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We extend the renormalizability study of the formulation of chiral effective field theory with a finite
cutoff, applied to nucleon-nucleon scattering, by taking into account nonperturbative effects. We consider the
nucleon-nucleon interaction up to next-to-leading order in the chiral expansion. The leading-order interaction
is treated nonperturbatively. In contrast to the previously considered case when the leading-order interaction
was assumed to be perturbative, new features related to the renormalization of the effective field theory are
revealed. In particular, more severe constraints on the leading-order potential are formulated, which can enforce
the renormalizability and the correct power counting for the next-to-leading-order amplitude. To illustrate our
theoretical findings, several partial waves in the nucleon-nucleon scattering, >Po, *S; ->Dy, and 'S, are analyzed
numerically. The cutoff dependence and the convergence of the chiral expansion for those channels are discussed.
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I. INTRODUCTION

Over the last decades, the effective field theory (EFT)
approach has become a standard tool in studies of the nucleon-
nucleon (NN), few-nucleon, and many-nucleon systems due
to the possibility to perform systematically improvable cal-
culations in accordance with the chiral power counting. The
chiral power counting implies an expansion of observables in
terms of the ratio of the soft and the hard scales Q = g/A,.
The soft scale is given by the pion mass M, and the external
particle 3-momenta |p|, whereas the hard-scale A, is the
breakdown scale of the EFT expansion of the order of the
p-meson mass.

Starting with the seminal work by Weinberg [1,2], a lot of
progress has been achieved in this field, see Refs. [3—-8] for
reviews.

In realistic calculations, one has to deal with regularization
of an infinite number of divergent Feynman diagrams orig-
inating from the field theoretic treatment of nonperturbative
amplitudes. One of the most practical approaches is related to
introducing a finite (of the order of the hard-scale A;) cutoff
A in momentum space (or a corresponding short distance
cutoff in coordinate space). The success of such a scheme is
reflected in very accurate calculations at high orders in the
chiral expansion, see Refs. [9-11] for recent applications.

A justification of such an approach from the fundamental
point of view is complicated by the issue of renormalization
and power counting violation due to the appearance of positive
powers of the cutoff in the amplitude. Such contributions
are generated by loop momenta of the order of the cutoff
A. There exists a qualitative understanding in the literature
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[12—15] that such positive powers of A in the leading-order
(LO) amplitude get compensated by the negative powers of
the scale Ay stemming from the LO potential, which is also
regarded to be of the order of the hard-scale Ap: Ay ~ A ~
Ap. Further, one believes that at higher chiral orders, the
power counting breaking terms can be absorbed by a renor-
malization (shift) of lower order contact interactions [12].
However, until recently, a rigorous treatment of these prob-
lems and a systematic analysis of conditions under which the
renormalization program can be carried out has been missing.
Such a rigorous treatment is extremely important within the
EFT approach, where systematic power counting is utilized to
estimate theoretical uncertainties.

We addressed this issues in our study in Ref. [16]. In
particular, we considered the LO potential consisting of the
long-range one-pion-exchange term and a set of contact in-
teractions that are momentum-independent or quadratic in
momenta. The LO potential was regularized by various types
of the form factors in momentum space, including local and
nonlocal regulators both power-like and Gaussian. This covers
most of the schemes considered in the literature.

In Ref. [16], it was assumed that the iterations of the
leading-order potential V) can be treated perturbatively. More
precisely, the series of the LO and the next-to-leading-order
(NLO) amplitude in powers of V;, were assumed to be con-
vergent. However, the convergence rate of the expansion in Vj
might still be slower than the convergence rate of the chiral
EFT expansion, which makes it necessary to sum up all (or
many) iterations of V. However, the NLO potential needs not
be iterated in the NLO amplitude. In the physical case of the
NN scattering, such a perturbative regime is realized in most
of the partial waves. The prominent exceptions are the 'S,
33, -*°Dy, and ?Py channels.

Under the above rather general assumptions, we proved the
following statements:
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(i) The LO amplitude satisfies the dimensional power
counting at each order in V; and is of chiral or-
der O(Q"). If necessary, then contact interactions
quadratic in momenta can be promoted to leading
order.

(i) The NLO amplitude in P and higher waves satisfies
the dimensional power counting at each order in Vj
and is of chiral order O(Q?).

(iii)) The unrenormalized NLO amplitudes in the S-
waves (including the 3S;->D; channel) violate the
power counting and are of order O(Q%). To ab-
sorb the power-counting breaking terms, we em-
ployed the Bogoliubov-Parasiuk-Hepp-Zimmermann
(BPHZ) renormalization procedure and performed the
overall subtractions in the diagrams as well as sub-
tractions in all nested subdiagrams. As a result, the
renormalized NLO amplitude was shown to satisfy
the dimensional power counting and being of chiral
order O(Q?) up to corrections logarithmic in the cut-
off at each order in V.

In the current work, we extend our analysis to the non-
perturbative case, i.e., to the situation when the series in the
LO potential V; do not converge for the LO and/or NLO
amplitude. This will allow us to consider the above-mentioned
nonperturbative channels in NN scattering. Our analysis is
based on the application of the Fredholm method of solving
integral equations, which enables us to match the perturbative
and nonperturbative regimes.

Our paper is organized as follows. In Sec. II, we briefly
describe our formalism based on the effective Lagrangian, the
corresponding effective potential and the way the amplitude
is constructed in the nonperturbative case. In Sec. III, we
explain the application of the Fredholm method for the LO
Lippmann-Schwinger equation. In Sec. IV, we demonstrate
the renormalization of the nucleon-nucleon interaction in P
waves and higher. The renormalization in the S waves is ad-
dressed in Sec. V. Numerical results that illustrate our formal
considerations are presented in Sec. VI. The paper ends with
a summary. Bounds on the effective potential and various
integrals are collected in Appendix.

II. FORMALISM
A. Effective Lagrangian and potential

In this section we briefly describe the formalism of chiral
EFT used in our analysis. Some details are omitted and can be
found in Ref. [16].

The starting point is the effective chiral Lagrangian rep-
resented as a series of all possible terms consistent with the
symmetries of the underlying theory [17]. The expansion of
the Lagrangian is performed in terms of the quark masses
and field derivatives. The effective Lagrangian contains purely
pionic terms, single nucleon terms, two-nucleon interactions,
etc.:

Lo = L3+ LY + LU+ LY+ Ly + L34+, (D

where the superscripts denote chiral orders.

The chiral expansion of the NN amplitude in terms of
the small parameter Q is performed according to the Wein-
berg power counting [2] (with possible modifications based
on phenomenological arguments, e.g., promotion of certain
higher order contributions to lower orders). The power of QO
for a potential (i.e., two-nucleon-irreducible) contribution is
determined by a sum over all vertices i in the diagram:

D=2L+Z<di+%—2), )

where L is the number of loops, n; is the number of nucleon
lines at vertex i and d; is the number of derivatives and pion-
mass insertions at vertex i. The chiral order of a 2N-reducible
diagram is equal to the sum of the orders of its irreducible
components.

Since the LO contributions appear at order O(Q?), the
corresponding potential terms have to be iterated an infinite
number of times. To implement this procedure on a formal
level and to regularize multiple-loop integrals, it is convenient
to reformulate the effective Lagrangian of two-nucleon inter-
actions in Eq. (1) in terms of the nonlocal regularized potential
contributions of the form (see Ref. [16] for details)

1
Ly = — [ d5d5 3N (0. T =3 /DN 0.5+ 572

X VG, 9jr.jrir.iNiy (0, X 4 ¥/2)N, (x0, X — §/2),
3)
where i, i», ji, jo are the combined spin and isospin indices
of the corresponding nucleons. This formulation is customary
for the few-body and nuclear physics.
The full potential is organized as a series according to the
chiral expansion:

V=vO4y® L y® py® 4 )

Bare potentials V@ are split into the renormalized parts V; and
the counter terms §V;:

VO =V, 48V, sVi=8VP+svP +sv P+ (5

The counter terms & Vl.(j ) (j > i) absorb the divergent and the
power counting violating terms appearing at order O(Q”).

The LO potential Vj is regulated (the details are given in
Sec. II B and in Appendix A) using a cutoff A to make the
iterations of V) finite. We regard the cutoff value A (the largest
cutoff among all cutoffs used in the LO potential) to be of the
order of the hard-scale A ~ A;. Higher order potentials can
be considered either regulated or unregulated depending on a
particular scheme, which will be discussed in the subsequent
sections.

Note that to make some intermediate expressions mathe-
matically well defined, one might need to introduce additional
cutoffs that drop out from the final results after performing
certain subtractions. Such cutoffs can be chosen to be much
larger than A (or even infinity large).

To make the formulation of the theory in terms of nonlocal
(on the Lagrangian level) regularized potential contributions
completely equivalent to the original formulation in terms of
local interactions, the regulator corrections 6,V have to be
taken into account:

8aV =Y 8aV0, 8 vO =V VP (6)
i
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where Vliioc is the unregulated potential at the chiral order i.
One possibility, often implicitly used in practical calculations,
is to expand §,V in powers of 1/A and absorb the resulting
terms by higher order contact interactions. This is possible
if the potential does not contain nonlocally regularized long-
range contributions. Another approach suggested in Ref. [16]
is to keep the terms with §, V explicitly and consider those as
perturbation. This allows us to reduce the cutoff dependence
and extend the range of possible values of A, especially to
smaller ones.

B. LO and NLO potentials and regulators

Our treatment of the LO and NLO potentials is identical to
Ref. [16].

Weinberg’s power counting in Eq. (2) implies that the
leading-order O(Q®) potential Vo(p’, p) is represented by the
sum of the regulated static one-pion-exchange potential and
the short-range part:

Lo 0 2/ = 0 Y-
Vo', p) = Vi s (B B) + Vg (B B), (D
where the short-range part Vsiﬁ))m A May contain momentum-

independent contact terms as well as the contact terms
quadratic in momentum. The latter are formally of order
0(Q?), as follows from Eq. (2). Nevertheless, it is known that
in some channels, e.g., 'S and 3Py, their promotion to leading
order can be motivated by phenomenological arguments, see,
e.g., Refs. [18-21].

For the sake of generality, we allow for different forms
of regulators: power-like local, power-like nonlocal, Gaussian
local, and Gaussian nonlocal regulators as well as all possible
combinations of those. In Ref. [16], we argued that for a
local part of the LO potential V{ joca1(G ), the regulator (if it is
also local) can be rather “mild.” If the regulated LO potential
behaves as

. 1 -
Voocal(§) ~ —— . for |g| — oo, (®)

171
then both LO and NLO amplitudes turn finite after renormal-
ization even if the NLO potential is not regulated. The reason
for that is a milder ultraviolet behavior of local structures
after performing subtractions. Such a mild regulator cannot
be chosen for the nonlocal parts of the LO potential.

Equation (8) implies that in the spin-triplet channels the
one-pion-exchange potential can be regulated by a dipole form
factor,

A* — M2
@+ A%
whereas for the spin-singlet channels it can even be left un-
regulated.

Although in practical calculations one typically imple-
ments Gaussian or even sharper regulators to guarantee the
finiteness of all integrals, we consider separately the above-
mentioned situation with a local part of the LO potential
having the ultraviolet asymptotics as in Eq. (8) and say that
such a potential has a “mild” regulator in contrast to “stan-
dard” regulators, i.e. all other cases. This is done to keep
the analysis general and to clarify the difference between

Fiin a1 =

(€))

perturbative and nonperturbative regimes. Moreover, such an
analysis is useful to understand the cutoff dependence of the
NN amplitude: the milder regulator can be chosen, the weaker
cutoff dependence should be expected.

For completeness, we provide the explicit expressions
for the LO potential and the corresponding regulators in
Appendix A.

The next-to-leading-order potential V,(5’, p) contains the
short-range part, the two-pion-exchange potential and the reg-
ulator corrections to the leading-order potential:

Va(p', p) = V2 (B B+ VI (B B+ 8a VOB, p).
(10)

In Ref. [16], we found that one does not need to regularize the
NLO potential to perform the renormalization of the NLO am-
plitude. Or, equivalently, one can introduce a cutoff Ay o >
A. However, in practical calculations, one can choose Anpo ~
Ay if it improves efficiency of a computational scheme. Both
approaches are formally equivalent because the regulator cor-
rections 8, V® appear at order O(Q*) in accordance with the
dimensional power counting.

It turns out, that the situation is slightly different in the
general nonperturbative case, where for the choice of the
“mild” LO regulator we need to keep Anio finite. It can still
be larger than A, but not arbitrarily large, see discussion in
Sec. V.

The explicit expressions for the NLO potential can be
found in Appendix B.

