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Deformation and spin-orbit splitting of � hypernuclei in the Skyrme-Hartree-Fock approach
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The realizations of spin symmetry in the � hyperon spectra of hypernuclei ranging from light to heavy masses
are investigated in the framework of the deformed Skyrme-Hartree-Fock approach. The effect of deformation on
spin symmetry and its interplay with the required spin-orbit force is studied in detail. It is found that the spin
symmetry prevails due to a small spin-orbit force. Moreover, for spin doublets with the same principal quantum
number n, the reduced spin-orbit splitting �Es.o. shows a good linear relation with respect to the quantum number
l , even for a large �N spin-orbit strength.
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I. INTRODUCTION

Spin symmetry (SS) in the single-particle (s.p.) levels
of atomic nuclei, i.e., the quasidegeneracy between two
s.p. states with quantum numbers (n, l, j = l − 1/2) and
(n, l, j = l + 1/2), is of great importance to nuclear structure
and has been extensively discussed in the literature for nucle-
ons and antinucleons [1–4]. In ordinary nuclei, the s.p. spectra
are characterized by an obvious violation of SS. This spin-
orbit (s.o.) splitting of the spin doublets (n, l, j = l ± 1/2)
caused by the s.o. interaction, lays the foundation for explain-
ing the traditional magic numbers in nuclear physics [1,2].
The SS was also studied in antinucleon spectra [5,6]. There
is a relativistic origin for SS in the antinucleon spectra, while
SS is much more conserved in real nuclei [5].

Splittings of spin doublets combined with those of pseu-
dospin doublets play critical roles in the evolution of magic
numbers in exotic nuclei [4], discovered by modern spectro-
scopic studies with radioactive ion beam facilities, and thus
further affect the microstructure and other properties of atomic
nuclei. They can account for various nuclear structure fea-
tures, e.g., deformation [7], superdeformation [8], magnetic
moment [9], and identical rotational bands [10].

The study of SS in hyperonic s.p. levels of hypernuclei is
also an interesting topic that may help us further understand
the hypernuclear structure and hyperon-nucleon interaction.
In hypernuclei, hyperons together with neutrons and protons
jointly influence the structure of this quantum system. Since
the discovery of the first hyperfragment in an emulsion ex-
posed to cosmic rays in 1953 [11], hypernuclei have been
investigated extensively both theoretically and experimentally
to understand the hyperon-nucleon and hyperon-hyperon in-
teractions, which is crucial not only for hypernuclear structure
[12], but also for neutron stars [13–18].
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In contrast to nuclear systems, the s.o. splitting of � states
in hypernuclei is much smaller [19–21], because the strange
quark contributes little to the nuclear force. In detail, the ob-
served s.o. splitting of the 1p state in the hypernucleus 13

�C is
only �Es.o. = 0.152 ± 0.090 MeV [20], which is 20–30 times
smaller than that in ordinary nuclei. Moreover, the s.o. split-
ting of the 1 f state in the hypernucleus 89

�Y is very small as
well, namely E (1 f5/2) − E (1 f7/2) = 0.2 ± 0.06 MeV [21].
To model such small s.o. splitting, the �N s.o. force and
tensor coupling were introduced to the Skyrme-Hartree-Fock
(SHF) [22–24] and relativistic-mean-field (RMF) [25,26] ap-
proaches. The SHF studies reasonably reproduce the s.o.
splitting of � 1p states in 13

�C with a small s.o. coupling
strength [23,24]. Within the relativistic Hartree-Fock the-
ory, and adjusting the meson-hyperon coupling strength [27],
the � 1p splitting in 16

�O is obtained around the empirical
value �Es.o. = 0.3–0.6 MeV [28]. Small spin-orbit splittings
of hyperon s.p. levels in 208

�Pb were also predicted within
RMF [29].

To describe hypernuclear properties adequately, several
types of phenomenological and more microscopic �N in-
teractions have been proposed, like the Skyrme [22,30–37],
the Nijmegen soft-core [38–41], the Nijmegen extended-
soft-core [42–47], relativistic [48–55], as well as chiral
interactions [56–58]. They have been employed in ap-
propriate theoretical approaches, such as the shell model
[59,60], cluster model [61,62], antisymmetrized molecu-
lar dynamics model [63–68], nonrelativistic and relativistic
mean-field model [24,41,52–55,69–79], and the beyond-
mean-field approach [23,80–84]. In particular, the SHF
formalism has been used for the description of phenomena
like removal energies [22,77,85], deformation [41,78,86], hy-
peron halos [24,87], and pairing correlations [79].

