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Systematic single-folding model nucleus-nucleus potential for peripheral collisions
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A systematic nucleus-nucleus potential for the °Be projectile is derived by analyzing its elastic scattering on
target nuclei from '°0 to 2 Bi with incident energies ranging from 12 to 202 MeV. The analysis is performed
by using a single-folding model based on the Bruyeres Jeukenne-Lejeune-Mahaux model nucleon-nucleus
potentials. In combination with the previous systematic potential reported by Xu and Pang [Phys. Rev. C 87,
044605 (2013)], which was obtained by analyzing the elastic-scattering data of °Li and "Li at incident energies
above 10 MeV /nucleon, we arrive at an updated systematic nucleus-nucleus potential which covers a range of
incident energies from around the Coulomb barrier to about 100 MeV /nucleon. This updated potential is found
to satisfy the dispersion relations better than the previous one.
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I. INTRODUCTION

Optical model potentials (OMP) play an important role
in studies of nuclear reaction mechanisms and nuclear struc-
ture [1]. They are usually obtained by fitting experimental
data of elastic-scattering angular distributions. However, such
procedures do not always work. First, experimental data that
are needed to constrain the optical model potential parameters
are not always available, especially when radioactive nuclei
are involved. Another problem lies in the fact that OMP pa-
rameters, which are obtained by fitting only one or several sets
of experimental data, have rather large uncertainties. For these
reasons, systematic OMPs become extremely important since
they are constrained by experimental data that cover rather
large ranges of target masses and incident energies. This al-
lows the systematic OMPs to have much smaller uncertainties
and to be more reliable when being extrapolated to unknown
regions. Many studies on the systematic OMPs for light nuclei
have been conducted [2—4], but those for heavy ions have been
relatively rare.

In recent years, many studies have been performed on
systematic nucleus-nucleus potentials. For instance, great suc-
cess has been achieved for both stable and unstable particles
when applying a global description of the nucleus-nucleus
(AA) interactions developed by Chamon et al. in a simple
way through a double-folding shape (the Sao Paulo potential,
SPP) [5] by taking into account the Pauli nonlocal nature
of the interaction [6,7]. Furumoto et al. proposed a new
global AA potential through a microscopic folding model with
the complex G-matrix interaction and systematic Sao Paulo
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density for neutron-rich and proton-rich isotopes [8]. Global
phenomenological optical model potentials for both weakly
bound and tightly bound nuclei have also been obtained, for
instance, in Refs. [9-11].

Recently, a systematic nucleus-nucleus potential based
on the Bruyeres Jeukenne-Lejeune-Mahaux (JLMB) model
nucleon-nucleus potential has been proposed [12]. It has been
found to account for the elastic scattering of not only stable
nuclei, such as °Be [13] and '°B [14], but also of radioactive
nuclei, such as "Be, ®B, °~!'C, and '°Be [13-16]. However,
parameters of this potential were determined by fitting the ex-
perimental elastic-scattering angular distribution data of ®’Li
at incident energies well above the Coulomb barriers. An ex-
tension of this systematic potential to lower incident energies
will be very useful. °Be, which is the only B-stable nucleus of
the beryllium isotopes, has been studied extensively. Experi-
mental data of its elastic-scattering angular distributions are
available within a wide range of incident energies on various
targets. This allows us to extend the systematic OMP to low
energies down to the vicinity of the Coulomb barriers. By
combining results of the present work and those of Ref. [12],
we arrive at a systematic nucleus-nucleus potential that is
applicable for incident energies from near to the Coulomb
barrier to around 100 MeV /nucleon. This extension not only
makes the potential more useful but also allows one to exam-
ine the dispersion relations of the real and imaginary parts of
this systematic optical model potential.

The organization of this paper is as follows. In Sec. II,
the formalism used in the present work is described. It is fol-
lowed by a description of the analysis of the elastic-scattering
data, with which renormalization factors (RFs) of the real and
imaginary potentials of °Be are derived. The systematics of
these RFs, namely, their dependence on the incident energies,
are combined with those of ®’Li to obtain a new systematic

©2023 American Physical Society
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FIG. 1. Renormalization factors for (a) N, and (b) N; from in-
dividual fits of °Be elastic scattering. The solid lines represent the
linear functions of Egs. (5) and (6).

potential. Examination of this new potential is made by com-
paring the theoretical and experimental elastic-scattering and
total-reaction cross sections (o) for various projectile-target
systems at different incident energies. Discussion on the con-
sistency with the dispersion relations is presented in Sec. I'V.
Finally, a summary of the results and the conclusions are
presented in Sec. V.

II. THE SINGLE-FOLDING NUCLEUS-NUCLEUS
POTENTIAL

The nucleus-nucleus potential U (R, Ej,p ), which is a func-
tion of the distance between the centers of masses of the
projectile and the target nuclei, R, is considered to be depen-
dent on the incident energy Ej,, and consists of both a nuclear
part [Un(R, Eja)] and a Coulomb part [V (R)]:

U(R, Eiy) = UN(R, Eiap) + Ve(R). (1)
The Coulomb part is
ZPZrTez (r > Rc)s
Ve(R) = @)
Zae3- 5] (<R,

where the charge radius R = 1.3 x (All,/ 3 +A1T/ 3 ) fm, with
Ap and Ar being the mass numbers of the projectile and the

TABLE 1. The values of parameters for Egs. (5), (6), (8), and (9).