C. NN amplitudes and contour rotation

In the present study we work predominantly in the partial
wave [sj basis, which makes the analysis of the nonpertur-
bative effects more efficient. In the Isj basis, the potential
and the amplitude are npw X npw matrices, where npw = 1
(npw = 2) for the uncoupled (coupled) partial waves. The
series for the partial wave LO amplitude and for the unrenor-
malized NLO amplitude are given by

00
TO — Z TO[V!]7 TO[Vl] — V()Kn — KnVO’ (11)
n=0
00
L=y 1" 1" =K"VK", (12)
m,n=0

where G is the free two-nucleon propagator and
K =GV, K=WG. (13)

In the nonperturbative case these equations generalize to
Ty = VR = RV}, (14)
T, = RV;R, (15)

where R (R) is the resolvent of the Lippmann-Schwinger
equation (LSE)
1 _ 1
R=——, R=——. (16)
1-K 1-K
The renormalized expression for the NLO amplitude R(73)
is obtained by adding the relevant counter term, see Sec. V for
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details:
R(D>) = R(V> + 8VV)R. 17)
The explicit form of the LSE, Ty = Vy + Vo GTy, reads

//zd /!
(To)ri(P', P pon) = Z/ %(VO)W . r"
I//

x G(P"; pon) (D)1 (P, Ps Pon)s
my

G\, ==\
(" Pon) P tie

(18)
The indices [/, I/, I” denote the orbital angular momentum
of the NN system, p,, is the on-shell center-of-mass (c.m.)
nucleon momentum and p (p’) are the initial (final) off-shell
c.m. momenta.

It turns out useful to modify the integration path over the
off-shell momentum p” and rotate the contour into the com-
plex plane [22-24]. The new integration contour C is defined
by p” = |p’|le~™®¢. Our choice for the rotation angle ac is
determined by the location of singularities of the LO potential
in the complex plane [16]:

1 M,
o¢c = — arctan s
2 Pon)max

the maximal

(19
where  (Pon)max 18 considered on-shell
momentum.

The contour rotation enables us to perform direct estima-
tions of the bounds on the partial wave amplitudes avoiding
principal value integrals.

D. Bounds on the potentials and the NN propagator

By analogy with Ref. [16], we use certain upper bounds
for the potentials and the NN propagator that are valid for
off-shell momenta lying on the complex contour C and for
the allowed real on-shell momenta. These bounds allow us to
estimate the nucleon-nucleon LO and NLO amplitudes and to
verify the corresponding power counting.

Following Ref. [16], in the bounds considered below, we
introduce dimensionless constants named M;: My,, Mg,
etc., which are supposed to be of order one. Analogous con-
stants appear in our final estimates for the amplitudes.

Some of the inequalities should be modified compared to
Ref. [16] to be better suited for the nonperturbative analysis.
In particular, for the LO potential Vy(p', p), we need bounds
that are separable in momenta p and p’.

The inequalities listed below are meant to hold for all
matrix elements of the partial wave potentials Vy(p/, p) and
Vo(p', p) in I, 1’ space. Their derivation can be found in

Appendices C and D.

The LO partial-wave potential obeys the following bounds:
Vo', P < My, Vo,max 8(pA(p), (20)
|V0(P/’ 17)| < MVOVO,max h(P/)g(P),

with
82
Vi max — —_ 5, > 21
0,ma: mNAV ( )

where the exact form of the functions g and 4 (and the value
of My,) depends on the partial wave and on the form of a
regulator. For / = 0 (for the coupled partial waves, we mean
by [ the lowest possible orbital angular momentum), g and A
are given by

8(p) = hog(p/N), h(p) =1, (22)
for the “mild” regulator, and by

g(p) = [Mp/MIP, h(p) = [Mp/A], (23)

for the “standard” regulators with the functions A and Ajeg
defined as

1
AE) =061 —[E)+ 05| - DW’
1+ Inl§|

Mog(§) = O(1 — |&§]) +0(|5] — I)T- (24)
For higher partial waves, [ > 1, we adopt the bounds
8(p) = hog(p/N)/Ipl, - h(p) = |pl. (25)

Notice that while in the latter case one could use a stronger
bound and replace Aj,, with A for the “standard” regulator,
this would not affect our conclusions. Therefore, we prefer to
employ this unified bound.

For spin-singlet partial waves without a short-range LO
contribution, one can improve the above bounds and replace
in Eq. (25) Aiog(p/A) with Ajoe(p/M5 ). However, in all such
channels the perturbative regime for the LO potential is real-
ized, which has already been analyzed in Ref. [16] and will
not be considered here.

Note that for |p| < A, and, in particular, for the on-shell
momentum |p| = pon, we have in all cases g(p) = h(p) = 1.

It is convenient also to introduce the functions

v (P, p) = Vo(p', PIIMy,Vo.max h(p)g(p)] ™",

(P, P) = Vo(p', PIIMy,Vomax gpORPI™',  (26)
for which the following bounds hold:
[00(p’, p)I < 1. 27

For the unregulated NLO potential, we adopt the bounds
from Ref. [16]. In particular, for / = O:

Va(p', )l < My, o(Ipl* + 1P D fioe(P, p), (28)

lvo(p', p)l < 1,

with
P ) = — )
logp’p_mNAvAi log(P > P),

4 1Pl
fog(P', p) = 6(Ip| — M) 1In A +6(]p'| —Mz)In A +1,

T

(29)

where we have dropped the log A /M, term in the definition
of fiog, Which is unnecessary and was introduced in Ref. [16]
for convenience.

Note that in Ref. [16], the NLO potential V, was split into
two parts

Va(p', p) = Va(p', p) + Va(p', p), (30)
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with
Va(p', p) = V2(0,0), Va(p', p) = Va(p’, p) — V1(0, 0),
@3

and the inequality in Eq. (28) is, strictly speaking, valid for
V,. However, in the present work, we use most of the time
the scheme with V,(0, 0) = 0. Therefore, in what follows, we
will always assume that V, = V, unless specified otherwise.
For alternative schemes, we also provide the bound for V:

872 M2

- A2 . (32)

IVa(p', p)l < My,

For higher partial waves [ > 0, it is sufficient to implement
the p-wave bound:

V2, p)| < My, 11P'11pl fiog (P, P)- (33)

For the regularized NLO potential with the cutoff Anio,
the bounds in Eq. (28) are modified as follows (see
Appendix D 3 a):

Va(p', p)I < My, o(1p1> + 17 1) fioe (P PIhiog(P'/ Anro), or

Va(p', )l < My, o(IpI + 10/ 1) fiog (s PIMog(P/ ANLo)-
(34)

For the two-nucleon propagator G(p; pon) = my/(p2, —
pz), we use the same bound as in Ref. [16]:

|G(p; pon)| < Mg

with Mg = 1/sin(2ac).

my

N 35
[P G2

III. LEADING-ORDER
LIPPMANN-SCHWINGER EQUATION

In this section we outline the Fredholm method for solving
integral equations and derive the bounds on the resolvents of
the LSE and on the LO amplitude in the nonperturbative case.
The resolvents R and R of the partial-wave LSE, see Eq. (16),
can be represented by means of the Fredholm formula [25,26]

J

Xi,.i (P1, P15 Pon)

as

=1-K'=1+

)

~ O~

=1-K"'=1+

(36)

bu

where the Fredholm determinant D is a number and depends
only on the on-shell momentum D = D(p,,), whereas the
minor Y (¥) is a matrix in the /, I’ space and an operator in
the space of the off-shell momenta: ¥ = Y;;(p', p; pon). The
quantities Y, ¥ and D can be expanded into convergent series
in powers of the LO potential Vj:

00 00 %)
— [n] V — v (1] — [n]
y=>ry" 7=y pD=>"pD". (37
n=1 n=1 n=0

In what follows, we will consider the resolvent R and the
minor Y. The results are trivially generalized for R and Y .
The terms D™ and Y™ can be written as [25,26]

n 2
[n] (=D Pkdpk
D ==L 3 / [ e
Iyeeny Iy
X [detD,n(K)]il,...i,,(pl 5 ooy pn;pon)» (38)
and
YW@, ps pon)
- nl ' (2 )3 Y,n+1 [T N |
Iyeeny l,,
X (P, Pty Pus D' Pon), (39)

where the matrix indices i, i1, ..i, and i’ correspond to the or-
bital angular momentum [ = j 4= 1 for coupled partial waves
and [ = j for uncoupled partial waves. In the above equa-
tions, the determinants for an operator X with matrix elements
X(p', ps pon) (or X(p/, p) if it is independent of po,) are de-
fined as

)(i,,,il (Pl ) pn;pon)

[thD,n(X)]i1 ,,,,, ,-n(Pl» --~spn;p0n) = |- ) (40)
Xi i, (Pn> P15 Pon) Xiyi (Pns Pns Pon)
and
Xii(p's s Pon)  Xii(P1, P Pon) Xi,i(Pn, P> Pon)
/ Xi’i /» 5 Xi i ) 5 l i ns >
[detY,n-H(X)]i,il,...,i/,,i’(p, PlsevosPns P ;pon) — 1(p P1 pon) 1 1(P1 P1 pon) n 1(p P1; pon) ] (41)
Xi’in (P/, DPns Pon) 111,1 (pl s Pn3 Pon) z,,zn (Pn, Pns Pon)
Rescaling Vj as in Eq. (26), we obtain
Kiii(p', ps pon) = (0)ii(P's P)MyyVo.max &0R(PIG(P's pon) 42)
so that
. (= ) pidpi
D[ ](pon) = VO mdx) Z (5 )3 g(Pk)h(Pk)G(Pk pon) [detD n(v())] ..... iy (Pl» ) pn) (43)
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and

(=1

n!

1
YD, pipon) =

x [dety np1 (W)]iiy, it (Ps P1S -+ -

A. Upper bounds for the Fredholm determinant

First, we analyze the series for the Fredholm determinant
D. Since the matrix elements vo,;;(p, p) are bounded by [see
Eq. (27)]

lvo.i(P's P)I < 1, (45)
the Hadamard’s inequality for determinants gives [25,26]
|detp,(vo)] < n""2. (46)

Therefore, using Stirling’s formula, we can estimate D ag
follows:

()~ ()

1
= m eXp [—(}’l + 1)111 ;/_jjl = MD,na (47)

where X is defined as

1
D" < ;z”n"/z <

2d
Mano,maxnpw‘ [ ZE s m1Gp: o
@)

My, M d
VA—anw / D2l o ohip) = x.
1% T

<

< (48)
Since g(p) and h(p) depend only on the ratio p/A, we can
write

A

=M ,
Z Ay

(49)

where the numerical value of the constant My depends on a
particular form of g(p) and h(p).

If we assume A ~ Ay, then ¥ ~ 1 up to a numerical
factor. The situation when ¥ < 1 corresponds to a convergent
series for the LO amplitude in terms of V{. In contrast, for the
nonperturbative regime that we consider, we have ¥ > 1.

The maximal value of D" is achieved at some n = np__
and can be estimated by differentiating Eq. (47) with respect
ton:

2
eeZ /2

\/27‘[62’

which is formally a number of order one, but it grows very
rapidly with X.

The whole series for D is also bounded by a constant of
order one:

2
Nppe ~ €22, DM < Mpit oy ~

(50)

ID| < Mp, (51

prd pi
Q2m)’

g(ph(p)G(pr; pon):|
..... k=1

Py D). (44)

(

which can be estimated by replacing the sum with an integral
and using Laplace’s method:

Mp = Mp,~ / dtMp,
0

n=0

92In M —172
~ m(_ TD) Moslvons ~ 3%
(52)

which agrees rather well with the series summed numerically
[see Eq. (47)]. For example, for ¥ = 1, both results give
M D~ 5.

The bounds (47) and (52) are rather weak and very con-
servative. If X is not close to one, then the numerical values
for M p become very large. However, in realistic calculations,
we can see that D does actually not exceed the values of order
one. Clearly, one can always perform a numerical check to
verify whether our approach to the renormalizability of the
NN amplitude based on the Fredholm method is reliable. Note
also that for the 'Sy and 3S; -*D; NN channels, one can expect
3 to be close to one (ignoring the fine-tuning between attrac-
tive and repulsive forces) because the first (quasi) bound states
in these channels are very shallow. This is roughly confirmed
by an analysis of the Weinberg eigenvalues in Ref. [9].

There are particular cases when the estimate in Eq. (47)
can be readily improved. For example, for purely local LO
potentials, the quantities D and Y correspond to the Jost func-
tion and the regular solution of the Schrédinger equation in
configuration space and the terms in their expansion, D! and
Y decrease as 1/n!. However, if the LO consists of only
a short-range separable potential (or is dominated by such
a contribution), then the series for D and Y contain a finite
number of terms. In our general discussion, we will simply
assume that Eq. (51) holds.

We will also need an estimate for the series remainder:

oo

8,D = Z Dl

k=n+1

(33)

From Eq. (47), we can conclude that for sufficiently large n,

n>ny= Mal), (54)

the terms D™ and, therefore, also the remainder 8, A decrease
faster than exponential

8,D L e Mion, (55)

with any M;p, which we will use in our further estimates. The
value M;p depends on M;p and on . Based on Eq. (47), we
can conclude that the exponential decrease starts only for

Msp > (eX)?, (56)
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which, being formally a number of order one, becomes ex-
tremely large unless ¥ & 1. However, as follows from the
discussion above, in realistic calculations, such an exponen-
tially suppressed regime can be reached much earlier. In fact,
in the numerical calculation presented in Sec. VI, the relative
error 6,D/D becomes less than one percent in most cases for
n=3or4.