In this paper we will extend the SHF approach to perform
a systematic theoretical study of hyperon SS in deformed
nuclei. Considering that the deformation of a hypernucleus
can also lead to the splitting of hyperon s.p. levels, it is
necessary to study the dependence of the �N s.o. interaction
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on deformation in these cases. This can help to improve the
modeling of the �N interaction by including deformation in
the future. We will use the deformed SHF (DSHF) theory
[88] and employ the Skyrme force SLy4 [89] for the NN
interaction in combination with the SLL4 [22,37] �N Skyrme
interaction, which is optimized for fitting the complete current
data set of single-� hypernuclei in spherical SHF calculations
[37,77]. We will first study the impact of deformation on the
effectiveness of these interactions to describe the � removal
energies of different orbitals, and then introduce a �N s.o.
force to investigate its dependence on deformation. Finally,
the SS of the large hypernucleus 208

�Pb will be examined in
detail.

The paper is organized as follows. In Sec. II, the theoret-
ical DSHF approach for hypernuclei is briefly introduced. In
Sec. III, the � removal energies, the density distributions of
the hypernuclei and the � hyperon, the combined effects of
deformation and the s.o. interaction, and the SS in the hyperon
spectrum of 208

�Pb are discussed in detail. Finally, a summary
is given in Sec. IV.

II. THEORETICAL FRAMEWORK

In the DSHF approach, the total energy of a hypernucleus
is given by [31,41,71,85,86,88]

E =
∫

d3r ε(r) , (1)

where the energy-density functional is

ε = εN [ρn, ρp, τn, τp, Jn, J p] + ε�[ρn, ρp, ρ�, τ�, JN , J�]

(2)

with εN and ε� as contributions from NN and �N interac-
tions, respectively. For the nucleonic functional εN , we use
the standard Skyrme force SLy4 [89]. The one-body density
ρq, kinetic density τq, and s.o. current Jq read

[ρq, τq, Jq] =
Nq∑

k=1

nk
q

[∣∣φk
q

∣∣2
,

∣∣∇φk
q

∣∣2
, φk

q
∗(∇φk

q × σ
)
/i

]
,

(3)

where φk
q (k = 1, . . . , Nq ) are the s.p. wave functions of the

kth occupied states for the different particles q = n, p,�.
The occupation probabilities nk

q are calculated by taking into
account pairing within a Bardeen–Cooper–Schrieffer (BCS)
approximation for nucleons only. The pairing interaction
between nucleons is taken as a density-dependent δ force
[90,91],

Vq(r1, r2) = V ′
q

[
1 − ρN ((r1 + r2)/2)

0.16 fm−3

]
δ(r1 − r2) , (4)

where pairing strengths V ′
p = V ′

n = −410 MeV fm3 are
used for light nuclei [92], while V ′

p = −1146 MeV fm3,
V ′

n = −999 MeV fm3 for medium-mass and heavy nuclei [41].
A smooth energy cutoff is employed in the BCS calculations
[93]. In the case of an odd nucleon number the orbit occupied
by the unpaired nucleon is blocked as described in Ref. [94].

FIG. 1. The removal energies of the major � s.p. shells in several
hypernuclei obtained with the original SLy4 NN and SLL4 �N
Skyrme-type interactions, without (horizontal blue bars) and with
(other colors) considering deformation, in comparison with exper-
imental data [96] (vertical black bars). The spherical results are
obtained by mixing several deformed orbits with the same occupation
probability. The predicted core deformation, Eq. (8), is indicated for
the relevant hypernuclei.

Through the variation of the total energy Eq. (1) one de-
rives the SHF Schrödinger equation for both nucleons and
hyperons,[

−∇ · 1

2m∗
q (r)

∇+Vq(r) − iW q(r) · (∇×σ )

]
φk

q (r)=ek
qφ

k
q (r) ,

(5)

where Vq(r) is the central part of the mean field depending on
the densities, while W q(r) is the s.o. interaction part [88,90].