Parameter SPF SMF ASMF

t, 0.647979 0.58672 0.601794

k, —0.010156 —0.010087 —0.00864214
t; 2.75257 2.5869 2.53345

k; —0.0795331 —0.074843 —0.0717581

a, 0.99999 0.99999 0.999995

b, —0.00592095 —0.00585195 —0.00440712
c, 0.000207097 0.000205116 0.000165819
d, 0.000207095 0.000205114 0.000165818
a; 0.998425 0.998605 0.998715

b; —0.0794077 —0.0747385 —0.071666

¢ 0.00630559 0.00558584 0.00513601
d; 0.00629565 0.00557804 0.00512942
X5 15.6611 11.4593 13.9157

Yo 0.488925 0.47113 0.481533

xf) 19.2746 18.2689 18.3094

vh 1.2196 1.2196 1.2196
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FIG. 2. Three-dimensional plots of the slope and intercept pa-
rameters and their associated 1/Q? values for the real part (a) and
the imaginary part (d), as well as their projections on the slope
axis [panels (b) and (c)] and the intercept axis [panels (e) and (f)],
respectively.

target, respectively. The nuclear part of the OMP is calculated
with the single-folding model [12]:

UaR Ew) = Y [ pioniEsshar. )

i=p,n

where p;(r) is the nucleon (i = p for proton and i = n for
neutron) density distribution in the projectile at position r
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FIG. 3. Energy dependence of (a) N, and (b) N;. The solid lines,
dotted lines, and dashed lines are the results of SPF, SMF, and ASMF
methods, respectively, with the function forms of Eqgs. (8) and (9).
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TABLE II. Experimental data analyzed in the present work for
9Be on different targets, their references, and their corresponding Q?
values calculated with the systematic parameters of the SMF, ASMF,
and SPF methods. The incident energies Ej,, are in MeV.

Target Eip Qe QAsmr Q%o Ref.
150 20.00 9.645 8.063 8.741 [37]
160 25.94 29.73 30.45 29.20 [37]
150 27.00 49.98 49.66 49.16 [38]
160 40.00 44.87 44 45 45.79 [38]
160 157.7 2243 224.4 207.8 [39]
Mg 158.3 4939 5003 2493 [39]
27A1 12.00 0.8892 0.8155 0.7034 [40]
2T Al 14.00 1.431 1.164 0.8708 [40]
2TAl 18.00 34.87 30.70 29.19 [40]
27A1 22.00 0.8960 0.6333 0.5503 [40]
77Al 25.00 0.3137 0.3013 0.2891 [40]
2TAl 28.00 11.93 9.399 10.09 [41]
2TAl 32.00 13.38 10.83 11.57 [41]
27Al 33.00 21.42 18.19 19.08 [41]
YAl 35.00 6.642 5.551 6.255 [40]
2TAl 158.2 27.62 27.98 19.03 [39]
288i 13.00 0.5681 0.5118 0.3283 [42]
8Si 20.00 11.69 9.111 9.701 [43]
8gi 23.00 5.685 4.569 4.492 [43]
288i 26.00 3.551 2.567 2.501 [43]
8Si 30.00 13.33 11.33 12.22 [43]
8gi 121.0 209.5 225.9 366.3 [42]
88i 201.6 438.1 439.0 433.9 [42]
0Ca 45.00 131.0 104.5 1222 [34]
“Ca 60.00 2.561 2.362 2.259 [34]
Ca 158.1 63.55 64.01 55.54 [39]
ONi 158.2 189.9 190.1 198.9 [39]
%7Zn 19.00 0.2314 0.2330 0.2643 [44]
%Zn 21.00 0.9926 1.217 1.934 [44]
%“7Zn 23.00 3.636 4.276 5.556 [44]
%“7Zn 26.00 8.523 9.793 11.01 [44]
%Zn 28.00 1.596 1.783 2.187 [44]
%7Zn 28.97 1.795 2.373 3.033 [45]
80Se 19.94 0.2912 0.2809 0.1800 [46]
80Se 20.94 0.1665 0.1434 0.1172 [46]
80Se 21.94 1.433 1.223 0.7495 [46]
80Se 22.94 0.7590 0.8612 1.113 [46]
80Se 23.95 1.051 1.093 1.211 [46]
80Se 24.95 0.8324 1.057 1.430 [46]
80Se 29.95 1.470 1.685 1.841 [46]
80Se 32.76 10.39 8.533 7.951 [46]
1208 25.96 0.2500 0.2435 0.1444 [24]

1209y 26.93 0.07795 0.07483 0.09748 [24]
1208 27.97 0.1324 0.1259 0.2396 [24]