B. Bounds for the minor Y

By analogy with the Fredholm determinant D, we can
perform the same analysis for the minor Y starting from the

definition in Eq. (44). Using again the Hadamard’s inequality,
|dety.(vo)| < n"'2, (57

we get the bound for ¥

872 M ,
Y i pon)| < Myl G, pon)l ————2g(pM(p)
mNAV
(58)
with
1 e ex \" !
My, = g —< ) ) 59
= ) NNAWS o9

Further, taking into account the bound for the propagator in

Eq. (35), we obtain

87T2MV0MG
Avip'?

SJTZMY

= AP ——— 5 Myag(pHh(p).  (60)

Y1, ps pon)| < My g(p"h(p)

Analogous to Eq. (52), the whole series for ¥ can be
estimated to be

7 M
1Yji(P, p; pon)| < |—,|}2/Ymax g(pHh(p)
872 M ,
=: ﬁ g(p)h(p). 61)

where

<V2e X ™2, (62)

)
Ymax = E MY,n
k=0

The remainder §,,Ynax, defined as

)
(SnYmax - Z MY,na (63)

k=n+1

can be bounded similarly to §,D by an exponent with an
arbitrary base:

8nYmax < e M forn > Mgy, (64)

with some Mgy . As in the case of §,D, the estimated value of
My ~ (eX)? becomes very large for ¥ significantly larger
than one. However, in the actual calculations, its numerical
value is typically much more natural, see the discussion in the
previous subsection. The same comment applies also to the
bound in Eq. (62) for Yp,x.-

The remainder 8,Y (9, p; pon) follows from Eq. (64):

oo
18.;:(P', ps o)l = | D_YI(P, p)

k=n
SJTZMY ,

< W(Snymax &(p)Hh(p)
872N,y

= — h 65
AR g(PHh(p). (65)

The bounds for ¥ (p/, p; pon) are obtained from Egs. (61)
and (65) by interchanging p <> p'.

C. Bounds for the LO amplitude
After these preparations, we are finally in the position to
deduce the bounds for the on-shell LO amplitude, which can
be represented as

N
Ty = VoR = 30, No = VoD + VY. (66)

First, consider the quantity Ny defined explicitly as follows:
(NO)ji(pon) = (VO)ii(ponv pon)D(pon)

+ Zf Q2n )3 (VO)_]I (Pon, P )Yl/l(p Pon’ Pon)-
(67)
Applying the bounds from Eqs. (20), (51, and (61), we obtain
|(N0)ji(p0n)|

M
<Mvovo,max[MD+ ”PWA i f il g(ph(p )}
|4

My, 2
m) = My, Vomax- (68)

Now, we can analyze the bounds for the LO amplitude Tj.
Since Ty is the ratio of Ny and D, it is important how the
Fredholm determinant D is bounded from below. From the
definition in Eq. (38), it follows that all terms D' should be
in general of order O(Q). However, in a realistic situation,
there might be certain cancellations among terms in the series,
and the actual numerical value of D(po,) might turn out to be
very small. This can happen when there is a shallow bound
or quasibound state, which leads to an enhancement of the
amplitude at threshold. Such a situation only takes place in
the !So of NN scattering. Therefore, in our analysis for higher
partial waves with / > 1, we regard the Fredholm determinant
as being “natural”:

< MVOVO,max (MD +

ID(pon)l

where M p min 1s a constant of order one. From Egs. (68) and
(69), we conclude that for / > 1, the LO amplitude is bounded
by

2 MD,mins (69)

[(To) i

and satisfies the same power counting as Vj, i.e., is of order

0(Q").

< M T VO,max (70)
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For the S-wave channels, we allow for the real part of D to
be small, while still bounded from below at least at threshold.
Moreover, we assume that the imaginary part of D, which is
proportional to p,,, is not a subject to additional cancellations.
In particular, we exclude the situation when both N and D are
equal to zero, i.e., the presence of a Castillejo-Dalitz-Dyson
(CDD) pole [27,28]. We combine these conditions into the
following constraint:

Pon
[D(pon)| = MDmm<K+ 2 ) (71)
Ay
where « > 0 is not necessarily of order one, but can be nu-
merically small. The factor 1/Ay in front of p,, follows from
the upper bound for the imaginary part of D.
The LO amplitude Tj is enhanced compared to V), which

can be written as
[(To)jil < Mk ™" Vo max (72)

or

A
[(To) il < Mgy —

on

VO,max s (73)

depending on the value of the on-shell momentum p,,. The
latter bound is in fact a unitary limit for the LO amplitude

Eq. (D21). Equation (73) means that the LO amplitude be-
comes effectively of order O(Q ") in agreement with findings
of Refs. [29,30].

To summarize, we have applied the Fredholm method to
decompose the resolvent of the LS equation and derived the
bounds for the Fredholm determinant D, the minor Y and
the on-shell LO amplitude. The bounds involve undetermined
dimensionless constants of order one, which can be calculated
for each particular situation.

IV. NEXT-TO-LEADING-ORDER AMPLITUDE
IN THE NONPERTURBATIVE CASE:
P AND HIGHER PARTIAL WAVES

In this section we consider the on-shell (p = p' = pon)
NLO amplitude 7, for orbital angular momenta / > 1 and de-
rive the corresponding bounds in the nonperturbative regime.
We represent the amplitude 7; using the Fredholm decompo-
sition of the resolvent in Eq. (36) as follows:

N,
) =

(74)

T = RVQR =V, + Tz’y/D + Tz,y/D + Tz’yy/Dz =

with

up to a numerical factor of order one, which justifies the Ly =WY, hy=YV hy=YW, (75)
coefficient 1/Ay in Eq. (71), see the definition of Vj max in or more explicitly:
|
pidp
Doy (P, ps pon) = (é 7 V2P pOY (P, i Pon),
(o _ pPrdpi. /
Ly (P, p; pon) = 2ny Y(p', pys Po)V2(Pys P),
pidp pidp)
Tyy (P, Pi Pon) = Y (P, Py pon)Va(PY, POY (D1 D5 Pon)- (76)

@) @)

First, consider 7, y. The bounds for V, and Y in Egs. (33) and (61) give

, \p11%d|p1| , Yoo IpildIp1l #
T2,y (P, P; Pon)| < WWz(P,Pl)HY(Pl,P;PnnN < MVZ,lnPW P'lh(p) 2n)} eV pE(PY).
7
The functions g and % for P and higher partial waves are given in Eq. (25), which results in the following inequality:
/ I“QX |p |
(6, i )] < Mo == |l [ S Foslrh P (1 /)
8n2/\/ly 87> dipil
ZM max At /’ }\. A
T e vl / A e P s(P1/ )
M 5, 1l’lpw./\/l nax 87‘[2 , |p|
= . s 1P 11PI | 14+ 60P) = M) n 4o 1+ b2 (78)
AV NAva

where the typical integrals I,,,,.1 and I, » are defined and estimated in Appendix F and we have used Eq. (29). Using those

estimates, we obtain

2

| Ty (P, s pon)l < Moy

my Ay

e 1+ 0y -
reidldve p

4 A } (79)

M 2L 2
g +inge
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which reduces to

82 A A
T, < Myyon————pi In —, 80
| 2,Y(p0n)| 2,Y,onmNAVA§ Ay Pon 1IN M, (80)

for the on-shell momenta p = p’ = p,,. The bounds for 7, y are the same as for T y.

Next, we analyze T, yy:
FARANARI A
/ . / / / .
|T2,17Y(p9p’pon)| < (27_’:)3 (27_[)3 Y(p7p17p0n)||V2(p17pl)”Y(pls p»pon)|
872 My, \’ AN AR
2 max / 1 1 / /

< Mvz,mpw<—Av ) h(p)h(p) 2y 2n) Jog(P's PE(PE(PY). (81)

The integrals over p; and p) factorize, giving rise to the same
set of integrals as in 75 y. The analog of Eq. (80) for 7, yy in
the on-shell kinematics is given by

T, o (pen)] < M 8w2 A%, ) A )
7 PYoon————5 —5 n—.
2,7y (Pon)| 2,YY,onmNAVA}27 A%, Pon M,

Combining the bounds for V, Ioy, T,y and T, 7y and
setting A ~ Ay, we obtain

2

T <My———p?
| 2(pon)| X 2mNAVAip0n

A -1 2

Since we assume that for the P and higher partial waves the
Fredholm determinant is bounded from below by a constant
of order one, see Eq. (69), Eq. (83) takes the form

872 A
id 2 In —.

T <Mp)——
| 2(p0n)| X szAVAipon Mn

(84)

Thus, the NLO amplitude is of order O(Q?) up to a factor
In A/M,;, which agrees with the dimensional power counting.
This result reproduces the one obtained in Ref. [16] for the
case of a perturbative LO interaction.

A. Promoting a contact term to leading order

In this subsection we consider separately the scenario with
promoting leading P-wave contact terms to the LO poten-
tial. As already discussed in Sec. IIB, phenomenological
arguments may require a promotion of contact interactions
quadratic in momenta to the LO potential, even though they
are formally of order O(Q?). A typical example is the *Py
partial wave, where the promotion of the contact interaction
to leading order is often considered as necessary.

Below, we discuss the subtlety related to the freedom of
choosing the renormalization condition, i.e., deciding what
part of the considered contact interaction should be included
into the LO potential and what part of it should be left in the
NLO potential.

The LO partial wave contact interaction in the P-wave
channel i is given by

YO

short,A,i(p/’ p) =G VC,-,A(P/’ P), (85)

(

where V¢, A(p’, p) is the partial wave projection of the
regulated contact term (see Appendix A) relevant for the con-
sidered channel. The corresponding NLO contact interaction
has the same structure:

Vi ai(p' p) = CoiVea(p'. p). (86)

In our estimates, we always assume that the LO low-energy
constants (LECs) are of natural size,

_ ./\/lc,. 87T2

G = —, 87)
Ai mNAV

see Appendix of Ref. [16] (the factor of 4 corresponds to the
partial-wave basis), so that the contact interactions quadratic
in momenta are of order ~p?/A? ~ O(Q?) and are suppressed
for small momenta. As a consequence, the regulator correc-
tions to the contact interactions quadratic in momenta are
effects of order O(Q*) and can be neglected in the present
study. This is why we adopt the same regulator for v

short, A, i
and Vsﬁ))m a.; even though, in principle, one could employ a
larger cutoff for the NLO terms or even use the unregulated
potential. Nevertheless, if the contact interactions quadratic in
momenta are promoted to leading order, then their contribu-
tion in the iterations of the LO potential at momenta p ~ A
is of the same order as those of the momentum-independent
contact interactions and of the one-pion-exchange potential as
long as we treat A ~ Ay,
The freedom to choose the renormalization scheme man-
ifests itself schematically as follows: if we perform the
transformation

C—GCG+48C, CG;—G,;—46C, CKC, (88

and expand the LO and NLO amplitudes in Egs. (14) and (15)
in 6C, then the linear in §C terms cancel:

8Ty = —=6T, = (SCRVC,.,AR, (89)

where we have neglected higher order effects, such as
the terms proportional simultaneously to C and the NLO
potential.

As was shown in this section, there are no power counting
breaking contributions in P waves at NLO stemming from
the iterations of the LO potential. This means that C,; is the
renormalized quantity, where we assume that the divergent
contributions to the two-pion-exchange diagrams are sub-
tracted within some scheme, e.g., as is done for our choice
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of the nonpolynomial two-pion-exchange contribution, see
Eq. (B2). Then, one obvious choice for the renormalization
condition is

i = 0. (90)

However, at higher orders, power counting breaking terms
will appear also in P waves, and one will have to absorb
them by performing renormalization of the same contact in-
teraction. Therefore, to be consistent with our subtraction
scheme for the § waves, we impose the renormalization
condition on C; and C,; by requiring that the NLO am-
plitude in channels with / = 1 vanishes at threshold faster
than p2 :

(T2)11(Pon)/ Panl 5, =g = 0. o1

Instead of the threshold point p,, = 0, one can also take an-
other renormalization point below or above threshold within
the applicability of our approach.

A potential problem related to the above renormalization
condition was discussed in great detail in Ref. [31] when
studying schemes with large or infinite cutoffs. It arises near
“exceptional” cutoff values for which the contribution of
the contact interaction to the NLO amplitude is unnaturally
small:

(RVC, shor, AR) (Pon)/ Pan o & 04 92)

which, in turn, leads to an unnaturally large value of C; ;. In
such a case, the power counting is violated unless the zero of
the function on the left-hand side of Eq. (92) is factorizable
(i.e., it appears at all energies). The condition in Eq. (92)
can take place, e.g., in the spin-triplet channels with attractive
one-pion-exchange potential such as 3Py if the adopted cutoff
value is too large. Then one starts to feel the singular nature of
the one-pion-exchange potential, which is reflected in oscilla-
tions of the scattering wave function at short distances. Note
that this effect does not directly correspond to the appearance
of spurious bound states, although the two issues are related
to each other.

