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Production spectra with a �− hyperon in (π−, K+) reactions on light to heavy nuclei
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We study theoretically production spectra with a �− hyperon via (π−, K+) reactions on 12C, 28Si, 58Ni, 115In,
and 209Bi targets, using the Green’s function method in the framework of a distorted-wave impulse approximation
with the optimal Fermi averaging for an elementary π− p → K+�− t matrix. Adopting distorted waves obtained
by solving a Klein-Gordon equation for π− and K+ mesons, we improve and update the calculated spectra
of �− production cross sections comprehensively in comparison with the data of the KEK-E438 experiment.
We use several �-nucleus (optical) potentials that are determined by fits to the �− atomic data and that take
into account the energy dependence arising from the nuclear excitation via �N → �N scatterings with a �

hyperon effective mass. The results show that the absolute values and the shapes of these calculated spectra are
in excellent agreement with those of the data, so that a mass-number dependence of integrated cross sections on
the light-to-heavy targets is well reproduced in our calculations. It confirms that the �-nucleus potentials having
a repulsion inside the nuclear surface and an attraction outside the nucleus with a sizable absorption are favored
in reproducing the data of the nuclear (π−, K+) spectra and the �− atomic x ray simultaneously, whereas it is
still difficult to determine the radial distribution of the �-nucleus potential inside the nucleus and its strength at
the center.
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I. INTRODUCTION

A � hyperon in nuclei is one of the most interesting sub-
jects used to understand the behavior of strangeness in nuclear
medium in hypernuclear physics [1]. Noumi and his collabo-
rators [2,3] performed measurements of �− hypernuclei by
inclusive (π−, K+) reactions on C, Si, Ni, In, and Bi targets
at the incident laboratory momentum plab = 1.2 GeV/c in
the KEK-E438 experiment. Their analysis in a distorted-wave
impulse approximation (DWIA) suggested that the �-nucleus
potential has a strong repulsion in the real part and a sizable
absorption in the imaginary part [2,3]. This repulsion may be
caused by the �N I = 3/2, 3S1 channel [4–6], in which a
quark Pauli-forbidden state occurs in a baryon-baryon system
[7], as supported by modern Y N potentials [8] and recent lat-
tice QCD calculations [9,10]. The behavior of the �− hyperon
in nuclear medium affects the maximal mass of neutron stars,
in which a baryon fraction would depend on the properties
of hypernuclear potentials for neutron stars in astrophysics
[11,12].

In previous papers [13,14], we succeeded in explaining the
data of the (π−, K+) reactions on 28Si and 209Bi targets at
1.2 GeV/c, estimating �− production spectra in the quasifree
(QF) region in the DWIA with optimal Fermi averaging [15]
for an elementary π− p → K+�− t matrix. We showed that
the �-nucleus potentials have a repulsion inside the nuclear
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surface and an attraction outside the nucleus with a sizable
absorption, as suggested by the latest studies of the �− atomic
x ray [13,14,16–20]. Our analysis [13,14] also indicated that
the �-nucleus potential within the Woods-Saxon (WS) or 2pF
form is

U� (r) = (
V �

0 + iW �
0

)
/[1 + exp {(r − R)/a}] (1)

with R = 1.1A1/3
core and a = 0.67 fm, where V �

0 =
(+20)–(+30) MeV and W �

0 = (−20)–(−40) MeV,
corresponding to a strong repulsion in the real part and a
sizable absorption in the imaginary part of the potential
[21]. Such a �-nucleus potential [22] explains the spectra
for �−- 5He in the 6Li(π−, K+) data at the J-PARC E10
experiment [23].

However, it should be noted that the absolute values of
the calculated cross sections of the (π−, K+) reactions on
medium-to-heavy nuclei were by a factor of 2–4 larger than
those of the data in the DWIA with an eikonal approximation
for meson distorted waves [13,14]. Figure 1 shows the mass
number A dependence of the integrated cross sections σ (AZ)
from C up to Bi targets at plab = 1.2 GeV/c and θlab = 6◦,
which was calculated from Refs. [13,14] using the eikonal
approximation. As shown by Saha et al. [3], the magni-
tudes of the calculated �− production cross sections in the
eikonal approximation are rather steeper than those of the
data, as a function of the mass number A. This discrepancy
may require an improvement of the eikonal DWIA for pre-
cisely estimating the �− production in the nuclear (π−, K+)
reactions. Kohno et al. [24,25] analyzed the same QF

2469-9985/2023/107(5)/054611(20) 054611-1 ©2023 American Physical Society

http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevC.107.054611&domain=pdf&date_stamp=2023-05-19
https://doi.org/10.1103/PhysRevC.107.054611


TORU HARADA AND YOSHIHARU HIRABAYASHI PHYSICAL REVIEW C 107, 054611 (2023)

FIG. 1. Mass-number A dependence of the integrated cross sec-
tions σ (AZ) from C up to Bi targets at plab = 1.2 GeV/c and
θlab = 6◦. The experimental data are obtained from Ref. [3]. Dotted
lines denote C × A0.161 for an eye guide to the data where C is a
constant. Solid lines indicate the calculated results (CAL.) with the
�-nucleus potentials for DD-A′ and WS-B in the eikonal approxima-
tion [13,14], and dashed lines indicate results multiplied by a scaling
factor of 0.5 in order to be compared with the slope of the data.

data of the 28Si(π−, K+) reaction using the semiclassical
distorted-wave (SCDW) model with distorted waves ob-
tained by solving a Klein-Gordon equation for π− and K+.
Their analysis also suggests the repulsive nature of V �

0 �
(+30)-(+50) MeV in a WS form with R = 3.60 fm, a =
0.60 fm, and W �

0 = −20 MeV, whereas their calculated spec-
tra seem to be insufficient to reproduce those of the data.
Consequently, more quantitative improvements are needed for
the DWIA calculations.

In this paper, we study theoretically the �− production
spectra in the (π−, K+) reactions on 12C, 28Si, 58Ni, 115In,
and 209Bi targets at plab = 1.2 GeV/c, using the DWIA frame-
work with the optimal Fermi averaging [15] for the π− p →
K+�− t matrix. To evaluate the full distortions for π− and
K+ mesons, we estimate the distorted waves obtained by
solving a Klein-Gordon equation for these mesons. Thus we
improve and update the calculated spectra comprehensively in
comparison with the data of the KEK-E438 experiment, using
the �-nucleus potentials that are determined by fits to the �−
atomic data and by considering the energy dependence arising
from the nuclear excitation via �N → �N scatterings with a
� hyperon effective mass. We also discuss the mass-number
dependence on the integrated cross section of the nuclear
(π−, K+) reactions, which depends on the distortion effects
and the nature of the �-nucleus potentials in our analysis.

II. THEORETICAL PROCEDURES

A. Distorted-wave impulse approximation

We briefly mention a calculation procedure of hypernu-
clear production via the nuclear (π−, K+) reaction in the
distorted-wave impulse approximation (DWIA) with the opti-

mal Fermi averaging [15] for the elementary π− p → K+�− t
matrix. The inclusive double differential cross section [26,27]
in the laboratory frame is given by (in units h̄ = c = 1)

d2σ

dEK d�K
= β

1

[JA]

∑
mA

∑
B

|〈�B|F̂ |�A〉|2

× δ(EK + EB − Eπ − EA), (2)

where [J] = 2J + 1, and EK , Eπ , EB, and EA are the energies
of outgoing K+, incoming π−, hypernuclear states, and the
target nucleus, respectively. �B and �A are wave functions
of hypernuclear final states and the initial state of the target
nucleus, respectively. The kinematical factor β [28] arising
from a translation from a two-body meson-nucleon laboratory
system to a meson-nucleus laboratory system [29] is given by

β =
(

1 + E (0)
K

E (0)
B

p(0)
K − p(0)

π cos θlab

p(0)
K

)
pK EK

p(0)
K E (0)

K

, (3)

where p(0)
π and p(0)

K (E (0)
K and E (0)

B ) are laboratory momenta
of π− and K+ (laboratory energies of K+ and �−) in the
two-body π− p → K+�− reactions, respectively. Here we
consider only the non-spin-flip reaction because we are inter-
ested in the cross sections around the K+ forward direction.
Thus an external operator F̂ for the associated production
π− p → K+�− reactions is given by

F̂ =
∫

dr χ (−)∗
pK

(r)χ (+)
pπ

(r)
A∑

j=1

f π− p→K+�−δ(r − r j )Ô j,

(4)

where we assume zero-range interaction for the π− p →
K+�− transitions. The functions χ (−)∗

pK
and χ (+)

pπ
are distorted

waves of outgoing K+ and incoming π− mesons, respectively.
Ô j is a baryon operator changing jth nucleon into a �− hy-
peron in the nucleus, and r is the relative coordinate between
the mesons and the center of mass (c.m.) of the nucleus; the
quantity f π− p→K+�− is the Fermi-averaged amplitude for the
π− p → K+�− reactions in nuclei on the laboratory frame
[13,22]. The energy and momentum transfer to the �− final
state is given by

ω = Eπ − EK , q = pπ − pK , (5)

where Eπ = (m2
π + p2

π )1/2 and EK = (m2
K + p2

K )1/2 are the
laboratory energies of π− and K+ in the nuclear reactions,
respectively; mπ and mK (pπ and pK ) are masses (laboratory
momenta) of π− and K+, respectively.

The double differential cross section of Eq. (2) is often
approximated as

d2σ

dEK d�K
=

(
dσ

d�

)opt

S(ω, q) (6)

in the DWIA [4,30,31], where (dσ/d�)opt is the in-
medium π− p → K+�− cross section, and S(ω, q) denotes
the strength function describing the dynamics of the nuclear
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TABLE I. Energies εN of single-particle states for a proton in 12C, 28Si, 58Ni, 115In, and 209Bi targets, which are input in these calculations
[34–37]. The values in parentheses denote widths of hole states for a proton. All energies and widths are in MeV.

