlations,
which are at the origin of the J/ψ formation. While traveling
through the QGP, the heavy quarks have energy and momen-
tum conserving collisions with the constituents of the QGP
and interact among themselves by a potential derived from
lattice QCD. The Lagrangian, which we employ for the poten-
tial interaction, includes relativistic corrections in the center
of mass system up to the order γ − 1 where γ = 1/

√
1 − β2.

Below Tdiss the J/ψ’s are described by a Wigner density in
relative coordinates with a root mean square (rms) radius,
which depends on the temperature of the QGP, while above
Tdiss a J/ψ cannot be produced. The rate of production and
dissociation is obtained by solving the von Neumann equa-
tion for the two-body cc̄ system in the expanding medium,
following a formalism which has been developed by Remler
and coworkers [25–27] for the production of deuterons in
heavy ion collisions. It has also been employed in the study
of quarkonia production in pp collisions within the parton
hadron string dynamics (PHSD) approach [28].

The paper is organized as follows: In Sec. II we present
our model. We introduce the density matrix formalism in-
troduced by Remler and study the rate of J/ψ production
for time independent QQ̄ Wigner densities, where Q stands
for a heavy quark. This is followed by a description of the
interaction of heavy quarks with the QGP partons. Finally
we discuss the nonrelativistic QQ̄ Wigner density and its
relativistic extension. In Sec. III we extend our formalism
to the case that the QQ̄ Wigner density gets time dependent.
Section IV is devoted to the potential interaction between Q
and Q̄. In Sec. V we report about the initial distribution of the
heavy (anti)quarks. In Sec. VI we present numerical details
of our approach and study the consequences of the different
ingredients on the observables. In Sec. VII we compare our
results with experimental data before we draw our conclusions
in Sec. VIII. In this initial study we limit ourself to the char-
monium ground state, knowing that feeding from B decay and
excited charmonia gets important at LHC energies. Here it is
the primary goal to understand the global trends associated to
such a microscopic approach. This limits also our possibility
to compare our results with experimental data. Feed-down, a
more careful treatment of the color structure, a possible color
screening of the cross section of a J/ψ in the QGP, hadronic
J/ψ interactions, and inclusion of the directly produced J/ψ
(meaning those which do not pass the QGP) will be subjects
for a later publication.
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II. THE MODEL

We start out with an outline of the approach of Remler,
which we employ, adapted to the problem of heavy quarks:
In the initial collisions between projectile and target nucleons
heavy (anti)quarks Q(Q̄) are created, which we assume to be
uncorrelated in momentum space. Their individual transverse
momenta reproduce the distribution of FONLL calculations
[13,14]. These heavy quarks then enter the QGP, which is
created after a thermalization time of t0 = 0.35 fm/cycle, and
modeled by EPOS2 [29,30] or vHLLE hydrodynamics [31].
While traversing the QGP the heavy quarks interact with the
plasma constituents according to MC@sHQ [32,33]. At the
same time QQ̄ pairs interact among themselves via a chromo-
electrical potential, a new feature, which is based on lattice
results. It yields correlated QQ̄ trajectories. When the QGP
has cooled down locally to T �

diss, the dissociation temperature
of a heavy QQ̄ meson of type �, these mesons can be cre-
ated but also destroyed. We employ the Remler formalism to
describe their creation and annihilation rates. These processes
cease when the heavy quarks hadronize to open heavy flavor
hadrons. The Remler formalism predicts the final momentum
distribution of the quarkonia.

A. The Remler density matrix formalism

The Remler formalism assumes that all information about
a N-particle system is encoded in the N-body density operator,
ρN (t ), of the system. Among the N particles there may be
one or several cc̄ pairs. Because the relative motion of heavy
quarks in bound heavy quark systems is small compared to the
heavy quark mass, we use here nonrelativistic kinematics and
discuss the extension towards a relativistic treatment later.

The density operator obeys the von Neumann equation [26]

∂ρN/∂t = − i

h̄
[H, ρN ] (1)

where H is the Hamiltonian of the full system:

H = 	iKi + 	i> jVi j . (2)

Ki is the kinetic energy operator of the particle i and Vi j

is the interaction between the particles i and j. Quarkonia,
like a J/ψ , are two-body objects described by the two-body
density operator ρ� = |�〉〈�|. � is the wave function of the
eigenstate � of the two-body QQ̄ system. Thus

P�(t ) = Tr[ρ�ρN (t )], (3)

where the trace is taken over all N-body coordinates (which
include the Q and Q̄ degrees of freedom), measures the proba-
bility of finding the Q and the Q̄ at time t in the eigenstate |�〉.
In the case where several QQ̄ pairs are present in the system,
this definition extends to the average number of � states
which can be measured at the time of the projection, including
possible interferences and taking into account the rare cases
where several � states could be measured simultaneously.
We are in particular interested in the value of P�(t → +∞),
as it corresponds to experimental measurements. From the
viewpoint of heavy quarks, our standard EPOS2+MC@sHQ
is quite similar to an intranuclear cascade model to which
the Remler algorithm was originally applied: In heavy ion

reactions the QGP expands until hadronization. Propagating
Q and Q̄ as classical particles without potential, the distance
between the Q and Q̄ quarks increases and at the end of
the QGP expansion it is large with respect to the radius of
the eigenstate �. Therefore P�(t → ∞) tends to zero. To
circumvent this issue of semiclassical transport approaches,
we resort to the method of Remler’s original work: We express
the probability to observe QQ̄ pairs in the eigenstate � at a
time t̃ as the integral of the rate of decay and formation of
pairs in the eigenstate �, 
�(t ):

P�(t̃ ) = P�(0) +
∫ t̃

0

�(t )dt (4)

with the rate 
� defined as


�(t ) = dP�

dt
= d

dt
Tr[ρ�ρN (t )]. (5)

In our numerical scheme, we have introduced an attractive
potential acting between Q quarks and Q̄ antiquarks (see
Sec. IV). Consequently, for some pairs the relative distance
between the Q and Q̄ remains finite when t → ∞. However,
in our semiclassical modeling, which is best suited when
many momentum exchanges occur but less reliable to describe
the long time dynamics of this quantity, the formulation based
on the rate, Eq. (4), is more accurate than the direct projection
Eq. (3). In a full quantum evolution of ρN both methods would
give identical results.

Proceeding with the time derivative inside the Tr[· · · ],
assuming that ρ� is time independent and using the von
Neumann equation (1), one gets

P�(t̃ ) = P�(0) +
∫ t̃

0
Tr

[
ρ�,

∂ρN

∂t

]
dt

= P�(0) − i

h̄

∫ t̃

0
Tr[ρ�, [H, ρN ]]dt . (6)

We first focus on the case that among the N particles we find
only a single QQ̄ pair. We assign to this QQ̄ pair the indices 1
and 2 and decompose the total Hamiltonian as

H = H1,2 + HN−2 + U1,2 (7)

where

H1,2 = K1 + K2 + V12 (8)

is the two-particle Hamiltonian of the QQ̄ pair, HN−2 =
	iKi + 	 j>i�3Vji is the Hamiltonian of the remaining N − 2
body system, and U1,2 is the interaction of the heavy quarks 1
and 2 with the rest of the system:

U1,2 = 	 jV1 j + 	 jV2 j . (9)

We replace in Eq. (6) the full Hamiltonian of the system by
this decomposition and profit from the relations

[ρ�, H1,2] = 0 (10)

because |�〉 is an eigenstate of H1,2 and

[ρ�, HN−2] = 0 (11)
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because HN−2 does act only on the remaining N − 2 particles
due to the cyclic property of the trace. Therefore, we can write

dP�(t )

dt
= 
�(t ) = −i

h̄
Tr[ρ�[U1,2, ρN (t )]]. (12)

This is the starting point of our approach. With Eq. (12) we
calculate the probability P�(t̃ ) that a Q and a Q̄ are in a
bound state � at t = t̃ by integrating the rate from t = 0 to
t = t̃ . P�(t̃ → ∞) is then the probability that at the end of
the heavy ion reaction a meson of type � is observed. To make
calculations possible we have to know ρN (t ). A full quantum
treatment of the evolution of ρN or of the equivalent N-body
Wigner density, WN , defined as

WN ({ri}, {pi}, t ) = 1

h3N

∫
d3y1 . . . d3yN

(
ei p1 ·y1

h̄ . . . ei pN ·yN
h̄

)
〈
r1 + y1

2
, . . . , rN + yN

2

∣∣∣∣ρ(t )

∣∣∣∣r1 − y1

2
, . . . , rN − yN

2

〉
,

(13)

where ri and pi are the coordinates and momentum of the
particles in the Wigner representation, is out of reach but in
the past it turned out that many observables in heavy ion
collisions can be well described if one replaces the N-body
Wigner density by an average over classical N-body phase
space densities W c

N :

WN ≈ 〈
W c

N

〉
(14)

with

W c
N ({ri}, {pi}, t ) =

N∏
i

δ(ri − ri0(t ))δ(pi − pi0(t )). (15)

W c
N ({ri}, {pi}, t ) as well as WN ({ri}, {pi}, t ) are normalized to

1: ∫ N∏
i=1

d3rid
3 piW

c
N ({ri}, {pi}, t ) = 1,

∫ N∏
i=1

d3rid
3 piWN ({ri}, {pi}, t ) = 1. (16)

B. The rate for time independent QQ̄ Wigner densities

In this section we assume that, as in the original Remler
formalism, W �, the Wigner density of the density matrix
of the eigenstates of the QQ̄ Hamiltonian, |�〉〈�|, is time
independent. The extension to a time dependent W �(t ) will
be discussed in Sec. III.

Employing Wigner densities we can rewrite the rate,
Eq. (5). We assume again that among the N particles there
is only one heavy quark Q which carries the index 1 and one
heavy antiquark Q̄ with the index 2. Then we find

dP�(t )

dt
= 
�(t ) = h3 d

dt

∫ N∏
j

d3r jd
3 p jW

�
12W c

N (t )

= h3
∫ N∏

j

d3r jd
3p j W �

12
∂

∂t
W c

N (t ) (17)

where W �
12 = W �(r1 − r2, p1 − p2). The form of W �, the

Wigner density of the quarkonium �, will be discussed in
Sec. II D.

The interaction between the N partons is of short range (as
compared to the mean free path). This means that we consider
that the QGP partons and the heavy quarks move on straight
line trajectories between the collisions whose strength is given
by cross sections.

We can number the collisions between a given couple of
scattering partners i and j by n, up to nmax

i j . We define as ti j (n)
the time at which the nth collision between the partons i and
j takes place. This allows us to calculate the momentum of
particle i at time t as

pi(t ) = pi(0) + 	 j �=i	n=1�(t − ti j (n))
pi j (n) (18)

where 
pi j (n) is the momentum transfer in the nth collision
and where the sum on n runs from 1 → nmax

i j . This notation
will be used implicitly from now on. 
pi j (n) is equal to
−
p ji(n). With this choice of time dependent momenta in
the Wigner density W c

N [Eq. (15)] we can calculate the time
evolution of the N-body Wigner density [Eq. (17)]:

∂

∂t
W c

N (t ) = 	ivi · ∂riW
c

N ({r}, {p}, t )

+	 j�i	nδ(t − ti j (n))

· (W c
N ({r}, {p}, t + ε) − W c

N ({r}, {p}, t − ε)
)
.