In Ref. [31], several particular cases were discussed when
the condition in Eq. (92) can be avoided or the corresponding
zero is factorizable. However, we are interested in the general
case, in which the practical solution of the problem would be
to explicitly verify that the LO potential is chosen in such a
way that the condition in Eq. (92) is not fulfilled. In such
a case, the NLO amplitude will satisfy the expected power
counting. In fact, for the regulators mentioned in the discus-
sion in Sec. VI and many other choices tested by us, if the
cutoff value is of the order of the hard scale, then Eq. (92)
is never fulfilled. A simple indication that the cutoff of the
LO potential is not “exceptional” is the naturalness of the
renormalized NLO low-energy constants.

To summarize, we have shown that the P-wave NLO am-
plitudes formally satisfy the dimensional power counting in
the nonperturbative regime. This holds also for the case when
a contact interaction quadratic in momenta is promoted to LO
if one makes sure that a certain condition on the LO potential
is satisfied.

V. NONPERTURBATIVE RENORMALIZATION
OF THE AMPLITUDE AT NLO: S WAVES

In this section we consider the renormalization of the NLO
amplitude in the nonperturbative regime for § waves. As in the
perturbative case considered in Ref. [16], subtractions have
to be made to absorb contributions that violate power count-
ing. We will start with generalizing the perturbative result of
Ref. [16] and then analyze under which conditions a particular
power counting can be established.

A. General formula

Analogous to the situation discussed in Sec. IV A, there
is freedom to choose the momentum-independent part of the
NLO potential

Va(p', p) = V2(0,0), 93)

because it can be partly or completely absorbed by the LO
potential. In the perturbative case, the NLO amplitude corre-
sponding to V, does not contain any power counting breaking
contributions in contrast to the remaining part 75 that is gen-
erated by

(@, p) =Va(p, p) = VP, p). (94)

In what follows, we will mostly consider the scheme with
Va(p', p) = 0, which is well suited for compensating possible
threshold enhancement of the LO amplitude due to nonpertur-
bative effects. Alternative schemes will be briefly discussed
separately. Therefore, when using the results of Ref. [16], we
will assume

Vo=V,, Th=". 95)

First, we recall some notation from Ref. [16]. For an
operator X = X;; (P, p; pon), wWhere [(l') is the initial (fi-
nal) orbital angular momentum, we define the subtraction
operation T:

T(X) = X00(0, 0, 0)Ver, (96)
where the contact term is given by

Vee = 1x){x1, o7

(P, Isjlx) = 610 (98)

We assume that the counter term is unregulated or reg-
ulated with some A, > A. Analogously, we introduce
the subtraction operation T™" for subdiagrams (m;,n;)
of the diagram (m,n) corresponding to 7,”""1. We follow
the Bogoliubov-Parasiuk-Hepp-Zimmermann (BPHZ) sub-
traction scheme [32-34] and represent the renormalized
amplitude via the forest formula:

R(Tz[m,n]) — Tz[m,n] + Z

U]( G.Fm'n

(mj,n;)eUx

99)

where F™" represents the set of all forests, i.e., the set
of all possible distinct sequences of nested subdiagrams
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(m;, n;):

Ui = (g1, ng1), (myp, ngn), ...,
n 2 Nyl 2 Mg 2 0,
(100)

mz Mgy 2 my; 2 0,
n+m> 0.
In Ref. [16], it was proved that each term in the expansion

in Vj of the renormalized NLO amplitude satisfies the dimen-
sional power counting and is bounded by

82 My o A
R(T™™ < —2ypminlon 1y 101
} (2 )(pon)| my Ay 2,0 AZ nMﬂ ( )
where
A
Z:2,0 - 2Mmax_ (102)
Ay

is a quantity of order one (X, >
case).
To resume the series

> 1 in the nonperturbative

R(T)(pon) = Y, R )(pon),

m,n=0

(103)

we perform some rearrangement of Eq. (99), as explained
below.
It is convenient to introduce the following notation:

W) =Rix), (¥ = (xIR,

Vi(p; pon) = (WIp, Isj) = (p, Isj1¥). (104)

For on-shell momenta p = po,, the explicit form of 1; reads

'(pl(pon) = wl(pon;pon)

_ pldp . .
= 61,0 + 3 G(p; pon)(TO)O,l(pv Dons Don)s
(2m)
(105)

and it coincides with the scattering wave function at the origin
(r=0).
Now, consider the sum of all unrenormalized diagrams:

T» = RV;R, (106)
and perform first all single overall subtractions:
ST,V = —T(T5) = —(T2)oo(0, 0;0) ) {xI. ~ (107)

where the superscript (1) denotes the number of subtractions.

If we add all possible rescatterings with the LO potential,
then we will obtain all terms with single subtractions in sub-
diagrams:

= RST""*" ™R = —(T3)00(0, 0; 0)R| x ) {x IR
= —(T2)o0(0, 0; 0)) [v) (¥]. (108)

Analogously, the sum of all double nested subtractions (one
of which is an overall subtraction) is given by

—T((STZ(I) _ (STZ(I),overall)

= ()0 0, 0: 0)[0(0)* — 11} (x|
= —[10(0)* — 1]8T2(1),0Veral],

(1)
5T,

(2),overall __
ST, =

(109)

where the constant term § Tz(l) was already subtracted in the
previous step and should be excluded. All terms with double
nested subtractions in subdiagrams are obtained by adding the
rescattering contributions:

—[¥0(0)* — 118Ty".

Continuing with further multiple nested subtractions, we ob-
tain recursion relations:

8T2(2) R8T(2) overdll (] ]0)

5T2(n+l),overall — —T((STZ(n) o 5T2(n),overa]l)
— —[Klfo(o)z _ I]STZ("),OVeraH’ (111)
and
STV = —[0(0)> — 118T,", (112)

where the superscripts (n) and (n + 1) denote the number of
nested subtractions. The terms 7, can be summed up to

o0 o0 1
5T, =Y 8T =TV 1 — ¥(0)2]" = sV .
5 ; ) ) ;[ ¥0(0)*] 2 G OR
(113)
Finally,
T 0,0;0) -
R(Ty) = T3 4+ 8Ty = 75 — 20000 500 114

Y0(0)?

Taking the on-shell matrix elements of R(73), we obtain

IR(TZ)I’I (pon) = (TZ)I’Z(pon) + SCWI’(pon)I/fl (pon)v (1 15)
with the counter term constant
(12)00(0)
86C=——""-2, 116
Yo(0)? (116)

Equation (115) can also be obtained directly without referring
to the perturbative result from the renormalization condition:

R(T2)r:1(0) = 0. (117)

Therefore, the perturbative and nonperturbative results match
in the regime where both are applicable.

Similarly to the analysis of higher partial waves in Sec. IV,
we use the Fredholm decomposition of the resolvent of the LS
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equation and introduce the quantities N, and v,

(N2)r1(Pon) Vi (Pon)
D(pon)? D(pon)”

The counter term constant can be expressed as

~ (N2)oo(0)
v(0)?

(T)ri(pon) = (118)

s Yi(pon) =

8C = (119)

Then, the renormalized amplitude R(7,) reads

1
R(T2)ri(pon) = m[(NZ)l’l (Pon) + 8C v (Pon)vi(Pon)]

_ R(N2)ri(pon) _ R(N2)r1(pon)
D(pon)? D(pon)? v9(0)?’

where, for convenience, the following quantities have been
introduced:

(120)

R(N2)ri(pon) = (N2)ri(pon) + 8C v (pon)vi(pon),  (121)
R(V2)11(Pon) = (N2)11(pon )0 (0)?
- (NZ)OO(O)UI’(pon)vl(pon)~ (122)

B. Power counting with the naturalness condition for vy (0)

In this subsection we analyze the expression for the renor-
malized NLO amplitude R(73) in Eq. (120) and determine
what power counting it satisfies under which conditions. Con-
sidering different constraints on various quantities entering
R(T3), we can understand to what extent the renormalizabil-
ity of the amplitude depends on details of the short-range
dynamics.

We assume that the Fredholm determinant D(p,,) satisfies
the bound in Eq. (71), which includes also the case of a
shallow (quasi-) bound state. For the function D( pon)z, we can
write

ID(pon)’| = M pinic” (123)
or, if k is very small, then
e
ID(Pon )| = M in =3 (124)

A
We will also need the upper bound for the quantity v;(pon),
see Eq. (E21):

Vi (Pon) < M,. (125)

First, we consider the “natural” case when the quantity
v0(0) is bounded not only from above as in Eq. (125), but also
from below by some constant of order one:

v (0) = Mv,minv (126)

which also implies the natural value of the counter term
constant 6C, see Eq. (119), similarly to the condition of the
absence of “exceptional” cutoffs in Sec. IV A. Then as fol-
lows from Eq. (120), to analyze the power counting that the
renormalized amplitude R(73) satisfies, it is sufficient to find
bounds for R(N>).

As we show in Appendix E, the quantity R(N,) can be
expanded into a convergent series in terms of Vj:

o0

R(M:)(pon) = ), RN} (pon)]"™"

m,n=0

Nmax

= > RO (@on)"™" + 83, RV (Pon)]

m,n=0

= S]VZvnmax (Pon) ~+ 8y [R(N2)(Pon)]»

and the remainder 8,[IR(N>)( Pon)] decreases faster th~an expo-
nential with any base M, starting with some n = Mgy, [see
Eq. (E22)]:

(127)

2
87[ N~ 7M5,\-,qn
Nze B
my Ay

18, [R(ND)]| <

forn > My,. (128)

The prefactor Ny, is given by

A? A
Ny, =—In— 129
N Ai n M, ( )
in the case of the “standard” regulators of the LO potential.
For the “mild” regulator, it depends also on the regulator of
the NLO potential Anro:

AA A A
Ny, = NLO | ANLO NLO’ (130)

Az T M
b T

and, in contrast to the perturbative regime, the regulator
ANLo cannot be set to infinity (in general) but can be cho-
sen Anro > A. Note that we do not consider the choice
AnLo ~ A for the “mild” LO regulator because in such a case,
we would simply reproduce the variant with the “standard”
regulators. The appearance of Anpo in the expression for N %
is an indication of a potentially stronger cutoff dependence of
the NLO amplitude in the nonperturbative regime.

The general conservative estimate for M 5, yields
M 5 2 (eX)?, which is rather large. In realistic calculations,
it turns out to be much smaller, see the discussion in Sec. III A
and the numerical results in Sec. VI.

However, expanding Eq. (120) in V;, gives

m m—m; n n—n

ROV (po) ™" = 3" 3" N " plmmml(py,)

mi=0 my=0 n =0 n,=0
X D" o (0) " (0
x B(T""™") (Pon).- (131)
Using the perturbative bounds on IR(TZ['”‘”]) in Eq. (101)
and Eqgs. (51) and (125), we obtain

ROV (pon) ™" < MEME D ™~ [R(T™ ") (pon)|

m1:0 Vl1=0
_ S My MM P2,
= mNAV Ai

m

A n
x In e Z Z Z;’f{f"‘.

4 m1=0n1=0

(132)
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Performing the summation up to n = np,x, We obtain

2
8w MTZMD[” _max pon

mNAV A2

IS5, e (Pon)| <

Nmax

X ln— Z Z Z T

m,n=0 m;=0n;=0

871 My, pon In
mNAV Ab Mﬂ
87‘[2./\/1_9 pon

= — Dgq.
mNAV A2 log

E 2”max
maX

(133)

Given that the remainder 8,[R(N>)] can be made arbitrarily
small by choosing a sufficiently large ny,x, €.g.,

872 M2k
2 b
mNAV Ab

|8 [R(V)]| < (134)
whereas the sum in Eq. (133) has the bound similar to the one
for the perturbative amplitude up to numerical constants of
order one and pos~sible factors logarithmic in A, ®og, We can
conclude that R(N,) is bounded as

82 My, [ p,
mNAV A127

M2,
Drog + A—;’K } (135)
b

IR(N2) (Pon)| <

Whether this picture is indeed realized for the realistic NN
interaction, i.e., whether My, is really (and not only formally)
of the order of one, is straightforward to verify by explicit
numerical checks of the series for R(N,) as we do partly in
Sec. VL.

For completeness, we show below that Eq. (135) holds
formally in the chiral limit, i.e., for the expansion parameter
0 < 1. What we have to prove is that there exists such a value
of nmay that the remainder 6, [R(N,)] satisfies Eq. (134),
and, at the same time, the prefactor

X = N T (136)

in Eq. (133) does not contain inverse powers of Q and, there-
fore, does not destroy the power counting.

The choice
Nmax = max(ko, ko), (137)
with
. _ 1 M2i?
ky=M;y, kg=———1In 138
0 siy Ko Mon, AQNN (138)

guarantees that Eq. (134) holds, as follows from Eq. (128).
Note that the inequality ky > ko holds only for extremely
small Q = M, /A,. However, in the actual calculations, this
can happen also for physical values of Q.