(n j)p
12C 28Si 58Ni 115In 209Bi

0s1/2 −37.0 (10.0) −38.0 (10.0) −41.9 (10.0) −42.9 (10.0) −36.6 (10.0)
0p3/2 −18.7 (0.0) −23.4 (6.0) −30.8 (10.0) −35.4 (10.0) −33.1 (10.0)
0p1/2 −19.1 (5.0) −28.9 (8.0) −34.3 (10.0) −32.5 (10.0)
0d5/2 −9.7 (2.0) −19.2 (4.0) −27.0 (6.0) −28.4 (6.0)
1s1/2 −6.0 (0.0) −14.6 (2.0) −24.4 (6.0) −24.0 (6.0)
0d3/2 −14.5 (2.0) −23.1 (6.0) −27.0 (6.0)
0 f7/2 − 7.8 (0.0) −18.2 (4.0) −22.9 (6.0)
0 f5/2 −13.3 (4.0) −20.4 (4.0)
1p3/2 −13.7 (2.0) −17.1 (4.0)
1p1/2 −11.6 (2.0) −16.0 (2.0)
0g9/2 −9.1 (0.0) −15.4 (2.0)
0g7/2 −11.4 (2.0)
1d5/2 −9.7 (1.0)
1d3/2 −9.4 (1.0)
2s1/2 −8.4 (1.0)
0h11/2 −8.0 (1.0)
0h9/2 −3.8 (0.0)

states, which is written by

S(ω, q) = 1

[JA]

∑
mA,B

∣∣〈�B| χ (−)∗
pK

χ (+)
pπ

|�A〉∣∣2
δ(ω + EA − EB).

(7)

For the initial states �A, we obtain single-particle wave func-
tions for a proton in the target nucleus, using a Woods-Saxon
potential [32],

UN (r) = V N
0 f (r) + V N

ls (l · s)r2
0

1

r

d

dr
f (r) (8)

with

f (r) = [1 + exp {(r − R)/a}]−1, (9)

where V N
ls = −0.44V N

0 , a = 0.67 fm, r0 = 1.27 fm, and R =
r0A1/3, adjusting the strength of V N

0 to reproduce the data
of the charge radius [33,34]; we have V N

0 = −64.8, −63.1,
−59.0, −58.4, and −61.7 MeV for 12C, 28Si, 58Ni, 115In, and
209Bi, fitting to the charge root-mean radius of 〈r2〉1/2

ch = 2.44,
3.10, 3.77, 4.59, and 5.52 fm, respectively. The Coulomb
potential for a proton is used with a uniform distribution of
a charged sphere where the radius RC = 1.2A1/3. In Table I,
we list energies εN of single-particle states for a proton in
the target nuclei, which are input in these calculations, and
widths for these hole states are taken from (e, e′ p) experi-
mental data [34,35]. For deeply hole states of which energies
are unknown experimentally, theoretical predictions with a
density-dependent Hartree-Fock method [36,37] are used.

B. Green’s function method

For final states �B, we use the Green’s function method
[31] to examine not only bound states but also continuum
states for a �− hyperon, so as to evaluate the strength function

S(ω, q). The complete Green’s function G provides all infor-
mation concerning �-nucleus dynamics as a function of the
energy transfer ω = EB − EA corresponding to the energy E
measured from the �− + core-nucleus threshold,

E = EB − (m�− + MC ) = −B�− , (10)

where m�− hyperon and MC are masses of the �− hyperon
and the core nucleus, respectively. It is obtained by solving
the following potential problems:

G(ω) = G(0)(ω) + G(0)(ω){U� + UCoul}G(ω), (11)

where G(0) is a free Green’s function, U� is the �−-nucleus
potential, and UCoul is the finite Coulomb potential between
the �− hyperon and the core nucleus. By the use of a complete
Green’s function G, a sum of the final states B of Eq. (2) is
given as∑

B

|�B〉δ(ω + EA − EB)〈�B| = − 1

π
Im G(ω). (12)

Thus the strength function S(ω, q) is estimated by

S(ω, q) = − 1

π
Im

∑
αα′

∫
dr dr′Fα †

� (r)Gαα′
� (ω; r, r′)Fα′

� (r′),

(13)

where Gαα′
� is a complete Green’s function [31] for � hyper-

nuclear final states, and α (α′) denotes the complete set of
eigenstates for the system. The function Fα

� is a � production
amplitude, which is written as

Fα
� (r) = χ (−)∗

pK
(r)χ (+)

pπ
(r)〈α |ψ̂N (r)| �A〉, (14)

where 〈α |ψ̂N (r)|�A〉 is a hole-state wave function for a struck
nucleon in the target.
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C. Optimal Fermi averaging

To evaluate the π− p → K+�− reaction in nuclear
medium, we deal with the optimal Fermi averaging (OFA)
for the elementary π− p → K+�− t matrix [15]. We obtain
the “optimal” differential cross sections of the in-medium
π− p → K+�− reactions in the nucleus [13] to fully describe
the energy (ω) dependence of the nuclear (π−, K+) reactions,
where N∗ resonances as intermediate states may be populated
in the π− p → K+�− processes. This differential cross sec-
tion is written by(

dσ

d�

)opt

= β| f π− p→K+�−|2, (15)

where the Fermi-averaged amplitude f π− p→K+�− is given by

f π− p→K+�− = − 1

2π

(
pK EK Eπ

βpπ

)1/2

topt
πN,K� (pπ ; ω, q). (16)

The quantity topt
πN,K� is the optimal Fermi-averaged π− p →

K+�− t matrix, which is defined as

topt
πN,K� (pπ ; ω, q)

=
∫ π

0 sin θN dθN
∫ ∞

0 d pN p2
N n(pN )t (EπN ; pπ , pN )∫ π

0 sin θN dθN
∫ ∞

0 d pN p2
N n(pN )

∣∣∣∣∣
pN =p∗

N

,

(17)

where t (EπN ; pπ , pN ) is the two-body on-shell t matrix for
the π− p → K+�− reaction in free space, EπN = Eπ + EN

is a total energy of the π−N system, and cos θN = p̂π · p̂N ;
EN and pN are an energy and a momentum of the nucleon in
the nucleus, respectively. The function n(p) is a momentum
distribution of a struck nucleon in the nucleus, normalized
by

∫
n(p)d p/(2π )3 = 1. The subscript pN = p∗

N in Eq. (17)
means the integral with a constraint imposed on the vari-
ables of (pN , θN ) in an on-energy-shell momentum p∗

N . This
momentum p∗

N is a solution that satisfies the on-energy-shell
equation for a struck nucleon at the point (ω, q) in the nuclear
systems, √

(p∗
N + q)2 + m2

� −
√

(p∗
N )2 + m2

N = ω, (18)

where m� and mN are masses of the �− hyperon and the
nucleon, respectively. Note that this procedure keeps the on-
energy-shell π− p → K+�− processes in the nucleus [38], so
that it guarantees to take “optimal” values for topt

πN,K� ; binding
effects for the nucleon and the �− hyperon in the nucleus are
considered automatically when we input experimental values
for energies of the nuclear and hypernuclear states [39]. We
also take into account the correction for the energies of the
struck nucleons in the nucleus,

ω → ω + 〈�εN 〉, (19)

where the averaged value 〈�εN 〉 of the different energy distri-
butions of their single-particle states ϕ

(i)
N is given by

〈�εN 〉 =
∑

i

(
ε

(i)
N − ε

(0)
N

)
Z (i)

eff

/
Zeff , (20)

FIG. 2. Energy dependence of the optimal cross sections of
(dσ/d�)opt in the (π−, K+) reactions on 12C, 28Si, 58Ni, 115In, and
209Bi targets at plab = 1.2 GeV/c and θlab = 6◦, as a function of
−B�− . The arrow shows the �− emitted threshold.

using the effective number of protons

Zeff =
∑

i

Z (i)
eff , (21a)

Z (i)
eff =

∫ ∣∣ϕ(i)
N (r)

∣∣2
DπK (r)dr, (21b)

with a meson absorption factor DπK (r) for the nuclear
(π−, K+) reactions (see Sec. IV B). Thus we have, e.g.,
〈�εN 〉 = −9.9 MeV for 28Si and 〈�εN 〉 = −10.8 MeV for
209Bi. As a result, the ω dependence of (dσ/d�)opt is in-
dispensable for explaining behavior of the nuclear (π−, K+)
reactions [13].

In Fig. 2, we display the “optimal” cross sections for the
�−-nucleus systems in the (π−, K+) reactions on 12C, 28Si,
58Ni, 115In, and 209Bi targets, as a function of the energy
−B�− . Here we use a momentum distribution obtained by a
harmonic oscillator model,

n(p) = n0
{
Ns + 2

3 Np(bp)2 + 4
15 Nd (bp)4

}
exp{−(bp)2},

(22)

where the size parameters b = 1.64 fm for 12C (Ns = 2, Np =
4, Nd = 0) and b = 1.87 fm for 28Si (Ns = 2, Np = 6, Nd =
6). For 58Ni, 115In, and 209Bi, we use a Fermi distribution
given by

n(p) = n0[1 + exp {(p − p0)/�p}]−1, (23)

where p0 = 100 MeV/c and �p = 50 MeV/c. We find that
the absolute values of the optimal cross sections slightly de-
pend on the target nucleus. This dependence comes from a
difference among the single-particle energies in the targets, by
solving the on-energy-shell equation of Eq. (18) in the OFA
procedure, though the optimal cross sections are insensitive
to the momentum distributions n(p), as discussed in Ref. [4].
Therefore, we recognize that it is important to take into ac-
count the binding effects in the nucleus.
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D. Distorted waves for mesons

The distorted waves for the incoming π− and outgoing K+
mesons in Eq. (4) are written by the partial wave expansion
in the z axis as the direction of the incident π− laboratory
momentum pπ ,

χ (−)∗
pK

(r)χ (+)
pπ

(r) =
∑
LM

√
4π (2L + 1) iL j̃LM (θlab, r)YLM (r̂),

(24)

where j̃LM (θlab, r) is a radial distorted wave with the angular
momentum with (L, M),

j̃LM (θlab, r)

=
∑
ab

(−)(a−b−L)/2(2a + 1)(2b + 1)

× j̃∗b

(
MC

MB
r

)
j̃a

(
MC

MA
r

)
×

(
a b L
0 0 0

)(
a b L
0 M −M

)
ŶbM ( p̂K ), (25)

and θlab is the scattering angle to the forward direction in the
nuclear (π−, K+) reaction. The functions j̃a (r) and j̃b (r) are
the radial distorted waves for π− and K+, respectively. The
factors of MC/MA and MC/MB arise from the recoil correc-
tion, where MA, MB and MC are the masses of the target, the
hypernucleus, and the core nucleus, respectively. The function
Ŷ is defined by ŶbM ( p̂K ) = YbM ( p̂K )(4π/2b + 1)1/2.