(19)

The first term arises from the straight line motion of the
particles between the collisions while the second is due to
the impulse received at the time ti j (n) when the nth collision
between particle i and j takes place. The δ[t − ti j (n)] assures
that a momentum transfer takes place exactly at the time of
collisions. Additionally, we can separate the change of ρN

due to kinetic terms (straight line motion) and potential ones
(collisions) by writing

∂ρN (t )/∂t = − i

h̄
	 j[Kj, ρN (t )] − i

h̄
	k> j[Vjk, ρN (t )]. (20)

From the comparison between Eqs. (19) and (20) we find that

− i

h̄
	 j[Kj, ρN (t )] ≡ 〈

	ivi · ∂riW
c

N ({r}, {p}, t )
〉

(21)

and (renaming indices)

− i

h̄
	k> j[Vjk, ρN (t )] ≡ 〈

	k> j	nδ(t − t jk (n))

·(W c
N ({r}, {p}, t + ε) − W c

N ({r}, {p}, t − ε)
)〉
. (22)

Strictly speaking we assume that the equivalence holds for
each term of the sum separately. This means that like in cas-
cade calculations the interaction range is small as compared to
the mean free path. Substituting in Eq. (12) the square bracket
by the right-hand side of Eq. (19) and passing globally to the
Wigner representation, we find


�(t ) =
2∑

i=1

N∑
j�3

∑
n

δ(t − ti j (n))
∫ N∏

k=1

d3rkd3pk

· h3W �(r1, r2, p1, p2)

· [W c
N ({r}, {p}; t + ε) − W c

N ({r}, {p}; t − ε)
]
, (23)
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FIG. 1. Visualization of Eq. (23). A quark (gluon) from the QGP
collides with a heavy quark Q causing a momentum change of
the heavy quark. The probability that the heavy quark formed a
quarkonia � with the Q̄ before the collision [W − = W �W c

N (t − ε)]
hence differs from the probability that it forms a � after the collision
[W + = W �W c

N (t + ε)]. The difference W + −W − is therefore the
change of the J/ψ multiplicity due to this collision.

where j sums over the light quarks and gluons of the QGP.
Hence, in the Remler formalism, collisions of the Q and Q̄
with the QGP medium determine the rate of creation and de-
struction of quarkonia. Figure 1 visualizes Eq. (23). A parton
from the QGP collides with a heavy quark Q leading to a
momentum change of Q. We calculate W � before (W−, at
t − ε, where ε is an infinitesimal time) and after (W+, at t + ε)
the collision for the QQ̄ pairs, which the Q can form.

It is useful to explain this equation a bit more. At time
t = t1 j (n) a heavy quark Q, to which we assign the coordi-
nates r1 and p1, has a collision with a QGP parton j � 3. To
the heavy antiquark we assign the coordinates r2 and p2, and
define the two-body Wigner density of the QQ̄ pair as

W2(r1, r2, p1, p2, t ) =
N∏

k=3

∫
d3rkd3 pkW

c
N ({r}, {p}, t ). (24)

We can calculate the contribution of this collision to the yield
of the state �. For this we define the relative and center of
mass coordinates of the QQ̄ pair q = p1−p2

2 (r = r1 − r2) and
P = p1 + p2 (R = r1+r2

2 ). The contribution of this Q-parton
nth collision to the � production rate can then be expressed
as


�
1,2; j (n; t ) = h3δ(t − t1 j (n))

∫
d3Pd3Rd3rd3qW �(r, q)

·(W2(R, r, P, q, t + ε) − (W2(R, r, P, q, t − ε)). (25)

This allows for expressing the total rate in a form suitable for
Monte Carlo (MC) implementations:


�
1,2(t ) ≡

〈∑
i=1,2

∑
j�3

∑
n


�
i,3−i; j (n; t )

〉
, (26)

where 
�
2,1; j (n; y) is the equivalent quantity to 
�

1,2; j when
parton j collides with the Q̄.

Let us now consider the general situation with NQ Q quarks
as well as NQ̄ Q̄ quarks in the N-body system, and let us assign
indices i ∈ [1, NQ] for Q and j ∈ [NQ + 1, NQ + NQ̄] for Q̄.

The total rate of quarkonia formation then reads


�(t ) =
∑

i

∑
j

∑
k>NQ+NQ̄

∑
n

[
δ(t − tik (n)) + δ(t − t jk (n))

]

×
∫ N∏

l=1

d3rl d
3pl h3W �(ri, r j, pi, p j )

·[W c
N ({r}, {p}; t + ε) − W c

N ({r}, {p}; t − ε)
]
,

(27)

where collisions between heavy quarks are neglected as they
are rare. We have to sum over all possible QQ̄ pairs because
they can all lead to the formation of a � meson after the scat-
tering of either the Q {δ[t − tik (n)]} or the Q̄ {δ[t − t jk (n)]}
with light particles. One can then generalize Eq. (24) to

W2(ri, r j, pi, p j, t ) =
N∏

l=1
l �=i
l �= j

∫
d3rld

3 plW
c

N ({r}, {p}, t ) (28)

and Eq. (25) to


�
i j;k (n; t ) = h3δ(t − tik (n))

∫
d3Pd3Rd3rd3qW �(r, q)

·(W2(R, r, P, q, t + ε) − (W2(R, r, P, q, t − ε) (29)

as well as 
�
2,1;k (n; t ) to 
�

ji;k (n; t ). One thus obtains


�(t ) ≡
〈∑

i

∑
j

∑
k>NQ+NQ̄

∑
n

(

�

i j;k (n; t ) + 
�
ji;k (n; t )

)〉
,

(30)
where i runs from 1 to NQ and j from NQ + 1 to NQ +
NQ̄, allowing us to take into account all possible QQ̄ pairs,
independent of whether the entrained heavy quarks come
originally from the same vertex or from different vertices.
With this approach, we are thus able to treat consistently
the primordial and the regenerated components introduced in
usual transport models.

C. Heavy quark-parton interactions

Our approach for the J/ψ production, derived in the last
section, is based on the collisions of heavy quarks with partons
from the QGP. The study of these collisions was already
presented quite a while ago [32–34] to investigate the produc-
tion of open heavy flavor mesons. In this paper we calculate
the interaction rate for heavy quark-parton interactions and
determine whether a collision takes place by a Monte Carlo
procedure. If a collision is taking place we determine ran-
domly, from the local equilibrium distribution, the momentum
of the light parton. The interaction of the gluons and quarks
with the heavy quarks is then described by Born-type matrix
elements. These matrix elements have two inputs: the running
coupling constant and the infrared regulator. The running
coupling constant remains finite at zero momentum transfer
and agrees with the analysis of τ decays and e+e− scatter-
ing [32]. The infrared regulator has been chosen to make
the result independent of the scale which separates the hard
thermal loop dominated low energy behavior and the high
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momentum transfer region, which is described by Born terms.
This approach has been successfully used to describe the open
heavy flavor meson production in ultrarelativistic heavy ion
collisions [35]. For the calculations presented here we limit
ourselves to elastic collisions and employ a K scaling factor
of 1.5 for the collision probabilities of heavy quarks with
light partons. As shown such a scaling factor compensates for
radiative collisions, which are not considered here [36].

D. Wigner density of quarkonia

To make use of Eq. (23) we need to know the Wigner
density of the quarkonia. For quarkonia, which are created
in the vacuum in pp collision, the Wigner density has been
discussed and employed in Ref. [28]. Here we follow this
approach. Considering first quarkonia in nonrelativistic mo-
tion, the center of mass (R, P) motion of the state is given
by a plane wave. Due to the large mass of the heavy quark
we assume that the relative wave functions of the different
eigenstates i of the meson � |�i〉 of the QQ̄ pair in vacuum,
as well as its Wigner density, W �(r, p), can be calculated by
solving the Schrödinger equation for the relative motion in a
Cornell potential [37]. The calculation of the J/ψ production
in heavy ion collisions becomes more convenient if we replace
W �(r, p) for the s-wave states by a Gaussian Wigner density

W �
1s (r, p) = 8g

h3
e
− r2

σ2
1s

−p2 σ2
1s

h̄2 (31)

with

3

2
σ 2

1s = 〈
r2

1s

〉
,

where
√

〈r2
1s〉 ≈ 0.4 fm for J/ψ . g = 3

4 is the spin factor of a

vector meson. The factor 8
h3 is due to the normalization of the

Wigner density. To simplify the calculation we assign initially
to each heavy quark-antiquark pair whether it is in a color
singlet (probability = 1/9) or in a color octet state (probability
= 8/9) and stick then to this assignment. Thus we do not
follow the color flow. This is foreseen as a future project.

E. Operational summary

We come back now to the relation between the probability
and the rate. Following Eq. (4), the total probability that a QQ̄
pair, which has the coordinates {1, 2}, forms a quarkonium
state at time t is given by a time integration of the rate
[Eq. (12)]

P�
1,2(t̃ ) = Pprim

1,2 (0) +
∫ t̃

t0


1,2(t )dt (32)

with t̃ < thadr, the time when the QGP fully hadronizes. Pprim
1,2

is the probability that at the moment of their creation the QQ̄
pair forms a quarkonium (see Ref. [28], as well as Sec. V), and
t0 is the time when the QGP is formed.2 The rate [Eq. (12)]

2Assuming no contribution to quarkonia production for the interval
[0, t0].

is treated in a Monte Carlo approach, adopting the Remler
method, leading to Eq. (26). The time integral of the rate
thus accumulates the change of the probability that the QQ̄
pairs form a quarkonium caused by all collisions with plasma
partons suffered either by the Q or the Q̄ during the time
evolution until the time t̃ .

In the Remler formalism, Eq. (32), which refers only to a
single QQ̄ pair, naturally extends to many QQ̄ pairs that are
in the QGP at a given time t̃ . Using Eq. (29), the latter can be
expressed by summing over all possible pair combinations at
a given time. As exhibited in Eq. (30), the total rate of quarko-
nium formation, the sum of the rate due to the scattering of the
heavy quark, and that of the heavy antiquark at a given time
can be expressed as


(t ) =
NQ∑
i=1

NQ+NQ̄∑
j=NQ+1

(
i, j (t ) + 
 j,i(t )). (33)

In practice, this sum over the rates is performed in the numer-
ical program according to Eq. (30).

We would like to stress that in the numerical implemen-
tation of our approach the � mesons are not represented
by pseudoparticles, produced and destroyed by 2 → 2, like
cc̄ ↔ J/ψ + g, or 3 → 2, like Xcc̄ ↔ J/ψX , processes, as
done in standard cascade approaches. Instead we sum coher-
ently the contributions to the rate of the different QQ̄ pairs,
which offers the advantage to add coherently all possible
contributions, which is not possible in standard MC approach
based on pseudo-particles. The nontrivial effect of adding
the diagonal and off diagonal components for the primordial
contribution—

∑
i

∑
j Pprim

i, j (0)—has already been discussed
in Ref. [28].

Finally, it should be noted that the Monte Carlo implemen-
tation of the rate can be formulated locally—see Eq. (29)—as
a sum of a gain and a loss term. If one bins the phase space
along any variable (for example, transverse momentum PT ),
one can thus reformulate the Monte Carlo process as a de-
pletion of some PT bin and the population of a PT + 
PT

bin, where 
PT is the transverse momentum transferred from
the light parton to the heavy quark, its scattering partner.
This opens the possibility to evaluate differential � spectra
by bookkeeping these gain and loss terms.

F. Generalization for relativistic quarkonia

Up to now we have formulated the Wigner density in a
nonrelativistic approach. As shown in the Appendices the
corresponding relativistic Wigner density can be written as

W �
i (y, uT , rc.m., qc.m.) = δ(y − y�)

(2π )3
δ2(uT,� − uT )

×Wi,NR(rc.m., qc.m.). (34)

In this expression, uT is the transverse component of the four-
velocity

uT,� = PT

m�

(35)

where PT is the total transverse momentum of the QQ̄ center
of mass, y� is the rapidity of the quarkonium, while rc.m.
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and qc.m. are the (relative) coordinates in the center of mass
frame. � and the index NR indicates that the Wigner density
of the relative coordinates are evaluated in a nonrelativistic
framework [see Eq. (31)]. This is justified because QQ̄ pairs
with a large relative momentum do not form quarkonia. Here
it is important to mention that only for those states, for which
we impose a well-defined center of mass four-velocity and a
well-defined relative momentum with respect to the center of
mass, we have been able to successfully derive a prescription
which allows us to evaluate the Wigner density in any system
of reference as a function of the Wigner density in the center
of mass frame. The latter condition comes from the fact that,
even if we can always define a total momentum for the center
of mass, due to the on-shell condition, the mass of the quarko-
nium state m� depends on the relative momentum of the pair
q, as shown in Eq. (A10). This implies that in our construction
one cannot impose both a fixed total momentum and a fixed
velocity for the two-body state. To overcome this problem one
has to solve the Bethe-Salpeter equation which is beyond the
scope of the present paper.