For the Skyrme-type interactions, ε� is given as
[22,31,33,35,37]

ε� = τ�

2m�

+ a0ρ�ρN + a3ρ�ρ1+α
N + a′

3ρ�

(
ρ2

N + 2ρnρp
)

+ a1(ρ�τN + ρNτ�) − a2(ρ��ρN + ρN�ρ�)/2

− a4(ρ�∇ · JN + ρN∇ · J�) , (6)

where the last term is the s.o. part, which is adjusted to
reproduce the observed s.o. splitting of 13

�C in our approach
[24,87,95]. Two alternative parametrizations of nonlinear ef-
fects are indicated, i.e., the first one a3 derived from a G matrix
[32,36,69] and the second one a′

3 from a �NN contact force
[30,31]. The SLL4 �N force used in this work employs the
first choice. For convenience we repeat here the parameters
[37]: α = 1, a0,1,2,3 = [−322.0, 15.75, 19.63, 715.0] (in ap-
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FIG. 2. Two-dimensional density distributions ρ� of different � orbits and the change of nucleonic background density δρN , Eq. (10), in
the (r, z) plane, for 208

�Pb, 51
�V, and 28

�Si, obtained with the SLy4 + SLL4 interaction. The leftmost panels show the density of the core nuclei.

propriate units for ρ given in fm−3 and ε in MeV fm−3),
whereas a4 will be discussed later.

In the present calculations, the DSHF Schrödinger equa-
tion is solved in cylindrical coordinates (r, z), under the
assumption of axial symmetry of the mean fields. The optimal
quadrupole deformation parameters

β
(q)
2 =

√
π

5

〈
2z2 − r2

〉
q〈

z2 + r2
〉
q

(7)

are calculated by minimizing the energy density functional.
However, when comparing with experimental deformations
derived from the quadrupole moment Qp, we employ the
definition

β =
√

5π

3

Qp

ZR2
0

(8)

with R0 ≡ 1.2 A1/3 fm [86,92,97,98,105].

III. RESULTS AND DISCUSSION

A. Removal energies

The experimental � removal energies

B� = E
(A

�
Z
) − E (A−1Z ) (9)

in the different � shells are quite close to the corresponding
� s.p. energies due to the absence of the Pauli exclusion prin-
ciple and the small core rearrangement effects of the single �

hyperon. Therefore, these values will allow us to analyze the
SS in the � hyperon spectrum.

To study the accuracy of the Skyrme-type interactions
SLy4 + SLL4 to reproduce the removal energies, we calcu-
late B� of hypernuclei in the whole nuclear chart. Figure 1
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FIG. 3. Potential energy surfaces of 12C obtained with different
reduction factors γ of the SLy4 s.o. force (indicated near the curves).
The markers indicate the minima of each curve, in comparison with
the experimental value [97,98].

shows the results with and without considering deformation.
One should stress that the Skyrme parameters of all current
�N Skyrme forces have been determined in spherical calcu-
lations, and thus in principle should be refitted by allowing
deformation, which we will not attempt in this work, but
rather use the standard forces. Doing so, some nuclear cores
are predicted as deformed by the SLy4 force, with the values
of the deformation β indicated in the plot. Comparing the
removal energies of undeformed (horizontal blue bars) and
deformed (other colors) calculations in these cases, one notes
that the difference for the � 1s states is very small, whereas
the higher s.p. states split up according to the magnitude of
deformation, which will be analyzed in more detail later. Of
those states, usually the most bound one is expected to be
physically realized. As the level splittings are of the order
of 1 MeV, this demonstrates that high-precision hypernuclear
spectroscopy will also require precise theoretical modeling,
including in particular the core deformation. Vice versa, pre-
cise experimental results for higher � s.p. levels [106] could
provide indications on the core deformation.

B. Density distributions

In Fig. 2 we illustrate the impurity effects caused by the
inclusion of the � hyperon for the three hypernuclei 208

�Pb,
51
�V, and 28

�Si, of which the first is spherical, the second
prolate, and the third oblately deformed, with the deformation
β given in Fig. 1. The odd rows show the two-dimensional
� density distributions with the � occupying different major
shells, and the even rows the density change of the nuclear
core, e.g.,

δρN ≡ ρN
[208

�
Pb

] − ρN [207Pb] . (10)

The density profiles of the core nuclei are shown in the left-
most column.