1208 29.44 0.3503 0.4084 0.7510 [24]
1208n 30.97 1.241 1.272 1.451 [24]
1208 41.96 12.97 11.13 9.653 [24]
1205 49.96 5.737 5.923 5.634 [24]

144Sm 30.00 0.02507 0.02535 0.02773 [47]
44Sm 31.50 0.05514 0.05672 0.1444 [47]

144Sm 34.00 4.794 5.156 7.077 [48]
144Sm 35.00 3.936 4523 6.881 [48]
1448m 37.00 10.98 12.38 15.53 [48]
144Sm 39.00 1.811 2.278 3.470 [48]
144Sm 41.00 2.370 2.937 4.006 [48]

TABLE II. (Continued.)

Target Eup Our Oismr OSpr Ref.
144 Sm 44.00 0.4654 0.3975 0.5096 [47]
144Sm 48.00 2.549 1.587 1.145 [47]
197 Au 36.94 0.2329 0.2307 0.09764 [49]
197 Au 37.94 0.9414 0.8980 0.4030 [49]
197 Au 38.94 0.2920 0.2465 0.06315 [49]
197 Au 39.94 0.4256 0.3281 0.1402 [49]
197 Au 40.94 0.7246 0.6316 0.5179 [49]
197 Au 41.95 0.6219 0.4941 0.4906 [49]
197 Au 43.95 1.514 1.252 0.8842 [49]
197 Au 45.95 3.120 3.388 3.687 [49]
197 Au 47.95 1.111 0.8313 0.4354 [49]
197 Au 158.2 22.35 22.26 27.10 [39]
208py, 37.8 0.08649 0.08665 0.02263 [35]
208pp 38.00 0.08339 0.08206 0.01688 [35]
208pp 38.20 0.08977 0.08659 0.02352 [35]
208pp 38.50 0.1614 0.1524 0.02920 [35]
208pp, 38.70 0.09541 0.08701 0.03522 [35]
208pp 39.00 0.1787 0.1615 0.03201 [35]
208py, 39.50 0.2629 0.2262 0.03525 [35]
208pp 40.00 0.1348 0.1072 0.3140 [50]
208pp 40.00 0.2667 0.2180 0.04164 [35]
208pp 41.00 0.1507 0.1508 0.3387 [35]
208pp 42.00 0.3407 0.4841 1.324 [50]
208ppy 42.00 0.5315 0.7062 1.483 [35]
208pp, 44.00 1.822 2.499 4.347 [50]
208pp 44.00 3.801 4.489 6.123 [35]
208pp 46.00 1.623 2.056 3.127 [35]
208pp, 47.20 2.328 3.368 4.904 [50]
208pp 48.00 0.7757 1.175 2.079 [35]
208ppy 50.00 0.5136 0.3657 0.5319 [50]
208py, 50.00 4.057 5.248 6.257 [35]
208pp 60.00 2.674 1.605 0.8385 [50]
208pp 68.00 15.86 12.17 10.06 [50]
208pp 75.00 19.71 15.49 13.51 [50]
208pp 88.00 0.2066 0.2103 0.2039 [51]
209B4 37.80 0.07867 0.08134 0.02590 [35]
209B4 38.00 0.03673 0.03746 0.01528 [35]
2094 38.20 0.03126 0.03098 0.01333 [35]
209Bj 38.50 0.05248 0.05042 0.01394 [35]
209B4 38.70 0.04172 0.03900 0.01355 [35]
2094 39.00 0.07073 0.06384 0.02211 [35]
209Bj 39.50 0.09631 0.08179 0.02767 [35]
209B4 40.00 0.3867 0.3873 0.3817 [52]
209Bj 40.00 0.1670 0.1383 0.03708 [35]
29Bj 41.00 0.1219 0.1137 0.2469 [35]
209B4 42.00 1.398 1.166 0.5136 [52]
209Bj 42.00 0.3223 0.4276 1.018 [35]
20B;j 44.00 1.161 1.254 1.687 [52]
209B4 44.00 2.938 3.517 4.999 [35]
2094 46.00 1.399 1.547 1.926 [52]
29Bj 48.00 2.724 2.540 2.337 [52]

from the center of mass (c.m.) of the projectile, E; = Eyn/Ap
is the incident energy per nucleon, and s = R + r is the vector
from the c.m. of the target to that nucleon. v(E;, |s|) is the
interaction between a free nucleon and the target nucleus,
which is chosen to be the semimicroscopic Lane-consistent
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FIG. 4. Comparisons between optical model calculations and ex-
perimental data for °Be elastic scattering from '°Q, 2’ Al, and Si at
incident energies indicated in the figure. The solid and dashed curves
represent results calculated with the systematic potential of this work
and with SPP2, respectively. The data sets are offset for optimum
view. The experimental data are from Refs. [37,40,43].

JLMB model potential [17,18] in this work. The calculation
of v(E;, |s|) involves applying the local density approximation
to the nucleon potential of infinite nuclear matter to obtain
the one of a finite target nucleus. The details of which can be
found in Refs. [4,17,18].