The result obtained in Eq. (34) allows us to study the
formation of J/ψ in the center of mass of the cc̄ pair and
at the same time to be able to evaluate the Wigner density
at any time in any other system of reference. The latter is
rather important because our multiparticle dynamics requires
us to adopt a common computational frame, as can be seen
from the definition of the global rate [see Eq. (30)]. The
standard computational frame is the center of mass frame of
the heavy ion collision. Benefiting from the boost invariance
of the phase space, it is nevertheless possible to define the
equivalent Wigner density in this center of mass frame, called
the laboratory frame to distinguish it from the center of mass
frame of the cc̄ pair [see equivalence between Eqs. (C5) and
(C6)] by expressing qc.m. as a function of qlab as well as rc.m.

as a function of rlab (while taking xlab0 = 0 in the Lorentz
transform). This leads to a Wigner density in the laboratory
frame:

Wi(y, uT , qlab, plab) = 1

(2π )3
δ(y − y�)δ2(uT,� − uT )

·Wi,NR(rc.m.(rlab), qc.m.(qlab)). (36)

III. APPROPRIATE BASIS FOR THE QUARKONIUM
STATES IN THE QGP

The Remler formalism was originally developed for two-
body systems for which the vacuum eigenstates provide
the appropriate basis. In this case the density operator
ρ�(r1, r′

1, r2, r′
2) in Eq. (10) corresponds to the two-body

vacuum density operator. Lattice results [6] show that the
potential between the Q and Q̄ changes with temperature
and at high temperatures the quarkonia melt. To cope with
these results we introduce a temperature dependent potential
between the Q and Q̄, taken from Ref. [38]. This renders the
two-body Hamiltonian temperature dependent and the eigen-
states of the relative motion of the quarkonia need to be chosen
accordingly in order to fulfill Eq. (10). We assume that also at
finite temperature the J/ψ wave function can be approximated
by a Gaussian. To obtain the temperature dependence of the

FIG. 2. Width of the Gaussian Wigner density, σ (T ), as function
of the temperature, obtained by solving the Schrödinger equa-
tion with a potential taken from Ref. [38] in the interval 0.15 < T <

0.4 GeV. Above T = 0.4 GeV = Tdiss, the J/ψ is unstable, and below
T = 0.15 a QGP does not exist.

Gaussian width we solve the two-body Schrödinger equa-
tion with a Lafferty-Rothkopf potential [38] and determine
the rms radius of the J/ψ wave function [39,40]. The rms
radius of the J/ψ wave function is related to the Gaussian
width by σ 2(T ) = 2

3 〈r2(T )〉. This calculation shows as well
that the J/ψ melts at Tdiss = 0.4 GeV. For T → 0 the tem-
perature dependent potential becomes the potential in vacuum
and therefore we recover Eq. (31). The dependence of the
Gaussian width σ on the local temperature T is displayed in
Fig. 2. In an expanding QGP, the temperature changes rapidly
as a function of time. Therefore the temperature dependence
of the width is equivalent to a time dependence.

Introducing a temperature dependent potential creates an
additional term in Eq. (6) when replacing ρ�(r1, r′

1, r2, r′
2)

by ρ�(r1, r′
1, r2, r′

2, T (t )). We call this term “local rate.”
This leads to


eff = 
 + 
loc

= Tr[ρ�(r, r′, T (t ))ρ̇N (t )] + Tr[ρ̇�(r, r′, T (t ))ρN (t )]

(37)

The first term is the rate from the Remler formalism Eq. (5)
and the second is the new 
loc.

Performing the trace integral, we obtain


loc =
∑∫

d3rd3r′ρ̇�(r, r′, T (t ))ρQQ̄(r, r′, t ) (38)

where ρQQ(r, r′, t ) is the density operator of the N-body
system integrated over the positions of the remaining N − 2
particles which are not part of the pair, while ρ� is the density
operator of the bound quarkonium states. The sum runs over
all possible QQ̄ pairs. Converting ρ� into the corresponding
Wigner density

ρ�

(
r + r′

2
, r − r′

2

)
=

∫
d3 pe−i p·r′

h̄ W �(r, p) (39)

we obtain


loc = (2π h̄)3
∫

d3rd3 p Ẇ �(r, p, T (t ))WQQ̄(r, p, t ). (40)
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For classical phase space densities, Eq. (15), we arrive at


loc = 8σ̇ (T (t ))∂σ e−
(

r2

σ2 + σ2p2

h̄2

)
= 16σ̇ (T (t ))

(
r2

σ 3(T )
− σ (T )p2

h̄2

)
e−

(
r2

σ2 + σ2p2

h̄2

)
(41)

where σ̇ (T (t )) = Ṫ (t )σ ′(T ). This local rate is nonzero if the
temperature changes with time and therefore the temperature
dependent Gaussian width becomes time dependent. Includ-
ing the local rate, the probability that a quarkonium state is
formed at time t from a single QQ̄ pair now reads

P�
QQ̄(t ) = Pinit

(
tQ,Q̄
init

) +
∫ t

tQ,Q̄
init

(
coll,QQ̄(t ′) + 
loc,QQ̄(t ′))dt ′.

(42)

coll is the contribution of the collisions to the rate and Pinit

is the initial probability for the production of a quarkonium
once the local QQ̄ temperature falls below Tdiss. Contrary to
Eq. (32), obtained from the projection on the vacuum basis,
tQ,Q̄
init , the time when the QQ̄ passes Tdiss, is dependent on

the environment of the QQ̄ pair and on the quarkonium state
considered.

Let us finally mention that the existence of a local rate is
not specific to the Remler approach. It should appear in all
transport approaches in which medium modified bound states
are produced.

IV. IN-MEDIUM QQ̄ PROPAGATION

Besides the usual short distance collisions between heavy
quarks and light QGP partons, we have updated our
MC@sHQ scheme by implementing a long distance QQ̄ in-
teraction. This is detailed in the present section.

A. Global strategy

First, let us recall that the implementation of the Remler
method, described in Sec. II, requires trajectory calculations in
Minkowski time steps 
t . The EPOS2 event generator, which
we use to simulate the time evolution of the QGP and to obtain
the initial interaction points at which the c and c̄ quarks are
produced, uses, like almost all hydrodynamical calculations,
Milne coordinates (Bjorken time τBjorken = √

t2 − z2 as well
as the space time rapidity η = 1

2 ln t+z
t−z ). The coordinate and

momentum space variables are updated employing a finite
time step 
τBjorken. Therefore, before being able to apply
the Remler algorithm, we have to construct the trajectories
of the Q and Q̄ quarks in Minkowski space from the Milne
coordinates. If 
τBjorken is too large and, as a consequence,
the differences in momentum of the heavy quarks between two
Bjorken time steps become sizable, these trajectories become
kinky.

Solving the relativistic dynamics of an ensemble or par-
ticles in mutual potential interaction is a much involved
problem and nowadays still represents a challenge. A first op-
tion consists in considering retarded potentials, generalizing
the Liénard-Wiechert potential from classical electrodynam-
ics. This approach suffers from the nonconservation of energy
and angular momentum associated to radiative field emis-

sion. Such nonconserving features can be cured at the price
of adding the retarded and advanced propagator [41] which,
however, leads to advanced interactions from the future to the
past. A second choice is the constrained Hamilton dynamics
which reduces the 8N-dimensional phase space to a (6 + 1)-
dimensional space by imposing time and energy constraints
[42,43]. This is, however, only possible if the potential has a
form which is invariant under a Lorentz transformation.

In the absence of an exact way of solving the multi-
body dynamics, we have adopted the following strategy: We
proceed to the evolution of each quark Q from τBjorken to
τBjorken + 
τBjorken by considering the closest Q̄ partners. For
each such pair, we first transform the QQ̄ coordinates into the
c.m. system of the pair, where the evolution can be performed
exactly—see next subsection—until the quark Q reaches time
τBjorken + 
τBjorken. Such an evolution leads to a variation δxQ

with respect to the free propagation.
The total evolution of the Q under consideration is thus

defined as the sum of the various δxQ from the interaction
with the different Q̄ superposed to the free motion. Such a lin-
earized algorithm leads to acceptable results when 
τBjorken

is small with respect to the revolution time of the QQ̄ pairs.
If the distance between the quarks is large, the potential

does not affect the trajectories. Only the trajectories of neigh-
boring QQ̄ pairs are therefore concerned and usually one finds
for each heavy quark Q not more than one Q̄ (or two, in the
early stage), which is sufficiently close that the potential has
an influence on the trajectory.

The drawback of such a sequence of Lorentz transfor-
mations is that small shifts in space-time coordinates are
introduced at each step due to Lorentz transformations.3 As
those shifts are proportional to the QQ̄ c.m. velocity, this
approach is not suited for the calculation of high pT pairs.

B. The QQ̄ potential interaction

The simplest relativistic modification to the movement of
a particle in a central potential field, V (r), is described by the
Lagrangian [44]

L = −γ −1mc2 − V (r) (43)

with γ −1 =
√

1 − v2/c2 and m the particle mass, with

∂L
∂vi

= pi = γ mvi (44)

and

H = pivi − L = γ mvivi + mc2

γ
+ V (r) = γ mc2 + V (r)

=
√

m2c4 + p2c2 + V (r) = E . (45)

E , the energy, is a constant of motion. If we employ spher-
ical coordinates ṙ2 = ṙ2

r + r2θ̇2, p2 = p2
r + p2

θ /r2, we find

3Equal time t (Q) = t (Q̄) in the c.m. does generally not correspond
to a unique time in the computational frame.
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the corresponding momenta from the Euler-Lagrange equa-
tions (we employ now c = 1):

pθ = ∂L
∂θ̇

= γ mr2θ̇ ,

pr = ∂L
∂ ṙ

= γ mṙ. (46)

Expressing the Hamiltonian in terms of pr and pθ ,

H =
√

m2 + p2
r + p2

θ

r2
+ V (r), (47)

we obtain the equations of motion from the Hamiltonian
equation:

ṙ = ∂H

∂ pr
= pr√

m2 + p2
r + p2

θ

r2

,

θ̇ = ∂H

∂ pθ

= pθ

r2

√
m2 + p2

r + p2
θ

r2

,

ṗr = −∂H

∂r
= p2

θ

r3

√
m2 + p2

r + p2
θ

r2

− ∂V

∂r

= pθ θ̇

r
− ∂V

∂r
,

ṗθ = −∂H

∂θ
= 0 → pθ = const = L. (48)

The last equation states that the generalized angular momen-
tum

L = γ mr2θ̇ (49)

is conserved in this ansatz. Thus one only needs to solve the
radial equations of motion on r and pr numerically and can
then integrate the differential on θ̇ .

For two heavy quarks in their center of mass system we can
formulate a spinless Hamiltonian, generalizing Eq. (45):

H2 =
√

m2
1 + p2

1 +
√

m2
2 + p2

2 − V (r12) = E (50)

where p1 = −p2. m1 and m2 are the masses of the heavy
quarks and r12 is their relative distance. For the case we
consider here, m1 = m2, the two-body dynamics is directly
mapped on the single one, discussed above, by taking
V (r12) = V (2 × r/2) in Eq. (45). V (r12) is here taken as the
Lafferty-Rothkopf potential [38], which depends on the tem-
perature.

C. Calculation of �coll

At the boundaries of each time interval [t, t + 
t] we com-
pare the momentum change of each c(c̄). If the cc̄ potential
is not active, meaning switched off, and the heavy quark has
changed its momentum in this time interval we know that
this heavy quark had a collision with a QGP parton and we
calculate the Wigner density of this quark with the antiquarks,
which are in a hydrocell with T < Tdiss, to determine 
W =
W (t + 
t ) − W (t ). 
W is then the contribution of this cc̄ pair

FIG. 3. Number of cc̄ pairs whose relative distance in the c.m.
is lower than 1 fm as function of time under three conditions: with-
out any cc̄ interaction (blue line), with the interaction screened by
the medium (dashed orange line), and with the vacuum interaction
(dotted black line).

to the J/ψ multiplicity and the sum of 
W over all c̄(c) is the
contribution of this collision to the J/ψ multiplicity.

D. Consequences of the QQ̄ interaction

Figure 3 shows the influence of th QQ̄ potential on the
time evolution of the cc̄ pairs. We display there the number
of cc̄ pairs whose constituents have an invariant distance (the
relative distance between the c and c̄ quarks, measured in
their c.m.) of r � 1 fm as a function of the Minkowski time.
We show this quantity for three scenarios: (a) without any
cc̄ interaction (blue line), (b) with the interaction screened
by the medium [38] (dashed orange line), and (c) with the
vacuum interaction (dotted black line). Without potential the
number of cc̄ pairs that stay close indeed decreases strongly
with time. We see that a medium screened QQ̄ potential keeps
the cc̄ pairs together longer, especially at the final stage of
the evolution (t ≈ 4–8 fm/cycle). This is quite important be-
cause in a fast expanding medium the heavy quarks tend to
move away from each other. Adding an interaction potential
enhances the recombination (regeneration) process, especially
at the latest stage of QGP evolution. In the final stage t � 8
fm/cycle, the c and c̄ quarks escape from the QGP as mesons
and are not counted anymore in Fig. 3. We display in Fig. 3
as well the (extreme and nonphysical) case of an unscreened
potential, which maximizes the number of close pairs, to allow
for a better judgment of the influence of the potential in the
calculation presented here.

