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S matrices of elastic a-'2C scattering at low energies in effective field theory
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The elastic a-'2C scattering at low energies for [ =0, 1,2, 3, 4,5, 6 is studied in effective field theory. I
discuss the construction of the S matrices of elastic a-'2C scattering in terms of the amplitudes of subthreshold
bound and resonant states of '°Q, which are calculated from the effective Lagrangian. The parameters appearing
in the S matrices are fitted to the phase shift data below the p-'>N breakup threshold energy, and one finds that

the phase shifts are well described within the theory.
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I. INTRODUCTION

Radiative « capture on carbon-12, 2¢(a, ¥) 160y, is a fun-
damental reaction in nuclear astrophysics, which determines
the C/O ratio along with the triple-o process in the helium
burning process in stars [1]. The radiative capture rate at the
Gamow peak energy, Eg = 0.3 MeV, in the stars is, however,
difficult to measure in experimental facilities because of the
Coulomb barrier. One needs to employ a theoretical model, fit
the parameters of the model to the experimental data measured
at a few MeV energy or larger, and extrapolate the reaction
rate down to the Gamow peak energy, Es = 0.3 MeV. Over
the last half century, many experimental and theoretical stud-
ies have been carried out. See, e.g., Refs. [2-7] for review.

The experimental data of elastic «-'>C scattering provide
important information about the energies and widths of reso-
nant states of '°0 at low energies, which are used to fix some
parameters of theoretical models. The first integrated phase
shift analysis of the elastic scattering for/ =0, 1,2,3,4,5,6
was reported with the data taken at the Ruhr-Universitit
Bochum by Plaga et al. in 1987 [8]. The upgraded precise
phase shift analysis for partial waves, [ =0, 1, 2, 3,4, 5, 6,
was reported with the data taken at the University of Notre
Dame by Tischhauser et al. in 2009 [9] where the energy
range of the « particle is 2.6 < E, < 6.62 MeV; E,, is the o
energy in the laboratory frame. In this work, I study the elastic
a-'2C scattering at low energies by employing an effective
field theory (EFT).

To construct an EFT, one first needs to introduce a large
momentum scale, Ay. An EFT is constructed by using the
relevant degrees of freedom at low energy, below the large
momentum scale, Ag. Then, the theory provides a perturba-
tive (derivative) expansion scheme in powers of Q/ Ay where
Q is a typical momentum scale in a reaction in question. The
coefficients of the effective Lagrangian are fixed by using ex-
perimental data, though, in principle, they can be determined
from its mother theory [10]. An EFT is constructed for few-
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body nuclear systems, known as pionless EFT, in which the
pions are regarded as irrelevant degrees of freedom, and one
has Ay = m,, where m;, is the pion mass [11]. In addition, the
dibaryon fields, which have the baryon number B = 2, are in-
troduced in the theory to expand the terms around the unitary
limit [12-14]. This expansion scheme turns out to reproduce
the effective range expansion [15]. Furthermore, one can natu-
rally extend the formalism to the studies of reactions involving
photoemission [16—18], 8 emission [19-21], and neutrino re-
actions [22,23]. In the previous studies, I constructed an EFT
for the '>C(a, y) %0 reaction at the Gamow-peak energy,
E; = 0.3 MeV, and studied the elastic a-'>C scattering at low
energies for [ =0, 1, 2, 3 with and without the subthreshold
bound states of '°0Q [24,25]. 1 subsequently studied the E1
transition of the '2C(«, y) '°0 reaction [26] and the 8-delayed
a-emission from '°N [7] in the EFT.

The inclusion of a resonant state in EFT has been stud-
ied by many authors, e.g., by Gelman [27] and by Habashi,
Fleming, and van Kolck [28]; one needs to sum the leading
order interactions up to the infinite order in the vicinity of
resonant energy, where in most cases one considers a resonant
state and a background contribution. In real situations, on
the other hand, a number of resonant states are involved. In
the previous work, I studied the elastic a-'>C scattering for
[ =2 including the subthreshold 2] state and two resonant
25 and 27 states of '°Q, in which the S matrix is constructed
from the amplitudes of those subthreshold and resonant states;
the amplitudes are derived from the effective Lagrangian and
represented in terms of the effective range parameters [29]. In
the present work, I apply the method to the study of the elastic
a-2C scattering at low energies for/ =0, 1, 2, 3,4, 5, 6. The
parameters in the S matrices are fitted to the phase shift data
below the p->N breakup threshold energy, and one finds that
the phase shifts are well described within the theory. Then, I
discuss the implication of the result for the application of EFT
to the study of nuclear reactions in stellar evolution.

The present work is organized as the following. In Sec. II
an expression of the S matrices is introduced and the effective
Lagrangian is presented, and in Sec. III the elastic scattering
amplitudes of the subthreshold and resonant states for the /th
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TABLE L. Bound and resonant (IJ}) states of '°Q, which are
used to construct the S matrices for /th partial wave states of elastic
a-'2C scattering; the resonant states in the third column appear in the
energy range, 2.6 < E, < 6.62 MeV, and those in the fourth column
appear at £, > 6.62 MeV.

l (Bound states) 2.6 <E, <6.62MeV E, > 6.62 MeV
0 05 07 0y
1 17 15 13
2 2f 25,278 25
3 37 3; 35
4 4+, 4F 41
5 57
6 (bg) 6f

partial wave states are derived from the Lagrangian. In Sec. IV
I discuss the numerical results of the parameter fit to the phase
shift data for [ =0, 1,2,3,4,5, 6, and finally in Sec. V the
results and a discussion of this work are presented.

II. S MATRICES AND EFFECTIVE LAGRANGIAN

The construction of the S matrix of the elastic a-'C scat-
tering for / = 2 was discussed in Ref. [29]. In this section, I
review the method to extend it to the cases for /th partial wave
states. The S matrices of the elastic a-'>C scattering for /th
partial wave channels are given as

Si =¥, (1)

where §; is the phase shift of elastic scattering for the
Ith partial wave channel whose experimental data for / =
0,1,2,3,4,5,6 at 2.6 < E, < 6.62 MeV are reported by
Tischhauser ef al. [9]." The scattering amplitude A; is related
to the S matrix as?

S; = 14 2ipA,. 2)

Various resonant states of '°Q appear in the phase shift
data, and the subthreshold bound states and resonant states
at high energy (above the maximum energy of the data) may
give contributions to the S matrices of elastic a-'>C scattering.
In Table I, I present a list of the subthreshold bound states,
the resonant states appearing in the phase shift data, and the
resonant states as background contributions from high energy
for the partial wave states of a-'>C system. By employing
those states in Table 1. I construct the S matrices of the elastic
a-'2C scattering.

To construct an S matrix, S;, | may decompose a phase shift
41, for example, in the case of a subthreshold bound state and
two resonant states, as [27]

8/ — 8l(hs) + al(rsl) + 61(;'3'2)7 (3)

'The o energy labeled by E, is in the laboratory frame, and the
other energies are given in the center-of-mass frame.