Being based on a free nucleon-target optical model po-
tential, the single-folding model nucleus-nucleus potential
calculated in Eq. (3) needs to be renormalized to account
for the medium effects of the nucleons in the projectile
nucleus [19]. This is made by introducing renormalization
factors to the real and imaginary parts of the single-folding
potential. So now the nuclear part of the optical potential is

Un(R, Eip) = N;Re[Ust] + NIm[Usg]. “

The renormalization factors N, and N; are the parameters to
be determined by comparing with the experimental data.

In this work, we study how the N, and N; values depend
on the incident energies based on the elastic-scattering data
of the °Be projectile. It is an extension of Ref. [12], in which
the experimental data of SLi and "Li elastic scattering were
analyzed for incident energies well above the Coulomb barri-
ers. The current work focuses on incident energies at around
the Coulomb barrier. *Be is chosen because there are a lot of
experimental data available at the energies we are interested
in. As we demonstrate in the following, the systematics of N,
and N; obtained with the *Be data can be applied satisfacto-
rily to many other nuclei. Spin-orbit potentials are neglected
although °Be has a nonzero spin. This is because the elastic

1012 IN‘III‘ITI{ITI‘N{T‘III‘IYI{ITI‘N{
- 8y 20.60 MeV =
1001 -
il Se 19.94 MeV |
i %Zn 19.00 MeV |
C -0 -]
10 9y 2670 MeV =~ —
£10°F 5Zn 23.00 MeV
\b i W

0 10°

i ’Se 24.95 MeV
1072 I -

20 40 60 80 100 120 140 160 180
Bcm (deg)

FIG. 5. Same as Fig. 4, but for #Zn, 3°Se, and ®Y targets. The
experimental data are from Refs. [44,46,53].

1010 II‘III‘IXI‘III‘III‘III‘III‘III‘II
= 1%gm 31.50 MeV E
1081 =
i '*"Au 36.94 MeV B
- 120sn 26.93 MeV B
10*F
= '9Au 40.94 MeV
10?

- 12%Snh 30.97 MeV

= '9"Au 47.95 MeV

= 14%Sm 44.00 MeV

10°"°

1072 -
0 20 40 60 80 100 120 140 160 180

6cm(deg)

FIG. 6. Same as Fig. 4, but for '*°Sn, **Sm, and '’ Au targets.
The experimental data are from Refs. [24,47-49].
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FIG. 7. Same as Fig. 4, but for *®Pb and **Bi targets. The
experimental data are from Refs. [35,50,52].

angular distribution data analyzed in this work are not sen-
sitive to the spin-orbit potentials. From a practical point of
view, spin-orbit potentials are usually not important for de-
scribing heavy-ion—heavy-ion scattering [20]. It is also worth
mentioning that °Be is a weakly bound nucleus whose neutron
separation energy is only 1.57 MeV for three-body breakup
into & + a 4+ n and 1.67 MeV for breakup into *Be 4+n. So
breakup coupling effects are important in reactions induced by
9Be. Many works have been carried out to describe the elastic
scattering of Be within the framework of the continuum dis-
cretized coupled-channel method [21-27]. The one-neutron
transfer reaction channel has also been found to have visible
effects on the elastic scattering of *Be [28]. These coupling
effects are believed to be the reasons for the phenomenologi-
cal renormalization factors being different from unity [22,28—
31]. We do not study these coupling effects explicitly in this
work. Instead, we hope the phenomenologically determined
renormalization factors reported in this paper could serve as
“experimental data” for further analysis with more sophisti-
cated reaction theories.

III. OPTICAL MODEL ANALYSIS
A. The database

The experimental data of elastic-scattering angular dis-
tributions for °Be on targets whose mass numbers range
from 16 to 209 at incident energies between 12 and 202
MeV have been collected from the nuclear reaction database

IIII‘NNII‘IIII‘IIII‘IXII‘II

 PMg158.30 MeV  __anon

10°

FIG. 8. Same as Fig. 4 but for higher incident energies. The
experimental data are from Refs. [39,42].

EXFOR [32] and a nuclear reaction video website [33] except
for “Be +%°Ca at Ej,, = 45 and 60 MeV and °Be + 2Bi
at Ep = 37 MeV, which are digitized from Refs. [34,35],
respectively. In total, we have 106 sets of elastic-scattering
angular distribution data to confine the N, and N; values of the
single-folding potential.

B. Searching procedures

There are two searching strategies to construct the global
potentials, namely, the separate fitting method (SPF) and the
simultaneous fitting method (SMF). With the SPF method,
each set of angular distribution data was fitted separately to
achieve the optimum N, and N; values for this set of data.
Systematic behaviors—the energy dependence of these renor-
malization factors-were then found by least-square fitting of
these individual N, and N; values. The SMF method, on the
other hand, parametrizes the energy dependence of the RFs a
priori and searches for the optimum parameters by fitting all
the data sets simultaneously. Examples of the SMF method
can be found in, e.g., Refs. [2,36]. We try both methods in this
work.