In previous works [13,14], we used the computational pro-
cedure for the distorted waves in the eikonal approximation,
due to the large momentum transfer q � 400–530 MeV/c
in the (π−, K+) reaction, where we took σπ = 38 mb for
the π−N scattering and the σK = 18 mb for K+N one, and
απ = αK = 0, as the distortion parameters. To improve j̃a

and j̃b in Eq. (25), here, we have the partial-wave expansion
for the distorted waves for π− and K+:

χ (+)
pπ

(r) = 4π
∑
ama

ia j̃a (r)Yama (r̂)Y ∗
ama

( p̂π ), (26a)

χ (−)
pK

(r) = 4π
∑
bmb

ib j̃b (r)Ybmb (r̂)Y ∗
bmb

( p̂K ), (26b)

which satisfy a Klein-Gordon (KG) equation of the form [40],[−∇2 + {
(E2 − m2) + 2E (UC + US ) − U 2

C

}]
χ (±) = 0,

(27)

where UC is a unified Coulomb potential with the radius of
RC = rCA1/3, and m is the meson mass. The optical potentials
US for the mesons are used in the standard Kisslinger form,

2EUS = −p2b̃(r) + ∇ · c̃(r)∇ (28)

with

b̃(r) = b0ρ(r) − εb1δρ(r), (29a)

c̃(r) = c0ρ(r) − εc1δρ(r), (29b)

where ρ(r) = ρp(r) + ρn(r), δρ(r) = ρn(r) − ρp(r), ε = −1
for π−, and ε = +1 for K+; ρp(r) and ρn(r) are nuclear den-
sities normalized to the number of protons Z and neutrons N ,

TABLE II. Input parameters of the density distributions ρp,n(r)
in the meson-nucleus optical potentials for π− and K+. All values
are in fm.

Target Density 〈r2〉1/2
ch Rp Rn a

12C HO 2.44 1.552 1.552 1.333
28Si 2pF 3.10 2.930 2.930 0.569
58Ni 2pF 3.78 4.084 4.067 0.558
115In 2pF 4.59 5.279 5.452 0.451
209Bi 2pF 5.51 6.783 6.822 0.388

respectively. The quantities b0 and c0 (b1 and c1) are isoscalar
(isovector) strength parameters. We obtain these parameters of
the Fermi-averaged amplitudes [41] for meson-nucleon scat-
terings, using the results of a phase-shift analysis calculation
using SAID [42], and modify them by fits to the data of the
meson-nucleus elastic scatterings [43].

Considering the nuclear (π−, K+) reactions at the incident
laboratory momentum plab = 1.2 GeV/c, we use the distorted
waves of π− at plab = 1.2 GeV/c and those of K+ at plab �
850–600 MeV/c for ω � 230–430 MeV that corresponds to
−B� � (−50)–(+150) MeV. Thus we compute the angular
distributions of the differential cross sections for these elastic
scatterings in program PIRK [40], taking sufficiently the angu-
lar momenta with a,b � 70 for their partial waves due to large
momentum transfer q � 400–530 MeV/c in the (π−, K+)
reactions. In Table II, we list the parameters of the density
distribution ρp,n(r) for various targets in these calculations.

1. π−-nucleus elastic scatterings

Figures 3 shows the calculated angular distributions for the
π− elastic scatterings on 12C at plab = 800 and 995 MeV/c,
as a function of θc.m., in comparison with those of the ex-
perimental data [43,44]. We find that the calculated angular
distributions reproduce the data very well. For the incident
laboratory momentum at 1.2 GeV/c for the nuclear (π−, K+)
reactions, in which the parameters b0 and c0 are unknown due
to the absence of the π− elastic scattering data, we determine
the values of b0 and c0 at plab = 1.2 GeV/c, applying the same
method to the standard Kisslinger potentials. Figure 4 displays
the potential parameters b0,1 and c0,1 for π− in the standard
Kisslinger form, as a function of the incident laboratory mo-
mentum plab. These parameters are used for various targets in
this work.

2. K+-nucleus elastic scatterings

Figure 5 shows the calculated angular distributions for the
K+ elastic scatterings on 12C at plab = 715 and 800 MeV/c.
It has been known [45–47] that the K+ scattering data are
not well reproduced by the tρ-type potential using a Fermi-
averaged K+N amplitude b(KN )

0 based on the results from
SAID [42]. We confirm that the calculated angular distributions
are obviously underestimated in comparison with the data. In
this work, we use the isoscalar parameters b0 and c0 that are
determined by fitting to the data of the K+ elastic scatterings
on 12C at plab = 635, 715, and 800 MeV/c [43,48] in the
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FIG. 3. Calculated angular distributions of differential cross sec-
tions for π− elastic scatterings on the 12C target at the incident
laboratory momenta plab = 800 and 995 MeV/c, as a function of the
c.m. scattering angle θc.m.. The data are taken from Refs. [43,44].

standard Kisslinger form, as given in Fig. 6. The calculated
angular distributions using these parameters agree with the
data at plab = 715 and 800 MeV/c very well, as seen in Fig. 5.
Here the isovector parameters b1 and c1 for K+ are assumed
to be the same as b(KN )

1 and c(KN )
1 that are obtained by the

Fermi-averaged K+N amplitude. Therefore, one expects that

FIG. 4. The π−-nucleus optical potential parameters b0,1 and c0,1

in the standard Kisslinger form by using the Fermi-averaged π−N
amplitudes based on results from SAID [42], as a function of the
incident laboratory momentum plab.

FIG. 5. Calculated angular distributions of differential cross sec-
tions for K+ elastic scatterings on the 12C target at the incident
laboratory momenta plab = 715 and 800 MeV/c, as a function of
the c.m. scattering angle θc.m.. The solid curves are obtained by the
standard Kisslinger form with the parameters b0 and c0 determined
by fitting to the data. The dashed curves are obtained by the tρ-type
potential using a Fermi-averaged K+N amplitude b(KN )

0 . The data are
taken from Refs. [43,48].

FIG. 6. The K+-nucleus optical potential parameters b0 and c0

in the standard Kisslinger form by fits to the data of the K+ elastic
scatterings on 12C [43,48], as a function of the incident laboratory
momentum plab. Solid and dashed curves denote the values of b0

and c0, respectively. Dotted curves denote the parameters b(KN )
0 in

the tρ-type potential using a Fermi-averaged K+N amplitude based
on results from SAID [42].
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the calculated spectra for the nuclear (π−, K+) reactions are
improved theoretically by the use of the full distorted waves
for π− and K+.

E. �-nucleus potentials

The �-nucleus (optical) potential is written as

U� (E , r) = V� (E , r) + iW� (E , r), (30)

where V� and W� = We + Wc are the real and imaginary
parts, respectively; We and Wc denote the absorptions arising
from the nuclear excitation via �N → �N elastic scattering
processes and �N → �N conversion ones, respectively. In
previous papers [13,14], we discussed several types of the
�-nucleus potential obtained by fitting to strong-interaction
shifts and widths of the �− atomic x-ray data [49–51]. Here
we consider following potentials in a phenomenological way,
which can sufficiently reproduce the experimental shifts and
widths of the �− atomic states: (a) the density-dependent
(DD) potential [16] determined by fitting its phenomenologi-
cal parameters (type A′) to the �− atomic data; (b) the folding
potential in the local density approximation (LDA) [36,52]
with the YNG-NF interaction [53] based on the Nijmegen
model F [54] by fits to the �− atomic data, with modifica-
tion of an odd-term strength in the real part and assuming
Wc(r) = tρp(r) in the imaginary part, where ρp(r) is the
proton density distribution and t is an effective strength pa-
rameter for fits to the data [19]; (c) the “teffρ” potential [16,18]
determined earlier by an attractive effective �N scattering
length a = 0.36 + i0.20 fm within a tρ form, fitting to the �−
atomic data for the light nuclei. In this section, we consider
the �-nucleus potentials for the �− atomic states and the �

continuum states.

1. Strong-interaction shifts and widths of �− atomic states

Because the �− atomic (bound) states may have only
the conversion decay, the imaginary potential is estimated
by fits to the �− atomic data, leading to the expression at
E < 0 MeV. Thus we have the real and imaginary parts of
the �-nucleus potential U� at E < 0 MeV,

V� (E , r) = V� (r), W� (E , r) = Wc(r). (31)

In Figs. 7 and 8, we display the real and imaginary parts of
the potentials for 27Al and 208Pb at E � 0 MeV, as a function
of the radial distance between a �− hyperon and the center of
the nucleus, using the potentials for (a) DD-A′, (b) LDA-NF,
and (c) teffρ. Several �-nucleus potentials for light-to-heavy
nuclei were also shown in Refs. [55,56].

To evaluate strong-interaction shifts and widths of �−
atomic (nl ) states, we obtain complex eigenvalues, solving the
Schrödinger equation with the �-nucleus potential U� :[
− 1

2μ
∇2 + U� (r) + UCoul(r)

]
ϕnl (r) =

(
Enl − i

�nl

2

)
ϕnl (r),

(32)

where μ is the �− nucleus reduced mass, and UCoul is the
Coulomb potential due to the finite charge distribution of the
nucleus. The strong-interaction shifts are defined by εnl =

FIG. 7. Real parts V� (E , r) of the �-nucleus potentials for 27Al
and 208Pb, as a function of the radial distance between a �− hyperon
and the center of the nucleus, calculated for (a) DD-A′, (b) LDA-NF,
and (c) teffρ. Solid curves denote the energy dependences of the radial
distributions of the potentials at E = 0, 60, 120, and 180 MeV, con-
sidering V� (E = 0, r) = V� (r). Dashed curves denote the Coulomb
potentials for 27Al and 208Pb.