>There is a common factor difference between the expression of
the amplitude A; and the standard form of the amplitude A;; A; =
2” Z (21 + 1)e*”1A;, where o} is the Coulomb phase shift for [, e =
F(l +14+in)/TU +1—in)withn =«/p.

where 81(}”) is a phase shift from a subthreshold bound state,

and SE”N ) with N = 1, 2 are those from resonant states. I now
assume that each of those phase shifts may have a relation to
a corresponding scattering amplitude as

0" =1 4 2ipAlP, “

where ch (channel) = bs, rs1, rs2, and Afbs) and A;”N) with
N =1, 2 are the amplitudes for the binding part and the first
and second resonant parts of the amplitudes, which will be
constructed from the effective Lagrangian in the next section.
Thus, the total amplitude A; for the nuclear reaction part in
terms of the three amplitudes, Afbs) and AE”N ) with N =1, 2,
is

A = A;bs) + 228" A‘Ersl) + P20+ A“Erﬁ). 5)
I note that the total amplitudes, A, are not obtained as the
summation of the amplitudes, A;b‘v) and AE”N ) with N = 1,2,
but have the additional phase factors to A;”N ) with N = 1,2,

and the order of the three amplitudes, A;b %) and AE”N ) with
N =1, 2, are exchangeable.

To study the elastic a-'?>C scattering at low energies in
EFT, I choose the p-'>N breakup threshold energy as the
high energy scale. For the relevant degrees of freedom of
the theory, the ground 0% states of o and '>C are chosen as
elementary-like scalar fields. I also introduce the composite
fields of o and '>C to describe the subthreshold and resonant
states of '°0Q. An effective Lagrangian to derive the scattering
amplitude for the /th wave elastic a-'>C scattering at low
energies including [, states of '°0 may be written as [24,25]

D? D?
— o i
L= ¢a iDy + Qo + d’c iDy + ¢c
2my 2mc

6 3 =5 k
D
il
+ 22 ) Camdy [’DO y W} o
=0 i k=0 «

6
- Z ZY(Ii)[d(an)(fbaO(l)‘ﬁC) + (¢ Oyc) daip)]. (6)

=0 i

where ¢, (my) and ¢c (mc) are scalar fields (masses) of
a and '>C, respectively. D* is a covariant derivative, D* =
9" + iQA*, where Q is a charge operator and A" is the
photon field. d(; are the composite fields for the 7, states
of '°Q consisting of & and '?C fields in /th partial wave states,
which are introduced for perturbative expansion around the
unitary limit [12-15]. The field d;, are tensors in general,
which are represented as Cartesian tensors of rank [ [30-32]
(I suppressed the indices of the Cartesian tensors); O are
also tensors to project the a-'2C system to [th partial wave
states. The coupling constants, C; with k =0, 1, 2, 3, cor-
respond to the effective range parameters of elastic «-'2C
scattering; for those of the subthreshold states of '°Q, the
first coupling constants, C;y, with k = 0, are fixed by using
the binding energies of the subthreshold states and the other
parameters are fitted to the experimental phase shift data with
other parameters appearing in the § matrices. For the coupling
constants of the resonant parts, Cq; with k =0, 1, 2, 3, the
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FIG. 1. Diagrams for dressed '0 propagator. A thick (thin) dashed line represents a propagator of '>C (@), and a thick and thin double
dashed line with and without a filled circle represent a dressed and bare '°O propagator, respectively. A shaded blob represents a set of diagrams
consisting of all possible one-potential-photon-exchange diagrams up to infinite order and a no-potential-photon-exchange one.

first two terms, C;y with k = 0, 1, are rewritten by using the
resonant energies and widths of the resonant states of 16y,
respectively. The third and fourth parameters for the resonant
states, Cyjy with k = 2, 3 are fitted to the phase shift data. The
coupling constants y(;, are convention dependent [33], and I

take the convenient choice: yg; = /27 (21 + 1)u? -1, where

w is the reduced mass of o and '2C.

III. SCATTERING AMPLITUDES

All the scattering amplitudes, A™ and A" with N =
1,2, 3, are calculated from the diagrams depicted in Figs. 1
and 2. The shaded blobs in the diagrams represent the parts
of the nonperturbative Coulomb interaction, the Coulomb
propagator in the one-loop diagrams and the Coulomb wave
functions for the initial and final state interactions. Here, the
bubble diagrams are summed up to infinite order in Fig. 1.
I treat the bound parts of the amplitudes nonperturbatively,
though they can be expanded perturbatively in the energy
region of the experimental data. For the resonant parts of
the amplitudes (for the present case, they are classified as
narrow resonances because of ', < E, [28]), the counting
rules of resonant states are carefully studied by Gelman [27]
and Habashi, Fleming, and van Kolck [28]. The energy range
of phase shift data covers the resonant states, and in the vicini-
ties of the resonant energies I should have the amplitudes for
which the bubble diagrams are summed up to the infinite or-
der. While in the off-resonant energy regions, one can expand
the resonant amplitudes perturbatively and the d(;) fields may
start mixing through the bubble diagram for corrections at
higher orders. I keep the summed amplitudes for the resonant
states as leading contributions and ignore the field mixing.

For the bound state amplitudes, Af}”) withl =0,1,2,3,1
have [24,25]

q(bs) _ CIVi(p)

" Ki(p) — 2cHi(p)
where the function C,fW; (p) in the numerator of the amplitude
is calculated from the initial and final state Coulomb inter-

actions in Fig. 2; p is the magnitude of relative momentum
of the a-'2C system in the center-of-mass frame, p = /2uE,

@)
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FIG. 2. Diagram of the scattering amplitude. See the caption of
Fig. 1 as well.

and one has
2
C? = L, 8)
T expmn) —1
K2 5
Wi(p) = ol +p |Woi(p), Wo(p) =1, )

where n = k/p: k is the inverse of the Bohr radius, x =
ZyZiycop i, where Z, are the numbers of protons of the
nuclei, Z, =2 and Zj;,c = 6, and «af is the fine structure
constant. The function —2« H;(p) in the denominator of the
amplitude is the Coulomb self-energy term, which is calcu-
lated from the loop diagram in Fig. 1, and one has

1
Hi(p) =Wi(p)H(n), Hm) =y¥(n)+ T In(in),

(10)

where 1/ (z) is the digamma function. The nuclear interaction
is represented in terms of the effective range parameters in the
function K;(p) in the denominator of the amplitude in Eq. (7).
As discussed in Ref. [24], large and significant contributions
to the series of effective range expansion, compared to that
evaluated from the phase shift data at the lowest energy of the
data, E, = 2.6 MeV, appear from the Coulomb self-energy
term, —2k H;(p). In order to subtract those contributions, I
include the effective range terms up to p® order for/ =0, 1,2
and those up to p8 order for [ = 3 as counterterms. Thus, I
have

o1, 1, 6 8

Ki(p)=——+snp”—7Pp"+Oip” —Rip”, (11)
a 2 4

where ay, 11, P, Q;, R; are effective range parameters. (I note

that R, =0for/ =0,1,2.))

Now I fix a parameter among the five effective range pa-
rameters, a;, r;, P;, Q;, and R;, by using the condition that
the inverse of the scattering amplitude Agbs) vanishes at the
binding energy of the subthreshold states of 'Q. Thus, the
denominator of the scattering amplitude,

Di(p) = Ki(p) — 2cH(p), 12)

vanishes at p = iy;, where y; are the binding momenta of the
07, 17, 21, 37 (%) states of '°0; y, = /2uB; where B; are
the binding energies of the bound states of '°0 from the a-'>C
breakup threshold. At the binding energies, one has the wave
function normalization factors +/Z; for the bound states of '°Q
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in the dressed '°Q propagators as

1 Z

= 4o, (13)
Di(p) E+B
where the dots denote the finite terms at E = —B;. Thus, one
has
dD;(p) o dD(p) o
V7 = ‘;p = 2#‘ - :
dE E=—B, dp p2=71/,2

(14)

The wave function normalization factor v/Z; is multiplied to
a reaction amplitude when a bound state appears in the initial
or final state of the reaction.