1. The separate fitting method

We started the fitting procedure by calculating the nucleus-
nucleus potential within the framework of the single-folding
model with the RFs whose values were fixed to be unity. The
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FIG. 9. Comparisons between the optical model calculations and
the experimental data of °Li elastic-scattering angular distributions
for several targets at incident energies indicated in the figure. Note
that only several representative experimental data have been se-
lected to plot for optimum view. The experimental data are from
Refs. [54-62].

created potential for each set of data was fed into the computer
code SFRESCO to calculate the elastic-scattering differential
cross sections and search for the best values of the RFs. The
standard minimum x? (divided by the number of data points)
method was used to find the optimum values of N, and N;. The
distributions of these individual optimum RFs are depicted in
Figs. 1(a) and 1(b) for N, and N;, respectively, where each
symbol represents the optimal value of these parameters from
individual fits. As we can see, the scattering of these factors is
rather large, especially in the low-energy region. This reflects
the fact that the OMP parameters cannot be well confined
with single sets of experimental data. Since we do not see
any reasons for choosing any particular functions to represent
these results, we simply assume that these N, and N; values,
as a whole, depend linearly on the incident energies, similar
to the case with Li (see Fig. 1 in Ref. [12]):

N, =t +k % El‘db/A[?s Q)

10" T ‘ T ‘ TTT ‘ T ‘ TTT ‘ TTTTTTT ‘ T
— 144 —

10k ém 22.10 I\)Iev ]

10 2_°8Pb 32.55 MeV ]|

TN BY so.oP MeY
Hin w MIE
0 20 40 60 80 100 120 140 160 180
6;.m.(deg)

FIG. 10. Same as Fig. 9, but for the "Li projectile. The experi-
mental data are from Refs. [57,60,63-67].

Ivi =+ ki X Elab/Ap’ (6)

where Ej,, is incident energy in the laboratory system and A,
is the mass number of the projectiles. The slope (k. and k;)
and intercept (¢, and #;) parameters determined in this way are
presented in Table I.

2. The simultaneous fitting method

The very weak constraining power of single sets of exper-
imental data at low energies on the optical potential depths
motivated us to use the simultaneous fitting procedure. In
this method, we still assume the renormalization factors de-
pend linearly on the incident energies as in Eqgs. (5) and (6).
The parameters ¢, and k, for the real part and the param-
eters #; and k; for the imaginary part are randomly chosen
within —0.06 < &k, < 0.04, —0.13 <k; < 0.0, 0 <1 < 1.2,
and 1.0 < #; < 4.0. These limits are determined by the results
in Fig. 1. For each set of {¢,, k;, t;, k;} values, we calculate the

following quantity:
. X 2
N 1 i U,'t]h(el])_ae p(el])
v A6 NG
ij \Yij

i=1

ZIH

l =1

where N is the total number of angular distribution sets, M; is
the total number of points in the ith set of angular distribution
data, af}xp is the experimental differential cross section of the

Jjth scattering angle 6;; in the ith set of data, and a}? and
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FIG. 11. Same as Fig. 9, but for the '*N projectile. The experi-
mental data are from Refs. [68-71].

Ao;" are the corresponding theoretical cross section and the
experimental error. A uniform 10% of uncertainty is assumed
for all the experimental data.

A total number of 150 000 samples of the parameter set
{t,, k., t;, k;} were made for the 106 sets of angular distri-

10°
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10t R N _

o/Opyth

10°E

10%E

24Ne+*"®ppb 189.60 MeV

10"

100 llllllllllllllllllllll“}
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FIG. 12. Same as Fig. 9, but for >N and **Ne projectiles. The
experimental data are from Refs. [72,73].
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FIG. 13. Same as Fig. 9, but for !0 and **Ne projectiles. The
experimental data are from Refs. [74-76].

butions. Q? values were calculated for each parameter set.
The results are shown in Figs. 2(a) and 2(d). It is inter-
esting to see that the slope and the intercept parameters of
the real potential anticorrelate with each other. This may be
understood by the fact that changes in the slope parameter
can, to some extent, be compensated by changes in the in-
tercept parameter without deteriorating the description of the
experimental data. Those of the imaginary part seem also

10" II‘III‘NII‘IXI‘IIY‘IXI‘III‘IXI‘II

F '%0+'"®sn 57.00 MeV B

10%F e e ]

F '®0+'?Sn 60.00 MeV E

1010k W

F '®0+'*°Sn 60.00 MeV B

1081
F "%0+?°si 31.62 MeV

10°F
F '®0+°®Ni 46.00 MeV

10*F

F '%0+'"°sn 64.00 MeV

- '%0+%2zr 56.00 MeV

I '°0+%Fe 44.00 MeV

F '%0+%Zn 49.00 MeV E

1070
0 20 40 60 80 100 120 140 160 180

0cm (deg)

FIG. 14. Same as Fig. 9, but for '°0 and '30 projectiles. The
experimental data are from Refs. [77-84].
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FIG. 15. Same as Fig. 9, but for '°Be and ''B projectiles. The
experimental data are from Refs. [85-90].

anticorrelated, but these two parameters, #; and k;, are much
more scattered than the two of the real part. This suggests,
again, that the elastic-scattering cross sections cannot well
constrain the optical model potential parameters at low en-
ergies and this problem is more serious in the imaginary part
than in the real part. Such broad distributions of the #,; and
k,; values coincide with the scattered optimum N, and N;
values obtained with the separate fitting method in Figs. 1(a)
and 1(b).