The influence of the QQ̄ potential, both for the collision
rate and for the local rate, will be studied in Sec. VI.

V. J/ψ PRODUCTION IN PP AND INITIAL cc̄ STATE
CALIBRATION

Although there are some well-established models and
formalisms available to deal with quarkonia formation in
individual pp collisions, we have chosen, for consistency rea-
sons, to evaluate this production in the same Wigner density
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coalescence approach as the one used for AA collisions, hence
following Ref. [28].

For this purpose, we start from the double differential
spectrum Eq. (C6) or its Monte Carlo equivalent Eq. (C8),
considering that one single QQ̄ pair is produced, so normal-

izing
d9NQQ̄

dY d2uT d3qlabd3xlab
r

to unity. In our present approach, we

neglect momentum correlations between the initial Q and Q̄
quarks, although they can become significant at large pT .
Accordingly, we express more conveniently

d9NQQ̄

dY d2uT d3qlabd3xlab
r

= J elab
QQ̄

d3ÑQQ̄

d3xlab
r

× d3NQ

d3 plab
Q

× d3NQ̄

d3 plab
Q̄

(51)

where
d3ÑQQ̄

d3xlab
r

is the normalized distribution to observe a dis-

tance xlab
r between the Q and Q̄ quark. J = s + u2

T
∂s

∂u2
T

is the
Jacobian of the variable transformation. As the longitudinal z
space is Lorentz contracted, we moreover assume that

d3ÑQQ̄

d3xlab
r

∝ δ(z) e
−
(

xlab
rT
σr

)2

(52)

where xlab
rT is the transverse initial distance between Q and

Q̄ quark. A last assumption is to consider factorization of
the individual Q and Q̄ production along longitudinal and
transverse direction according to

d3NQ

d3 plab
Q

= d2ÑQ

d p2
T,Q

dÑQ

d pL,Q
= 1

eQ

d2ÑQ

d p2
T,Q

dÑQ

dyQ
, (53)

where both distributions are normalized to unity and where
the transverse spectrum is taken from the FONLL approach.
From these hypothesis, it is possible to establish that

dN�

dy
≈ P� × dÑQ

dy

dÑQ̄

dy
, (54)

where all rapidity distributions are evaluated at the same
rapidity and where P� represents a kind of conditional prob-
ability for a quarkonium � to be formed in the QQ̄ Wigner
density coalescence [see Eq. (3) where P(t ) is in this case
time independent]. It can be evaluated semianalytically once
the width σ1s in Eq. (31), σr , and the pT spectrum of the
individual quarks are specified. It is important to realize that in
our Wigner density coalescence model, the quarkonium pro-
duction at a given rapidity scales quadratically with the local
abundance of heavy quarks. Next, one obtains an equivalent
relation for the production cross section in pp by noticing
(a) that the conditional probability to produce a QQ̄ pair in
such collision is σQ

σtot
(σtot being the total pp cross section) and

(b) that the normalized distribution
dÑQ̄

dy = dσQ/dy
σQ

. The average
distribution per pp collision is therefore

dN�

dy
≈ P�

σtotσQ
× dσQ

dy

dσQ̄

dy
(55)

leading to

dσ�

dy
≈ P�

σQ
×

(
dσQ

dy

)2

⇔
dσ�

dy
dσQ

dy

= P� ×
dσQ

dy

σQ
, (56)

where the last factor can be seen as an inverse rapidity width.
The last relation allows one to calibrate the model using ex-
perimental results for c quarks. In our case, we only adjust
the σr parameter because σ1s = σJ/ψ is constrained by the
vacuum wave function to σ1s = 0.35 fm [see Eq. (31)]. For

yc.m. ≈ 0, one takes
dσc
dy

σc
= 0.125, a value in agreement with

next to leading order (NLO) calculations , while dσJ/ψ

dy and
dσc
dy were respectively taken as 6 µb and 1.165 mb following

Refs. [45,46]. Tuning σr in our MC code, we obtain the
corresponding PJ/ψ for σr = 0.25 fm, which is a reasonable
value according to the mc scale. Once the parameters are fixed,
the pT distribution of J/ψ production in pp can be calculated
without further assumption. It will be discussed in Sec. VI B.

VI. RESULTS

A. Preliminary remarks

As discussed in previous sections, the production and dis-
integration of J/ψ’s is a complex process. Therefore we start
out with a short overview and some definitions.

Whereas in pp collisions the c and c̄ in the J/ψ come
almost exclusively from the same interaction vertex, in heavy
ion reactions, when several cc̄ pairs are produced, this is
not necessarily the case. In our analysis we call those J/ψ ,
which contain a cc̄ pair from the same vertex, diagonal J/ψ ,
and the others are called off-diagonal. In central heavy ion
collisions the system forms a QGP. If its temperature is higher
than Tdiss the J/ψ are not stable and a bound state cannot
be formed. At these high temperatures only unbound c and
c̄ exist, which interact, however, among each other and with
the QGP constituents. We call the distribution of c and c̄
at the moment of their production in initial hard collisions
primordial distribution. The distribution at Tdiss, when J/ψ
formation starts, is named initial distribution. The distribution
of c and c̄ at that moment differs considerably from their
primordial distribution, due to collisions of the c and c̄ with
the QGP constituents, due to the potential interaction between
the c and c̄ and due to free streaming of the c and c̄ quarks.
Therefore, when applying the same J/ψ Wigner density to the
primordial and to the initial distribution of the heavy quark
pairs, to determine the J/ψ yield, we expect large differences.

Below Tdiss the J/ψ rate has two contributions: the collision
rate, which is a consequence of the c or c̄ collision with the
QGP partons, described by the Remler formalism, and the
local rate, a consequence of the change of the width of the
J/ψ Wigner density with temperature and hence with time.
The rates are nonzero until the QGP hadronizes. During the
hadronization of the QGP no further J/ψ will be produced.
We neglect here also hadronic rescattering of the J/ψ .

From a more theoretical viewpoint it is known (see for
instance Ref. [24]) that compact white objects do not interact
with the QGP. The interaction rate of those objects in a QGP
increases quadratically with their size rsing, until rsing ∼ lcorr,
the correlation length of gluon thermal fields. From this value
on, both Q and Q̄ interact independently with the QGP. In
other words, an interaction of the J/ψ with the QGP glu-
ons is only possible if their wavelength is smaller than rsing.
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Otherwise a gluon does not see the individual color of the
color neutral cc̄ dipole.

One may consider that the traditional models, based on
a noninteracting initial singlet component, and our approach
explore both extreme facets of the more involved reality.
Presently only the finite value of the elliptic flow, observed
in experiments and discussed in Sec. VII C, presents strong
evidence that the J/ψ or its constituents interact with the
partons of the QGP.

B. Scaled proton-proton production

One of the key observables in the study of J/ψ production
in heavy ion collisions is the nuclear modification factor

RJ/ψ
AA (pT ) =

dσ
J/ψ
AA

d pT

Ncoll
dσ

J/ψ
pp

d pT

. (57)

Ncoll is the number of the initial hard pp collisions. The RAA

calculation requires the knowledge of Ncoll
σ

J/ψ
pp

d pT
. In practice, we

do not simulate pp calculations separately. Instead, to obtain

Ncoll
dσ

J/ψ
pp

d pT dy , we can use the initial pT and y distribution of the c
and c̄ quarks in AA collisions, neglecting all possible cold nu-
clear matter effects (as for instance shadowing). For diagonal
pairs the distributions are then—up to a constant—identical
for pp and AA:

Ncoll
dNJ/ψ

pp

d pT dy
= dNJ/ψ,diag

AA

d pT dy
(58)

where the right-hand side is evaluated in the initial stage of
the evolution with the help of Eq. (C8), with uT,J/ψ = pT

MJ/ψ
,

selecting c and c̄ coming from the same vertex. We recall that
in Eq. (C8) rc.m. and qc.m. are the relative distance in coordi-
nate (momentum) space of the Q and Q̄ in the system defined
by {y�, uT,�}, the rapidity, and the transverse components of
the four-velocity of the quarkonium, while WNR is the Wigner
density defined in the QQ̄ c.m. system.

Neglecting cold nuclear matter effects, we can compare our
primordial diagonal A + A distribution with the one obtained
in the same conditions using the experimentally measured pp
cross section on prompt J/ψ production:

dσ J/ψ
pp

d pT dy
TAA = dNJ/ψ,diag

AA

d pT dy
. (59)

For the 0–20% centrality class, we display in Fig. 4 the midra-
pidity pT distribution of J/ψ’s in central PbPb collisions at√

s = 5.02 TeV. The result is compared with the prompt pp
data of the ALICE collaboration [47], scaled by Eq. (59) with
an associated nuclear overlap function TPbPb of 20.55 mb−1,
compatible with the one extracted from EPOS2. The data
points are marked as full squares, and our MC results are given
by a blue line. We see that our approach reproduces quite
nicely the experimental data. Deviations are seen at large pT .
This may be due to the fact that, in lieu of having a better
approach available, the c and c̄ are created uncorrelated, in
pT as well as in the azimuthal angle. It is also important
to emphasize (as was mentioned in Sec. IV) that our model

FIG. 4. Comparison of our model prediction for the primordial
J/� distribution with the prompt experimental pp cross section from
the ALICE collaboration [48], scaled by TPbPb = 20.55 mb−1. Cold
nuclear matter effects are not considered here.

calculates the direct J/ψ production. Therefore, one has to be
cautious to compare our results with the experimental prompt
data since decay from excited quarkonium states contributes
to the spectra. For forward rapidities the ALICE results [49]
show that this contribution is about 15%.

In Fig. 5, we display the same analysis for the forward
rapidity (2.5 � y � 4) data at

√
s = 2.76 TeV. Since the non-

prompt J/ψ fraction increases from roughly 0.08 to 0.2 in
the displayed pT interval [50] we expect deviations between
our results for prompt J/ψ and the inclusive experimental
results at higher pT values. We display as well the prompt
cross section, measured by the LHCb collaboration [51], for√

s = 5.02 TeV.
We can conclude from this comparison that our formalism

reproduces the J/ψ production in elementary pp collisions.
Thus we confirm the results obtained in Ref. [28], although
the details of the modeling differ slightly.

FIG. 5. Comparison of our model prediction for the primordial
J/� distribution in PbPb with the inclusive experimental pp cross
section for forward production from the ALICE collaboration [48] as
well as with the prompt pp cross section, measured by the LHCb col-
laboration [51] (for

√
s = 5.02 TeV), scaled by TPbPb = 20.55 mb−1.
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C. Heavy ion collisions

1. Initial distribution

In our simulations of heavy ion collisions, a global shad-
owing of 50% is applied for most of the observables analyzed
in this section. For the production of c and c̄ quarks at low
pT , such a value leads to a D-meson production compatible
with the results stemming from the more sophisticated EPS09
shadowing combined with MC@sHQ in Ref. [34]. The J/ψs,
which would be produced in absence of a medium in the
initial hard NN collisions, are not observed finally because
they dissolve into c and c̄ quarks when they pass the (high
temperature) QGP. c and c̄ can only form a stable J/ψ when
the QGP temperature falls below T J/ψ

diss . In practice we apply
the following description: When a c quark arrives for the first
time in a region with T < T J/ψ

diss we calculate its probability
to form a J/ψ with all c̄, which are already satisfying this
condition:

NJ/ψ,init
k =

nc̄∑
l=1

W J/ψ
NR (rc.m.(k, l ), qc.m.(k, l )). (60)

In this expression, nc̄ is the number of active charm antiquarks
(meaning from a region of the QGP with T < T J/ψ

diss ), k is
the index of the c quark which has passed the dissociation
temperature at time t , and l is the index of a c̄ quark which is
active. rc.m.(k, l ) [qc.m.(k, l )] stands for the relative distance
in coordinate [momentum] space of the {k, l} pair in the pair
center of mass system. The sum of all these contributions for
all c quarks (and analogously those for all c̄ quarks) is the
initial J/ψ distribution

We can also define the initial rapidity distribution of the
J/ψ’s, which contain a c or c̄ quark, which passed Tdiss

between t and t + 
t (the time step used for the Remler
algorithm):

dN init

dy
(t, t + 
t ) =

Nfirst (t,t+
t )∑
k=1

nc̄ (nc )∑
l=1

×
∫

d2uT W (y, uT , rc.m.(k, l ), qc.m.(k, l ))

(61)

where Nfirst (t, t + 
t ) stands for the number of c or c̄ quarks,
which passed the temperature threshold Tdiss between t and
t + 
t . nc̄(nc) is the number of c̄(c) quarks in cells below Tdiss.