Using the condition, D;(iy;) = 0, I fix the effective range
parameter a; as

1 1, 1. 6 SR, 4 2 H (i
PN Vl+4)/1P1+V1 O + v, Ry + 2cH  (iyy).
1

5)

Using the relation of Eq. (15), I rewrite the denominator of the
amplitude D;(p) as

Di(p) = in(v2 + p*) + 1P = p*) + Qv + 1°)
+Ri(v® = P®) + 2c[Ha(ivy) — Hi(p)], (16)

where 1 have three constants r;, P;, Q; for [ =0,1,2 and
four constants r3, P3, O3, R3 for [ = 3 in the function D;(p)
for the nonresonant amplitude A}b‘?), which are fitted to the
phase shift data. For the study of the asymptotic normalization
coefficients (ANC), the exponential factors in Eq. (5) almost
become 1’s in the small energy region due to the Gamow
factor in C,?, and the amplitudes become

A = AP+ A7D + A7 +0(C)). (17)
where the poles at the sub-threshold bound states of '°0 exist
in Al(bs), the ANCs |Cp| for the subthreshold bound states of
160 are calculated by using the formula [34]

—1/2
) (fm~'/),
P==v}

(18)

dD;(p)
dp?

1
ICy| = ’l/—"r(z+1+x/y])<‘

where I'(x) is the gamma function, and one may notice that
the ANCs are proportional to the wave function normalization
factor +/Z;. 1 note that the ANCs themselves are not nec-
essary for the calculations of EFT (while they may become
constraints when the experimental data are not available for
fitting the effective range parameters). In the present work,
I display the values of the ANCs (in the next section) as a
demonstration of the comparison with those obtained in my
previous works as well as the other theoretical models. In
addition, I perform a test calculation to study the values of
ANC:s from a potential model. Its results are presented in the
Appendix.

For the elastic scattering amplitudes for the resonant states
of 1°0, I may first have those amplitudes as the same expres-
sion of the bound state amplitudes in Eq. (7) in terms of the
effective range parameters as

A‘“(rsN) _ C’%vvl(p)
1 - 7 ’
KM (p) — 2cHi(p)

19)

with N = 1, 2, 3, which correspond to the first, second, and
third resonant states of '°0, respectively, for /th partial wave
states and

1 1 .
(rsN) 2 (rsN) 4 (rsN) . 6

(rsN) Erl P - ZPI p + Ql J2
4

K™V (p) = —
(20)

where I include the terms up to p° order for all the resonant
amplitudes.

I now introduce the Taylor expansion around the resonant
energies in the denominator of the scattering amplitudes [35].
Thus, I rewrite the amplitudes as

T 1 sLan(E)
APM = = 2 ~ , D)
P E — Egaiy + Rap(E) +i5T i (E)
with
pC2W(p)
Tun(E) = Traiy—— (22)

PrC,%,Wl(Pr) ,
Rui(E) = aui(E — Erqiy)* + bui(E — Eraiy)®,  (23)

where

1
auiy = EZR(H) (21’,(”1\[)112 — 480" 11 Egqiy

3%H,
+ 2kRe — , (24)
IE E=ERqi
ban = ~Znas —480Q"*V) 3+2KRe@ (25)
i) = 6 R(li) TR IE? |,y ’
=LR(li)
77! = Re—D"V)(E) Zaiy = T'rai .
R : EEran 2p,Wi(p,)C2.
(26)

In the above equations, Eg(;) and I'g¢;) are the energies and
the widths of the resonant [7; states of '°O, and p, are the
resonant momenta, p, = /2uEgq;), which also appear in 7,
as 1, = «/p,. I note that the expression of Eq. (21) resembles
that of the Breit-Wigner formula, but it is derived from the
expression of the effective range expansion in Eq. (20); it has
the additional terms, the corrections of the higher order terms
being proportional to (E — ER(/i))z and (E — ER(H))3 in the
function R(;)(E) in Eq. (23); though the coefficients a;) and
by are functions of the effective range parameters, Pl(”N) and
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Ql(”N), I treat a¢;) and by;) as independent free parameters for
the sake of simplicity.

Using the expression of the amplitudes in Egs. (7) and (21),
I obtain an expression of the S matrices in Eq. (1) as

2, Ki(p) —2«ReH(p) + ipC2Wi(p)
Ki(p) — 2«ReH,(p) — ipC;Wi(p)

XIIE—EMU+&M@)—%nmw)
E — Eggiy + Run(E) + isTun(E)’

i

27

where the part for the bound states in terms of K;(p) —
2kReH;(p) £ ipC,%W; (p) appears forl =0, 1, 2, 3, and I also
include it for [ = 6 as a background contribution from low
energy. The part of the resonant states in terms of £ — Eg(;y +
Ruiy(E)F i%F(,i)(E ) are for those appearing in the energy
range of the phase shift data, and I also include it for each
of the partial waves as a background contribution from high
energy.

IV. NUMERICAL RESULTS

I construct an S matrix of the elastic scattering for each of
the partial waves, [ =0, 1,2, 3,4, 5, 6, and fit parameters in
the S matrices to the phase shift data at 2.6 < E, < 6.62 MeV
reported by Tischhauser ez al. [9], by means of a Markov chain
Monte Carlo (MCMC) program [36]. One will see that curves
calculated by using the fitted parameters reproduce the phase
shift data very well.

A. Phase shift for / = 0 channel

I consider three states, 05, 01, 0 states of '°Q, for the
S matrix of elastic a-'2C scattering for / = 0, where 05 is the
subthreshold bound state, O;“ is the resonant state appearing in
the phase shift data at £, = 6.52 MeV, and 01' is the resonant
state as a background contribution from high energy appearing
at £, = 9.16 MeV. Thus, I have an expression of the § matrix
for/ =0 as

v, Ko(p) — 2kReHo(p) + ipC}
Ko(p) — 2kReHy(p) — ipC}

) 2 E — Egoi) + Roin(E) — i 0i)(E) 28)
3 E — Eri) + Ron(E) + i5T0)(E)’

with

1
Ko(p) = 5r0(y5 +P°) + 3Po(v = p') + Qo5 + °)

+ 2k Ho(iy0), (29)
pC:Wo(p)
Ton(E) = Tropy ————, (30)
@ O p,C2 Wo(p,)
Roi(E) = aoi(E — Eroi)* + boi(E — Eri)’,  i=3,4,
(3D

J

208 __

Ki(p) — 2«ReH (p) + l'PC,?Wl (P) E — Egazy + Razy(E) — i%r(n)(E)

where yy) = +/2uBy and p, = \/2uE ;. Thus, I have seven
parameters to fit the data,

0o = {ro, Po, Qo, Er3), 'r03) a04), boa)} (32)

where two parameters a3 and b3 are set to be zero, a3y =
b3) = 0, because they are not sensitive to the parameter fit.

I use the experimental values for Eg(s) and go4), EI(:(SE; =

6.870(15) MeV and [y = 185(35) keV [37], because they
are not covered by the phase shift data, to which one cannot
fit them.

In Table I, I show fitted values and their errors of the seven
parameters in the amplitudes of the 07, 07, 0] states of 1°0 in
the S matrix of elastic a-'>C scattering for / = 0 in Eq. (28)
where 1 find a small value of x2/N, x?/N = 0.013, for the
parameter fit, as shown in Table III. The fitted values of Eg3)

and g3 agree with their experimental values, El(f(’(;g)) =

4.887(2) MeV and g% = 1.5(5) keV [37]. Those of the pa-
rameters, such as Py, a(03), and b(o3), at higher order have large
errors. One may notice that the errors of the effective range pa-
rameters, ry, Py, Qo become larger in order as the orders of the
p? expansion increase. This may indicate that the perturbative
expansion in the effective range parameters works well.