The values of {t,, k., t;, k;}, which result in the minimum
07 value, are listed in Table T as the SMF method. The
corresponding linear functions of N, (Ejy,) and N;(Ejp) are
displayed in Fig. 3. Since no obvious discrete potential fami-
lies are observed, it seems reasonable to perform a statistical
analysis on the results in Figs. 2(a) and 2(d) for a global po-
tential parameter set from this SMF method. The distributions
of ¢,; and k,; values are fitted with Gaussian functions for
1/Q% > 0.01 (this choice is rather arbitrary but the results
do not change much if another criteria is used). Since the
{t,, k., t;, k;} values obtained in this way are the averaged
results of the simultaneous fitting (ASMF), we designate them
as the ASMF results. As one can see, their values are very
close to the ones of the SMF method. These values are also
listed in Table I, together with those from the SPF and SMF
methods.

10 xwwwxwxwx‘wwx{www

T T ‘
101;‘3C+2"Si 25.00 MeV B
10 =14C+'°0 20.34 Mem
il W
—14C+'%0 23.16 MeV

= 14C+%Sr 51.00 Me

107

Ocm (deg)

FIG. 16. Same as Fig. 9, but for '*!*C projectiles. The experi-
mental data are from Refs. [91-96].

C. Combination with the systematics of Ref. [12]

The slope parameters obtained in this work, which are
based on experimental data of relatively low energies, are
different from those reported in Ref. [12] for higher incident
energies. Since the latter has been seen to be rather successful
in describing heavy-ion elastic scattering [13-16], it will be
useful to combine it with the current systematics, which is
confined with the experimental data mainly at the low-energy
region. The result is given in Eqs. (8) and (9), which are
smooth connections between the results obtained in this work
and those in Ref. [12]:

2
b (x —x{)++/c (x —x5) +d,
N, = ( 0) cr(x — xp) . ®)
2a,
. N2
bi(x —x) ++/cilx —x8) + d; )
N (x — xp) 2a'( o i " ©)

The parameters b, ;, a,;, x(’)’i, Cri» dri, and y(’)’i are listed in
Table I for the three fitting methods. The combined systematic
parameters are depicted in Fig. 3. As one can see, these are
three hyperbolic functions by taking the two lines of differ-
ent slopes as asymptotes, where the asymptotes before the
intersection points are extracted from the three fitting meth-
ods described previously, while the one after the intersection
points are the results of Ref. [12]. From Figs. 3(a) and 3(b),
it is seen that the combined renormalization factors of the
real potential for all three methods decrease with increasing
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FIG. 17. Same as Fig. 9, but for ®B, '’F, and '°F projectiles at
low energies. The experimental data are from Refs. [97-100].

incident energy and rise slowly after the energy determined
by the intersection points, while the ones of the imaginary po-
tential decrease with the incident energy and become constant
when Ejy, /A, is larger than around 20 MeV.

The overall agreement between the theoretical calculations
and the experimental data is fairly good, as can be seen
from the Q7 values listed in Table II calculated with the new
energy-dependent potential parameters derived from present

10—
E ®B+2pp 170.00 MeV E
10?2
- ®B+2%°Pb 178.00 MeV
< 100k ——
[
L °C+2%Pb 227.00 MeV
© 2
10
B+2®pp 238.00 MeV
107
10° N B R B~ SR A
0 5 10 15 20 25 30
0, m (deg)

FIG. 18. Same as Fig. 9, but for ®B and °C projectiles at high
energies. The experimental data are from Refs. [15,16,101].
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FIG. 19. Comparisons between optical model calculations and
experimental data for °Li, "Li, and *Be from light targets at incident
energies indicated in the figure. The experimental data are from
Refs. [37,100,102,103].

work [Egs. (8) and (9)] for the three search strategies by taking
N = 11in Eq. (7). After further examinations with both weakly
and tightly bound nuclei, it was found that the systematic
parameters given by the ASMF method provide a better av-
erage description of the overall trend of the interaction as a
function of energy and become a reasonable option for reliable
interpolations at the energies needed when the corresponding
data are not available.