E e.m.
nl − Enl , where E e.m.

nl are the electromagnetic energies in-
cluding the nucleon size correction, the vacuum polarization
to order α(Zα) in the Coulomb potential.

In Table III, we list the calculated shifts and widths of the
�− atomic states, of which the available data (N = 23) are
taken from C to Pb [49–51]. We find the χ2 per degree of free-
dom χ2/N = 20.06/23 for DD-A′, 14.84/23 for LDA-NF,
and 23.17/23 for teffρ. For the 17 data [49,50] omitting W and
Pb, as discussed in Ref. [16], we find χ2/N = 12.78/17 for
DD-A′, 10.74/17 for LDA-NF, and 10.82/17 for teffρ. These
results are consistent with those analyzed by Refs. [16,57,58].
Our analysis indicates that these potentials explain the

054611-7



TORU HARADA AND YOSHIHARU HIRABAYASHI PHYSICAL REVIEW C 107, 054611 (2023)

FIG. 8. Imaginary parts W� (E , r) of the �-nucleus potentials for
27Al and 208Pb, as a function of the radial distance between a �−

hyperon and the center of the nucleus. Solid curves denote the energy
dependence of the radial distributions of the We(E , r) arising from
the nuclear excitation via �N → �N elastic scattering processes at
E = 30, 60, 90, 120, 150, and 180 MeV, for (a) DD-A′, (b) LDA-
NF, and (c) teffρ. Dashed curves denote the radial distributions of
Wc(E , r) = Wc(r) arising from �N → �N conversion ones.

available data of the strong-interaction shifts and widths of the
�− atomic states because the values of the shifts and widths
for �− atomic states are mainly sensitive to the tail part of
the indispensable attractive pocket outside the nuclear surface
[16]; especially, the LDA-NF potential seems to be in very
good agreement with the data of the shifts and widths includ-
ing W and Pb [51] due to balance of the long-range repulsive
and attractive components in V� . Therefore, we confirm that
all of the potentials enable us to sufficiently reproduce the
experimental shifts and widths of the �− atomic states, re-
gardless of the different geometries among their potentials.

2. Energy dependence of the potentials in � continuum states

For � continuum states at the incident �-hyperon energy
E > 0 MeV, we consider the energy dependence of the real
part (V�) of the potential in nuclear matter, introducing an
effective mass μ∗ [59] in Eq. (11):

E = p2

2μ
+ V� (E , ρ)

� p2

2μ∗ + V� (E = 0, ρ), (33)

where
μ∗

μ
= 1 − d

dE
V� (E , ρ) ≡ ν ′

�. (34)

Here we assume the density dependence of ν ′
� in the form [19]

1/ν ′
� = 1 + (1/ν ′

�0 − 1)ρ/ρ0, (35)

where ν ′
�0 = 1.05 is chosen practically, as we will discuss

based on the semimicroscopic LDA-NF in Sec. IV D. Note
that the quantity ν ′

� is a function of the radial distance through
the nuclear density distribution ρ(r) for finite nuclei. There-
fore, substituting Eq. (34) into Eq. (33) and rearranging the
equation, one can easily derive the real part of the energy-
dependent potential for E > 0 MeV, which is defined by

V� (E , r) = V (0)
� (r) + V (1)

� (r)E , (36)

with

V (0)
� (r) ≡ V� (r), V (1)

� (r) ≡ 1 − ν ′
� (r), (37)

where V� (r) is the real potential determined for the �− atomic
states in Sec. II E 1, which should be regarded as ν ′

�V� (E =
0, ρ). Because the energy dependence of phenomenological
potentials such as DD-A′ and teffρ is theoretically unknow-
able, we assume the same energy dependence as in Eq. (34)
estimated by LDA-NF for these types of the �-nucleus poten-
tials. In Fig. 7, we display the energy dependence of V� (E , r)
for 27Al and 208Pb at E = 0, 60, 120, and 180 MeV, using the
�-nucleus potentials for DD-A′, LDA-NF, and teffρ.

For the imaginary parts (W�) of the potentials, we obtain
We and Wc in a semiclassical estimation, as shown in the
Appendix. We realize that the absorption We arising from the
nuclear excitation via the �N → �N scatterings is dominant
as E increases, in contrast to the �− p → �n conversion
decays in which Wc does not depend much on E [60], i.e.,
Wc(E , r) � Wc(r), so we assume the same Wc determined phe-
nomenologically by fits to the �− atomic data for simplicity.
Indeed, g-matrix calculations [61] indicate that the strength of
Wc is not very dependent on E , whereas We has a remarkable
energy dependence. Therefore, the imaginary potentials at
E > 0 MeV are written as

W� (E , r) � We(E , r) + Wc(r). (38)

In Fig. 8, we also show the energy dependence of the
calculated absorption potentials We(E , r) for 27Al and 208Pb at
E = 30, 60, 90, 120, 150, and 180 MeV, using the �-nucleus
potentials for DD-A′, LDA-NF, and teffρ. Here we used the
same ν ′

�0 = 1.05 for these potentials. We find that the radial
distribution of We(E , r) for DD-A′ (LDA-NF) behaves as a

054611-8



PRODUCTION SPECTRA WITH A �− HYPERON … PHYSICAL REVIEW C 107, 054611 (2023)

TABLE III. Calculated strong-interaction shifts and widths of �− atomic (nl ) states for the n + 1 → n transitions, in comparison with the
available data of the �− x-ray measurements [49–51]. All energies and widths are in eV. The values of χ2/N are obtained by comparing the
calculated shifts and widths with these data.

Transition DD-A′ LDA-NF teffρ Expt.

n + 1 → n ε � �u ε � �u ε � �u ε � �u

C 4 → 3 7.19 26.7 0.012 28.1 31.1 0.014 21.3 41.8 0.012 0.031 ± 0.012
O 4 → 3 36.6 318.3 0.40 301.7 453.9 0.49 252.0 768.3 0.42 320 ± 230 1.0 ± 0.7
Mg 5 → 4 30.6 49.3 0.079 45.6 45.3 0.071 30.5 52.3 0.070 25 ± 40 <70 0.11 ± 0.09
Al 5 → 4 74.8 110.4 0.21 80.3 84.4 0.15 62.4 112.1 0.18 68 ± 28 43 ± 75 0.24 ± 0.06
Si 5 → 4 135.3 228.4 0.52 155.3 178.7 0.37 123.9 254.9 0.45 159 ± 36 220 ± 110 0.41 ± 0.10
S 5 → 4 427.9 871.3 2.91 550.2 766.3 2.46 418.8 1171.8 2.53 360 ± 220 870 ± 700 1.5 ± 0.8
Ca 6 → 5 29.9 41.2 0.13 43.4 38.0 0.12 26.0 42.2 0.12 0.41 ± 0.22
Ti 6 → 5 101.2 144.9 0.61 119.2 117.7 0.48 87.8 155.1 0.52 0.65 ± 0.42
Ba 9 → 8 38.3 84.1 1.02 45.7 33.3 0.38 34.2 49.1 0.49 2.9 ± 3.5
W 10 → 9 90.5 99.1 1.75 102.7 83.6 1.61 77.2 118.0 1.67 214 ± 60 18 ± 149 2 ± 2
Pb 10 → 9 440.7 524.1 12.5 388.2 394.2 16.7 381.0 707.5 11.8 422 ± 56 428 ± 158 17 ± 3

χ 2/N 20.06/23 14.78/23 23.17/23
12.78/17 10.69/17 10.82/17

surface-peaked form at low energies of E � 90 (60) MeV,
and turns to a volume form at high energies of E � 120 (90)
MeV, as shown in Figs. 8(a) and 8(b). This behavior is because
V� has a repulsion inside the nuclear surface and an attrac-
tion outside the nucleus, and UCoul is an attractive Coulomb
potential. For teffρ, we confirm that the radial distribution of
We(E , r) is in a normal volume form, as shown in Fig. 8(c),
because V� is purely attractive.

To study the repulsion and absorption of the potential,
we also use the energy-independent potentials with the WS
form with R = 1.1(A − 1)1/3 fm and a = 0.67 fm in Eq. (1),
which reproduce the QF spectra in previous works [13,14,22]:
(d) the WS form with the strengths of V �

0 = +20 MeV and
W �

0 = −20 MeV (type A); (e) the WS form with the strengths
of V �

0 = +30 MeV and W �
0 = −40 MeV (type B). These

strengths of the WS-B potential are also consistent with those
for �−- 5He [22], which were recently obtained by the analy-
sis of the 6Li(π−, K+) reaction in the J-PARC E10 experiment
[23]. However, we stress that any WS potential with a repul-
sive tail cannot reproduce attractive strong-interaction shifts
of the �− atomic data due to its repulsion.

III. RESULTS

Saha et al. [3] have experimentally measured the data of
the (π−, K+) reactions on 12C, 28Si, 58Ni, 115In, and 209Bi tar-
gets in the KEK-E438 experiment. The average cross sections
σ̄4◦–8◦ were obtained by the K+ scattering angles of 6◦ ± 2◦ in
the laboratory frame:

σ̄4◦-8◦ ≡
∫ θlab=8◦

θlab=4◦

(
d2σ

dEK d�K

)
d�

/ ∫ θlab=8◦

θlab=4◦
d�. (39)

To compare with the data, here we calculate the inclusive
spectra of these (π−, K+) reactions at plab = 1.2 GeV/c and
θlab = 6◦, taking into account a detector resolution [3]. We use
several types of the �-nucleus potentials for 11B, 27Al, 57Co,

114Cd, and 208Pb, for which the final states are produced by the
(π−, K+) reactions on 12C, 28Si, 58Ni, 115In, and 209Bi targets,
respectively, as mentioned in Sec. II E. For the amplitude of
f π− p→K+�− for each target, we take into account the bind-
ing effects in the nucleus. Thus we compare the calculated
spectrum for each target with the 56–65 data points in the QF
region including from the �− bound to the �− continuum
states, introducing a renormalization factor fs into its abso-
lute value to make a fit to the spectral shape of the data for
the whole spectrum because the value of f π− p→K+�− would
still have some ambiguities [13,14,22]. Because the spectrum
in the �− near-threshold region is very sensitive to the �-
nucleus potential [31], we also study the shape behavior of
the calculated spectrum, introducing another renormalization
factor fs focusing on the 21 data points in the near-threshold
region. We examine the sensitivity of the spectrum to the
nature of the �-nucleus potentials for DD-A′, LDA-NF, teffρ,
WS-A, and WS-B in the (π−, K+) reactions on the light-to-
heavy nuclei, as mentioned below.