In Table IV, I show a value of the ANC, |Cj|, of the 05 state
of '°0; T obtain |Cy| = 370(25) fm™'/2, which is smaller than
my previous estimates, |Cp| = 443(3) fm~'/? [24] and |Cp| =
(6.4-7.4) x 10% fm~"/? [38]. I note that the values of ANC of
the 05 state of '°0 reported in the literature are still scattered:
from the R-matrix analysis, the reported values of ANC are
|Cy| = 4473 fm™~"/% [39], 1800 fm™~"/? [40], and 1560 fm~"/>
[5]; from the « transfer reaction, 1560(100) fm~'/? [41]; and
from those fitting the phase shift data using the square-well
potential, 3218.46 fm~'/? [42] and 8861139 fm~'/? [43], and
using the so-called A method, 406 fm~!/2 [44] and 293 fm~!/?
[45]. So, this would be an interesting issue to investigate in the
future. In Fig. 3, I plot a curve of the phase shift for / = 0,
8o, by using the fitted values of the parameters obtained in
Table II. The phase shift data are also displayed in the figure.
One finds that the fitted curve agrees well with the phase shift
data.

B. Phase shift for / = 1 channel

I consider three states, 1, 15, 15 states of 160, to con-
struct the S matrix of elastic «-'2C scattering for [ = 1, where
17 is the subthreshold bound state, 1, is the resonant state
appearing in the phase shift data at E, = 3.23 MeV, and 15
is a resonant state as a background contribution from high
energy appearing at £, = 7.04 MeV. Because the resonant 1,
state can be described by the effective range parameters for
the subthreshold bound 17 state, as discussed in Ref. [26], I
include the 1 state in the amplitude of the subthreshold 17
state. Thus, I have an expression of the S matrix for / = 1 as

~ Ki(p) — 2«ReH;(p) — ipC3Wi(p) E — Ega3) + Ras)(E) + i%r(n)(E)’

(33)
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TABLEII. Fitted values of the parameters in the amplitudes of the subthreshold and resonant states of '°0Q (and a background contribution
for I = 6), which are listed in Table I, in the S matrices of elastic a-'2C scattering for [ = 0, 1, 2, 3, 4, 5, 6. The parameters whose values are
not shown in the table are fixed by using the experimental data. Parameters not shown in the table are not included in the parameter fit.

r., PP order P P P° Pt
U ag (fm) ro (fm) Py (fm’) Qo (rm*)
0.26847(1) —0.0363(4) 0.0011(1)
07 ER3)(MeV) Cre3)(keV)
4.8884(1) 1.34(3)
0F Egos (MeV) TCros) (keV) apsy MeV™) b4y (MeV™?)
0.75(1) 0.18(1)
17,15 a (fm*) r (fm™") Py (fm) Qi (fm’)
0.415314(7) —0.57428(7) 0.02032(2)
1y Ega3) (MeV) Crazy (keV) agy MeV™) bas (MeV™?)
0.43(25) 3.8(7)
2f a; (fm*) ry (fm™) Py (fm™") Q, (fm)
0.149(4) —1.19(5) 0.081(16)
27 Eray (MeV) Cre2) (keV)
2.68308(5) 0.75(2)
2F Eg@3)(MeV) g3y (keV) apy MeV™) b3 (MeV™?)
4.3545(2) 74.61(3) 0.46(12) 0.4909)
2F Erp4y (MeV) g4y (keV)
37,3 as (fm’) ry (fm™) Py (fm™) Qs (fm™) R; (fm)
0.0335(2) —0.446(9) 0.311(5) —0.152(3)
35 Eg@33) (MeV) [re3y (keV) ags MeV™) by MeV™?)
32(32) 3.2(32) x 10?
4f Era1(MeV) Cran(keV) auy MeV™) buiy (MeV~?)
3.19606(1) 25.91(1) 0.740(3) 0.304(5)
47 Eru2(MeV) 2y (keV)
3.93655(2) 0.425(4)
41 Egus) (MeV) Trasy (keV) aus MeV™) bz (MeV™?)
0.889(6) 0.216(3)
57 Eris1y (MeV) Cres1y (keV) asy MeV™) b1y (MeV™?)
0.572(6) 0.104(2)
(bg) re (fm™'") Ps (fm™?)
—0.3(2) 21)
6 Ege1y (MeV) Cre1) (keV) aey MeV™") b1y (MeV?)
0.8(1) 0.18(4)
with In Table II, I show fitted values and their errors of the

Ki(p) = %rl (rf + 1) + P = P + 1 (v + P
+ 2k Hi (iyy), (34)

PC;Wi(p)
prC2Wi(py)’
Ra3)(E) = a3 (E — Era3)* + basy(E — Eras)’,  (36)

where y; = /2uB; and p, = /21tER(13).  have five parame-
ters to fit the data,

61 = {r1, P1, Q1, aqs), baz}, 37

and I use the experimental values for Egq3) and I'ga3),

Eg%) = 5.278(2) MeV and Tj%) = 91(6) keV [37], for the

background contribution from high energy.

L3y (E) = Trasy (35)

five parameters in the amplitudes of the 1, 15, 15 states
of 1°0 in the S matrix of elastic a-'>C scattering for [ = 1
in Eq. (33), where I find a small value of x2/N, x2/N =
0.089, for the parameter fit, as shown in Table IIL. I also
find relatively large error bars of the coefficients a3, and
b(13) at the high order while all errors of the effective range
coefficients, r;, P;, Q;, turn out to be small, presumably be-

TABLE III. Values of x2/N forl =0,1,2,3,4,5, 6 for the pa-
rameter fit where N =252 for/ =0,1,2,3,4, N =243 for [l =5,
and N = 186 for [ = 6.

[ 0 1 2 3 4 5 6

x*/N 0013 0089 0.66 0.87 047 0094 0.026
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TABLE IV. Values of ANC, |G, |, for the subthreshold 05, 17, 2,
3] states of '°0.

i 0; Iy 2/ 3

|C,| dm™'?)  370(25) 1.727(3) x 10" 3.1(6) x 10* 113(8)

cause those parameters need to fit the resonant 1, state of
160 appearing in the phase shift data. In Table IV, I show
the value of the ANC of the subhreshold 17 state of 160y,
I have |Cy| = 1.727(3) x 10" fm~'/2, which agrees well to
my previous estimate, |C,| = (1.6-1.9) x 10 fm~1/2 [24).
In Fig. 4, I plot a curve of the phase shift for [ =1, §;, by
using the fitted values of the parameters obtained in Table II.
The phase shift data are also displayed in the figure. One finds
that the fitted curve agrees well with the phase shift data. As
discussed in Ref. [26], the phase shift data up to E, = 6 MeV
can be described by the three effective range parameters only,
and the tail of the phase shift data at the high-energy side is
now described by the background contribution of the resonant
15 state of '°Q from high energy.

C. Phase shift for [ = 2 channel

I include the 2, 27, 21, 2/ states of '°0 to construct an
S matrix for [ = 2, where ZT is the sub-threshold bound state,
27 and 27 are the resonant states appearing in the phase shift
data at ED, = 3.58 MeV and E, = 5.81 MeV, respectively,
and 2 is a resonant state as a background contribution from
high energy appearing at E, = 7.81 MeV. Thus, I have an
expression of the S matrix for / = 2 as

K>(p) + 2cReHa(p) + ipCiWa(p)
K>(p) + 2kReH(p) — ipC2Wa(p)

2i8, _

li[ E — Epeiy + Roi(E) — iT o) (E)
iy E — Erei) + Rein(E) + isT i (E)’

(38)

dq (deg)
1)
o

3 35 4 45 5 55 6 65
E,, (MeV)

FIG. 3. Phase shift §, of elastic a-'2C scattering for s-wave chan-
nel as a function of E, calculated by using the fitted values of the
parameters. Experimental data are included in the figure as well.