D. Verification of the new systematic potential
1. Elastic scattering of *Be

In order to examine the prediction power and the range
of applicability of the new systematic potential, extensive
comparisons between the experimental data and results of
optical model calculations are made. The results are shown
for “Be elastic scattering from light mass targets '°Q, ?’Al,
and 8Si in Fig. 4, from medium mass targets **Zn, 8°Se, and
8y in Fig. 5, and from heavy targets '2°Sn, **Sm, 7 Au,
208pb, and 2Bi in Figs. 6 and 7. Comparisons are also made
with the theoretical results using the Sdo Paulo potential of
version 2 (SPP2). These results demonstrate that the new
systematic potential presented in this work accounts well for
the elastic scattering of Be from various targets from light-
heavy to heavy nuclei at low energies down to the vicinity
of the Coulomb barriers. This combined systematic potential
remains good in describing the elastic scattering at incident
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FIG. 20. Comparisons between optical model calculations and
experimental data for total-reaction cross sections of °Li, "Li, "Be,
and ?Be with targets indicated in the figure at various incident en-
ergies. The data sets are offset for optimum view. The experimental
data are from Refs. [47,48,98,104—109].

energies well above the Coulomb barrier, which is demon-
strated in Fig. 8, where theoretical calculations are compared
with experimental data of *Be elastic scattering from various
targets at incident energies more than 4 times the Coulomb
barriers.

2. Examination with other projectiles

Although obtained from analyses of % 7Li elastic-scattering
data, the systematic potential of Ref. [12] is found to account
for the elastic-scattering and total-reaction cross-section data
of many other nuclei. We examine the applicability of this
new systematic potential to projectiles other than *Be as well,
focusing on the low-energy region. The results are shown in
Fig. 9 for °Li, Fig. 10 for "Li, Fig. 11 for "N, Fig. 12 for
SN and **Ne, Fig. 13 for 170 and *’Ne, Fig. 14 for '°0 and
130, Fig. 15 for '°Be and ''B, and Fig. 16 for '3C and '“C.
They all show that the new systematic potential describes the
elastic-scattering angular distributions reasonably well.

The present systematic potential is also observed to be ap-
plicable for weakly bound nuclei. Figures 17 and 18 depict the
comparisons between the experimental elastic-scattering cross
sections of *B, °C, and '7"!°F and theoretical calculations with
the present systematic potential for incident energies between
2 and 30 MeV /nucleon.
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FIG. 21. Comparisons between optical model calculations and
experimental data for total-reaction cross sections of 5Li, 2°Ne,
and “°Ar with various targets. The experimental data are from
Refs. [110-112]. The solid and dotted curves are results of the
present work and of the Kox formula, respectively.
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FIG. 22. Real and imaginary parts of the potentials calculated
with the current systematic potential and those of SPP2 for °Be
scattering by %7n, Se, and Y at Ej,, = 28, 24.95, and 33.2 MeV,
respectively. Note that these potentials are displayed in the logarith-
mic scale to make the potential depths around the nuclear surface
region visible.
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dashed curves show the energy intervals chosen to calculate AJ, in
Eq. (13) whose results are shown by the solid curves. See text for
details.

The present systematic potential is established with ex-
perimental data of intermediate-mass and heavy targets.
Experimental data with light targets are not included in the
process of data fitting. It is interesting to see how this new sys-
tematic potential works when it is extrapolated to light-mass
target regions. In Fig. 19, we show results of calculations with
our new systematic potential and their comparisons with the
experimental data for ®7Li and °Be elastic scattering from °Be
and !2C targets. Although the comparison with experimental
data with light targets is not as good as the comparisons with
heavy- or intermediate-mass targets, the degree of agreement
is still reasonable. The optical model calculations could not
reproduce the increase of the cross sections at backward an-
gles for the °Li+?Be cases at 11.67 and 20 MeV. This is
expected because, as reported in Ref. [102], the ¢-transfer
and compound reaction mechanisms contribute considerably
at these angles and they are not supposed to be accounted for
by optical model calculations.

3. Total reaction cross sections

Besides the elastic-scattering angular distributions, total-
reaction cross sections (og) are also important quantities to
examine the systematic optical model potentials. We did not
confine the potential parameters with total-reaction cross sec-

tions in the present work. So comparisons with total-reaction
cross sections can be served to further verify our new system-
atic potential. The comparisons are made for “’Li and "*Be
projectiles on targets 2’ Al, 28Si, and **Ni in Fig. 20 at low
energies and for °Li, 2°Ne, and *°Ar on various targets at
relatively high energies around 35 MeV /nucleon in Fig. 21.
Very good agreement between theoretical calculations and
experimental data is found for these systems. Especially, the
calculations of oy reproduce rather well experimental data at
the low-energy region. The theoretical values are also close to
those obtained by Kox’s formula [110,113].