The time evolution of the initial J/ψ production at midra-
pidity, dN init

dy , is shown in Fig. 6. We display this quantity,

normalized to ( dNc (t )
dy ) for different centrality intervals and for

the reaction PbPb at
√

s = 5.02 TeV (black dashed line for
0–20%, red dashed-dotted line for 20–40%, olive full line for
30–50%). Two well-defined limited cases can be identified: If
J/ψ’s are produced in individual NN collisions, the produc-
tion of charmonia scales with the total charm production and
happens in the initial stage, while in a rate equation approach,
assuming a system of fixed volume, the creation of J/ψ would
be proportional to ( dNc (t )

dy )2 and pretty much independent of
time.

FIG. 6. Time evolution of the J/ψ initial production for different
centralities and for two scenarios: without collisions of c and c̄ with
QGP partons (top) and including these collisions (bottom). 
t is
taken as 0.25 fm/cycle.

We see in Fig. 6 the first type of production with however
a distribution of times over a time interval of 1–2 fm when a
c or c̄ quark can form a J/ψ for the first time, in midcentral
as well as in central collisions. In central collisions the QGP
is larger and therefore present for a longer time. Therefore the
distribution is shifted to later times. All together, the necessary
time to pass below Tdiss is short enough that the c and c̄, which
are produced far apart, do not have the chance to encounter
one another during the first 2 fm/cycle, which explains the
“canonical scaling” with dNc (t )

dy for the initial contribution.
These distributions are rather independent of whether the
potential interaction between the c and c̄ is active or not but
depend quite strongly on whether we admit collisions of the
heavy quarks with the QGP partons. As we will see below,
these collisions lower the pT momentum of the heavy quarks
and therefore decelerate the expansion. As a consequence,
they stay longer in the hot phase. In addition, heavy quarks
with lower momenta have a higher chance to form a J/ψ .

We come now to the pT distribution of the initial J/ψ’s.
It is displayed for |y| � 0.9 and for 0–20% central PbPb col-
lisions at

√
s = 5.02 TeV in Fig. 7. We display four different

scenarios to show the consequences of the collisions of c and c̄
with the QCD constituents and of the presence of the potential
between the c and c̄ . The black dashed line shows our result
if neither collisions occur nor the cc̄ potential is active. For
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FIG. 7. Time integrated initial pT distribution of J/ψ in midra-
pidity (0–20%) central PbPb collisions at

√
s = 5.02 TeV, obtained

for the four different evolution conditions combining cc̄ potential
interaction (ON and OFF) and elastic collisions (ON and OFF) with
QGP partons.

the blue long dashed line we switched on the cc̄ potential. The
orange dashed dotted and the red full line—which correspond
to our full model—show the results without and with cc̄ poten-
tial if collisions between the heavy quarks and QGP partons
are admitted.

The potential has little influence on the initial pT spectrum
but collisions shift the J/ψ distribution to lower pT values,
which corresponds to a c(c̄) quenching between the time
when the c(c̄) enters the QGP and the “initial” time (when
T = Tdiss). The knee in the calculations with collisions reflects
the fact that c quarks below 4 GeV/cycle are thermalized or
in the process of thermalizing while those with a larger pT get
decelerated but not thermalized.

2. Impact of the potential on the correlations between
the c and c̄ quarks

As discussed in Sec. III, the c and c̄ quarks interact via a po-
tential interaction whose parameters are taken from Ref. [38].
We calculate the heavy quark trajectories in Minkowski space
using the equations of motion of Eq. (48) after boosting the
pair into their c.m. frame. To show the influence of this
potential we display in Fig. 8, the number of cc̄ pairs as
a function of their relative distance in their center of mass,
rJ/ψ

rel , for central reactions of PbPb at
√

s = 5.02 TeV and
at midrapidity, |y| � 0.9. The line coding is the same as in
Fig. 7. The four top lines show the number of pairs at 4
fm/cycle, and the four bottom lines show that at 8 fm/cycle.
We expect larger rrel values at t = 8 fm/cycle because the
system is expanding. We see that especially at 8 fm/cycle the
potential interaction leads to a much larger number of cc̄ pairs
with a small relative distance, which are susceptible to form a
J/ψ . The influence of collisions on the distributions is more
subtle. For large distances, where the potential is weak, their
influence is not strong and all four curves join. For distances
smaller than 1.5 fm (the potential range), they enhance the
correlations if the potential is active. Because such collisions
enable the energy transfer from the cc̄ internal motion to the

FIG. 8. Number of cc̄ pairs as a function of rJ/ψ
rel , for t = 4

fm/cycle (top lines) and t = 8 fm/cycle (bottom lines). The color
coding is the same as in Fig. 7.

medium, they lead to a lowering of the internal energy and
thus to a reinforcement of the correlations.

3. Impact of the local rate

In an expanding QGP the temperature decreases as a func-
tion of time. Therefore the temperature dependent Wigner
density for J/ψ , which we employ, is time dependent. This
leads in the Remler formalism, extended to temperature de-
pendent eigenstates [see Eq. (38)], to a local production rate
for J/ψ :


loc = dT

dt

dσ

dT

dW

dσ
(62)

where σ is the width of the Gaussian Wigner density
W J/ψ

NR (rc.m.(k, l ), qc.m.(k, l )) and T is the temperature of the
QGP region in which the J/ψ is located at the time t . The
c and c̄ may be in regions of slightly different temperature
although the most relevant cc̄ contributions to 
loc are those
for which Tc ≈ Tc̄. In our calculation we take the average
value:

Tcc̄ = 1
2 (Tc + Tc̄). (63)

In the numerical program we use a fixed time step 
t . There-
fore we replace

dσ (t )

dt
≈ 
σ (t )


t/u0
(64)

where 
t/u0 is the computational Minkowski time step mea-
sured in the center of mass of the pair. This cc̄ pair contributes
to the final J/ψ multiplicity with

N loc
pair =

∫ ∞

tfirst

cc̄

loc(t )dt (65)

where tfirst is the time in which the latter of the two (c or c̄)
passes Tdiss. For the multiplicity we sum over all cc̄ pairs. In
Fig. 9 we display the pJ/ψ

T dependence of the integrated local
rate for 0–20% central PbPb collisions at

√
s = 5.02 TeV

and for the different scenarios discussed in Fig. 7. The color
coding is the same as in Fig. 7. The Wigner density gets larger
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FIG. 9. Integral (time integrated) local rate as a function of pT

for J/ψ production in PbPb in 0–20% central PbPb collisions at√
s = 5.02 TeV for four different evolution scenarios: cc̄ potential

interaction (ON and OFF) and elastic collisions with QGP partons
(ON and OFF). The color coding is the same as in Fig. 7.

with decreasing distance between the c and c̄. The potential
interaction brings c and c̄ quarks closer together (see Fig. 8)
and therefore it is expected that the local rate contribution
gets larger when the potential interaction between the heavy
quarks is active. This is indeed seen in the calculations. We
see as well that the collisions of the c and c̄ quarks with the
QGP partons influence the local rate, however in a more com-
plicated way. These collisions shift the transverse momentum
distribution of the heavy quarks towards lower values (Fig. 7)
and therefore also the relative momentum between the c and c̄
, which enters the Wigner density, gets smaller. If the potential
is active collisions reinforce the rate at low pT whereas if
the potential is switched off, collisions make the rate slightly
negative. Comparing with Fig. 7, one sees that the local rate is
quantitatively of the same importance as the initial production,
especially when both, potential and collisions with QGP, are
active.

4. Impact of the collision rate

The collision rate 
coll is a central quantity in our approach,
not only conceptually (it is responsible for the continuous
suppression and production of quarkonia) but also for the
numerical values of our results. This will be shown in this
section. Whenever a c or c̄ quark collides at time t with a
parton of the QGP, the heavy quark changes its momentum
and therefore the overlap with the J/ψ Wigner density is
different before and after the collision. These collisions lead
only to the production of J/ψ for all cc̄ pairs, which include
the scattered heavy quark if the QGP around the heavy quark
has a temperature T < Tdiss. In this case the difference 
W =
W (t + ε) − W (t − ε) is the contribution of this collision to
the integrated collision rate of J/ψ’s.

Figure 10 shows how the integrated collision rate depends
on the final center of mass momentum of the J/ψ . We dis-
play this rate for central (0–20%) PbPb collisions at

√
s =

5.02 TeV for all J/ψ which have at the end of the reaction
a rapidity |y| � 0.9. We use the same coding as for Fig. 7.
We see, first of all, that the integrated collision rate is largely

FIG. 10. dNcoll
d pT

, integrated over the collision rate, for the four
different evolution scenarios combining cc̄ potential interaction (ON
and OFF) and elastic collisions (ON and OFF) with QGP partons.

positive for small pT if collisions and potential are active,
meaning that the multiplicity of J/ψ’s increases. This is a
clear sign of regeneration at low pT , while the sign change
for pT � 4 GeV/cycle reflects the shrinking of the underlying
c and c̄ quarks’ pT distributions. In contrast, if the potential is
inactive, the rate is negative in the full pT range, which may
be considered as a consequence of the expansion of the c and
c̄ spatial distributions. If the collisions are switched off, the
collision rate is of course zero. For very small values of pT

the momentum transfer is limited by kinematics and therefore
the momentum of the heavy quark changes little. For very
large J/ψ momenta the cross section leads to a small angle
scattering which also limits the possible momentum transfer.
In both cases 
W is small and so the contribution to the
integrated rate is close to zero.

5. Total multiplicity

Adding the local and collisional rates as well as the initial
production we can study the net multiplicity, Eq. (42), the
difference between production and disintegration, of the J/ψ
per unit rapidity, dNJ/ψ

dy . In Fig. 11 we display the net mul-
tiplicity as a function of time for three different centralities:
0–20% (black dashed line), 20–40% (brown long dashed line),
and 40–60% (magenta dashed dotted line). On top we display
this quantity if the potential interaction between c and c̄ is
not active, and in the bottom figure it is included. We see
that the production starts early, when the first c and c̄ pass
Tdiss, and increases strongly until around 1 fm/cycle. Without
potential at later times there are more c and c̄ disintegrating
than produced, in agreement with the negative 
W , displayed
in Fig. 10. For an active cc̄ potential the c and c̄ stay closer
together (Fig. 8) with the consequence of a steadily increasing
yield until 8 fm/cycle, This increase is rather independent of
the centrality of the collision.

Thus our results do not support an instantaneous coales-
cence mechanism during hadronization, which is the basis
of statistical models at fixed volume and which is also fre-
quently applied to describe the total or part of the J/ψ yield
in heavy ion collisions. This is one of the key messages of our
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FIG. 11. Time evolution of the J/ψ production dN
dy , integrated

over pT , as a function of time for different centrality bins and for two
different scenarios: cc̄ interaction potential ON (top) and OFF (bot-
tom) for Minkowski and Bjorken time steps 0.25 and 0.1 fm/cycle,
respectively.

approach, that we expect to hold irrespective of the specific
implementation of the cc̄ potential and of the collisions with
the QGP partons in transport codes.

VII. COMPARISON WITH EXPERIMENT

In this section we compare the production of J/ψ , obtained
from Eq. (42), with the corresponding experimental heavy
ion results and make predictions where data have not been
published yet.

A. pT spectrum of J/ψ

The calculated midrapidity pT spectra, for |y| � 0.9, of
J/ψ produced in PbPb collisions at

√
s = 5.07 TeV are dis-

played in Fig. 12 for three different centralities (0–20, 20–40,
and 40–60%). Here collisions with the QGP partons as well
as the QQ̄ potential interactions are included. We observe that
the forms of the curves are rather similar.