140 v v v
120
100 r
80
60

81 (deg)

40 |
20 |

3 35 4 45 5 55 6 65
E,, (MeV)

FIG. 4. Phase shift §; of elastic a-'C scattering for p-wave
channel as a function of E, calculated by using the fitted values of
the parameters. Experimental data are included in the figure as well.

with
1
Ka(p) = 5na(vd +07) + 3P (r = p') + Qa7 + 1)
+ 2k Hy (iyp), (39)
pC2Wa(p)
Toy(E) = Tropy —m———, (40)
e O D C2 Wa(p,)
Roi(E) = api(E — Erai))* + bai(E — Erai)’,
i=2,3,4, “1

where y, = /2uB; and p,
ters to fit the data,

= /21E(2;). I have nine parame-

0, = {r, P, Q2, Er2), Tr22)s Er23), Tr023), A(23), b23)},
(42)

where four parameters, a(2), b22), a4y, b4y, are set to be
zero, apz) = boy = a4y = boay = 0, because they are not
sensitive to the parameter fit, while I use the experimental
values for Egqoqy and Tgroa), E;é’i; = 5.858(10) MeV and

Féi’;ﬂ)) = 150(10) keV [37], for the background contribution
from high energy.

In Table II, I show fitted values and their errors of the nine
parameters in the amplitudes of the 27, 27, 21, 2 states of
160 in the S matrix of elastic a-'>C scattering for [ =2 in
Eq. (38), where I find a small value of x2/N, x?/N = 0.66, for
the parameter fit, as shown in Table III. (Those values in the
table are taken from Table 2 in Ref. [29].) The fitted values of
Er2), Tre2), Ere23), and I'g(23) agree with their experimental
values, Eg>p) = 2.68255(50) MeV, ['gs?) = 0.625(100) keV,

Epy?) = 4.358(4) MeV, and Ty = 71(3) keV [37] while
the fitted values of the parameters, such as Q», a(23), and b3),
at higher order have large errors. In Table IV, I show the
value of the ANC of the subthreshold 2? state of '°0; I have
|Cy| = 3.1(6) x 10* fm~'/2, which is larger than my previous
estimate, |C,| = (2.1-2.4) x 10* fm~'/? [24]. In addition, I
also argued that the value of the ANC of the 2] state of
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180
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140
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80
60
40
20
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3 3.5 4 4.5 5 5.5 6 6.5
E, (MeV)
FIG. 5. Phase shift §, of elastic a-'>C scattering for d-wave

channel as a function of E, calculated by using the fitted values of
the parameters. Experimental data are included in the figure as well.

160 is sensitive to conditions imposed on the effective range
parameters, 1, P», O, in the very low energy region, 0 <
E, < 2.6 MeV, where no phase shift data are reported; I can
even reproduce the large ANC value, |Cp| ~ 10 x 10* fm~!/?
reported from the « transfer experiments [41,46—48]. For
more details, refer to Ref. [29]. In Fig. 5, I plot a curve of
the phase shift for / = 2, §,, by using the fitted values of the
parameters obtained in Table II. The phase shift data are also
displayed in the figure. One finds that the fitted curve agrees
well with the phase shift data.

D. Phase shift for / = 3 channel

I consider 37, 3%, 35 states of '®O to construct an S
matrix of elastic a-'“C scattering for [ = 3, where 3; is the
subthreshold bound state, 35 is the resonant state appearing
in the phase shift data at E, = 5.92 MeV, and 37 is a res-
onant state as a background contribution from high energy
appearing at E, = 7.96 MeV. Because the resonant 3; state
can be described by the effective range parameters as well,
as I have seen in the case of [ = 1, I include the 3; state in
the amplitude of the subthreshold 3] state. Thus, I have an
expression of the S matrix for / = 3 as

i _ K@) — 26ReH;(p) + ipCaWs(p)
K3(p) — 2kReH;(p) — ipCiWs(p)

o~ Eray + Ray(E) — iiT33)(E)
E — Ep@33) + R33)(E) + i%r‘m)(E),

(43)
with
1
Ki(p) = 5’”3()’32 + )+ 1Ps(vi — p*) + O3 (vd + P°)

+R3(v3 — P°) + 2k Hs(iy3), (44)

PC;Ws(p)
PrC%,W3(Pr) ,

Ra3)(E) = aasy(E — Eras)” + bisy(E — Eras))’,  (46)

['33)(E) = rsy (45)

140

120 ¢
100
80

85 (deg)

60

20

3 35 4 45 5 55 6 65
E,, (MeV)

FIG. 6. Phase shift §; of elastic a-'>C scattering for f-wave
channel as a function of E, calculated by using the fitted values of
the parameters. Experimental data are included in the figure as well.

where y3 = /2uB3 and p, = \/2uER@33). I have six parame-
ters to fit the data,

03 = {r3, P3, 03, R3, a3y, b33}, 47)

where I impose a condition on the parameter R3 for the pa-
rameter fit, B3 < R3; R; is the contribution from the Coulomb
self-energy term, —2« Hz(p), to the R3 term, and I have R; =
—17101/(90720k) [24]. When R; > Rs, a spurious bound
state appears below the subthreshold 3] state of 160, In ad-
dition, I use the experimental values for Eg33) and I'g@3),
Ep%) = 5.967(10) MeV and T = 110(30) keV [37], for
the background contribution from high energy. In Table II, I
show fitted values and their errors of the six parameters in the
amplitudes of the 37, 35, 35 states of 160 in the S matrix of
elastic a-'2C scattering for [ = 3 in Eq. (43), where I find a
value of x2/N, x2/N = 0.87, for the parameter fit, as shown
in Table III. The fitted values of the parameters a(33) and b(s3)
have large error bars and still are not fitted well because they
are insensitive in the parameter fit. If I exclude them from
the parameter fit, I have a large value of x2/N, x?/N = 1.84.
In Table IV, I show a value of the ANC of the 3| state of
1°0; I have |Cpy| = 113(8) fm~'/2, which agrees well with
my previous estimate, |C,| = (1.2-1.5) x 10? fm~"/? [24]. In
Fig. 6, I plot a curve of the phase shift for [ = 3, §3, by using
the fitted values of the parameters obtained in Table II. The
phase shift data are also displayed in the figure. One finds that
the fitted curve agrees well with the phase shift data.

E. Phase shift for / = 4 channel

Lconsider 47, 45, 47 states of '°0 to construct the S matrix
of elastic a-'?C scattering for / = 4, where 4] and 4, are the
resonant states appearing in the phase shift data at £, = 4.26
MeV and E, = 5.25 MeV, respectively, and 4; is a resonant
state as a background state from high energy appearing at
E, = 8.94 MeV. Thus, I have an expression of the S matrix
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200 , .
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160
140
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3 35 4 45 5 55 6 65
E,, (MeV)

FIG. 7. Phase shift 8, of elastic a-'>C scattering for g-wave chan-
nel as a function of E, calculated by using the fitted values of the
parameters. Experimental data are included in the figure as well.

forl =4 as
3 .1
. E—Ei+RiE—l—FiE
Q2% =l—[ r@4i) + Ry (E) 2 @i )’ 48)
i=1 E — ER(4i) + R(4i)(E) + lzr‘(4,')(E)
with
PC2Wa(p)
Cup(E) = FR(4i)Z—a 49)
prCn,W4(pr)
Run(E) = aui(E — Erai))* + buain(E — Egai)’,
i=1,23 (50)

where p, = \/2uE@4;. I have eight parameters to fit to the
data,

04 = {Erw1), Tr@aty. a@1y, by, Er@2), Tra2), a@3), basyl,
(5D

where two parameters a2y and by are set to be zero,
a2y = buyy = 0, because of their insensitivity for the param-
eter fit, and I use the experimental values for Eg3y and I'gras),
Epy%) = 6.707(20) MeV and I3}, = 89(2) keV [37], for the
background contribution from high energy.