The factor yx is then given by

2/\/1(;1\,7

= M, %), (139)
if nyax = ko, and by
In %,
X=— <1 Mz )4( Mw? >_2M;”: (140)
Mgl\?g AZNNz AgNNz

if ngax = ko. In the latter case, if M(W is chosen to be
In%p

./\/lazv2 > In X, , then the factor ( Mi% can be ne-

glected.
Thus, we conclude that Eq. (135) holds with

@ Mlog ln MAW’

log = A M2i? \4 -

¢ Mg In E(ln ATV ). Mmax = ko.
2

A,%N =

(141)

Now we come back to the expression for the renormalized
NLO amplitude in Eq. (120). For small on-shell momenta p;,
i.e., when

1S5, (Pon)| < I8, [RAV)]I, (142)
Egs. (123), (126), and (134) give
872 Mo 1ow M2
IR(T2)11(pon)| < ———22 — (143)

mNAV Ai

which means that in this energy region, R(7;) is of order

0(Q").

As the on-shell momentum increases, i.e.,

|58, . (Pon)| = 18,[R(ND)]], (144)
we should use Eq. (133) instead of Eq. (134) to obtain
872 M1 nigh P2,
IR(T)r1(pon)| < ————high Pon Zlog (145)

mNAV Ai K2 ’
which is enhanced compared to O(Q?) by a factor 1/« 2. In the
worst case of the unitary limit, we obtain from Eq. (124):

82 M, high AV

R(D)y
IR(T2)r1(pon)| < mvAy A2

q)loga (146)

which corresponds effectively to R(73) ~ 0(Q%). This is still
one order higher than the LO amplitude O(Q™!), see Eq. (73),
but the convergence rate is rather low in this case. A natural
way to reduce the effect of the numerical enhancement of the
LO amplitude and to improve convergence is to promote some
part of the NLO potential to leading order, which will make
the numerical constant M, pien smaller. The simplest recipe
would be to promote the contact interactions quadratic in mo-
mentum. As already mentioned, this approach is suggested,
e.g., for the 'S, partial wave. We will discuss this possibility
in Sec. VD.

C. Local LO potential in a spin-singlet channel
and analogous cases

Above, we considered the general case of the LO potential
under an additional assumption on its short-range part for-
mulated in Eq. (126) in terms of the naturalness of vy(0). It
is instructive to consider one particular case, when the LO
potential in a spin-singlet channel is fully local. Then, this
condition is satisfied automatically. Moreover, for a local LO
potential, the following identity holds:

vo(pon) = 1, (147)

044002-13



A. M. GASPARYAN AND E. EPELBAUM

PHYSICAL REVIEW C 107, 044002 (2023)

which follows from the fact that the scattering wave function
at the origin ¥, coincides with the inverse of the Jost func-
tion f(pon) and the inverse of the Fredholm determinant [25]:

YV (Pon) = f(Pon) ™" = D(pon)”",

and the definition (118). Therefore, we have [see the defini-
tions in Egs. (122) and (121)]

R(N2)(pon) = R(NV2)(Pon) = AN2(Pon) = Na(pon) — N2(0).
(149)

(148)

The whole discussion in the previous subsection applies
for the case of a local LO potential, except the absence of
the additional condition (126). In the general case, when the
constraint in Eq. (126) is not satisfied, we still can have a
situation similar to the local single-channel potential if we
assume that the series for R(N,) [not for R(N,)] converges
and the bound analogous to Eq. (135) holds:

87> My, [pin

RV, < —=
| ( 2)(p0n)| mNAV Ai

M ,
Dog + FI{ i| (150)
b

This is possible if the smallness of vy(0) in the denominator of
R(,) is compensated by a corresponding small factor in the
numerator, see Eq. (121). Whether this indeed takes place can
be verified numerically in any particular case. From Eq. (150),
we can deduce the same bounds for the renormalized NLO
amplitude as in Eqgs. (143), (145), and (146).

We made this comment to emphasize that the naturalness
constraint on vy(0) is not necessary to guarantee renormaliz-
ability of the NLO amplitude, but is the most simple one from
the practical point of view.

D. Promoting a momentum dependent contact
term to leading order

In this subsection we analyze the situation when it is nec-
essary to promote the momentum dependent S-wave contact
term to leading order. For definiteness, we consider the Ig,
partial wave, where such a promotion has been shown to
significantly improve the convergence of the chiral EFT ex-
pansion, see Refs. [18,35]. Since this is a spin-singlet channel,
we omit the [, I’ indices in this subsection. We also omit all
channel indices.

The whole analysis in the preceding subsections remains
valid in this case, except that similarly to the promotion of the
subleading term in the P waves considered in Sec. IV A, there
is freedom choosing what part of such a contact term should
be included in LO potential V;; and what part remains in the
NLO potential V5.

We rewrite Eq. (121) by explicitly separating the part with
the contact term quadratic in momenta:

R(N2)(Pon) = Na(pon) + 8CV(pon)*

= AN>(Pon) + 8CV(pon)* + CaN, (Pon),
(151)

with

N, (Pon) = [RVER](Pon)D(pon)*. (152)

The potential V¢ is the contact interaction quadratic in mo-
menta that projects onto the 'Sy partial wave. This potential
can remain regulated because the regulator corrections to it
are of higher order.

Following our subtraction scheme at p,, = 0, we introduce
two renormalization conditions to fix §C and C:

R(N2)(0) =0,

d*R(N2)(Pon)

—0. (153)
dps,

Pon=0

Note that N, is an analytic function of pin at po, = 0.
Of course, Eq. (153) can be also formulated in terms of the
amplitudes:

R(T2)(0) = 0,

dzR(T2)(pon)

A =0. (154)

pon:()

Analogous to the situation in P waves, the above renormaliza-
tion conditions can lead to a problem for “exceptional” cutoffs
when Eqgs. (153) become inconsistent, which happens not
only when v(0) = 0 but also when the following equation is
satisfied [31]:

|:d2NC2 (pon)

=0.
dp?,

Pon=0

d? on
- 2NC2 (pon)v(pon)M}

dp?,

(155)

As in the case of the P waves, an indirect indication that the
cutoff is not close to an “exceptional” value is the naturalness
of the NLO LECs. In our numerical calculation in Sec. VI,
we found no “exceptional” cutoffs for the cutoff values of the
order or below the hard scale.

E. Other subtraction schemes

In all analyses of the nonperturbative regime, we have
always adopted the prescription to perform subtractions at
threshold, see Eq. (117). In this subsection we briefly discuss
other possibilities. Choosing different subtraction points, e.g.,
the deuteron pole position for the 3S; ->D; channel, is equiva-
lent to setting, in contrast to Eq. (93), V5 # 0:

R 8n2 M?
a(p. p) = #* =,
I’I’lNAV Ab

(156)

where £ is a constant of order one, see Eq. (D30). Since this
potential is just an S-wave contact term, the corresponding
NLO amplitude is given by

Fortpon) = =M o)
’ n) = K - VY n n
21\ Po mNAVAi '\ Po 1{Por
=I€2 872 M_gzrvl/(pon)vl(zpon) (157)
myAy Ay D(pon)
From Egs. (123) and (125), we obtain the following bound:
Bpa] < e M M (s
2)i(Pon)| X mNAV M%’min Ai K2.
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For the perturbative case considered in Ref. [16] and for the
case without an enhancement of the LO amplitude, the ampli-
tude T satisfies the dimensional power counting: 7> ~ O(Q?).
However, in the situation when the LO amplitude is enhanced,
the additional factor &2 /k in Eq. (158) relative to Eq. (72)
spoils convergence even at threshold. We will have the worst
situation in the unitary limit with « < 1.

Thus, we conclude that for a reasonable convergence in
the case of an enhanced LO amplitude, one should choose a
subtraction scheme not much different from ours, i.e., such
that & /k ~ 1.

To summarize, we have shown that renormalization of
the NLO amplitude for the S waves can be done explicitly
also in the nonperturbative regime by analyzing the Fredholm
decomposition of the amplitudes. In contrast to the perturba-
tive case discussed in Ref. [16], additional constraints on the
LO potential have to be fulfilled to ensure renormalizability
and convergence of the chiral expansion. Then, the power
counting works also in the situation when the LO amplitude is
enhanced at threshold, although to make the scheme more ef-
ficient, it might be necessary to promote certain contributions
to leading order.

VI. NUMERICAL RESULTS

In this section we illustrate our theoretical findings by
explicit numerical calculation of the NLO NN amplitude in
the three channels where the LO interaction should be treated
nonperturbatively: 3Py, 3S1 -°Dy, and !'S. The results for other
channels were presented in Ref. [16].

We adopt the same values for the numerical constants as
in Ref. [16]: the pion decay constant F;, = 92.1 MeV, the
isospin average nucleon and pion masses my = 938.9 MeV,
M, = 138.04 MeV and the effective nucleon axial coupling
constant g4 = 1.29. The calculations have been performed
using Mathematica [36].

For the regularization of the LO and NLO potentials, we
adopt the scheme similar to the one used in realistic calcula-
tion in Ref. [9] at fifth order in the chiral expansion, which
allows us to have a direct interpretation of the numerical
values of the cutoffs. In particular, we use the local Gaussian
regulator for the one-pion-exchange potential and the nonlocal
Gaussian regulator for all contact interactions with the same
cutoff A, see Appendix A. For the sake of simplicity, we also
employ the local Gaussian regulator in the form of the over-
all factor Fpy , exp(q) for the two-pion-exchange potential.
As in Ref. [16], the cutoff value Anro is set to the hard-
scale Anpo = 600 MeV. This choice for the chiral expansion
breakdown scale is consistent with the recent studies in the
few-nucleon sector [37—40].

The momentum-independent contact interactions at NLO
are included without a regulator in accordance with our
power counting. The contact interactions quadratic in mo-
menta are regulated with the same cutoff Anro at LO and
at NLO in contrast to our choice in Ref. [16], where, for
simplicity, we left the corresponding NLO contact terms
unregulated. Both options are legitimate since the regulator
corrections to the contact interactions quadratic in momenta
is an effect of a higher order, O(Q*). By the same reason, the

regulator corrections to the LO contact interactions quadratic
in momenta are not taken into account.

The cutoff values for the one-pion-exchange potential and
for the momentum-independent LO contact interactions are
varied in the regions below and above A = 450 MeV, which
was found to be the optimal cutoff value in Ref. [9]. The
lower region corresponds to extremely soft cutoffs, where
explicit regulator corrections to the LO potential are likely to
be important. The upper region contains relatively hard (of
the order of the hard scale) cutoffs as well as cutoffs above
Ay, for which we expect slower convergence in terms of the
Fredholm expansion and, therefore, potential problems with
interpretation within our renormalization scheme.

The free parameters are determined by a fit to the em-
pirical phase shifts from the Nijmegen partial wave analysis
[41] up to Ejp = 150 MeV. The phase shifts and the mixing
parameters are calculated through the following unitarization
procedure. First, the nonunitary NLO T matrix is transformed
to the S matrix via

MmN Pon
872 Tr1(Pon)-

Sri(pon) =1 —1i (159)
The diagonal phase shifts in the Stapp parametrization of the
S matrix [42] are determined as (modulo )

8y = 5 arg(Sy). (160)

whereas the mixing parameter ¢;, is obtained from the oft-
diagonal element of the S matrix:

Siv21 = isinQer1) exp(id +idy2). (161

The dependence of the results on a particular unitarization
scheme is a higher-order effect, provided the chiral expansion
for the amplitude is convergent.

The numerical analysis we perform does not aim at achiev-
ing a perfect description of the data as we work only at
next-to-leading order in the chiral expansion. Rather, we are
interested in the convergence and renormalization issues. In
particular, we make sure that for the cutoff values we employ,
no spurious bound states appear and no “exceptional” cutoffs
discussed in Secs. IV and V lie within this range. The latter
fact manifests itself in the natural values of the fitted next-to-
leading-order LECs. The natural values of the NLO LECs are
also an indication of the “naturalness” of the quantity vy(0),
which is the simplest condition for the renormalizability of
the S-wave NLO amplitudes, see Sec. V B. The natural size is
roughly given by

82

— 162

— (162)
for the LECs accompanying momentum-independent contact
terms and by

872

—_—, 163
e (163)
for the LECs of contact terms quadratic in momenta. Ob-
viously, naturalness is not a mathematically strict criterion.
However, a sign of potential problems would be a rapid
growth with cutoff of one or several LECs.
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FIG. 1. The results of the leading-order (blue dashed lines) and next-to-leading-order (red solid lines) calculations for the 3Py partial
wave without promoting the contact interaction. The bands indicate the variation of the one-pion-exchange cutoff within the range A, €
(300, 450) MeV for two left plots and within the range A, € (450, 600) MeV for two right plots. The second and fourth plots correspond to
the NLO potential with the regulator correction §, V@, while the results in the first and third plots are obtained without this term. The empirical
phase shifts shown by black solid dots are from Ref. [41]. The plots were created using Matplotlib [43].