FIG. 4. � 1s removal energies of hypernuclei A+1
�C obtained

with SLy4 (the original interaction), SLy4r6 (s.o. reduction factor
γ = 0.6), SLy4r4 (γ = 0.4) NN , and the SLL4(a4 = 0) �N inter-
action, in undeformed (thin curves) and deformed (thick curves)
calculations. The experimental data (π+, K+) [96,99], Emulsion1
[100], Emulsion2 [101], KEK-SKS [102], and DANE-FINUDA
[103,104] are also shown.

The shapes of the hyperon density distributions, includ-
ing the symmetry properties and the numbers of nodes
and peaks, are mainly determined by the spherical har-
monics functions Ylm(θ, φ). In δρN one can clearly see
the imprint of the � on the nucleonic background by
the �N interaction: For the s� orbitals one observes
the shrinkage phenomenon of the nuclear core due to the
attractive �N interaction [33,86,107–109]. For the p� orbitals
instead, the core deformation could be enhanced due to the
large deformation of the nondegenerate � 1p states [24,110].
For heavy hypernuclei like 208

�Pb, the effect of the hyperon is
fairly small, but more substantial for the lighter nuclei.

C. Effect of deformation on spin symmetry

To investigate the effect of deformation on spin symmetry,
we first study 13

�C, for which the experimental s.o. splitting
value of the � 1p1/2 and 1p3/2 states is known, E (1/2−)−
E (3/2−)= 0.152± 0.054(stat)± 0.036(syst) MeV [20,111],
and the excitation energies of the 1/2− and 3/2− states
were determined as 10.98 and 10.83 MeV, respectively.
However, while the deformation of the core nucleus
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FIG. 5. Potential energy surfaces of different � 1p states for 13
�C,

28
�Si, and their core nuclei, obtained with SLy4r4 (s.o. reduction fac-
tor γ = 0.4)+SLL4(a4=3.15 MeV fm5) forces. B� values are given
in MeV.

12C derived from its proton quadrupole moment Qp is
rather large, β ≈ −0.58 ± 0.03 [97,98], the NN interac-
tion SLy4 predicts a spherical ground state [41,86,110,112].
In Ref. [112] it was pointed out that the s.o. splitting
of the s.p. levels around the Fermi surface plays an es-
sential role in driving the nuclear deformation. Therefore,
empirically the NN s.o. interaction is reduced in order to
obtain deformed minima [24,80,82,83,86,92,112,113], and
we also follow this procedure to reproduce the proper
β value.

The potential energy surfaces corresponding to different
reduction factors γ of the SLy4 NN s.o. force are illustrated in
Fig. 3. One observes that the theoretical quadrupole deforma-
tions are close to the experimental one for strong reductions
γ � 0.4. This modification of the NN force also changes
slightly the predictions for the � 1s removal energies of the
carbon isotopes, which is illustrated in Fig. 4, where theo-
retical results obtained with γ = 1, 0.6, 0.4 in spherical and
deformed calculations are compared. One observes that both
the reduction of the NN s.o. force and the deformation of the
core nucleus (which usually causes a smaller central nucleon
density relevant for 1s states) slightly reduce the predicted B�

values, which remain however within the current experimental

FIG. 6. Dependence of physical quantities for 13
�C on the

NN s.o. reduction factor γ : (a) quadrupole deformations of
core nucleus and � orbitals with occupied [101 (1,3)/2] 1p
and [000 1/2] 1s states; (b) corresponding � removal energies;
(c) �N s.o. force strength a4 required to reproduce a 0.15 MeV 1p
splitting.

error bars. The appropriate procedure would be to refit the
SLL4 �N force within the improved formalism by taking into
account deformation, but we will not attempt that here, and
rather focus on the �N s.o. force in the following, choosing a
reduction value of γ = 0.4 for the NN s.o. force.