A. 28Si target

In Fig. 9, we show the calculated spectra on 28Si in the
QF region (ω = 220–441 MeV) and the near-threshold re-
gion (ω = 220–302 MeV), taking into account a detector
resolution of 3.5 MeV FWHM [3]. Here we consider the
calculated spectra for DD-A′, LDA-NF, and teffρ, taking the
single-particle energies of proton hole states for (1s1/2)−1,
(0d5/2)−1, (0p1/2)−1, (0p3/2)−1, and (0s1/2)−1 orbits in 28Si,
as listed in Table I, with configurations obtained by density-
dependent Hartree-Fock calculations [36,37]. We find that the
calculated spectra for DD-A′ and LDA-NF are in good agree-
ment with the data, i.e., χ2/N � 0.7–0.8 with fs � 1.0–1.1
for the QF and near-threshold regions, as shown in Table IV.
Therefore, the magnitudes of the calculated cross sections are
significantly improved ( fs � 1) by the KG distorted waves for
the QF and near-threshold regions [13], in comparison with
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TABLE IV. The χ 2 fitting for various �-nucleus potentials in the (π−, K+) reactions on 12C, 28Si, 58Ni, 115In, and 209Bi targets at plab =
1.2 GeV/c and θlab = 6◦. The values of χ 2/N and the renormalized factor fs are obtained by comparing the calculated spectrum with the N
data points for the near-threshold and QF regions [3].

DD-A′ LDA-NF teffρ WS-A WS-B d.o.f.

Target χ 2/N fs χ 2/N fs χ 2/N fs χ 2/N fs χ 2/N fs N

Near-threshold region

12C 1.008 1.129 1.074 1.210 1.057 0.648 0.689 1.344 0.484 1.102 21
28Si 0.822 1.041 0.813 1.111 1.109 0.628 0.284 1.369 0.259 1.066 21
58Ni 1.163 1.140 1.273 1.089 1.859 0.603 0.683 1.576 0.434 1.156 21
115In 0.780 1.011 0.828 0.933 1.029 0.497 0.587 1.092 0.541 0.885 21
209Bi 0.627 1.028 0.662 0.990 0.770 0.578 0.478 1.145 0.234 0.970 21
QF region

12C 1.201 1.080 1.198 1.082 1.963 0.791 0.942 1.154 0.942 1.206 54
28Si 0.813 1.015 0.767 1.022 2.736 0.807 0.724 1.075 0.423 1.156 65
58Ni 0.938 0.982 0.957 0.930 1.390 0.696 1.945 1.023 0.847 1.074 56
115In 0.647 0.946 0.737 0.879 1.734 0.649 0.623 0.895 0.513 0.948 57
209Bi 0.557 1.044 0.599 1.013 1.445 0.751 0.428 1.045 0.366 1.075 52

FIG. 9. Calculated spectra of the 28Si(π−, K+) reaction at plab = 1.2 GeV/c (6◦) in the near-threshold region [(a), (c), (e)] and in the QF
region [(b), (d), (f)], together with the data from the KEK-E438 experiment [3]. The solid curves denote the spectra with the potentials for [(a),
(b)] DD-A′, [(c), (d)] LDA-NF, and [(e), (f)] teffρ, where the calculated spectrum is normalized by each factor fs. The spectra are folded with
a detector resolution of 3.5 MeV FWHM.
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FIG. 10. Calculated spectra of the 28Si(π−, K+) reaction at
plab = 1.2 GeV/c (6◦) in the QF region, together with the data [3].
Solid, dot-dashed, and dot-dot-dashed curves denote the spectra with
the potentials for DD-A′, LDA-NF, and teffρ, respectively. Dotted
and dashed curves also denote the potentials for WS-A and WS-B,
respectively. All of the calculated spectra are normalized by fs =
1.015 obtained for DD-A′. These spectra are folded with a detector
resolution of 3.5 MeV FWHM.

fs � 0.5 by the eikonal ones in the previous work [13]. We
realize that the calculated spectra for DD-A′ and LDA-NF
fully explain the shape and magnitude of the data in the
28Si(π−, K+) reactions, and their spectra are very similar
to each other regardless of the different geometry among
the potentials. On the other hand, the calculated spectrum
for teffρ cannot reproduce the data satisfactorily, requiring
χ2/N � 2.7 with fs � 0.81 in the QF region, although a rela-
tively good χ2/N � 1.1 with fs � 0.63 in the near-threshold
region. The purely attractive potential such as teffρ cannot
explain the (π−, K+) data, leading to the rejection of the
potential.

One may expect that the shapes and magnitudes of the
calculated cross sections mainly depend on the strength of the
absorptions of the �-nucleus potentials and their repulsion. To
see the sensitivity of the spectra to the �-nucleus potentials,
we compare their absolute cross sections in the QF region.
Figure 10 displays the calculated spectra for DD-A′, LDA-NF,
teffρ, WS-A, and WS-B in the 28Si(π−, K+) reaction, together
with the data [3]; all of the spectra are normalized by a factor
of fs = 1.015 obtained for DD-A′. We find that the nature
of the potentials discriminates the shapes and magnitudes
of the spectra in the QF region. However, the differences
among these spectra are not so large. The magnitude of the
spectrum for attractive teffρ is larger than those for DD-A′
and LDA-NF [13]. The magnitude of the spectrum for re-
pulsive WS-A having the energy-independent (V �

0 , W �
0 ) =

(+20 MeV, −20 MeV) with R = 1.1(A − 1)1/3 fm and a =
0.67 fm is as large as those for them at ω � 350 MeV, but the
slope of its shape is too steep. The magnitude of the spectrum
for more repulsive WS-B having (V �

0 , W �
0 ) = (+30 MeV,

−40 MeV) is moderately smaller than those for DD-A′, LDA-

NF, and WS-A, whereas it instead reproduces the data in the
near-threshold region very well.

Note that the peak positions of these spectra are located
at ω � 400 MeV, which are slightly shifted downward en-
ergetically, compared to ω � 420 MeV in the previous work
[14]. These shifts originate from the energy dependence of
(dσ/d�)opt due to the binding effects of the proton hole states
in the OFA.

B. 209Bi target

In Fig. 11, we show the calculated spectra for DD-A′,
LDA-NF, and teffρ on a heavier target, 209Bi, taking into
account a detector resolution of 5.2 MeV FWHM [3].
We compare them with the data [3] in the QF region
(ω = 212–433 MeV) and the near-threshold region (ω =
213–294 MeV). Here we assume the configuration of
[208Pb ⊗0h9/2] with JP = 9/2− for the 209Bi target, consider-
ing single-particle wave functions for 16 hole states, as listed
in Table I. We find that the calculated spectra for DD-A′ and
LDA-NF reproduce the data by taking χ2/N � 0.6 with fs �
1.0 in the QF region and χ2/N � 0.6–0.7 with fs � 1.0 in
the near-threshold region, as seen in Table IV. The calculated
spectrum for teffρ does not make a good fit to the data in the
QF region, by taking a relatively small value of fs � 0.75.

Figure 12 displays the calculated spectra for DD-A′, LDA-
NF, teffρ, WS-A, and WS-B in the 209Bi(π−, K+) spectra,
together with the data [3]; all of the spectra are normalized
by a factor of fs = 1.044 obtained for DD-A′. We find that
the shapes and magnitudes of the spectra slightly differ. This
result also indicates that the quantitative constraints on the
�-nucleus potential for the spectrum on 209Bi are not clearer
than those on 28Si, as pointed out in Ref. [14].

One may expect to extract the isovector contribution in the
�-nucleus potential for 208Pb in which the real and imaginary
parts of the isovector components are given by

U �
1 〈�−-208Pb|TC · t�|�−-208Pb〉/Acore, (40)

where U �
1 is an isovector term of the �-nucleus potential.

This matrix element of Eq. (40) contributes to that of the
�-nucleus potentials by about 10%, as discussed in Ref. [14].
Therefore, we cannot determine the isovector components of
U� meaningfully, analyzing the 209Bi(π−, K+) data. When
we use the common strengths for the WS-B potential having
(V �

0 , W �
0 ) = (+30 MeV, −40 MeV) without the isovector

term, we realize that the calculated spectrum can simulate the
209Bi(π−, K+) data very well, as seen in Table IV.

C. χ2 fittings for light-to-heavy nuclei

Figure 13 displays the calculated spectra for various poten-
tials in the (π−, K+) spectra on 12C, 58Ni, and 115In targets,
compared to the data [3]; all of the spectra are normalized
by a factor of fs that is obtained for DD-A′ by fits to the
data for each target; i.e., fs = 1.080 for 12C, fs = 0.982 for
58Ni, and fs = 0.946 for 115In. We find that the calculated
spectra on these targets can explain the data of the KEK-E438
experiment quantitatively, as well as those on 28Si and 209Bi
targets.
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FIG. 11. Calculated spectra of the 209Bi(π−, K+) reaction at plab = 1.2 GeV/c (6◦) in the near-threshold region [(a), (c), (e)] and in the QF
region [(b), (d), (f)], together with the data from the KEK-E438 experiment [3]. The spectra are folded with a detector resolution of 5.2 MeV
FWHM. See the caption in Fig. 9.