In Fig. 13 we investigate in detail how the different in-
gredients of our model influence the final pT distribution
at midrapidity for 0–20% central PbPb collisions at

√
s =

5.07 TeV. We present the results for the four possible combi-
nations if we activate/deactivate collisions and potential. The
color code corresponds to that in Fig. 7. We observe that, if
collisions are active, the maximum of the J/ψ distribution is

FIG. 12. Final J/ψ pT spectrum, dNJ/ψ

d pT dy , at midrapidity obtained
for different centrality bins. The results were obtained with the stan-
dard values of the parameters: Minkowski time step value 
t = 0.25
fm/cycle and Bjorken time step 0.1 fm/cycle.

shifted to lower values of pT as a consequence of the shift
of the heavy quark spectra under this condition. We see as
well that collisions lead to a much steeper slope at large pT .
The cc̄ potential enhances the yield without changing the high
pT slope if there are no collisions. If collisions take place,
the enhancement of the low pT yield due to the potential
is of the order of a factor of 5 whereas at intermediate pT

the yield changes little. In Fig. 13 we compare as well our
results with the data of the ALICE collaboration [52], which
are shown as black squares. We see that for low pT our results
are close to the experimental data, if both, potential and col-
lisions, are active. If collisions are active we see at high pT a
much steeper slope than seen in experiments. Several features
could be at the origin of this difference: the neglect of the
feed-down from excited states, the absence of cc̄ momentum
correlations in the initial production, the disregard of J/ψ
production in the corona, the insufficiency of the description
of the potential interaction if the transverse four-velocity uT is
large, etc. Some of these possible factors of disagreement will
be reinvestigated in upcoming publications.

FIG. 13. Final pT spectra at midrapidity for 0–20% central PbPb
collisions, for the four scenarios (switching on/off interaction poten-
tial and in-medium elastic collision) and for Minkowski and Bjorken
time steps of 0.25 and 0.1 fm/cycle, respectively. The full squares
mark the ALICE experimental data [52].
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FIG. 14. Comparison between our model prediction for the nu-
clear modification factor RAA for two different centrality ranges,
0–20% (top) and 20–40% (bottom), and the corresponding inclusive
experimental data from the ALICE collaboration [52].

B. J/ψ nuclear modification factor

One of the most interesting observables is the nuclear mod-
ification factor, RAA, Eq. (57). Its deviation from unity shows
how the pT spectra are modified by nuclear effects. With the
proton reference spectrum discussed in Sec. V A we present
the results of our model in comparison with the ALICE data
[52] in Fig. 14 for PbPb collisions at

√
s = 5.02 TeV. The

ALICE data present the results for inclusive J/ψ whereas we
calculate only the directly produced J/ψ . B meson decay as
well as the decay of excited states, like the ψ ′ and χ , con-
tribute to the experimental J/ψ distribution and therefore the
comparison between our results and the data has to be taken
with caution. Figure 14 shows RAA(pT ), on top for central
(0–20%) and on bottom for midcentral (20–40%) collisions.
Our results for the full model are presented as red lines, and
the ALICE data are presented as black points. In the top
figure we display as well the RAA values, which we obtain for
the different combinations of switching on/off the cc̄ potential
and the collisions of the heavy quarks with the QGP partons.
This exhibits the important role of the combined action of
the cc̄ potential and the collisions with the QGP partons for
building up strong correlations. We see that our results, as
the experimental data, show an enhancement at small pT . For

FIG. 15. Rinit
AA as a function of the transverse momentum at the

initial time, when the charm quarks pass Tdiss, at midrapidity, |y| �
0.9, for 0–20% central PbPb collisions at

√
s = 5.02 TeV. We display

this result for the four possible combinations of the setup. For details
see text.

large pT RAA decreases but more in the calculations than in the
data. The possible origins of this disagreement we discussed
above.

It is remarkable that we obtain at low pT a RAA close
to 1. As explained in the last section, in AA collisions we
have off-diagonal contributions which dominate the primor-
dial multiplicity (see Ref. [28]), so naively one would expect
a strong enhancement. The reason that this enhancement prac-
tically disappears is that in AA collisions the J/ψ’s are created
later (when T < Tdiss), where the average distance between c
and c̄ is larger and therefore the overlap with the J/ψ Wigner
density is smaller. Despite collisions and cc̄ potential, which
enhance the yield, this almost compensates the primordial
enhancement.

This is demonstrated in Fig. 15 where we display the
ratio—called Rinit

AA —of J/ψ’s obtained from the cc̄ which have
passed Tdiss and the diagonal J/ψ’s produced in the initial
hard collisions. The ratio is displayed as a function of pT

for the four different scenarios with the same color coding
as in Fig. 7. The ratio is, despite the off-diagonal contribution,
smaller than 1. Collisions enhance Rinit

AA at small pT and lower
the ratio at large pT , whereas the potential has little influence
on the ratio at this stage. The importance of the off-diagonal
contribution to the J/ψ yield is demonstrated in Fig. 16. It
shows for the same reaction and for central collisions the total
yield (short dashed black line) and the diagonal contribution
(dashed blue line). For low pT the diagonal part of the yield
is up to one order of magnitude smaller than the total yield,
so in most of the J/ψ’s the two heavy quarks come from
different vertices. This is a consequence of the observation
that there heavy quarks come to thermal equilibrium with the
QGP [53] at least in the azimuthal direction and therefore the
ratio of diagonal to off-diagonal contribution is determined by
statistics. Therefore one could call this low pT region “regen-
eration dominated.” The relative contribution of off-diagonal
J/ψ decreases but even at the largest pT , investigated in this
paper, it does not fall below 50% of the total yield.
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FIG. 16. Comparison of our model prediction for the final yield
(short dashed black line) at midrapidity, |y| � 0.9, for 0–20% cen-
tral PbPb collisions at

√
s = 5.02 TeV. We display also our model

prediction for the diagonal contribution (dashed blue line). For this
calculation medium elastic collision and cc̄ potential are included
and we employ our standard parameter values: Minkowski and
Bjorken time steps 0.25 and 0.1 fm/cycle, respectively.

Figure 17 shows the centrality dependence of RAA for cen-
tral PbPb collisions at midrapidity and at

√
s = 5.02 TeV.

The ALICE data [52] are presented as black squares and
the result of our calculation if we apply a global shadowing
of 50% (which is only legitimate for central collisions) is
presented as a red line. To understand better the influence
of the shadowing in the full Npart range, we also present
calculations with an impact parameter dependent shadowing
[54]. The result is shown as a dotted blue line. We observe
in theory as well as in experiment an enhancement of RAA

for central collisions, where the number of produced c and
c̄ is large and therefore recombination is more probable, as
well as a decrease with decreasing centrality. For peripheral
reactions, which resemble pp collisions, in our calculation

FIG. 17. Nuclear modification factor as a function of the aver-
age number of participants in PbPb obtained for active interaction
potential and medium elastic collisions, employing Bjorken and
Minkowski time steps of 0.1 and 0.25 fm/cycle, respectively. We
compare the results for a global shadowing of 50% and of an im-
pact parameter dependent shadowing [54] with ALICE data (black
squares) [52].

FIG. 18. Elliptic flow, v2, in the 30–50% centrality range for
PbPb at

√
s = 5.02 TeV and for midrapidity (|y| � 0.9). We compare

our results, employing the standard parameters, with the data from
the ALICE collaboration [55]. Here for each of the 4000 EPOS
events we generated 20 000 MC@sHQ events.

RAA is not equal to 1, as expected, because in this first version
of the model, presented here, we neglect J/ψ produced in the
corona, which represents an increasing fraction of the yield
when Npart becomes smaller.

C. Elliptic flow of J/ψ

The azimuthal distribution of the transverse momentum
distribution can be expanded in a Fourier series:

d2N

d2 pT
= 1

2π pT

dN

d pT

(
1 + 2

∞∑
n=1

vn cos(n(φ − �RP))

)
, (66)

where φ is the azimuthal angle of the J/ψ and �RP is the
angle of the reaction plane. The elliptic flow, v2, the second
coefficient of the expansion, can be expressed (if the xz plane
is the reaction plane) as

v2 =
〈

p2
x − p2

y

p2
T

〉
. (67)

v2 is another key observable in heavy quark physics. The
eccentricity of the almond shaped interaction region in coordi-
nate space is converted, during the hydrodynamical expansion
of the QGP, into an eccentricity in momentum space and
hence into a finite v2 value. The production of the initial
heavy quarks in hard collisions is azimuthally isotropic and
hence initially v2 = 0. The v2 value, observed for final J/ψ’s,
is therefore a measure of their interaction (or that of their
predecessors, the c and c̄ quarks) with the QGP because only
in collisions with the medium they can acquire a finite v2. This
is true for moderate pT . At higher pT values the dependence
of the path length in the medium on the azimuthal angle starts
to play the leading role.

In Fig. 18 we compare our results for the standard
parametrization including collisions and potential (red line)
for |y| � 0.9 with midrapidity data from the ALICE collab-
oration [4] (black squares) for the reaction PbPb at

√
s =

5.02 TeV and for the 30–50% centrality interval. Our calcu-
lation shows a stronger increase of v2 with pT in the standard
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FIG. 19. Comparison between our model predictions for the el-
liptic flow, v2, at midrapidity (|y| � 0.9) with experimental data
from the ALICE collaboration for the rapidity 2.5 < y < 4.0 [4]. On
top and bottom we show the centrality ranges 20–40 and 30–50%,
respectively.

version (collision and potential ON) than the experimental
data. The origin of this large v2 value, especially observed
when the potential is ON, is the continuous production of
J/ψ during the expansion, which transfers the v2 of the light
partons to the heavy quarks. In standard transport approaches,
a large percentage of the J/ψ’s, observed for intermediate
and large pT , stems from the so-called primordial compo-
nent, characterized by a small relative cc̄ relative distance.
As explained at the end of Sec. VI A, if the distance between
heavy quarks is small, they do not scatter independently with
the QGP partons but act, if the wavelength of the exchanged
gluons is smaller than this distance, as a color neutral object,
explaining why v

primordial
2 < v

regenerate
2 in these models. Such an

interference mechanism, which could tame the v2 at interme-
diate and high pT , has not been considered yet in our model,
nor has the J/ψ production in the corona, which could act in
the same direction.

In Fig. 19 we compare our results for |y| � 0.9 and for
different centrality bins with the results of the ALICE col-
laboration for 2.5 < y < 4. The top figure shows the results
for 20–40%, and the bottom figure shows those for 30–50%
centrality. This bin corresponds to the centrality bin shown
in Fig. 18. Comparing both figures, we see that the experi-

mentally measured v2 at midrapidity and forward rapidity is
rather similar. Therefore we can profit from the better data
available for the forward rapidity range (where our calculation
is plagued from the large γc.m. value). We include in this
figure, as a blue dotted line, v2 of the diagonal J/ψ , meaning
from those where the c and c̄ come from the same elementary
vertex. We see that they have a similar v2 and remark that one
does indeed not recover the v

primordial
2 < v

regenerate
2 observed in

transport models, which would for us correspond to v
diag
2 <

v
offdiag
2 . This tension can be understood from the previous

remark on neglecting the “dipole character” of the cc̄-QGP
interactions and deserves further investigation.

VIII. CONCLUSIONS

In this paper, we presented a new theoretical approach to
understand the experimental data on J/ψ production in pp
and AA collisions at LHC energies. Our main goal was to
provide a microscopical model which allows one to follow the
individual c and c̄ quarks from their creation in initial hard col-
lisions until their final observation in the hidden heavy flavor
mesons. Our treatment is thus in the same spirit as recent open
quantum system approaches, which explicitly study the time
evolution of the quarkonia density matrix under the influence
of an approximated density matrix of the whole system.

For pp collisions, as in Ref. [28], the production of J/ψ’s
is described by a sudden Wigner-coalescence approximation,
which gives a good description of the experimental findings,
not only for J/ψ and ψ ′ but also for χc. In this approach the
primordial distribution of c and c̄ is projected on the Wigner
densities of the quarkonia states.

This primordial distribution of J/ψ and its excited states
are of little relevance for the J/ψ production in central heavy
ion collisions at low and moderate pT . There a QGP is
produced. Lattice gauge calculations reveal that if the temper-
ature is above T = Tdiss J/ψ’s are not stable and that below
Tdiss but finite T the J/ψ wave function is quite different from
the vacuum wave function due to the interactions of the c and c̄
with the QGP environment. This renders it more complicated
to model the dynamics of J/ψ’s in heavy ion collisions.

We cope with this observation as follows.

(1) We employ a mutual potential interaction of the cc̄
pairs with a potential, which is adjusted to lattice data.
It is active between all cc̄ pairs in singlet states.

(2) We modify below Tdiss the Wigner density of the J/ψ
in the QGP medium by introducing a temperature de-
pendent width in the Gaussian parametrization of the
J/ψ Wigner density. This width reproduces the J/ψ
in medium radius given by a potential model based on
lattice data.