We then investigate the combined effect of deformation
and �N s.o. force (∼a4) on the splitting of the � 1p states
[110 1/2], [101 1/2], and [101 3/2] in 13

�C. Fig. 5(a) depicts
the potential energy surfaces corresponding to these states.
In the spherical calculation with a4 = 0 all three states are
degenerate and a small removal energy B�p ≈ 0.5 MeV is
predicted. However, since the core nucleus is strongly oblately
deformed, the embedded oblate [101 1/2] and [101 3/2]
states are energetically favored, and their binding rises to
B�p ≈ 1.8 MeV. On top of this, the small s.o. parameter a4 =
3.15 MeV fm5 is fitted to reproduce the experimental s.o.
splitting between the [101 1/2] and [101 3/2] states [24,87].
On the contrary, the prolate [110 1/2] state is energetically
disfavored in the oblate 12C core. It would be difficult to ob-
serve this state experimentally, as its excitation would require
a collective configuration change from the oblate true 12C
ground state to the excited prolate one. The detailed modeling
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FIG. 7. Potential energy surfaces of 89
�Y with � occupy-

ing different states and of the core nucleus, obtained with
SLy4(γ = 1)+SLL4(a4 = 3.15 MeV fm5) forces. The inset shows
the 1 f levels close to β = 0.

of this process would require a more sophisticated dynamical
theoretical framework.

We note that the s.o. parameter a4 = 3.15 MeV fm5 is
slightly larger than the one required in the spherical calcu-
lation for the same s.o. splitting, a4 = 2.35 MeV fm5 [87],
which indicates clearly the interplay between deformation and
s.o. force. This is examined in more detail in Fig. 6, which
shows the dependence of 13

�C deformation properties on the
s.o. reduction factor γ . Panel (a) shows the deformations of
core nucleus and � density. Since the [101 1/2] and [101 3/2]
� orbitals are both deformed, in this case also the nuclear
core remains deformed even for γ ≈ 1, where the pure 12C
nucleus and 13

�C with � 1s occupation are instead spherical
(black and green curves), see also Fig. 3. One can clearly see
the contraction or extension of the nuclear core due to the
presence of a 1s or 1p �, respectively. The effect was illus-
trated in Fig. 2 (third column) for heavier nuclei. Figure 6(b)
shows the change of B� of both � 1p states with γ , in which
their splitting is always constrained to 0.15 MeV. The binding
increases with deformation due to the better overlap of �

and nucleon densities indicated in panel (a). The predicted
values for γ = 0.4 are about 1.8 MeV, close to experimental
result of about 1.1 MeV [96]. As stated before, in the future
deformation should be included in an improved global fitting
procedure of the SLL4 force. The value of a4 reproducing
the 0.15 MeV splitting of the 1p doublet in 13

�C is shown in
Fig. 6(c).

FIG. 8. � s.o. splittings of the 1p, d, f levels for 89
�Y as a func-

tion of a4.

Coming back to Fig. 5, in panel (b) the s.o. splitting is
studied for another deformed hypernucleus, 28

�Si, whose de-
formation can be roughly estimated as β ≈ 0.4 [97,98,114]
by the one of its adjacent isotope. With γ = 0.4, this value
is also predicted theoretically, and the � 1s removal energy
is B�s = 16.7 MeV, close to the experimental value 17.2 ±
0.2 MeV [96], while the theoretical and experimental removal
energies for the 1p state are B�p = 8.8 and 7.6 ± 0.2 MeV,
respectively. The effect of deformation on the splitting of the
� 1p states is similar to that in 13

�C. With the same a4 =
3.15 MeV fm5, the predicted splitting between the [101 1/2]
and [101 3/2] states is about 0.14 MeV, a little smaller than
that in 13

�C, but there are currently no experimental data for
this hypernucleus.

D. Structure of 89
�Y

Instead, results of a theoretical analysis of the (π+, K+)
data for the hypernucleus 89

�Y are available, namely
E (1 f5/2) − E (1 f7/2) = 0.2 ± 0.06 MeV [21]. We therefore
study this case in Fig. 7. This (hyper)nucleus is predicted to
be undeformed or very slightly deformed when taking into ac-
count the intrinsic deformation of the � 1p orbits, cf. Fig. 6(a)
at γ = 1 for 13

�C, while experimental data regarding defor-
mation are not available. The SLL4 force reproduces nearly
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FIG. 9. Same as Fig. 7, for 208
�Pb.

perfectly the � s.p. levels in the spherical calculation, see
Fig. 1. The � 1 f level is split up into seven substates by s.o.
force and deformation. The experimentally relevant splitting
occurs between the [303 5/2] and [303 7/2] substates [21],
and its value is reported in Fig. 8 as a function of a4, together
with all other splittings of the � 1p, d, f states. We note
that the predicted 1 f(5,7)/2 splitting with a4 = 3.15 MeV fm5

is about 0.4 MeV, somewhat higher than the value deduced
from a distorted wave impulse approximation analysis of the
89Y(π+, K+)89

�Y reaction [21], which would correspond to
a4 ≈ 2 MeV fm5. But more detailed experimental data are
required for a precise determination. In any case, this confirms
that also in this hypernucleus the �N s.o. force is very small.