In Table II, I show fitted values and their errors of the
eight parameters in the amplitudes of the 4, 47, 47 states
of 10 in the S matrix of elastic a-'2C scattering for [ = 4 in
Eq. (48), where I find a small value of x2/N, x2/N = 0.47,
for the parameter fit, as shown in Table III. In addition, the
fitted values of ER(41), FR(41), ER(42), and FR(42) agree with

their experimental values, Eg}) = 3.194(3) MeV, [t =

26(3) keV, Egb) = 3.9347(17) MeV, and i) = 0.28(5)
keV [37]. In Fig. 7, I plot a curve of the phase shift for [ = 4,
84, by using the fitted values of the parameters obtained in
Table II. The phase shift data are also displayed in the figure.
One finds that the fitted curve agrees well with the phase shift
data.

1.6
1.4 ¢
1.2 1

0.8
06
04
0.2

35 (deg)

-0.2 L ! L ! L
3 3.5 4 4.5 5 5.5 6 6.5

E,, (MeV)

FIG. 8. Phase shift 85 of elastic a-'2C scattering for h-wave chan-
nel as a function of E, calculated by using the fitted values of the
parameters. Experimental data are included in the figure as well.

F. Phase shift for [ = 5 channel

I consider 5; state of '°0 to construct an S matrix of the
elastic o-'2C scattering for / = 5, where 5| is a resonant state
as a background contribution from high energy appearing at
E, = 10.00 MeV. Thus, I have an expression of the S matrix
forl =5as

E — Egis1y + Risiy(E) — i3Ts1)(E)

&% = ~ . (52)
E — Egis1y + Risn(E) +i5T61)(E)

with
pCaWs(p)
prC2Ws(p,)’
R (E) = asiy(E — Egsny)* + bisn(E — Eri)®s (54)
where p, = \/Z;LT@) . I have two parameters to fit the data,
04 = {asn, bin), (55)

where I use the experimental values for Egsiy and I'gesi),
Eps =7.498(2) MeV and Il = 670(15) keV [37], for
the background contribution from high energy.

In Table II, I show fitted values and their errors of the two
parameters in the amplitudes of the 5] state of 10 in the §
matrix of elastic a-'>C scattering for / = 5 in Eq. (52), where
I find a very small value of x2/N, x?/N = 0.094, for the
parameter fit, as shown in Table III. In Fig. 8, I plot a curve of
the phase shift for /[ = 5, §s, by using the fitted values of the
parameters obtained in Table II. The phase shift data are also
displayed in the figure. One finds that the fitted curve agrees
well with the phase shift data.

Cisn(E) = Tresty (53)

G. Phase shift for / = 6 channel

I include a background contribution from low energy and
the 6] state of '°0 to construct an S matrix of the elastic
a-12C scattering for | = 6, where 6 is a resonant state as
a background contribution from high energy appearing at
E, = 10.20 MeV. Thus, I have an expression of the S matrix
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FIG. 9. Phase shift ¢ of elastic a-'>C scattering for i-wave chan-
nel as a function of E, calculated by using the fitted values of the
parameters. Experimental data are included in the figure as well.

for/ =6 as
s, _ Ko(p) — 2cReHq(p) + ipCyWes(p)
Ks(p) — 2kReHs(p) — ipC2Ws(p)
E Ere1y + R (E) — i3 F(61)( ) (56)
E Ere1) +R(61)(E)+l Ten(E)
with
1 1,
Ks(p) = 7617 ZP()p , (57)
PC2We(p)
T61)(E) = Tret)—— (58)

PrC2 We(py)’
Re1(E) = ae)(E — Egen)” + beny(E — Eren)’s (59)
\/ZMTR@) . I have four parameters to fit the data,

05 = {re, Ps, aen), ben}s (60)

where the leading effective range parameter, —1/ag, is put to
zero, 1/ag = 0, and two effective range parameters, rg and
Ps, are included while I use the experimental values for Eg;)
and Tree1), Epgh) = 7.6534(16) MeV and Tt = 70(8) keV
[37], for the background contribution from high energy.

In Table II, I show fitted values and their errors of the four
parameters in the amplitudes of the background contribution
from low energy and the 6] state of '°0 in the S matrix of
elastic -'2C scattering for [ = 6 in Eq. (56), where I find a
very small value of x2/N, x?/N = 0.026, for the parameter
fit, as shown in Table III. In Fig. 9, I plot a curve of the phase
shift for / = 6, 8¢, by using the fitted values of the parameters
obtained in Table II. The phase shift data are also displayed in
the figure. One finds that the fitted curve agrees well with the
phase shift data.

where p, =

V. RESULTS AND DISCUSSION

In the present work, I studied the expression of the S
matrices of elastic «-'>C scattering at low energies for [ =

0,1,2,3,4,5,6 in EFT. The S matrices are constructed as
the summation of the phase shifts; the parts of the phase
shifts are obtained from the elastic scattering amplitudes of
the subthreshold and resonant states of '°Q. Those amplitudes
are calculated from the effective Lagrangian and obtained in
terms of the effective range parameters up to p® order for [ =
0,1,2,4,5,6 and up to p8 order for [ = 3 due to the modifi-
cation of the counting rules for the effective range parameters
discussed in Refs. [26,29]. I include the subthreshold states for
[ =0,1,2,3 and a background contribution from low energy
for [ = 6, one resonant state for / = 0, 1, 3, and two resonant
states for [ = 2,4, which appear in the energy range of the
phase shift data, 2.6 < E, < 6.62 MeV, and a resonant state
which appears at E, > 6.62 MeV, as background contribu-
tions from high energy for all the partial wave states. Those
states included in the present study are summarized in Table I.
Then, I fit the parameters to the phase shift data, while the
resonant energies and widths of the background contributions
from high energy are fixed by using the experimental data of
the resonant energy at E, > 6.62 MeV, and some parameters
which are insensitive to the parameter fit are suppressed. One
finds that the parameters are fitted very well where the x2/N
values are less than 1 for all the cases, as summarized in
Table III, and thus the phase shifts are well described within
the theory.