For the collisions of the c or c̄ with the QGP constituents,
the quarks and gluons, we use the MC@sHQ model which
has already been successfully applied for the studies of open
charm mesons [32,33]. They change the Wigner density of
the c or c̄ quark which was involved in these collisions and
therefore the convolution of the cc̄ Wigner density with that
of the J/ψ changes as well.
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In central heavy ion collisions one would expect a strong
enhancement of the J/ψ multiplicity as compared to the mul-
tiplicity in a single pp collision multiplied by the number
of these collisions in the heavy ion reaction. The reason is
that in heavy ion collisions c and c̄ from different elemen-
tary vertices can form a J/ψ . This enhancement is, however,
(over)compensated by the late production of J/ψ’s. J/ψ’s
can only be produced when the QGP temperature has fallen
below Tdiss. There the average distance between the c and c̄
is considerable larger and therefore the convolution with the
Wigner density is smaller.

We observe furthermore that the collisions between QGP
partons as well as the potential interaction between c and c̄
quarks enhance the J/ψ yield as compared to a free streaming
scenario. The collisions shift the pT distribution of heavy
quarks towards lower values, and the potential keeps cc̄ pairs
closer together. Both processes shift therefore the two-body
Wigner density of the cc̄ pairs to regions where the J/ψ
Wigner density is large.

We find in our approach reasonable agreement with the
experimental data at low pT , where the enhancement has been
observed, simultaneously for RAA and for v2. The latter is
created due to the collisions of c and c̄ with the QGP partons.

We have employed in our approach a simple model for
the color degrees of freedom and we have concentrated on
J/ψ mesons. It should be noted that the gluon-dissociation
mechanism g + � → Q + Q̄ as well as its detailed bal-
ance counterpart—expected to become significant for deeply
bound states, thus around Tc—were not included in our dy-
namical treatment. At the highest pT values, considered in
our paper, one observes deviations between the experimen-
tal values for RAA and v2 and our predictions. They come
from several shortcomings of our approach in this kinematic
regime. There, due to the large γc.m. of the QQ̄ c.m. system,
the calculation of the potential interaction between the Q and
the Q̄ in their center of mass system has large systematic errors
and has to be improved. Also J/ψ’s from excited charmonium
states and from B meson decay have to be included for a
quantitative description and J/ψ’s, which are produced in the
corona, and do not pass the QGP, have to be consistently
added. Last but not least, if a Q is close by, which forms
with the considered Q̄ a color neutral state, the interaction
of a heavy quark with the QGP partons has to be modified
to take the dipole character of this interaction into account.
The improvement of these aspects will be the subject of an
upcoming publication. The new EPOS4 approach will also
allow us to treat correctly the correlations between the initially
formed cc̄ pairs which is as well an important ingredient of the
microscopic modeling.

ACKNOWLEDGMENTS

The authors thank Taesoo Song for providing the program
for the calculation of J/ψ in pp collisions as well as Taesoo
Song and Elena Bratkovskaya for inspiring discussions. This
study is part of a project that has received funding from the
European Union’s Horizon 2020 research and innovation pro-
gram under STRONG Grant No. 2020-824093. We are also

pleased to acknowledge support from the Region Pays de la
Loire, under Grant No. 2015-08473.

APPENDIX A: FINDING THE ORTHOGONAL
TWO-PARTICLE BASIS FOR NONRELATIVISTIC STATES

The heavy quark (HQ) are created in the early phase of the
heavy-ion collision (HIC) through hard scattering processes
and can have relativistic energies in the computational frame,
the nucleus-nucleus center of mass frame. It is crucial that
the Wigner function, used in our coalescence approach, is
adequate to describe HQ under these conditions.

To obtain such a Wigner density we need first to build
an orthogonal set of states that represents the bound states
of QQ̄ and to ensure the correct normalization and relativis-
tic invariance. From that we can then proceed to derive the
Wigner function associated with the QQ̄ states, expressed in
this orthogonal basis.

Given a longitudinal direction and a transverse plane, a
quantum state for a two-particle nonrelativistic system (two
scalar particles) can be written as

|�〉 =
∫

d pL,1d2 �pT,1

2E1

d pL,2d2 �pT,2

2E2
f ( �p1, �p2)|1〉|2〉 (A1)

where the single-particle states are normalized to

〈1′|1〉 = 2E1δ( �p1 − �p ′
1). (A2)

States with a defined center of mass momentum �P, |� �P〉,
should ideally be normalized as

〈� �P′ |� �P〉 = 2Eδ( �P − �P′).

For Eq. (A1) this imposes∫
d3 p1

2E1

d3 p2

2E2
f ∗
P ( �p1, �p2) fP′ ( �p1, �p2) = 2Eδ( �P − �P′). (A3)

We now consider the correlation function

fi, �P( �p1, �p2) = δ( �P − �p1 − �p2) fi

( �p1 − �p2

2

)
(A4)

where the index i refers to possible internal states. Then, with
�q = �p1−�p2

2 , the normalization reads

〈�i,P′′ |� j,P′ 〉 =
∫

d3 p1

2E1

d3 p2

2E2
δ( �P − �p1 − �p2)δ( �P′ − �p1 − �p2)

× f ∗
i

( �p1 − �p2

2

)
f j

( �p1 − �p2

2

)
= δ( �P′ − �P′′)

∫
d3q

4E1E2
f ∗

j (�q) fi(�q)

= δ( �P′ − �P′′)
∫

d3q

4(q2 + m2)
f ∗

j (�q) fi(�q), (A5)

where m is the mass of the individual particles. In the last
expression we have assumed that the c.m. momentum is small
compared to the mass of the heavy quarks. Provided that
the integral equals δi jEP we obtain the proper normalization.
At small momentum P, one has EP ≈ Mi—the mass of the
two-particle state—so that it is always possible to impose such
constraint on the integral, but thus this ceases to be so for finite
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values of P. To further discuss our approach we temporarily
neglect the transverse degrees of freedom. This reduces our
approach to one momentum space and one energy dimension.

1. Variable transformation

To advance towards fully relativistic definitions let us con-
sider the invariant measure:

I =
∫

d p1

2e1

d p1

2e1
=

∫
d p1de1d p2de2δ

(
p2

1 − m2
)

× δ
(
p2

2 − m2
)
θ (e1)θ (e2). (A6)

We introduce the relative momentum 
 = p1−p2

2 = (q0, q)
and the center of mass momentum 	 = p1 + p2 = (P0, P).
With d2 p1d2 p2 = d2	d2
, we obtain

I =
∫

d2	d2


2
δ

(
	2

4
+ 
2 − m2

)
δ(	
)θ

(
P0

2
− |q0|

)
.

(A7)
δ(	
) implies

|q0| =
√

(P0)2 − 4(m2 + q2)

(P0)2 − 4q2
|q| � |q| (A8)

for |q| < P0/2. The δ function requires therefore care that
the condition |q0| < P0/2 is always fulfilled. 	 is a timelike
vector, therefore δ(	
) implies that 
 has to be a spacelike
vector. Introducing Q2 = −
2, we now perform a second
variable transformation:

P0 = √
s cosh Y, P = √

s sinh Y,

q0 = Q sinh y, q = ±Q cosh y, (A9)

with d2	d2
 = ds
2 QdQdY dy, including both the q =

+Q cosh y and the q = −Q cosh y sector. In these variables
we find

δ(	
) = δ(
√

sQ sinh(y ± Y )) = δ(y ± Y )√
sQ

where the ± stand for the q = ±Q cosh y sectors, respectively.
The second distribution δ( 	2

4 + 
2 − m2) simply reads

δ

(
	2

4
+ 
2 − m2

)
= δ

( s

4
− Q2 − m2

)
, (A10)

implying that the condition |q| < P0/2 is always satisfied. The
integral I [Eq. (A6)] can thus be rewritten as

I = I+ + I− =
∫

dY
d|q|√

s
(�(q > 0) + �(q < 0))

=
∫

dY
∫ +∞

−∞

dq√
s
, (A11)

where the two sectors have been merged.

2. Relativistic two-particle states

These new variables allow for reformulating our relativistic
state. For any laboratory frame S′, we assume that there exists
a frame S where the two-particle state c.m. is nearly at rest and

define y� as the rapidity of S in S′. In S, the state is defined as

|�i,P≈0〉 =
∫

d p1d p2

2e12e2
δ(P − p1 − p2) fi(p1 − p2)|p1〉|p2〉

=
∫

dq√
s

dY δ(P − p1 − p2) fi(q)|p1〉|p2〉. (A12)

Let fi be defined as a boost invariant wave function depend-
ing on the relative momentum q measured in the rest frame.
Proceeding to a Lorentz transform to the laboratory frame S′,
the two-particle c.m. state reads

|�i,y�
〉 =

∫
dq√

s
dY δ(

√
s sinh(y� − Y )) fi(q)|p′

1〉|p′
2〉

=
∫

dq

s
dY δ(y� − Y ) fi(q)|p′

1〉|p′
2〉 (A13)

where the momenta p′
1 and p′

2 are taken as (
√

m2 + q2, q) =
m(cosh(ŷ), sinh(ŷ)) in S and then boosted with a rapidity shift
+y�, leading to

p′
1 = m(cosh(y� + ŷ), sinh(y� + ŷ)),

p′
2 = m(cosh(y� − ŷ), sinh(y� − ŷ)). (A14)

It remains to be checked that the orthogonality conditions of
the state (A3) is fulfilled. After some trivial calculation, one
finds

〈�i,y′
�
|� j,y�

〉 =
∫∫

d p1

2E1

d p2

2E2
× δ(y′

� − Y )√
s

δ(y� − Y )√
s

× f �
i (q) f j (q)

=
∫

dqdY√
s

δ(y′
� − Y )δ(y� − Y )

s

× f �
i (q) f j (q)

= δ(y′
� − y�)

∫
dq

s3/2
f �
i (q) f j (q) (A15)

and we can derive the invariant orthogonality relations pro-
vided we require ∫

dq

s3/2
f �
i (q) f j (q) = δi j .

By introducing the nonrelativistic wave function

ψi(q) = fi(q)

s
3
4 (q)

(A16)

we obtain the orthogonality relation for nonrelativistic wave
functions

∫
dqψ∗

i (q)ψ j (q) = δi j .
Although we have been able to develop a prescription for

the construction of an orthogonal invariant base, there are still
some comments to be made: first, we do not strictly recover
the anticipated normalization 〈�y′

�,i|�y�,i〉 = 2Eδ(p − p′)δi j .
This can be explained due to the fact that for a given state i and
a given rapidity y�, the total energy depends on the relative
momentum q. This has consequences for the orthogonality re-
lation (A16), which slightly differs from (A5). However, these
states admit proper transformation laws under Lorentz boosts
and the relationship (A15) allows us to create a completely
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orthogonal set of two-particle states

|�i〉 :=
∫

dy�gi(y�)|�y�,i〉, (A17)

where g is an arbitrary function which satisfies the relation

〈�i|�′
j〉 = δi j

∫
dy�g∗

i (y�)g′
j (y�), (A18)

with an easy connection to the rapidity spectrum:

dNi

dy�

= |〈�y�,i|�〉|2 = |gi|2. (A19)

After having developed a method to build an orthogonal boost
invariant basis on which we can project our two-particle
states, we turn to the building of the Wigner function on this
basis.

APPENDIX B: RELATIVISTIC WIGNER FUNCTION FROM
A GIVEN BASIS IN THE (1+1)-DIMENSIONAL CASE

The main difficulty for finding a relativistic Wigner func-
tion from an orthogonal basis of the form (A17) lies in the
difficulty of defining a conjugate variable of the rapidity. Only
the option to take the relative momentum q in the center
of mass as the conjugate variable allowed us to arrive at a
satisfactory conclusion and at the same time to obtain results
which have a clear physical significance. Here we discuss this
option [Y, q].