E. Spin symmetries in 208
�Pb

The same analysis is carried out for the heavy spherical
hypernucleus 208

�Pb in Figs. 9 and 10, where the latter shows
the splitting of the � 1s, p, d, f , g levels as a function of a4 in
comparison with the corresponding data [96]. With increasing
a4, the upper j levels gain binding energy, while the lower
ones are less affected or decrease. The size of the splitting
increases with l , consistent with the RMF calculations [29].
Values of a4 � 10 MeV fm5 can be excluded by the current
data.

We further visualize the splitting of SS for 208
�Pb in Fig. 11,

namely the � removal energies of seven sets of spin doublets,
1p, d, f , g, h and 2p, d . All spin doublets are found to be
quasidegenerate. As observed in Fig. 10, for the same prin-

FIG. 10. The � removal energies B� in 208
�Pb as functions

of the �N s.o. force coupling strength a4. The black lines de-
note the experimental data, and the gray bands the corresponding
uncertainties [96].

cipal quantum number n, the splitting increases with orbital
angular momentum l , as expected.

Finally, in Fig. 12 the so-called reduced s.o. splittings

�Es.o. = (B� j> − B� j< )/(2l + 1) (11)

are plotted versus the average � removal energies

Eav = (B� j< + B� j> )/2 (12)

for different values of a4. For the orbits with the same princi-
pal quantum number, �Es.o. exhibits a good linear correlation
with Eav, for any fixed a4. For a4 = 3.15 MeV fm5, the re-
duced splittings are less than 0.1 MeV for all spin doublets,
which are much smaller than those in single-nucleon spectra.

FIG. 11. � removal energies in 208
�Pb. The n = 1, 2 spin doublets

obtained with a4 = 3.15 MeV fm5 are indicated. The corresponding
1s � potential is also shown.
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FIG. 12. Reduced s.o. splittings �Es.o. in 208
�Pb versus their av-

erage removal energies Eav, see Eqs. (11),(12), for varying �N s.o.
coupling strength a4. The lines indicate the linear relations for the
doublets with the same principal quantum number.

This can be understood as the s.o. interaction of the hyperon
is about 20–30 times smaller than that of the nucleons.

The SHF results presented here are qualitatively similar
to those of the RMF calculation [29]. However, more quan-
titative conclusions would require obtaining the � n = 1, 2
levels more accurately for several hypernuclei, which might
be achieved in the future precision experiments scheduled at
JLab [106].

IV. SUMMARY

The energy levels of the major � s.p. shells in hypernuclei
ranging from light to heavy masses as well as the spin symme-
try in the corresponding � spectrum were investigated in the
framework of the DSHF approach with the SLL4 �N force
fitted to the current global data set of � hypernuclei.

The interplay of s.o. interaction and deformation on the
s.o. splitting of the � orbitals is studied in detail. The cur-
rently available data on 13

�C and 89
�Y indicate a very small

effective Skyrme s.o. force, a4 ≈ 3 MeV fm5, which how-
ever depends on the theoretical quadrupole deformation of
the hypernucleus, which also affects the splitting of the
levels. Larger deformation requires a larger intrinsic s.o.
force.

As in many cases the deformation of core nuclei is un-
known experimentally, this will remain a principle problem
for a future simultaneous determination of the �N Skyrme
parameters a0,1,2,3,4,... in a global approach by taking into
account deformation. It also requires a beyond-mean-field
approach [23,80,82] as a more realistic treatment to deal with
deformation, in particular for weakly bound s.p. states.

For the spin doublets with the same main quantum number
n, the s.o. splitting increases with orbital angular momentum
l , such that �Es.o. shows a good linear correlation with Eav,
even for larger �N s.o. strengths a4.
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