In Table IV, we list the calculated results of the χ2 per de-
gree of freedom (d.o.f.), χ2/N , and the renormalization factor
fs required by fits to the data on light-to-heavy nuclei, 12C,
28Si, 58Ni, 115In, and 209Bi, in order to examine the properties
of the �-nucleus potentials for DD-A′, LDA-NF, teffρ, WS-A,
and WS-B. In Table V, we show the total values of the χ2

per degree of freedom, χ2
tot/Ntot , where χ2

tot = ∑
χ2 for all

data points of Ntot = 54 + 65 + 56 + 57 + 52 = 284 for the
QF region and Ntot = 21 × 5 = 105 for the near-threshold re-
gion. We find χ2

tot/Ntot = 0.831 (0.880), 0.850 (0.930), 1.886
(1.165), 0.932 (0.544), and 0.613 (0.390) for DD-A′, LDA-
NF, teffρ, WS-A, and WS-B in the QF (near-threshold) region,
respectively. These results confirm that the potentials having a
repulsion inside the nuclear surface and an attraction outside
the nucleus with a sizable absorption [13,14] reproduce suffi-
ciently the data of the (π−, K+) reaction on the light-to-heavy
nuclei because χ2

tot/Ntot � 1 for DD-A′ and LDA-NF. The

calculated spectra for WS-B are also in excellent agreement
with the data (χ2

tot/Ntot = 0.613 for the QF region) in terms
of the fits to the (π−, K+) spectra, as shown in Table V.
The absolute value of the spectrum for WS-B becomes more
similar to those for DD-A′ and LDA-NF when it is used for a
larger nucleus such as 208Bi, as seen in Figs. 10, 12, and 13.

Consequently, we recognize that the spectra with the poten-
tials for DD-A′ and LDA-NF provide the ability to reproduce
the data from C to Pb; the �-nucleus potentials having a
repulsion inside the nuclear surface and an attractive pocket
outside the nucleus with a sizable absorption can explain the
data of the �− atoms and the (π−, K+) spectra simultane-
ously, regardless of the different strengths and ranges of these
potentials. When we adopted the KG distorted waves for π−
and K+ and the absorption including We(E ), we therefore up-
dated and improved the shape and magnitude of the calculated
spectra in the nuclear (π−, K+) reaction within the DWIA.
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FIG. 12. Calculated spectra of the 209Bi(π−, K+) reaction at
plab = 1.2 GeV/c (6◦) in the QF region, together with the data [3].
The value of fs = 1.044 obtained for DD-A′ is used. These spectra
are folded with a detector resolution of 5.2 MeV FWHM. See the
caption of Fig. 10.

IV. DISCUSSION

A. Mass number dependence of the integrated cross sections

In Sec. III, we show that our KG distorted waves for
π− and K+ give a successful description for explaining the
spectra on (π−, K+) reactions on various targets from C up
to Bi. To clearly see a mass-number dependence of the �−
production on the nuclear (π−, K+) reaction, we consider
the integrated cross sections σ (AZ) on the target AZ, which
is given by integrating over the spectrum for −22 < E <

82 MeV as

σ (AZ) ≡
∫ 82 MeV

−22 MeV

(
d2σ

dEK d�K

)
dE . (41)

In Table VI, we show the calculated results of the inte-
grated cross sections σ (AZ) at plab = 1.2 GeV/c and θlab =
6◦, together with the data obtained from Ref. [3], using the
potentials for DD-A′, LDA-NF, teffρ, WS-A, and WS-B. Fig-
ure 14 shows the mass-number A dependence of the integrated
cross sections σ (AZ) for these potentials. The data for σ (AZ)
are roughly evaluated as a function of C × Aα , where C is
a constant and α = 0.161 ± 0.018, whose value is slightly
smaller than α = 0.20 ± 0.04 that was suggested by the ratio
of the inclusive spectrum for each target to that for Si [3]. We
confirm that, although the magnitudes of σ (12C) [σ (115In)]
are slightly smaller [larger] than the data, the magnitudes
of σ (AZ) are almost consistent with those of the data; the
tendency of the A dependence of σ (AZ) agrees with that of
the data in the use of the KG distorted waves, whereas the
degree to which the data matches depends on the type of the
�-nucleus potential. We have α = 0.189, 0.207, 0.201, 0.235,
and 0.236 for DD-A′, LDA-NF, teffρ, WS-A, and WS-B, re-
spectively. This difference may originate from the balancing
between a repulsion and an absorption in these potentials
including the isovector components.

FIG. 13. Calculated spectra of the (π−, K+) reactions on (a) 12C,
(b) 58Ni, and (c) 115In at plab = 1.2 GeV/c (6◦) in the QF region,
together with the data [3]. See the caption in Fig. 10.

To clearly see the effects of the KG distorted waves for
π− and K+ on the spectra, we compare them with those
obtained in the eikonal approximation having σπ = 38 mb
and σK = 18 mb, and απ = αK = 0. Such eikonal parameters
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TABLE V. The χ 2 fitting for the �-nucleus potentials in the
(π−, K+) reactions on 12C, 28Si, 58Ni, 115In, and 209Bi targets at
plab = 1.2 GeV/c and θlab = 6◦. The values of χ 2

tot/Ntot are estimated
by χ 2

tot = ∑
χ 2 for all data points of Ntot = 21 × 5 = 105 for the

near-threshold region and Ntot = 54 + 65 + 56 + 57 + 52 = 284 for
the QF region.

χ 2
tot/Ntot

Target Near-threshold region QF region

DD-A′ 0.880 0.831
LDA-NF 0.930 0.850
teffρ 1.165 1.886
WS-A 0.544 0.932
WS-B 0.390 0.613

were determined to reproduce the data of the � production
cross sections for 12

� C in the (π+, K+) reactions at plab = 1.05
and 1.2 GeV/c [15]. Their eikonal distortions seem to be con-
sistent with those reported by Ref. [62], in which the distortion
factors are equal to Cdist = 0.4–0.2 from C up to Y targets, in
the � productions via the nuclear (π+, K+) reactions using
σπ = 34 mb and σK = 15 mb.

In Fig. 1, we have shown the A dependences of σ (AZ) for
the potentials for DD-A′ and WS-B in the eikonal calcula-
tions, together with the values of the data. To compare with the
data, we must artificially reduce the absolute values of σ (AZ)
by a scaling factor of 0.5, in which the slopes of their σ (AZ)
are almost similar to those in other eikonal estimations [3],
as a function of A. We find that the slopes of σ (AZ) using
the eikonal approximation are larger than those using KG,
comparing between the results shown in Figs. 1 and 14; we
have α = 0.309 for the former and α = 0.189 for the latter
when we use the DD-A′ potential. Therefore, we show that the
KG distorted waves improve significantly the A dependence of
the cross sections in the DWIA, as well as the magnitude of
the spectra, as already discussed in Sec. III C.

B. Implication from the effective number of protons

When the production probabilities via the DWIA frame-
work are considered, it is useful to deal with the effective

TABLE VI. Comparison of the calculated values of the inte-
grated cross section σ (AZ) with the data of the (π−, K+) reactions
on 12C, 28Si, 58Ni, 115In, and 209Bi at plab = 1.2 GeV/c and θlab = 6◦.
The data are estimated from Ref. [3].

Target Present calc. σ (AZ) (μb/sr) Expt. [3]

AZ DD-A′ LDA-NF teffρ WS-A WS-B (μb/sr)

12C 25.38 25.35 33.89 23.62 22.45 26.84 ± 4.62
28Si 32.67 32.15 43.03 28.79 27.84 30.04 ± 2.87
58Ni 35.85 38.00 51.67 32.52 32.30 34.09 ± 4.36
115In 41.42 44.85 61.09 43.20 41.24 36.21 ± 5.72
209Bi 45.16 46.52 60.87 44.82 43.47 43.88 ± 7.78
χ 2/N 0.39 0.77 12.55 0.46 0.49
α 0.189 0.207 0.201 0.235 0.236 0.161 ± 0.018

FIG. 14. Mass-number dependence of the integrated cross sec-
tions σ (AZ) from C up to Bi targets at plab = 1.2 GeV/c and θlab =
6◦, in the DWIA with the KG distorted waves. Various potentials are
used. The dotted line denotes A0.161 for fits to the data as an eye guide.
The data are estimated from Ref. [3].

number of protons [26,63–65]. The total effective number of
protons Z tot

eff is written as

Z tot
eff =

∫ ∞

0
Zeff (r)dr, (42a)

Zeff (r) =
∫

r2ρp(r)DπK (r)d�, (42b)

DπK (r) = 1

4π

∣∣χ (−)∗
pK

(r)χ (+)
pπ

(r)
∣∣2

, (42c)

where ρp(r) denotes a radial distribution of a proton density
normalized by

∫
ρp(r)dr = Z , and DπK (r) is the meson ab-

sorption factor caused by the distorted waves for π− and K+.
Figure 15 displays the calculated radial distributions of

Zeff (r) in the (π−, K+) reactions at plab = 1.2 GeV/c on
12C, 28Si, 58Ni, 115In, and 209Bi targets, as a function of the
radial distance between the proton and the center of the target
nucleus. Here the factors DπK (r) for E = 0 MeV were used.
We find that the magnitudes of the distributions Zeff (r) for the
KG distorted waves are almost half as large as those of the
eikonal ones. Their radial shapes become smaller toward the
interior of the nucleus due to the absorption factor DπK (r)
as A increases. This fact leads to the cross sections σ (AZ)
for KG being smaller by a factor of 2–4 than those with the
eikonal distorted waves, as seen in Fig. 14. We realize that
the A dependence of σ (AZ) is influenced on the behavior of
Zeff (r).

In Table VII, we show the calculated effective numbers of
protons Z tot

eff in the (π−, K+) reactions at plab = 1.2 GeV/c
on these targets, comparing the KG and eikonal distortions.
We find Z tot

eff /Z � 0.2 (0.4) for 28Si and Z tot
eff /Z � 0.05 (0.13)

for 209Bi in the KG (eikonal) estimations. This behavior orig-
inates from a stronger absorption for the KG distorted waves
in heavier nuclei, leading to Z tot

eff � 3.9–4.3.
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FIG. 15. Calculated effective number of protons Zeff (r) in the
(π−, K+) reactions at plab = 1.2 GeV/c on 12C, 28Si, 58Ni, 115In, and
209Bi targets, as a function of the radial distance between the proton
and the center of the target nucleus. Solid curves denote the values
of Zeff (r) using the KG distorted waves. Dashed curves are obtained
by using the eikonal distorted waves, which are scaled by a factor of
0.5.