One may regard this work as merely a simple parameter
fit to the phase shift data, while my aim is to extrapolate
the radiative capture rate down to the Gamow peak energy,
Es = 0.3 MeV; one may see that the result of the present
work is comparable to that worked out by the R-matrix anal-
ysis. One may also see that the parametrization based on
the effective range expansion in the S matrices in Eq. (27)
is simple and transparent. In addition, the electromagnetic
and weak interactions are straightforwardly introduced in the
theory. As mentioned in the Introduction, I employed the
EFT to the study of the E1 transition of the '>C(«a, y) '°0
reaction [26] and the B-delayed o emission from '°N [7].3
Recently, I reported the first application of EFT to the study
of the radiative proton capture on 15N [49,50], which is an
important reaction in the CNO cycle. Thus, constructing an
EFT would be another theoretical method, as an alternative to
the R-matrix analysis, for the studies of nuclear reactions for
stellar evolution.
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FIG. 10. Wave function for 0% state of '°Q calculated by using a
Woods-Saxon potential, which is normalized as [;~ uo(r)*dr = 1.
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APPENDIX

In the present Appendix, I perform a test calculation by
employing a Woods-Saxon potential. The data, wave func-
tions and phase shifts, are generated by using the model
potential, the values of ANCs are calculated from the wave
functions, and the scattering phase shifts are generated by
using the potential. I then fit the effective range parameters
to the phase shift data generated from the potential, and cal-
culate the ANCs by using the fitted values of parameters in
Eq. (18). I note that the relation between the two methods, the
potential model and the effective range expansion, to deduce
the ANC:s is not obvious. The comparison of the ANCs from
the potential model and the fit of effective range parameters
may indicate some degree of the model dependence in the two
methods.

In Figs. 10 and 11, I display the wave functions of the
0% and 2t states of 90, respectively, from a Woods-Saxon

0.8

0.6

-0.6 . . . . . . .
0O 2 4 6 8 10 12 14 16 18 20

r (fm)

FIG. 11. Wave function for 27 state of '°0 calculated by using a
Woods-Saxon potential, which is normalized as [;~ u,(r)’dr = 1.

8y (deg)

3 3.5 4 4.5 5 5.5 6 6.5
E, (MeV)
FIG. 12. Phase shift &, of elastic a-'>C scattering for / = 0 as a

function of the o energy E, in the laboratory frame, calculated by
using a Woods-Saxon potential.

potential. The geometry of the Woods-Saxon potential is stan-
dard: Ry = 1.3 fm, R = RyAY? = 2.976 fm, and a = 0.7 fm.
The wave functions of bound states are obtained by adjusting
the depth of potential. For the 0" state, E, = 6049.4 keV
and By = 1112.5 keV, and one has Vj = 131.1 MeV; and
for the 27 state, E, = 6917.1 keV and B, = 244.8 keV, and
one has V; = 130.8 MeV. The wave functions are normalized
as fooo w(r*dr =1 with [ = 0,2. (The data files of wave
functions and phase shifts are calculated by using the code
TEDCA [51].)

The values of ANCs may be obtained by using the relations

uo(r) ~ 1CploW_., 1 2y01),

ur(r) ~ [Co oWy, 5 2par), (A1)

outside of the potential range, R < r, where W, ,(z) is the
Whittaker function, and y; and y; are the binding momenta,

Y0 = +/2uBy and y» = +/2uB,. Thus, I have the ANCs from
the wave functions as

ICplo = 2.6 x 10 fm™'/2,

ICpla = 1.9 x 10° fm~ /2. (A2)

It is good to see that the ANCs are straightforwardly obtained
from the wave functions generated from the potential model
after fitting the depth of potential to the binding energies. One
may wonder about the sensitivity of ANCs to all three parame-
ters of the potential and the number of nodes of wave functions
inside the potential range. In addition, the ANCs from the
potential model depend on the normalization condition of
wave functions; the reliability of the two-body description
of the 16-body nucleon system inside the potential range is
questionable.

In Figs. 12 and 13, I display the phase shifts of elastic
a-'2C scattering for / = 0 and 2, respectively, calculated from
the Woods-Saxon potential with the fixed values of V) men-
tioned above. Now I carry out a test for my fitting method to
deduce the ANCs from the phase shift data: the effective range
parameters are fitted to the phase shift data in the figures, and I
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FIG. 13. Phase shift 8, of elastic a-'>C scattering for [ =2 as a
function of the o energy E, in the laboratory frame, calculated by
using a Woods-Saxon potential.

calculate the ANCs by using Eq. (18). When fitting the phase
shift data, I include a constant error to the phase shift data,
Adp» = 0.20°, which is a typical size of the error in the phase
shift data for / = O from the experiment.

In Table V, I display the values of ANC for the 0" state
as a function of the maximum energy, E, max = 4.0, 4.5, 5.0,
5.5 MeV, of the phase shift data in Fig. 12. I find that the
shapes of the curves of the phase shift are different (the curve
from the effective range parameters is stiffer than that from
the potential model), which leads to the energy dependence
of the fit.* One can see that the values of ANC in the table
have a significant range, (1.1-5.8) x 103 fm~!/? with x2/N =
0.05-1.18, while the ANC from the potential model, 2.6 x
10° fm~"/2, can be found within the range of ANC from the

“The different energy dependence in the phase shifts possibly came
out due to the use of an energy-independent potential model, where
one may notice that the calculated phase shifts do not agree with the
experimental data. The use of an energy-dependent potential could
improve the present situation.

TABLE V. ANC of 07 state, |G|, as a function of the maximum
energy of the data, E, .« (MeV), deduced from the phase shift data
in Fig. 12. Values of x2/N are also displayed in the table.

Eqy max (MeV) 4.0 45 5.0 55
IColo fm™%) 1.1 x10° 22x10° 3.7x10° 5.8x10°
x2/N 0.05 0.16 0.43 1.18

fit. For the 27 state, using all the phase shift data in Fig. 13,
I have

ICply = 3.4(54.4) x 10° fm~'/2, (A3)

with x2/N = 0.13. The center value of ANC is 1.8 times
larger than that of the potential model in Eq. (A1) while the
ANC from fit has a large error bar. As discussed in Ref. [29],
when the center value of dD/dp? term at p = iy, almost
vanishes in the denominator in Eq. (18), the error of ANC is
enhanced.

In this Appendix, I performed a test calculation to study
whether the ANCs obtained from the wave functions of a
potential model can be reproduced by fitting the effective
range parameters to the phase shift generated by the model
potential. I find that the ANCs obtained from the fitted values
of effective range parameters agree with those obtained from
the wave function of the potential model within the uncer-
tainties discussed above; aside from the large uncertainties,
the center values of ANCs agree within a factor of 2. The
large uncertainties may stem from the formula of ANC in
Eq. (18). When the slope of the inverse of the propagator,
D;(p), becomes small at the binding momentum p = iy;, the
ANC becomes large. In other words, the center value of ANC
becomes sensitive to the values of effective range parameters
while the errors of ANC are enhanced. Therefore, because of
the difficulty discussed above, the present cases to deduce the
ANCs of 0" and 27 state from the phase shift data may not be
ideal: an uncertainty of a factor of 2 may be involved between
the two methods.

[1] W. A. Fowler, Rev. Mod. Phys. 56, 149 (1984).

[2] L. R. Buchmann and C. A. Barnes, Nucl. Phys. A 777, 254
(2006).

[3] A. Coc, F. Hammache, and J. Kiener, Eur. Phys. J. A 51, 34
(2015).

[4] C. A. Bertulani and T. Kajino, Prog. Part. Nucl. Phys. 89, 56
(2016).

[5] R. J. deBoer et al., Rev. Mod. Phys. 89, 035007 (2017).

[6] H.-W. Hammer, S. Konig, and U. van Kolck, Rev. Mod. Phys.
92, 025004 (2020).

[7] S.-1. Ando, Eur. Phys. J. A 57, 17 (2021).

[8] R. Plaga ef al., Nucl. Phys. A 465, 291 (1987).

[9] P. Tischhauser et al., Phys. Rev. C 79, 055803 (2009).

[10] S. Weinberg, Physica A 96, 327 (1979).

[11] P. FE. Bedaque and U. van Kolck, Annu. Rev. Nucl. Part. Sci. 52,
339 (2002).

[12] D. B. Kaplan, Nucl. Phys. B 494, 471 (1997).