IV. DISCUSSIONS

A. Similar description of experimental data
with different systematic potentials

The comparisons between results of optical model calcu-
lations with the present systematic potential and with those
of SPP2 are, in general, rather satisfactory. Both system-
atic potentials are capable of describing the experimental
data reasonably well. For instance, in Fig. 5, the two sys-
tematic potentials describe the °Be + %7Zn, ?Be + %°Se, and
°Be +3%Y elastic scattering at Epp, = 28, 24.95, and 33.2
MeV nearly equally well. The corresponding total-reaction
cross sections are also very close, which are, respectively,
1083, 739, and 1162 mb with the present potential and 1090,
724, and 1151 mb with SPP2. Their corresponding potentials
are, however, rather different, as shown in Fig. 22. Large dif-
ferences in both the strengths and the radial shapes are seen in
these potentials, especially in the inner regions. The real and
imaginary parts of the present potentials are much shallower
than those of SPP2. Another thing worth mentioning is that the
real and imaginary parts of the present potentials are different
in both depth and radial shape, but those of the SPP2 parts
have the same radial shapes and their depths differ by a factor
of 0.78. This suggests that the elastic-scattering and total-
reaction data cannot provide sufficient constraint to the inner
part of the heavy-ion optical model potentials. This might be
one of the reasons why sometimes quite different potentials
produce very similar angular distributions of heavy-ion elastic
scattering. It should be noted that this problem even exists at
much higher energies, for instance, the '°0 + '°0 system at
70 MeV /nucleon studied in Ref. [8].

B. Examination with the dispersion relation

According to the theory of the dispersion relation, the real
part of the optical model potential can be divided into two
terms [114]:

V(r;E) = Vo(r; E) + AV (r; E), (10)

where Vy(r; E) is energy independent or at most depends
slowly and smoothly on the incident energy E. Therefore, the
energy dependence of the real potential mainly comes from
the AV (r; E) term, which is related with the imaginary part
of the OMP [W (r; E)] via the dispersion relation

P [ W(rE")

AV(rE) = — —_dE’, 11
sBy=_ | g (1)
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where P stands for principal value. Systematic potentials,
whose energy dependence are confined with experimental
data, allow one to examine the dispersion relations between
their real and imaginary parts. From another point of view, a
systematic potential could be assessed by checking if its real
and imaginary parts satisfy the dispersion relation.

Practically, it is profitable to study the dispersion relations
between the volume integrals of the real and imaginary poten-
tials. In doing so, the dispersion relation in Eq. (11) takes the
following form:

Juw(E")

dE', (12
T —E 12)

P
IE) = Jyo(E) + AJy = o + = /

where J, o(E) is assumed to be a constant or depends slowly
and smoothly on E (we take it to be a constant in this work),
and J, and J,, are the volume integrals per interacting nucleon
pair of real and imaginary parts, respectively.

To give an analytic form of the dispersion relation, we used
the linear schematic model of the energy dependence of the
imaginary potential as proposed in Ref. [114], where J,,(E)
is separated into a series of linear segments. The contribution
from each segment to the total dispersion is

AJI(E) = (JI jm)lEilnl&] — &Inl&;]], (13)

where J;) = Jy,(E) — Ju(Ej), & = (E — E)/Aj, §j = (E —
E;j)/A;j, Aij = E; — E; > 0,and E; and E; are the boundaries
of the energy intervals.

The dispersion relation is checked for the “Be +2%Pb
system with the present updated potential and the original
systematic potential in Ref. [12]. The results are shown in
Fig. 23. Clearly, with the updated systematic potential, the
dispersion relation between the real and the imaginary poten-
tials is much better fulfilled than with the original potential,
which was obtained mainly from analysis of the experimental
data that are well above the Coulomb barriers. The energy
dependence of the real part of the present new systematic
potential is consistent with the prediction of the dispersion
relation within nearly the whole energy range except at low
energies, which are below about 5 MeV /nucleon, where the

potentials have the biggest uncertainties. The uncertainties of
the J,, and J,, values in each energy interval were determined
in the following way: within each energy interval, three sets
of experimental data were used to find their Q? values as
functions of N, and N;. The uncertainties of N, and N; in
those intervals, AN, and AN;, respectively, were chosen so
that the Q? values associated with N, = AN, and N; & AN;
were larger than their corresponding minimum Q? values by
a factor of 1.8. The uncertainties of J, and J, were then
determined by these AN, and AN; values.

V. SUMMARY

In this work, we extend the systematic nucleus-nucleus
potential proposed in Ref. [12], which was obtained by an-
alyzing °Li and "Li elastic-scattering data with the range of
incident energies between around 10 to 100 MeV /nucleon,
to lower energies. This is realized by analyzing the elastic-
scattering angular distributions of the °Be projectile on
various targets with mass numbers ranging from 16 to 209
at incident energies from 12 to 202 MeV and combining the
energy dependence of the potential established in this low-
energy region with that of Ref. [12]. This updated systematic
nucleus-nucleus potential now covers a range of incident en-
ergies from around half of the Coulomb barrier to around
100 MeV /nucleon. Good agreement was found between re-
sults of optical model calculations with this new potential and
the experimental data of both stable and unstable nuclei for
elastic-scattering and total-reaction cross sections. With such
improved description of the nucleus-nucleus interactions at
low energies, great improvement is also found in the degree
of agreement between the energy dependence of the real part
of this updated systematic potential and the prediction of the
dispersion relation.
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