C. Effective volume integrals of the �-nucleus potentials

As seen in Figs. 7 and 8, although the radial distributions of
DD-A′ in nuclei are different from those of LDA-NF, we show
that calculated spectra for DD-A′ are very similar to those for
LDA-NF. In Ref. [14], we argued the reasons why the calcu-
lated spectra cannot distinguish the radial distributions of the
potentials for DD-A′ and LDA-NF, introducing the effective
volume integral per nucleon of the �-nucleus potential, which
may be given by

Jeff
R + iJeff

I = 1

Atot
eff

∫ ∞

0
Aeff (r)U� (r)dr, (43a)

Atot
eff =

∫ ∞

0
Aeff (r)dr, (43b)

Aeff (r) = Zeff (r) + Neff (r), (43c)

where Atot
eff is the total effective number of nucleons with

the radial distributions of Zeff (r) and Neff (r) for protons and
neutrons. In Table VIII, we show the real (Jeff

R ) and imagi-

TABLE VII. Calculated effective number of protons Z tot
eff in the

(π−, K+) reactions at plab = 1.2 GeV/c on several targets with a
number of protons Z .

Klien-Gordon Eikonal

Target Z Z tot
eff Z tot

eff /Z Z tot
eff Z tot

eff /Z

C 6 1.87 0.312 2.94 0.490
Si 14 2.86 0.204 5.12 0.366
Ni 28 3.93 0.140 7.68 0.274
In 49 3.90 0.080 9.24 0.189
Bi 83 4.31 0.052 10.96 0.132

nary (Jeff
I ) parts of the effective volume integrals per nucleon

for the potentials at E = 60 MeV, using the KG distorted
waves. These values are expected to effectively represent
the nature of the potentials with the meson distortions in
the (π−, K+) reactions on nuclei. In the case of DD-A′,
we find (Jeff

R , Jeff
I ) = (−17.14 MeV fm3, −63.68 MeV fm3)

for �−- 27Al and (−2.960 MeV fm3, −17.84 MeV fm3) for
�−- 208Pb, values that are almost the same as those of LDA-
NF. This result means that the calculated spectra of the nuclear
(π−, K+) reactions cannot distinguish the radial distributions
of these potentials due to the meson distortions that give us
limited information concerning their radial distribution near
the nuclear surface.

In Table VIII, on the other hand, we also show the real (JR)
and imaginary (JI ) parts of the volume integral per nucleon
of the �-nucleus potentials, omitting the meson distortions by
DπK (r) → 1 in Eq. (42b). Advantageous differences of (JR,
JI ) among these potentials are expected to identify the radial
distribution of the �-nucleus potential by testing the angular
distributions of elastic scattering from a �− hyperon from nu-
clei. This approach is a standard way for examining the radial
distribution of an optical potential in nuclear physics. Note
that the angular distribution of the differential cross sections in
the �− elastic scattering from nuclei provides detailed infor-
mation to discriminate the nature of the repulsion/attraction
inside the nuclear surface in the �-nucleus potentials, as dis-
cussed in Ref. [56].

D. Validity of the real part of the �-nucleus potential

It is known that the real and imaginary parts of the nuclear
optical potential are generally energy dependent, according
to the standard lowest-order Brueckner (LOB) theory. Ya-
mamoto et al. [61] have studied the �-nucleus systems in
the LOB g-matrix calculations. Their work indicates that, al-
though the strength of We in nuclear matter has a strong energy
dependence for ESC08 potentials, the strength of Wc and also
V� are weakly energy dependent, depending on the kind of the
effective �N interaction quantitatively. Because the effective
�N interactions are still ambiguous at the present stage, the
�-nucleus potentials determined by phenomenological ways
[13,14,22] may be advantageous over those by microscopic
ones. In this paper, therefore, we have assumed that the energy
dependence of the real part V� of the �-nucleus potential in
the � continuum states (E > 0 MeV) is given by the effec-
tive mass μ∗ = ν ′

�μ, and the real and imaginary parts of the
potentials at E = 0 MeV are equal to those of the potentials
obtained phenomenologically by fitting the data of the �−
atomic states. Thus we estimate the energy dependence of
U� (E , r) as shown in Figs. 7 and 8.

To check the validity of this assumption for V� in our cal-
culations, we attempt to evaluate the energy dependence of V�

for the LDA-NF potential, which is constructed by the folding
potential procedure [61] with a modified YNG-NF interaction
[53]. Figure 16 displays the calculated strengths of V� for
LDA-NF in 208Pb at the center, as a function of E , together
with the calculated values of V� obtained by ESC08a [61]
and of VN for a nucleon in the ordinary nuclei [59] using the
LOB g-matrix calculations at kF = 1.35 fm−1. We find that
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TABLE VIII. Real and imaginary parts of the effective volume integrals per nucleon (Jeff
R , Jeff

I ) and the volume integrals per nucleon (JR,
JI ) in the �-nucleus potentials for �−- 27Al and �−- 208Pb at E = 60 MeV. All values are in unit of MeV fm3.

�−- 27Al �−- 208Pb

Potentials Jeff
R Jeff

I JR JI Jeff
R Jeff

I JR JI

DD-A′ −17.14 −63.11 159.8 −260.9 −2.960 −17.84 319.3 −193.4
LDA-NF −16.56 −60.04 88.69 −247.5 −2.219 −17.66 152.0 −242.3
teffρ −37.41 −54.92 −177.4 −254.0 −8.677 −15.96 −144.5 −236.3
WS-A 47.80 −47.80 156.9 −156.9 9.210 −9.210 123.1 −123.1
WS-B 71.70 −95.61 235.4 −313.8 13.81 −18.42 184.7 −246.3

the energy dependence of V� for LDA-NF is relatively weak
in comparison with that of VN . The value of the derivative
dV�/dE at ρ = ρ0 is estimated in a linear approximation by

dV�

dE

∣∣∣
ρ=ρ0

� 24 − 33

170 − 0
� −0.05 = 1 − ν ′

�0, (44)

as shown in Fig. 16. Thus we confirm that the value of
ν ′

�0 = 1.05 for the effective mass μ∗ in Eq. (33) is acceptable
in our calculations, which leads to less effect on the nuclear
(π−, K+) spectra determined by the behavior of the potential
U� near the nuclear surface, as seen in Table VIII.

On the other hand, microscopic calculations for the �-
nucleus potentials based on the modern Y N and Y NN
interactions may be needed to understand the properties of
the potential U� and to clarify their interactions themselves
quantitatively. This investigation would be one of the most
critical subjects in subsequent studies.

E. Effects of the absorptions arising from the nuclear
excitation via �N → �N scatterings

To see the effects of the absorptions We on the spectra, we
demonstrate the calculated spectra for DD-A′, omitting We in
the imaginary part of the �-nucleus potentials: For �−- 27Al,

FIG. 16. Calculated strengths of V� for LDA-NF in 208Pb at the
center, as a function of E , together with the calculated values of V�

for ESC08a [61] and of VN for the nucleon [59] in the LOB g-matrix
calculations at kF = 1.35 fm−1.

we have χ2/N � 0.68 with fs � 1.01 in the QF region and
χ2/N � 0.54 with fs � 1.22 in the near-threshold region. For
�−- 208Pb, we have χ2/N � 0.53 with fs � 1.08 in the QF
region and χ2/N � 0.61 with fs � 1.26 in the near-threshold
region. These results indicate that the normalization factor fs

in the near-threshold region is about 25% larger than that of
the QF one, and suggests that only W� (E = 0, r) = Wc(r) is
insufficient to explain the data for both regions simultane-
ously. We also find that the calculated spectra including the
energy dependence of We are obviously favored, as seen in
Figs. 10 and 12. This argument for DD-A′ is very similar
to that for LDA-NF. Therefore, we recognize that the energy
dependence of We plays an important role in reproducing the
data; the absolute values of the calculated cross sections are
in very good agreement with those of the data in the near-
threshold and QF regions simultaneously.

The finite range corrections of the real and imaginary parts
of the nuclear optical potentials in the LDA are often evaluated
using the improved LDA (ILDA) [59]. In the ILDA, the imag-
inary part of the potentials W e(E , r), as given in Eq. (A8b), is
replaced by

W e(E , r) = (b
√

π )−3
∫

W (e)
NM(k� (r′), ρ(r′))

× exp(−|r − r′|2/b2)dr′, (45)

where b denotes a range parameter. When the density-
dependent effective interaction has a zero range, the quantity
W e(E , r) is equivalent to that in the LDA. Thus our semiclas-
sical estimation for W e(E , r) is exactly this case. Therefore,
the LDA treatment may be compatible with the 〈vσ 〉ρ form
obtained by total cross sections and zero-range interaction in
the semiclassical estimation.

For example, in the case of LDA-NF for �−- 208Pb, we take
the range of b = 1.0 fm and consider the finite range effects
on the imaginary part We. On the other hand, the real part
for the LDA-NF (folding) potential already contains the finite
range effects [52] because of the density-dependent YNG-NF
[53]. We find that the calculated spectrum in the ILDA is
visually indistinguishable from that in the LDA, whereas the
QF value of χ2/N = 0.613 in the former is slightly worse
than that of χ2/N = 0.599 for the latter due to the stretched
potential distribution near the nuclear surface. The effective
volume integrals may reveal why the calculated spectrum has
little influence on this correction in We, as seen in Table VIII;
using Jeff

I = −20.34 (−17.66) MeV fm3 for the ILDA (LDA)
at E = 60 MeV, we estimate the relative difference to the
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FIG. 17. Angular dependence of the integrated cross sec-
tions σ (28Si) for DD-A′ at plab = 1.2 GeV/c and θlab = 3◦, 6◦, 9◦,
12◦, 15◦, and 18◦. The parameter sets for A, B, and C are used for the
optical potential for K+. See the text.

volume integral,

� =
∣∣∣∣Jeff

I (ILDA) − Jeff
I (LDA)

JI

∣∣∣∣ = 2.68

242.3
� 0.011, (46)

so that we have the small value of � � 1% due to the meson
distortions. Consequently, we show that the imaginary parts
of the potentials in the LDA are acceptable, as well as those
in the ILDA.