Understanding the power counting for the renormalized
amplitudes in terms of the convergence of the Fredholm ex-
pansion is demonstrated by looking at the convergence of the
Fredholm determinant expanded in terms of the LO potential.
Convergence of other elements of the Fredholm formulas for
the LO and the NLO amplitudes can be analyzed in a simi-
lar manner. Their convergence rates are typically comparable
with the one for the Fredholm determinant. An absolute value
of Fredholm determinant much larger than 1 is also a problem
for our interpretation of the power counting, especially for the
channels with the enhanced LO amplitude. In such a case, the
numerators in the Fredholm formulas Ny, N, will also be very
large, contradicting the power counting that we suggest. On
the contrary, we expect the absolute value of the Fredholm
determinant for those channels to be smaller than 1.

A. 3P, channel

We begin our discussion with the *Py partial wave and first
follow the dimensional power counting. That means that at
leading order, we include only the one-pion-exchange poten-
tial and no further terms are promoted. At next-to-leading
order, there is one free parameter C, 3p, that determines the
strength of the NLO contact interaction. The results for the
LO and NLO calculations are presented in Fig. 1. In contrast
to other plots in this section, we restrict ourselves to the
values of the cutoff A < 600 MeV because for larger cutoffs,
the calculated phase shifts deviate too strongly from the data
points.

For soft cutoffs values below A = 450 MeV, the conver-
gence of the chiral EFT expansion and the description of
the data are reasonable. Moreover for such cutoffs, the LO
amplitude can be regarded as perturbative, in the sense that
the series in V| converges very rapidly, and already a single
iteration of the LO potential provides an accuracy of one
percent. Therefore, the analysis of Ref. [16] can be applied.
One can also see that the band for next-to-leading order cor-
responding to the variation of the cutoff gets considerably
narrower if the regulator correction to the one-pion-exchange
potential is taken into account explicitly. Further discussion
of the fully perturbative approach in the 3Py channel can be
found in Refs. [44,45].

As one increases the cutoff value, the convergence of ex-
pansion of the amplitude in powers of V, becomes much
slower. This is not problem for our formalism as we for-
mulated the power counting in the nonperturbative case in
Sec. IV. However, as one can see in Fig. 1, the disagreement
with the data gets more severe and the convergence of the
chiral EFT expansion deteriorates. In fact, such a strong de-
viation of the LO phase shifts from the data leads to a strong
violation of unitarity. Another indication of the inefficiency
of the resulting EFT expansion is a rather small value of the
Fredholm determinant. At threshold, it equals D =~ 0.4 for
A = 600 MeV compared to D ~ 1 for A = 300-450 MeV.

Large contributions from higher orders makes it more effi-
cient to promote the NLO contact interaction to leading order,
see also Refs. [20,21]. In fact, the case of very soft cutoffs con-
sidered above, which shows a reasonable convergence of the
chiral expansion, can also be viewed as a modification of the
short-range part of the LO potential analogous to promotion of
a contact interaction. Note that our motivation for promoting
the NLO contact term is not the requirement of the existence
of an infinite cutoff limit as advocated, e.g., in Ref. [20], but
rather a large strength of the LO one-pion-exchange potential
in this channel. Specifically, we demand that the difference be-
tween the LO results and empirical values of the phase shifts
can be corrected by a perturbative inclusion of higher-order
interactions.

In the scheme with a contact term at LO, there is also one
free parameter to be determined from the fit, namely Cip,s
whereas the NLO constant C, sp, is fixed by the renormal-
ization condition in Eq. (91). The corresponding results are
shown in Fig. 2. As one can see, the convergence pattern
when going from LO to NLO becomes much better. Taking
into account the regulator correction to the one-pion-exchange
potential §,V© explicitly leads to narrower cutoff-variation
bands at NLO, especially for soft cutoffs.

The expansion of the Fredholm determinant in powers of
Vo converges rather rapidly for the cutoffs A < 600 MeV:
at order (Vp)?, a one-percent accuracy is achieved. For A =
800 MeV, the same accuracy requires expansion up to order
(V4)*. The absolute value of the Fredholm determinant varies
within the range 0.7-2.3 increasing for higher values of the
cutoff. The numerical values of the constant C, sp, in the units

044002-16



RENORMALIZATION OF NUCLEAR CHIRAL EFFECTIVE ...

PHYSICAL REVIEW C 107, 044002 (2023)

without 5, V(@ with 5,V

& 20

s F  mmmmem———d | ==
& 10

;.,E)

) 0

0

£

o —10

0 50 100 150 200 2500 50
Erab [MGV] Elan [MGV]

100 150 200 250 0 50

with 5,V

TTT T[T T T T[T T T T[T T T [TTT

without 5AV(O)

TTT T[T T T T[T T T T[T T T [TTT

TTTTTTTTTT
TTTTTTTTTT

| NN AR
'l NS W i

TTTTTT
/
2L

TTTTTT

s s b b gy

100 150 200 250
Elab [MGV]

s s b b gy

100 150 200 250 0 50
Elab [MGV]

FIG. 2. The results of the leading-order (blue dashed lines) and next-to-leading-order (red solid lines) calculations for the 3P, partial wave
with the contact term promoted to leading order. The bands indicate the variation of the one-pion-exchange cutoff within the range A, €
(300, 450) MeV for two left plots and within the range A, € (450, 800) MeV for two right plots. The second and fourth plots correspond to
the NLO potential with the regulator correction §, V', while the results in the first and third plots are obtained without this term. The empirical

phase shifts shown by black solid dots are from Ref. [41].

of Eq. (163) is reasonably natural for the choice of the hard-
scale A, = 600 MeV at least for lower A values. Specifically,
G, 3p, ~ 2 for A =~ 450 MeV but increases to C, 3, ~ 30 for
A = 800 MeV.

Combining the above results, we conclude that for the
cutoffs below or of the order of the hard scale, the renor-
malization of the NLO amplitude can be understood within
the approach developed in this paper. For higher values
of the cutoff, the renormalizability of the theory becomes
questionable.

B. 3S; -3D; channel

Next, we consider the system of the coupled *S;-’D,
partial waves. The LO potential is obviously nonperturbative
due to the presence of the shallow deuteron bound state.
The enhancement of the LO amplitude at threshold is not as
strong as, e.g., in the 15, channel. Therefore, we assume that
within the renormalization scheme specified in Eq. (117), the
dimensional power counting should work. That means that
the LO potential contains only the one-pion-exchange and the
momentum-independent contact term contributions.

There are three parameters to be determined from the fit:
the LO constant Cs S0 the NLO constant at the diagonal contact
term quadratic in momenta, C, sq, P and the NLO constant
accompanying the off-diagonal contact term C, ¢,. The NLO
momentum-independent contact term with the constant C, s,
is fixed from the renormalization condition in Eq. (117). The
above-mentioned three parameters are determined by fitting
the phase shifts in the diagonal *S; channel and the mixing
parameter €, i.e., the channels with contact terms in the
potential. The *D; phase shift comes out as a prediction.

The results of the fit for various cutoffs are shown in Fig. 3.
In general, we observe a reasonable convergence of the chiral
expansion except for the €; channel where the LO as well as
the full contributions are rather small.

As expected for soft cutoffs A < 450 MeV, taking into
account the explicit regulator corrections §,V@ for the
one-pion-exchange potential and the leading contact term sig-
nificantly reduces the cutoff dependence at next-to-leading
order.

Given the relatively large number of free parameters and
possible fine-tuning, it is necessary to explicitly verify the
renormalizability criteria specified above.

First, we check the naturalness of the NLO LECs in the
units specified in Egs. (162) and (163). The absolute values
of the constants C, s, » and G, do not exceed 12 for all
considered values of the cutoffs. The maximal absolute value
of the constant Gsg »” is about 6 for A < 600 MeV, but it starts
rising very fast and reaches the value of Cig » ~ 20 for A =
800 MeV (and continues rising rapidly).

The Fredholm determinant converges with a one-percent
accuracy at orders (Vo)*=(Vp)® for A < 600 MeV and at order
(Vo)® for A = 800 MeV. The absolute value of the Fredholm
determinant at threshold (at Ej,, = 250 MeV) varies in the
range 0.6-0.8 (1.8-3.6) for A < 600 MeV and is as large as
1.6 (7.5) for A = 800 MeV.

Summarizing the above observations, our numerical results
confirm the renormalizability of the NLO amplitude in the
3G, -°D; channels for the cutoffs below or of the order of
the hard scale. For higher values of the cutoffs, the renor-
malizability in the sense discussed in the present paper is not
guaranteed.

C. 'Sy channel

Finally, we discuss the 'S partial wave. The enhancement
of the LO amplitude due to the extremely shallow quasibound
state is very strong. Nevertheless, we start with trying to adopt
the dimensional power counting and do not promote any addi-
tional contact interaction to leading order. Therefore, the LO
potential consists of the one-pion-exchange contribution and
the leading contact term. Two parameters are determined from
the fit: the LO constant Cig; and the NLO constant C, ig, »
corresponding to the contact term quadratic in momenta. The
NLO constant C, 1, is fixed from the renormalization con-
dition in Eq. (117). The results are shown in Fig. 4. As
in the case of the ’P, partial wave, the convergence of the
chiral expansion is acceptable only for small values of the
cutoff A < 450 MeV. For larger values of the cutoffs, the LO
contribution is too large compared to the data, which leads
to a strong violation of unitarity. The regulator corrections to
the one-pion-exchange potential and the leading contact term
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FIG. 3. The results of the leading-order (blue dashed lines) and next-to-leading-order (red solid lines) calculations for the *S; -*D; channels
with the contact term promoted to leading order. The bands indicate the variation of the cutoff of the LO potential within the range A €
(300, 450) MeV for two left columns and within the range A € (450, 800) MeV for two right columns. The second and fourth columns
correspond to the NLO potential with the regulator correction 8, V@, while the results in the first and third columns are obtained without this
term. The data are as in Figs. 1 and 2.
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FIG. 4. The results of the leading-order (blue dashed lines) and next-to-leading-order (red solid lines) calculations for the 'S, partial wave
without promoting the contact interaction quadratic in momentum. The bands indicate the variation of the cutoff of the LO potential within
the range A € (300, 450) MeV for two left plots and within the range A € (450, 800) MeV for two right plots. The second and fourth plots
correspond to the NLO potential with the regulator correction §, V@, while the results in the first and third plots are obtained without this
term. The data are as in Figs. 1 and 2.
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FIG. 5. The results of the leading-order (blue dashed lines) and next-to-leading-order (red solid lines) calculations for the 'S, partial wave
with the contact interaction quadratic in momentum promoted to leading order. The bands indicate the variation of the cutoff of the LO potential
within the range A € (300, 450) MeV for two left plots and within the range A € (450, 800) MeV for two right plots. The second and fourth
plots correspond to the NLO potential with the regulator correction §, V@, while the results in the first and third plots are obtained without

this term. The data are as in Figs. 1 and 2.

practically do not affect the size of the bands corresponding
to the variations of the cutoff, which is also a sign of a slow
convergence. As the cutoff increases, the Fredholm determi-
nant at threshold changes from 0.7 to 0.3. Therefore, the slow
convergence of the chiral expansion for the NLO amplitude
is expected from our analysis in Sec. V. Nevertheless, the
series for the Fredholm determinant converges rapidly: the
one-percent accuracy is obtained at order (Vo). The natural-
ness of the NLO LECs in the units of Eqgs. (162) and (163)
is also reasonably fulfilled: the absolute value of the constant
G, does not exceed 2, and the absolute value of the constant
C, 15,2 18 below 25.

A large deviation of the LO results from the data is a
motivation for promoting the subleading contact interaction to
leading order (as the simplest solution), see Refs. [18,19]. As
we argued in the discussion of the 3Py partial wave, adopting
soft values of the cutoff A < 450 MeV in the scheme with
one contact term at leading order is a sizable modification of
the short-range part of the LO potential and is, to some extent,
equivalent to the promotion of an additional contact term.

Now, we consider the scheme with the contact interaction
quadratic in momenta being promoted to the LO potential.
There are still two parameters to fit: Cig, and Cig . The
constants C, 15, and G, g » are fixed from the renormal-
ization conditions in Eq. (154). The results for the scheme
with two contact terms in the LO potential are presented in
Fig. 5. For higher A values, the convergence pattern for the
EFT expansion in this scheme is significantly better than in
the scheme without promotion of the momentum-dependent
contact term. The cutoff dependence is weak for the cutoff val-
ues A > 450 MeV. For soft cutoffs, it may seem that explicit
regulator corrections makes the cutoff dependence stronger.
However, this is probably accidental because, as one can see,
the cutoff dependence for the case without regulator correc-
tions is nonlinear and varies nontrivially with momentum.
This is caused by various cancellations due to the fine-tuning
of two contact terms.

The absolute value of the Fredholm determinant at thresh-
old is D~ 0.1 for all considered cutoffs, which is in
agreement with our expectations for the strongly enhanced
LO amplitude. The expansion of the Fredholm determinant
in powers of the LO potential approaches an accuracy of one

percent at order (V,)? for the cutoffs below or equal to the hard
scale and at order (V;)* for A = 800 MeV.

For all analyzed cutoffs, the naturalness constraint for the
NLO constants is reasonably well satisfied without an obvious
tendency to its violation, which can be explained by a regular
behavior of the spin-singlet one-pion-exchange potential at
short distances.