[13] S. R. Beane and M. J. Savage, Nucl. Phys. A 694, 511 (2001).

[14] S.I. Ando and C. H. Hyun, Phys. Rev. C 72, 014008 (2005).

[15] H. A. Bethe, Phys. Rev. 76, 38 (1949).

[16] J. W. Chen and M. J. Savage, Phys. Rev. C 60, 065205 (1999).

[17] G. Rupak, Nucl. Phys. A 678, 405 (2000).

[18] S. Ando, R. H. Cyburt, S. W. Hong, and C. H. Hyun, Phys. Rev.
C 74, 025809 (2006).

[19] X. Kong and F. Ravndal, Nucl. Phys. A 656, 421 (1999).

[20] M. Butler and J.-W. Chen, Phys. Lett. B 520, 87 (2001).

[21] S. Ando et al., Phys. Lett. B 668, 187 (2008).

[22] M. Butler, J.-W. Chen, and X. Kong, Phys. Rev. C 63, 035501
(2001).

045808-12


https://doi.org/10.1103/RevModPhys.56.149
https://doi.org/10.1016/j.nuclphysa.2005.01.005
https://doi.org/10.1140/epja/i2015-15034-y
https://doi.org/10.1016/j.ppnp.2016.04.001
https://doi.org/10.1103/RevModPhys.89.035007
https://doi.org/10.1103/RevModPhys.92.025004
https://doi.org/10.1140/epja/s10050-020-00304-8
https://doi.org/10.1016/0375-9474(87)90436-2
https://doi.org/10.1103/PhysRevC.79.055803
https://doi.org/10.1016/0378-4371(79)90223-1
https://doi.org/10.1146/annurev.nucl.52.050102.090637
https://doi.org/10.1016/S0550-3213(97)00178-8
https://doi.org/10.1016/S0375-9474(01)01088-0
https://doi.org/10.1103/PhysRevC.72.014008
https://doi.org/10.1103/PhysRev.76.38
https://doi.org/10.1103/PhysRevC.60.065205
https://doi.org/10.1016/S0375-9474(00)00323-7
https://doi.org/10.1103/PhysRevC.74.025809
https://doi.org/10.1016/S0375-9474(99)00314-0
https://doi.org/10.1016/S0370-2693(01)01152-2
https://doi.org/10.1016/j.physletb.2008.08.040
https://doi.org/10.1103/PhysRevC.63.035501

S MATRICES OF ELASTIC «-!2C SCATTERING ...

PHYSICAL REVIEW C 107, 045808 (2023)

[23] S.-I. Ando, Y.-H. Song, and C. H. Hyun, Phys. Rev. C 101,
054001 (2020).

[24] S.-1. Ando, Phys. Rev. C 97, 014604 (2018).

[25] S.-1. Ando, Eur. Phys. J. A 52, 130 (2016).

[26] S.-1. Ando, Phys. Rev. C 100, 015807 (2019).

[27] B. A. Gelman, Phys. Rev. C 80, 034005 (2009).

[28] J. B. Habashi, S. Fleming, and U. van Kolck, Eur. Phys. J. A 57,
169 (2021).

[29] S.-1. Ando, Phys. Rev. C 105, 064603 (2022).

[30] J. J. Sakurai, Modern Quantum Mechanics, revised edition
(Addison-Wesley, Reading, MA, 1993).

[31] J. Jerphagnon, Phys. Rev. B 2, 1091 (1970).

[32] D. L. Andrews and W. A. Ghoul, Phys. Rev. A 25, 2647
(1982).

[33] H. W. GrieBhammer, Nucl. Phys. A 744, 192 (2004).

[34] Z. R. Iwinski, L. Rosenberg, and L. Spruch, Phys. Rev. C 29,
349 (1984).

[35] R. Higa, H.-W. Hammer, and U. van Kolck, Nucl. Phys. A 809,
171 (2008).

[36] D. Foreman-Mackey et al., Publ. Astron. Soc. Pac. 125, 306
(2013).

[37] D. R. Tilley, H. R. Weller, and C. M. Cheves, Nucl. Phys. A
564, 1 (1993).

[38] S.-1. Ando, Phys. Rev. C 102, 034611 (2020).

[39] D. Schiirmann et al., Phys. Lett. B 703, 557 (2011).

[40] R. J. de Boer, J. Gorres, G. Imbriani, P. J. LeBlanc, E.
Uberseder, and M. Wiescher, Phys. Rev. C 87, 015802 (2013).

[41] M. L. Avila et al., Phys. Rev. Lett. 114, 071101 (2015).

[42] L. D. Blokhintsev, A. S. Kadyrov, A. M. Mukhamedzhanov,
and D. A. Savin, Phys. Rev. C 97, 024602 (2018).

[43] L. D. Blokhintsev, A. S. Kadyrov, A. M. Mukhamedzhanov,
and D. A. Savin, Eur. Phys. J. A 58, 257 (2022).

[44] Yu. V. Orlov, B. F. Irgaziev, and J.-U. Nabi, Phys. Rev. C 96,
025809 (2017).

[45] Yu. V. Orlov, Nucl. Phys. A 1014, 122257 (2021); 1018, 122385
(2022).

[46] C. R. Brune, W. H. Geist, R. W. Kavanagh, and K. D. Veal,
Phys. Rev. Lett. 83, 4025 (1999).

[47] A. Belhout et al., Nucl. Phys. A 793, 178 (2007).

[48] S. Adhikari and C. Basu, Phys. Lett. B 682, 216 (2009).

[49] S. Son, S.-I. Ando, and Y. Oh, New Phys.: Sae Mulli 72, 291
(2022).

[50] S. Son, S.-I. Ando, and Y. Oh, Phys. Rev. C 106, 055807 (2022).

[51] H. Krauss, K. Griin, T. Rauscher, and H. Oberhummer, Uni-
versity of Technology (Vienna, Austria) 1992, code TEDCA
(unpublished).

045808-13


https://doi.org/10.1103/PhysRevC.101.054001
https://doi.org/10.1103/PhysRevC.97.014604
https://doi.org/10.1140/epja/i2016-16130-2
https://doi.org/10.1103/PhysRevC.100.015807
https://doi.org/10.1103/PhysRevC.80.034005
https://doi.org/10.1140/epja/s10050-021-00452-5
https://doi.org/10.1103/PhysRevC.105.064603
https://doi.org/10.1103/PhysRevB.2.1091
https://doi.org/10.1103/PhysRevA.25.2647
https://doi.org/10.1016/j.nuclphysa.2004.08.012
https://doi.org/10.1103/PhysRevC.29.349
https://doi.org/10.1016/j.nuclphysa.2008.06.003
https://doi.org/10.1086/670067
https://doi.org/10.1016/0375-9474(93)90073-7
https://doi.org/10.1103/PhysRevC.102.034611
https://doi.org/10.1016/j.physletb.2011.08.061
https://doi.org/10.1103/PhysRevC.87.015802
https://doi.org/10.1103/PhysRevLett.114.071101
https://doi.org/10.1103/PhysRevC.97.024602
https://doi.org/10.1140/epja/s10050-022-00909-1
https://doi.org/10.1103/PhysRevC.96.025809
https://doi.org/10.1016/j.nuclphysa.2021.122257
https://doi.org/10.1016/j.nuclphysa.2022.122385
https://doi.org/10.1103/PhysRevLett.83.4025
https://doi.org/10.1016/j.nuclphysa.2007.06.008
https://doi.org/10.1016/j.physletb.2009.11.009
https://doi.org/10.3938/NPSM.72.291
https://doi.org/10.1103/PhysRevC.106.055807