F. Sensitivity to optical potentials for mesons

When we analyze the data of the nuclear (π−, K+) reac-
tions within the DWIA quantitatively, we will need precise
wave functions for the distorted waves of π− and K+, as well
as those of the nucleon and �− hyperon in the nucleus. Thus
it may mean naively that the nuclear (π−, K+) spectra provide
valuable information on the radial behavior of the partial
waves for the distorted waves for π− and K+ to investigate
the properties of these optical potentials inside the nucleus.

To see the sensitivity of the spectra to the K+-nucleus
optical potential, here, we estimate the integrated cross sec-
tions σ (28Si) for DD-A′ at plab = 1.2 GeV/c. Because of
the mysterious K+ behavior in nuclear medium [45–47], the
parameters for K+ remain to be determined in a standard
Kisslinger or tρ-type potential. We consider the following
three different parameters: b0 and c0 obtained by fits to the
data of the K+ elastic scatterings on 12C in this work (set A);
b0 = −6.2 × 10−4 pK + i 90/pK (fm3) that well reproduces
the same data [25] (set B); b(KN )

0 obtained by the Fermi-
averaged K+N amplitudes based on the results from SAID

[42], as seen in Fig. 6 (set C).
Figure 17 shows the angular dependence of the integrated

cross sections σ (28Si) at θlab = 3◦, 6◦, 9◦, 12◦, 15◦, and 18◦.
We find that the calculated results of the integrated cross
sections for sets A and C are consistent with the data of
30.04 ± 2.87 µb/sr at θlab = 6◦, though the latter does not

well reproduce the data of the K+ elastic scatterings on 12C.
Despite the parameters for set B also being obtained by fits
to the K+ elastic scatterings on 12C, their integrated cross
sections are about 30% larger than those for set A. This dis-
crepancy may be due to the different behavior of the distorted
waves inside the nucleus.

Note that the A dependence in the nuclear (π−, K+) reac-
tions rather depends on uncertain neutron density distributions
ρn(r) by which the optical potentials for π− and K+ are
constructed for the KG distorted waves, together with proton
density distributions ρp(r). Because the π− and K+ mesons
are strongly absorbed in the neutron skin in heavy nuclei, the
production cross sections in the nuclear (π−, K+) reaction are
sensitive to the choice of the neutron radius Rn in the optical
potentials listed in Table II, together with the parameters b0,1

and c0,1 in Eq. (28). Thus we realize that the nuclear (π−, K+)
spectra provide the ability of examining the radial behavior of
the distorted waves for π− and K+ inside the nucleus. More
detailed studies of the KG distorted waves for π∓ and K+ in
hypernuclear (π∓, K+) productions are needed for the future
subjects.

V. SUMMARY AND CONCLUSION

We have studied theoretically the �− production in the
(π−, K+) reaction on 12C, 28Si, 58Ni, 115In, and 209Bi targets in
the framework of the DWIA with the OFA for the elementary
π− p → K+�− t matrix. We have used the �-nucleus poten-
tials that are determined by fits to the �− atomic x-ray data
and that take into account the energy dependence arising from
the nuclear excitation via the �N → �N scatterings with the
� hyperon effective mass. We have examined the calculated
spectra, adopting the distorted waves obtained by solving the
KG equation for π− and K+. Thus we have compared these
spectra with those of the nuclear (π−, K+) data at the KEK-
E438 experiment. The results are summarized as follows:

(1) The KG distorted waves for π− and K+ fully improve
the magnitudes of the calculated spectra for the �−
production cross sections in the DWIA for explaining
the nuclear (π−, K+) data at the KEK-E438 experi-
ment.

(2) The �-nucleus potentials with DD-A′ and LDA-
NF provide the ability to reproduce the data of the
(π−, K+) reactions on 12C, 28Si, 58Ni, 115In, and 209Bi,
whereas it is still difficult to determine the radial dis-
tribution of the �-nucleus potential inside the nucleus
and its strength at the center.

(3) The A dependence of the integrated cross sec-
tions agrees with that of the data from light to heavy
targets in the DWIA with the KG distorted waves, de-
pending on the properties of the �-nucleus potential.
This result is also sensitive to the parameters b0,1 and
c0,1 in the Kisslinger potentials for π− and K+ where
a neutron density distribution is unknown in heavier
nuclei.

(4) The optimal Fermi-averaged t matrix for π− p →
K+�− reactions including the binding effects of the
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struck protons plays an important role in describing
the shapes of the measured (π−, K+) spectra.

In conclusion, we can explain quantitatively the data of
the (π−, K+) reactions on nuclear targets at the KEK-E438
experiment. The full distorted waves for π− and K+ provide
a good description of the shapes and magnitudes of the �−
production spectra in the DWIA analysis using the OFA for
the π− p → K+�− reaction. The resultant calculated spectra
are in excellent agreement with the data. We confirm that the
potentials having a repulsion inside the nuclear surface and
an attraction outside the nucleus with a sizable absorption
reproduce sufficiently the data of the �− atomic x-ray and the
(π−, K+) reactions on the light-to-heavy targets, regardless of
the different geometries among their potentials. Such nuclear
(π−, K+) reactions may be among the most promising tools
for studying wave functions for K+ inside a nucleus in order to
settle the long-standing problem of K+ in the nuclear medium
[47]. More microscopic calculations for the �-nucleus po-
tentials based on the modern Y N potentials are also needed
for understanding Y N and Y NN interactions. These investi-
gations are subjects for future research.
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APPENDIX: SEMICLASSICAL ESTIMATION FOR W�

The width of nuclear (or hypernuclear) resonant states can
be decomposed into two parts [66]:

� = �↑ + �↓, (A1)

where the escape width �↑ describes the direct emission of
a particle and a core nucleus into continuum states, and the
spreading width �↓ describes the spread of doorway nuclear
states into the surrounding nuclear excitation. The estimate
of the spreading width in nuclear matter (NM) identifies the
absorption as

WNM = − 1
2�

↓
NM, (A2)

which corresponds to the imaginary part of the optical poten-
tial. In the case of �-hypernuclear states [66], the spreading
width is divided into two components,

�
↓
� = �↓

e + �↓
c , (A3)

where �↓
e expresses the results of the �N → �N interaction,

and �↓
c expresses the results of the �N → �N conversion

interaction. This conversion processes in nuclei induce the
nuclear breakup dominantly even if a � hyperon is bound be-
cause the converted �N pair has a large energy from the mass
difference of �M = m� − m� � 80 MeV. Gal and Dover
[67] first discussed a semiclassical estimation for W� with
the �N → �N conversion cross section. The widths of the
hypernuclear states are also discussed in terms of nuclear

Auger transitions [68,69]. Thus, the imaginary part of the
�-nucleus potential is written by

W� (E , r) = We(E , r) + Wc(E , r), (A4)

where We and Wc denote the absorptions arising from the
nuclear excitation via �N → �N elastic scattering processes
and �N → �N conversion ones, respectively.

According to Dąbrowski and Rożynek [19,60], we estimate
the absorption potential W� (E , r) that has an E dependence in
the �-nucleus scatterings. By applying the optical theorem to
the lowest-order Brueckner (LOB) theory with the effective
mass approximation [60], the absorption potentials WNM at a
nuclear density ρ and a �-hyperon momentum k� in NM are
written in a semiclassical approximation as

W (e)
NM(k�, ρ) = − 1

4ν ′
�Nρ〈v�N Q�[σ (�− p → �0n)

+ σ (�− p → �− p) + σ (�−n → �−n)]〉,
(A5)

W (c)
NM(k�, ρ) = − 1

4ν ′
�Nρ〈v�N Q�σ (�− p → �n)〉, (A6)

where 〈· · · 〉 denotes the average value in the Fermi sea, ν ′
Y N is

a ratio of the effective to the real for the Y N reduced masses,
v�N is a �N relative velocity, and QY is the Pauli exclusion
operator. The nucleon effective mass denotes m∗

N = ν ′
N mN ,

which is compatible with the empirical energy dependence
of the nuclear optical potential [19,59]. For hyperon effective
mass parameters, we use the density dependence of the form
[19]

1/ν ′
Y = 1 + (1/ν ′

Y 0 − 1)ρ/ρ0, (A7)

where ν ′
�0 = 1.05 for the � hyperon and ν ′

�0 = 0.70 for the
� hyperon, as discussed for the LOB g-matrix calculations
[61]. The quantities σ (�N → �N ) and σ (�N → �N ) are
the total cross sections for the �N → �N and �N → �N
scattering processes, respectively. In a good approximation of
σ in NM to σ in free space [60,70], we use the total cross
sections for �− p → �− p, �− p → �0n, �+ p → �+ p, and
�− p → �n processes, simulating the results calculated by
the �N next-to-leading order (NLO) potential in chiral EFT
[71] up to 900 MeV/c instead of the experimental data that
are still unknown at high energies. In the local density approx-
imation (LDA), we obtain the absorption potentials for finite
nuclei, which are written by

Wλ(E , r) =
(

μ∗

μ

)
W λ(E , r), (A8a)

W λ(E , r) = W (λ)
NM(k� (r), ρ(r)), (A8b)

where λ = {e, c}. Here the local momentum k� (r) may be
given by

k� (r) �
√

2μ{E − V� (E , r) − UCoul(r)}, (A9)

where μ is the reduced mass between the �− hyperon and
the core nucleus, V� is the real part of the �-nucleus potential
in Eq. (36), and UCoul is the Coulomb potential between the
�− hyperon and the nucleus. The expression of Eq. (A6)
was applied for estimating the shifts and widths of the �−
atomic states (E < 0 MeV), as discussed in Ref. [19]. The
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quantities QY and ν ′
Y in We, which play an essential role at

ρ � ρ0, can behave as QY → 1 and ν ′
Y → 1 at the low density

ρ → 0, so that we have We ∝ 4π Im( f�N )ρ in LDA. This
just corresponds to the potential using the density dependent
effective interaction with the zero range, which may be com-
patible with the semiclassical estimation in Eqs. (A5) and

(A6). Figure 8 displays the energy dependence of the radial
distributions of We(E , r) arising from the nuclear excita-
tion via �N → �N elastic scattering processes for �−- 27Al
and �−- 208Pb. This semiclassical estimation seems to work
well as an approximation as the LOB g-matrix calculations
[61].
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