To summarize, the numerical calculations for the channels
3Py, 3S; -°Dy, and 'Sy are in agreement with our theoretical
analysis of the renormalization of the NLO amplitude with
a finite cutoff. We observed a reasonable convergence of the
chiral EFT expansion. However, for the Py and 'S, partial
waves a more efficient scheme within the considered EFT for-
mulation is obtained when the subleading contact interactions
are promoted to leading order, as has already been discussed
in the literature. The naturalness constraints on the NLO LECs
and on the value of the Fredholm determinants are fulfilled for
the cutoff values below or of the order of the hard scale. The
convergence rate of the Fredholm determinants in powers of
the LO potential also appears to be sufficiently rapid for such
values of the cutoffs. This allows us to interpret the renormal-
izability of the NLO amplitude within the method developed
in the current paper. When the cutoff approaches the value
A = 800 MeV or higher, the renormalizability constraints are
not clearly fulfilled anymore, even though the convergence of
the amplitude might still be reasonable.

Thus, we conclude that the preferable choice of the cutoff
values is roughly A < 600 MeV. For very soft cutoffs A =
300-450 MeV, the regulator corrections to the LO potential
should be explicitly taken into account to remove the regulator
artifacts.

VII. SUMMARY

We have extended our previous study in Ref. [16] and an-
alyzed the renormalization of the nucleon-nucleon amplitude
at NLO in chiral EFT in the case when the LO interaction
is nonperturbative. Our scheme is based on the formulation
of chiral EFT with a finite cutoff derived from the effective
Lagrangian.

In the previous paper, the power counting for the renormal-
ized NLO amplitude was justified for the case when the series

044002-19



A. M. GASPARYAN AND E. EPELBAUM

PHYSICAL REVIEW C 107, 044002 (2023)

for the iterations of the LO potential are (rapidly enough)
convergent, i.e., for the perturbative case. The corresponding
subtractions in the form of the LO S-wave contact terms that
absorb the power counting breaking contributions were iden-
tified. Starting from P waves, the NLO amplitudes were found
not to require any subtractions in agreement with dimensional
power counting.

The method of analysis of the power counting in the non-
perturbative regime relies on the Fredholm formula for the
solution of the integral equations, which represents the nu-
merators and denominators of the amplitudes as individually
convergent series in powers of the LO potential. To implement
the Fredholm decomposition, we first had to derive stronger
bounds on the LO potential compared to the ones used in
the perturbative case. In contrast to the perturbative regime,
it turned out that the minimal “mild” regulator can, in general,
not be employed if the NLO potential remains unregulated.
This implies a potentially stronger cutoff dependence in the
nonperturbative case.

The results for the P and higher partial waves in the NN
system reproduce to a large extend our previous findings. The
dimensional power counting for the LO and NLO amplitudes
is formally satisfied without subtractions unless there is an
enhancement of the LO amplitude due to the presence of a
shallow (quasi-)bound state, which is not the case for the
physical channels. Nevertheless, in some cases, the promotion
of NLO contact terms to leading order can be motivated by
phenomenological arguments as, e.g., in the *Py channel. In
the latter situation, however, one has to choose the LO poten-
tial in such a way as to avoid the appearance of “exceptional”
cutoffs, for which the renormalization breaks down. The sim-
plest way to verify that the adopted value of the cutoff is not
close to “exceptional” is to make sure that the NLO LECs are
of a natural size.

For the S waves, we have shown that the series for the sub-
tractions at next-to-leading order, obtained in the perturbative
case, can be resummed in a closed form. Such a resumma-
tion is equivalent to the condition for the renormalized NLO
amplitude to vanish at threshold. Using the Fredholm formula
allowed us to analyze also the case when the LO amplitude
is enhanced at threshold compared to the dimensional power
counting estimate. This happens in the 3S; ->D; and 'S¢ chan-
nels where shallow bound and quasibound states are present.
The dimensional power counting for the NLO amplitudes is
still valid in those cases if certain additional constraints on
the LO potential are fulfilled. Again, these constraints even-
tually reveal themselves in the naturalness of the NLO LECs.
However, the convergence of the chiral expansion in the chan-
nels with enhanced LO amplitude may become significantly
slower, especially in the 'Sy channel, where the enhancement
is most pronounced. To improve the convergence, one can,
analogous to the 3P, partial wave, promote a subleading con-
tact term to the LO potential with the same warning regarding
“exceptional” cutoffs.

Finally, we have illustrated our theoretical findings by nu-
merical calculations of the NN phase shifts at next-to-leading
order by fitting the unknown free parameters to the empiri-
cal data. We considered three channels with nonperturbative
dynamics, namely 3Py, 3S; -°D; and !S,, and varied the LO

cutoff in the range of A = 300-800 MeV. We observed rea-
sonable convergence of the chiral expansion, especially when
the subleading contact terms are promoted in the Py and 'S
channels.

As criteria for the interpretation of the renormalizability of
the NLO amplitude in terms of the Fredholm expansion, we
used the naturalness of the NLO LECs and of the Fredholm
determinant as well as the convergence rate of the expansion
of the latter in powers of the LO potential. It turns out that all
these constraints are fulfilled as long as the cutoff values are
chosen below or of the order of the hard-scale A, ~ 600 MeV.
For particularly soft cutoffs A = 300-450 MeV, taking into
account explicit regulator corrections to the LO potential
compensates for the regulator artifacts and reduces the cutoff
dependence.

When the cutoff increases beyond the hard scale, the renor-
malizability constraints start being violated. Therefore, we
conclude that the cutoff values A < A, are preferable from
the point of view of the renormalization of EFT.

Further development of our approach goes in the direction
of extending it beyond next-to-leading order in the chiral
expansion. It is also important to generalize the scheme to
few-nucleon systems and the processes involving electroweak
interactions.
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APPENDIX A: LEADING-ORDER POTENTIAL

The short-range part of the leading-order potential in
its general form can be chosen to include the momentum-
independent contact interactions and contact terms quadratic
in momenta (altogether nine terms), multiplied by the power-
like nonlocal form factor of an appropriate power n:

Vi a(B' B) =Y CiVe, Fan(p'.p). (Al

where V¢, is any basis for the contact terms, e.g., the partial
wave basis, and the regulators are given by

FA,n(p/v p) = FA,n(p/)FA,n(p)a FA,n(p) = [FA(P)]n,
2

p2+A2'

One can also introduce a regulator of a Gaussian form by
replacing Fy ,(p) with

FA,exp(p) = exp (_pZ/AZ)

Alternatively, one could introduce local short-range inter-
actions (for the terms that depend only on ¢, except for the
spin-orbit term) using the appropriate basis [46] and the local

Fa(p) = (A2)

(A3)
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regulator
A%\
— ), A4
e A2> (Ad)
or with the regulator in the Gaussian form F exp(g).
The long-range part of the LO potential is represent by the

one-pion-exchange contribution, which is split into the triplet,
singlet, and contact parts

2 - s -
V«»:_(g_A) 0., 0% d

Fq,A,n(ﬁ,a [_5) = [FA(q)]n = <

I 2F, g + M2
= Vi + Vi +ViE (AS)
with

a1\’ -6, —1) M2

VO = () 1 —,
: 2F, 4 q* + M?
2 - -
8a G1-62—1)

Vi = _<F) T (A6)

All three parts, if necessary, are regularized individually. The
contact part Vi, « can be absorbed by the leading-order 'S
contact term and thus needs not be considered separately. The
triplet and singlet potentials can be regularized by means of
the nonlocal form factor [see Eq. (A2)]:

VIDA(B' ) =V (B BIFa (P’ )

+ VDB B)Fan(p'. p). (A7)
or by means of the local regulator:
Viga(B'sB) = Vig (3" B)Fyinn (B, B)
+ VOB PIFyanaP . B),  (A8)
with
A2 —M2\"™
Foiza (P, P)= (ﬁ) ,
A2 — M2\ ™
Fpinn (P, p) = (ﬁ) . (A9)

Note that in Ref. [16], a more general form of the local
regulator was considered.

The spin-singlet part of the one-pion-exchange potential
can, in principle, be left unregulated. This is, however, only
relevant for the spin-singlet channels without short-range
interactions. All such channels can be regarded as having per-
turbative LO potential and were already analyzed in Ref. [16].
For the spin-singlet channel considered in this work, 1Sy, the
effects of a regulator will be driven by the contact interaction
in any case.

To regularize the spin-triplet part of the one-pion-exchange
potential in the LO Lippmann-Schwinger equation, it is suffi-
cient to introduce a dipole (n, = 1) regulator, which we refer
to as the “mild” regulator. All other options, i.e., n; > 2 are
referred to as the “standard” regulators.

One can also adopt the local Gaussian regulator for the one-
pion-exchange potential:

Fq,ln,exp,A(ﬁ,v ﬁ) = exp [_(q2 + M7.2[)/A2] (A10)

APPENDIX B: NEXT-TO-LEADING-ORDER POTENTIAL

The short-range part of the next-to-leading-order potential
is given by the sum of contact terms analogous to Eq. (A1):

Vi (B, P) =Y Cai Ve, (B1)

The nonpolynomial part of the two-pion-exchange poten-
tial is given by (it is equivalent to the one provided in Ref. [47]
up to polynomial terms)

@) (=7 =y 71T 5 2 (< 4 2
Vo (B, P) = _W L(q) |:4M7r (54 — 4¢3 — 1)
48g4 M
+¢*(23gh — 1083 — 1) + —4M2A+ :12

T Ty gAM24
8 2F4 AM?2 + ¢?

/N P PR
64n2F?
(B2)

where
L(g) := L(qg) — L(0) = L(g) — 1,

1 JIMEF
L(q) = —/4M2 + ¢*log %. (B3)
q .

The regulator of the NLO potential, not shown explicitly in
the above expressions, can be a combination of any local or
nonlocal forms. For the two-pion-exchange potential, one can
also employ a spectral function regularization by introducing
a finite upper limit in the dispersion representation of L(q):

. Modp Ju? — 4AM2
L) =¢ f Ay = (B4)

wm, W@

APPENDIX C: BOUNDS ON THE PLANE-WAVE
POTENTIAL

1. Bounds on the substructures

Below, we list the inequalities for the building blocks of
the LO and NLO potentials obtained in Ref. [16].

The components of the initial and final nucleon ¢.m. mo-
menta p and p’ are defined as

0 sin 0 cos ¢
p=p|l0], p'=p|sinbsing |, (Ch)
1 cos 6
where p is either p = po, or lies on the complex contour
p € C: p=|plexp(—iac), and p’ is either p’' = po, or p' =
|P| exp(—icxc).
For the function

1 1
Ju(p' p,x) = — (€2)

PHud PP p = 2ppx+p?
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with u > M, the following bounds hold
/ f
£ (P, p )] < ., (C3)
a S pR+ 1P 12 = 20plp I + 1
lgiq; fu (P, P, X)| < My, (C4)
|Gk X @)i fu (P p )l S Mp(1=x3)7120 i j=1,2,3.
(C5)

The subtraction remainders defined as

satisfy the following inequalities:

n+1
n p . /
AV £ P S Mpal=| 1P P 1P > Ipl,
p/ n+1
A £u(p, p)| < anp Ifu(P, p)lifpl > 1P,
(C7)

For a more general structure

= p)|
A(n) /’ = ,5 - T A N la / /
p SPP) =10 p) ZO: i'@p) |, Yo, ) (0 P, X) = Ok(P', P, )FA (P, D) fruy (P, P, %),
- (C8)
, ~ 9. p) ;
A;/)f(P/, p=f@.p- Z W @), (Co) where the form factor Fy ,, is defined in Eq. (A2), f,,, is a
im0 0P =0 product of several f,
|
fun@p.0) =[] fu®. p. ), (C9)
i=1,r
and Q is a homogeneous polynomial of degree k, one can deduce the bounds for derivatives:
2 0" Ve, () (P, P> X) ] / p|
i ]n MS\IJ A m— "H (p )f (P ’ 07 x) -
ap p=0 p
0 0" Wi 1) (P, P, X) n 4
'(p’)’ alhcd < MEa P Fy o () fiu 0. p.0)| || . n >0, (C10)
) 7=0
and for the subtraction remainders:
n+1
n n p .
| AW (P, 0| < M | (Wm0l + P Fp et (D) fipea (P, 0, 0D, if 1P| > Ipl,
p/ n+1
| A W ) (P P 0] < MY S1 Bk 0 P+ 1P Fy ot (P O po 0D, i Il > 1P (€D

2. Bounds on the plane-wave leading-order potential

In this section we provide bounds for the leading-order
potential. We will need slightly stronger bounds than those
obtained in Ref. [16]. In particular, we will need bounds that
factorize in initial and finale momenta in the partial wave
basis. To obtain them, we will partly keep the angular depen-
dence in binding functions.

The derivation is only slightly different from that of
Ref. [16], which we demonstrate for the case of the spin-triplet
one-pion-exchange potential.