To obtain a Wigner density in [Y, q] for the basis of the
form (A17) it is convenient to rewrite (A19) in the form

dNi

dy�

= Tr(̂ρ�ρ̂i,y�
) (B1)

where the trace is performed over the phase space variables
([Y, q]), y� being the rapidity of the two-particle system
(quarkonium). The density operators ρ̂� and ρ̂i,y�

have the
form

ρ̂� = |�〉 × 〈�|, ρ̂i,y�
= |�i,y�

〉 × 〈�i,y�
|, (B2)

in which |�〉 and |�i,y�
〉 represent a generic (Y, q) two-

particle wave function and the two-particle wave function
for a state i with the rapidity y�, respectively. Inserting the
identity operator

Î =
∫

dY
dq√

s
|1, 2〉〈1, 2| (B3)

in the expression for the spectrum (B1) we obtain

dNi

dy�

=
∫

dY dY ′ dqdq′
√

ss′ 〈Y, q|̂ρ|Y ′, q′〉〈Y ′, q′ |̂ρi,y�
|Y, q〉

(B4)
where |Y, pr〉 refers to the |1, 2〉 state with a total rapidity Y
and a relative momentum pr and

√
s, respectively, and

√
s′ are

the center of mass energy of the states.
Defining

ρ(Y, q;Y ′, q′) = 〈Y ′, q′ |̂ρ|Y, q〉
(ss′)1/4

, (B5)

we get

dNi

dy�

=
∫

dY dY ′dqdq′ρ(Y ′, q′;Y, q)ρ̄i,y�
(Y, q;Y ′, q′).

(B6)
We introduce now, in preparation of the Wigner transforma-
tion, the auxiliary variables Y = Y +Y ′

2 , q = q+q′
2 , 
Y = Y −

Y ′, and 
q = q − q′, which transform (B6) to

dNi

dy�

=
∫

dY dqd
Y d
Y ′d
qd
q′

× ρ

(
Y − 
Y

2
, pr − 
q

2
;Y + 
Y

2
, q + 
q

2

)
× ρ i,y�

(
Y + 
Y ′

2
, q + 
q′

2
;Y − 
Y ′

2
, q − 
q′

2

)
× δ(
Y − 
Y ′)δ(
q − 
q′). (B7)

The relationship between conjugate variables is given by

δ(
q − 
q′) = 1

2π h̄

∫
dxrei xr (
q−
q′ )

h̄ ,

δ(
Y − 
Y ′) = 1

2π

∫
dk3eik3(
Y −
Y ′ ) (B8)

where xr is the relative position measured in the QQ̄ cen-
ter of mass system and k3 corresponds to the dimensionless
eigenvalues of the boost operator [56]. We recall as well the
definition of the Wigner function of a density operator ρ(r, r′),
for instance associated to some wave function ψ through
ρ(r, r′) = ψ (r)ψ�(r′):

W (r, p) = 1

2π h̄

∫
dye−i py

h̄ ρ

(
r + y

2
, r − y

2

)
. (B9)

Substituting the delta distributions relations (B8) and compar-
ing the definition of the Wigner function with the factors in
Eq. (B7) we obtain the Wigner function for the two-particle
density operator:

Wi,y�
(Y , k3; q, xr )

= 1

(2π )2h̄

∫
d
Y ′d
q′

×ρ i,y�

(
Y + 
Y ′

2
, q + 
q′

2
;Y − 
Y ′

2
, q − 
q′

2

)
×e−i(k3
Y ′+xr


q′
h̄ ) (B10)

and

W (Y , k3; q, xr )

= 1

(2π )2h̄

∫
d
Y d
q

×ρ

(
Y − 
Y

2
, q − 
q

2
;Y + 
Y

2
, q + 
q

2

)
×ei(k3
Y +xr


q
h̄ ). (B11)
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Substituting the equations for the Wigner functions, (B11) and
(B10), in Eq. (B7), we obtain

dNi

dy�

= (2π )2h̄
∫

dY dqdk3dxrW (Y , k3; q, xr )

×Wi,y�
(Y , k3; q, xr ) (B12)

so we can, as in the nonrelativistic case, consider dNi
dy�

as a
convolution of the two Wigner densities. Next we need to
evaluate Wi,y�

(Y , k3; q, xr ). We start from Eq. (B5) and obtain

ρ i,y�
(Y, q;Y ′, q′) = f �

i,y�
(q) fi,y�

(q′)

(ss′)
1
4

= δ(
√

s(Y −y�))δ(
√

s′(Y ′−y�)) f ′�
i (q) fi(q′)

(ss′)
1
4

= δ(Y − y�)δ(Y ′ − y�) f ′�
i (q) fi(q′)

(ss′)
3
4

(B13)

with fi(q), the “wave function” in Eq. (A13). With this density
matrix we calculate now the Wigner density, Eq. (B10):

Wi,y�
(Y , k3; q, xr )

= 1

(2π )2h̄

∫
d
Y d
q

(ss′)3/4
e−ixr


q
h̄

×δ(Y − y�)δ(
Y ) f ∗
i

(
pr + 
q

2

)
fi

(
pr − 
q

2

)
= δ(Y − y�)

(2π )2h̄

∫
d
q ψ�

i (pr + 
q

2
)ψi

(
q − 
q

2

)
e−ixr


q
h̄

(B14)

where we have employed δ(Y + 
Y
2 − y�)δ(Y − 
Y

2 −
yφ ) = δ(Y − yφ )δ(
Y ) and Eq. (A16). We realize that

1
2π h̄

∫
d
qψ�

i (pr + 
q
2 )ψi(pr − 
q

2 )e−ixr

q
h̄ is nothing but the

nonrelativistic Wigner function Wi,NR expressed in the coordi-
nates of the center of mass. So we can finally establish

Wi,y�
(Y , k3; q, xr ) = δ(Y − y�)

2π
Wi,NR(q, xr ). (B15)

The equation for Wi,y�
does not depend on the boost operator

eigenvalue k3, whose meaning in physical terms is that the
states used in the definition of ρ̄i,y�

are plane waves with
respect to the center of mass motion and come with a single
rapidity, leading to a δ(
Y ) in the Wigner calculation. Wi,y�

depends on the rapidity of the center of mass of the quarkonia
state in the computational frame. Equation (B15) describes
how we can evaluate the Wigner function for a QQ̄ pair in
the bound state i with y�. It is also important to realize that
the boosted Wigner function (B15) inherits some properties
of the nonrelativistic Wigner function WNR, including the nor-
malization.

Substituting Eq. (B15) in Eq. (B12), we obtain the rapidity
distribution of the QQ̄ pairs which are bound in a state i:

dNi

dy�

= (2π )2h̄
∫

dY dqdk3dxrW (Y , k3; q, xr )Wi,y�
(Y , q, xr )

= 2π h̄
∫

dY δ(Y − y�)
∫

dqdxrWi,NR(q, xr )

×
∫

dk3W (Y , k3; q, xr )︸ ︷︷ ︸
W̄ (Y ,q,xr )

= 2π h̄
∫

dqdxrWi,NR(q, xr )W (y�, q, xr ). (B16)

In Eq. (B16) the Wigner function Wi,NR(q, xr ) represents the
probability density (nonrelativistic) of formation of a quarko-
nium state i.

∫
dk3W (Y , k3; q, xr ) represents the probability

density of finding a QQ̄ pair with relative momentum and
position q and xr and with a center of mass rapidity y�.
Since W references free Q and Q̄ before they form a bound
state, the relationship with the two-particle probability density
operator ρQQ̄ can be traced back by using the Wigner function
definition:

W (Y , q, xr ) =
∫

dk3W (Y , k3; q, xr )

= 1

(2π )2h̄

∫
dk3

∫
d
Y d
qe−ik3
Y −ixr


q
h̄

× ρ

(
Y + 
Y

2
, q + 
q

2
;Y − 
Y

2
, q − 
q

2

)
= 1

2π h̄

∫
d
qρ

(
Y , q + 
q

2
;Y , q − 
q

2

)
× e−ixr


q
h̄ . (B17)

The integral of W over xr has the form∫
dxrW (Y , q, xr ) = ρ(Y , q;Y , q) = 〈Y , q|ρQQ̄|Y , q〉√

s

(B18)

which satisfies the following relationship:∫
dqdY

∫
dxrW (Y , q, xr )

=
∫

dY dq√
s

ρQQ̄(Y , q)

=
∫

d3 p1d3 p2

2e1e2
ρQQ̄(p1, p2) = NQQ̄ (B19)

where NQQ̄ = NQ × NQ̄ is the total number of different QQ̄
pairs that are present in the system. One can thus write the
following relationship for W (Y , q, xr ):

W (Y , q, xr ) = d3NQQ̄

dY dqdxr
(B20)

which is simply the differential form of Eq. (B19). The rapid-
ity distribution, Eq. (B16), can now be expressed as

dNi

dy�

= 2π h̄
∫

dqdxr
d3NQQ̄

dy�dqdxr
Wi,NR(q, xr ). (B21)

APPENDIX C: GENERALIZING FOR THE
(3+1)-DIMENSIONAL CASE

The results derived in Eq. (B21) can be generalized to the
(3 +1)-dimensional case if we start from a state generated
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according to Eq. (A1):

|�i,u�
〉 =

∫
d3u

u0

d3qc.m.

√
s

fi,u�
(u, qc.m.)|p1, p2〉 (C1)

where (u0, u) is the four-velocity of the quarkonium state
� and qc.m. is the relative momentum evaluated in the
quarkonium state c.m. (we use an explicit “c.m.” superscript
anticipating a similar formulation in the laboratory frame).
It is also possible to express these quarkonium states in the
basis (uT,Y ), if we separate u into its transverse uT and
longitudinal uz components, where Y = atanh( uz

u0 ), leading to
the analogy of Eq. (A13):

|�i,y�,uT,φ
〉 =

∫
d3qc.m.

s
dY d2uT δ(y� − Y )δ(uT φ − uT )

× fi(q
c.m.)|p1〉|p2〉 (C2)

where uT,φ is the transverse component of the quarkonium
four-velocity. One can then generalize Eq. (B21) by extending
this formula to the transverse component [three-dimensional
(3D) case], and we arrive at

d3Ni

dy�d2uT,�

= (2π )6(h̄)3
∫

dY d2uT d3qc.m.d3xc.m.
r

× d9NQQ̄

dY d2uT d3qc.m.d3xc.m.
r

Wi,y�,uT,�

× (Y, uT , qc.m., xc.m.
r ) (C3)

where

Wi,y�,uT,�

(
Y, uT , qc.m., xc.m.

r

)
= 1

(2π )3
δ(y − y�)δ(2)(uT,� − uT )WNR

(
qc.m., xc.m.

r

)
.

(C4)

Equation (C4) is the 3D generalization of Eq. (B15). In-
spection shows that we have just to multiply by the factor
δ(2) (uT,�−uT )

(2π )2 . After performing the integrals over the delta dis-
tributions we obtain

d3Ni

dy�d2uT,�

= (2π h̄)3
∫

d3qc.m.d3xc.m.
r

d9NQQ̄

dY d2uT d3qc.m.d3xc.m.
r

×Wi,NR
(
qc.m., xc.m.

r

)
(C5)

in which the ninefold distribution in the integral is taken at
Y = y� and uT = uT,�. This expression can be also expressed
in the coordinates of the computational frame:

d3Ni

dy�d2uT,�

= h3
∫

d3qlabd3xlab
r

d9NQQ̄

dY d2uT d3qlabd3xlab
r

×Wi,NR
(
qc.m.(qlab), xc.m.

r

(
xlab

r

))
(C6)

in which the coordinates qc.m. and xc.m.
r have to be expressed

as a function of the qlab and xlab
r . From the previous equation,

integrating by the variables uT,� and y� we can obtain the
absolute number of states of the ith quarkonium state:

Ni = h3
∫

dy�d2uT d3qlabd3xlab
r

d9NQQ̄

dY d2uT d3qlabd3xlab
r

×Wi,NR
(
qc.m.(qlab), xc.m.

r

(
xlab

r

))
. (C7)

The ninefold distribution has to be considered according to
the physical situation. In nucleus-nucleus collisions, we take
all possible (Q, Q̄) combinations into account in order to form
the ith quarkonium state. In Monte Carlo implementation,
Eq. (C6) becomes

dNi

dy�d2uT,�

= h3

NQ×NQ̄∑
l=1

Wi,y�,uT,�
(Y, uT , q, xr )

= h3

NQ×NQ̄∑
l=1

δ(Y − y�)δ(uT,� − uT )Wi,NR
(
qc.m., xc.m.

r

)
(C8)

where the sum runs over all NQ × NQ̄ possible combinations
and where the {qc.m., xc.m.

r , . . .} are constructed for each pair.
So the total number of states �i is given by the expression

Ni = h3

NQ×NQ̄∑
l=1

Wi,NR
(
qc.m., xc.m.

r

)
. (C9)

The Wigner distribution function Wi,NR has to be multiplied
by the factor g = 2s�+1

8(2sQ+1)2 to take into account the spin of
the quarkonium state and of the quarks. The factor 1/8 is
due to the fact that in our approach only color neutral QQ̄
combinations can form a quarkonium.
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