The locally regularized one-pion exchange potential in
the spin-triplet channels can be bounded using equations of
Appendix (C1) by the following inequality:

n
qiq; [ Af—M;
|V(())(p p)| Mt,[' J t 7
t F2 -~ qu +M,% q2+A§1
2n M
< - “Fan(P], 1Pl %), (C12)
N
where we have introduced the form factors
Faa(IP']s Pl x) = (Fa(P'l, 1Pl x))",
A2
Fy(lP], Ipl,x) = . (C13
AL = e o a1

(

In Eq. (C12), we replaced A, with the largest cutoff A among
all regulators in the LO potential, which is possible due to the
inequality:

Fp,(1P'], Il x) < Fa,(1P'], Ipl, %) for Ay < Ay (C14)

If the triplet one-pion exchange potential is regularized by
the nonlocal form factor, then we obtain

V2@, P

gi q:’clj < A2 A2 )”1

4F712 -~ tij qz_}_M% p/z +A2 [72 ~|—A2

~

27 M, ,
< Fxn (I DFan (IPD- (C15)

mNAV

Analogously, we obtain bounds for other LO contributions
as in Ref. [16] retaining the angular dependence of local form
factors and the powers of the form factors.

Finally, the full leading-order potential satisfies

My,
_OVO,max(p/v D, X),

Vo(3'. B
Vo(p", p)I < s

mvo.max(pv Plax), (C16)

Vo(p', P)I < 2
4
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where we have introduced
2

[Fan(IP'ls [Pl %) + Fa (1P DI,
(C17)

VO.max(p/v p1 X) = m A
NV

with n being the smallest power among all regulators in the
LO potential. The cases of the “mild” and the ‘“standard”
regulators correspond to n = 1 and n > 2, respectively. The
difference of Eq. (C17) from an analogous bound in Ref. [16]
is that the powers of both local and nonlocal form factors are

J

retained and the x-dependence of the local form factor is kept.
The bounds for the Gaussian regulators can be reduced to the
ones for the power-like regulators as was shown in Ref. [16].

For the spin-singlet channels without a short-range interac-
tion, the bounds in Eq. (C17) can be improved by replacing A
with M, . However, as mentioned above, those channels were
already covered in our previous study.

The remainders A\PVo(p', p) for [p'| > |p| can be esti-
mated using Eq. (C11):

Wyl = Mavyn| P , )
|AYVo(B', p)| < 2= Voma (P pox) i 1P| > 1pl,
4 | p
o o Maven | P / . /
|AYVoB" )| < = Voman(pop0) i pl > 1. (C18)
From Eq. (C10) one obtains the estimates for the derivatives of the leading-order potential:
0" Vo(p', B) 27 Mavy.n p|" Mol p|"
P T g 4PN 5] < R E V) (P L), (C19)
(@p) p=0 my Ay 4 |p
md"Vo(p', p) 27 Myyy.n 7" Moy | P |" ,
e TN e (oD E ] < R P W (o 10, (C20)
@p') p=0 my Ay P 4| p

including the case m = 0, where we have used that the local
form factor satisfies

FA(p.0,%) = Fa(p). (C21)
Applying Eq. (C19) [Eq. (C20)] to the definition of
APVO(B'. p) LAY Vo(p'. p)] in Eq. (CO) for |p| > |p]

(1P’ > |pl), and combining it with Eq. (C18), we obtain the
following bounds for the remainders:

n

L Mavea| p "
A5V P < =25 5| Vom0
o MAV, p/ n+1
A5V Pl < =525 T Vo (p.plo). (€22)

which are valid for all considered p and p'. All above gen-
eral formulas do not include the case when the LO potential
contains a locally regulated spin-orbit short-range interaction
such as

Oz = LG ta). Exa A3\
Ve (P,P)=C5§(Ul+02)'( X q) 2ral)
5
(C23)

with ns > 1 (or with the Gaussian form factor). Following
the arguments provided in Ref. [16], one can formulate the
same bounds as in Egs. (C16) and (C22) for the quantity VC(?)
defined as

VOB 5= 7O 5 (G 4 3. 7 /i
e (P.P)=V (P ,p)z(m + 02) - fig/ sin 6,
fig = (—sin¢, cos ¢, 0), (C24)

which makes it possible, after the partial-wave projection, to
treat this interaction on the same footing as all other LO terms.

(
3. Bounds on the plane-wave next-to-leading-order potential

For the NLO potential, we use the bounds obtained in
Ref. [16]. The NLO potential is split into two parts:

Va(p', B) =Va(p', B)+ Va(B', p), (C25)
with

Va(p', ) = V2(0,0),  Va(p', ) = Va(p', p) — V2(0,0),

(C26)
which are bound as
5 - 2r M2
Va(p', Pl S My, ————7, 27
| 2(P P)| MV'mNAV Ai ( )
and
Y 27 My, |pl* + Ip'1?
V _'/’ p g - 0, /s
Va(p, p)l . A2 Foe(P D)
M I
= PP+ 1P P) sV p). (C28)
with
~ 87‘[2
/ - /
Jiog(P's p) = mNAVAiflog(p,p),
S p) = 60l — M) 2L 1 0p) — My
g 7 "
A
gt (C29)

T

In the function fiog(p', p), the term In 37 was introduced for
convenience so we can omit it (or set A = M).
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We also allow for a regulator (local or nonlocal) for the
NLO potential. We can introduce it simply as a factor, so that

for our estimates. The cases of higher powers (or Gaussian
cutoffs) are included automatically, because

the bounds in Eq. (C28) are modified as
Fayo(lpD),

Fanon(lpD) <
< Fawo (2] 1pl, ),

)
Vo (p', p)l <
V2(p', Pl < FANLo,n(|p/|v 1pl, x)

(C31)
X [Fano(P']5 1Pl %) + Fago(IP'D], - (C30)

where we combined local and nonlocal regulators into one
factor. The first power (n = 1) of the form factors is sufficient

J
APPENDIX D: BOUNDS ON THE PARTIAL-WAVE POTENTIAL

forn > 1. If different values of the cutoff are used for different
NLO contributions, then Anpo can be chosen to be the largest
value.

Below, we repeat the arguments of Ref. [16] for deriving the bounds on the partial-wave potential, but take into account an
angular dependence of the binding functions.
The partial-wave potential is obtained from the plain-wave potential via

> fdsz USRS GRSV G, B)lAa) Guaal s, o, (),

A2,

Vi ,(p p) =

2041
2j+1

1
2
(MAzljls) = ( ) C, s, j;0, 0 — 42)C(1/2,1/2, 5301, —h2), (D1)

where A;, A are the helicities of the corresponding nucleons.
Due to unitarity of the transformation, the following constraints hold:

[(AiAzljls)| < 1, ], (0) < 1. (D2)
Therefore, if the plain-wave potential is bounded by some angle-dependent function ¢(p/, p, x),

V(B Pl < My (P, p, x), (D3)

I(1/2, s: M) < 1,

then, for the partial-wave potential, we obtain

V. p)| < 270 / dx (. p. ). (D4)

For the special case of the locally regulated spin-orbit contact interaction, a bound of the same type can be obtained if one
replaces |V (5, p)| by [V(B', p)| = [V(B’, p)|~/1 — x2, see Appendix C 2 and Ref. [16].

1. Bounds on the form factor F, ,(q) integrated over x

In this subsection we derive the bounds on the local form factors

2

_ _ 2
Fu(q) = m, Fuo(q) = Fu(q), (D3)
integrated over the angle variable x, which are relevant when considering bounds for the partial-wave potentials. The form factors
F, 2(q) with n > 2 satisfy (at least) the same bounds as F}, »(g), which is sufficient for our estimates. The same is true for the
form factors of the Gaussian form, which was analyzed in detail in Ref. [16].

From Eq. (C3), it follows

lg* + 121 = M UpP + 1P/ = 21pllp 1x + 1) = MR I = Ipl)* + 1P/ P = %) + 4]
> MR PO —x)/2 4 171, (D6)
For |p'| > 1, we obtain
1 2
V fulad _V A1 <20 [ = T W)
2Mpp? | 207 ZM.f'M2<1+] ﬂ) o7
IP'? w? IP'? n?
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and
! ! ! dx DM 2M
’/ F,M(q)dx:’/ﬁgél f4/ S = /2f S < /fz i (D8)
-1 —1 (g + 1) 1112 = x) +2u2] P|=+n 17|
whereas for |p’| < u, we can simply use
1 1
‘ / dxFM,,1(q)' < / dx(Myg)' =2(Mg)', n=1,2. (DY)
—1 -1
Combining Eq. (D9) with Eq. (D7) or Eq. (D8) and introducing the functions
AE) =00 — 18D+ 05 — D73,
IEI
N In|§]
10g(§) = 0(1 — |§)) + 0(|&] — 1) ISIZ , (D10)
we arrive at the following bounds (obviously symmetric under the interchange p <> p'):
1
‘ / F(q@)dx| < Mp1hiog(p'/p), and the same for p <> p’ (D11)
—1
and
1
‘ / F2(q)dx| < Mp2A(p'/1), and the same for p <> p'. (D12)
-1
For the function F}, »(g), we can also obtain another bound:
1
‘/ Fua(q)dx| < Mpod(p'/i)*/2(p/p), and the same for p <> p'. (D13)
~1
To prove Eq. (D13), we consider three cases.
(1) |p'| € w. Inthis case, A(p'/u) = 1. Since A(p/) < 1, Eq. (D13) follows from Eq. (D12).
2) Ipl = 1P| > . Inthis case, A(p'/u) > A(p/u) and Eq. (D12) yields Eq. (D13).
3) |pl < |p| and |p| > w. Consider the definition of the subtraction remainder A;,l) in Eq. (C7):
/ 0Fu2(9)
Fux(@) = Fux (@) + p 2L 1 ADE, 5(g). (D14)
ap p=0
Now, we estimate the three terms in the last equation individually:
2:“4 2 o 2
uz(p )dx| < |Fu 2(p)ldx < T = 2x(p' /)" < 24P/ 1)°/2(p). (D15)
From the fact that '9F“2(Q) | =0 o< x, it follows
' OF,
/ pL(q) dx =0. (D16)
~1 o
The bound from Eq. (C7) gives
CAOF, <M R
F, i | | L 2(@)ldx, (D17)
-1
which [see Eq. (D8)] leads to
: ) |P| |P| 1 7N2
1 ALFy, S2Mypi=— T =2M;y, IM_MP /1) < 2M P /1) M (p/ ). (DI3)
Finally,
1 1 1
’ / Fuo(g)dx| < ‘ / Fuo(p')dx| + ‘ / ALF,, < 2(M 1 + DAY /) /1 (p/ ). (D19)
-1 -1 -1

Combining all three cases, we obtain Eq. (D13).
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2. Bounds on the partial-wave leading-order potential

We represent the bounds for the partial-wave LO potential in the separable form:

Vo(p', )l < My, Vo.max 8POR(P),  Vo(P', p)I < My, Vo max B(P)g(p), (D20)
with
872
VO,max = (DZl)
mNAv

where the exact form of functions g and 4 (and the value of My, ) depends on the partial wave and on the form of a regulator.
Introducing the functions

vo(p's p) = Vo(p's PIIMy,Vomax B(PDEPI",  To(ps p) = Vo(p's p)I My, Vo.max 8P )R(P)] ", (D22)
we obtain the bounds
lvo(p', p)I < 1, [Bo(p, p)l < 1. (D23)

The above inequalities are meant to hold for all matrix elements of Vo(p/, p) in the [, I” space.

a. S wave

Using the bounds for the plane-wave leading-order potential in Eq. (C16) and performing the partial-wave projection
according to Egs. (D4), (D11), and (D13), we obtain for / = 0 (for the coupled partial waves, we mean by [ the lowest orbital
angular momentum):

8(p) = hog(p/A),  h(p) =1, (D24)

for the “mild” regulator, and
g(p) = [Mp/M)P,  hip) = [A(p/M)], (D25)

for the “standard” regulators.

Note that for |p| < A, in particular, for the on-shell momentum |p| = pq,, we have g(p) = h(p) = 1.

b. Higher partial waves

For [ > 0, we can use the fact that form < [,

"Vy(p’, "Vy(p',
o(p’, p) _ o({? D) _o. (D26)
@pr =0 @pr |y

and thus

ASVo(p', p) = AYVo(p', p) = Vo(p', p). (D27)

For the case of the “mild” regulator utilizing Eq. (C22) and performing the partial-wave projection according to Eqgs. (D4)
and (D11), we derive

8(p) = hog(p/ M)/ 1Pl h(p) = 1pl, (D28)
with 7 < [. Since
AMp/A) < Mog(p/ D), (D29)
the same bounds can be used for the “standard” regulators, see Eq. (D12).

For the purposes of the present paper, it is sufficient to choose [ = 1.

3. Bounds on the partial-wave next-to-leading-order potential
a. S wave

For [ = 0, the bounds on the NLO partial-wave potential are the same as in Ref. [16]:

N ~ 872 M?
Vh(p, < My, p————Z, D30
Va(p', p) VZ’OmNAV A2 (D30)
and
IVa(p', p)I < My, o(Ip* + 1P'1*) fioe (P, D), (D31)

when one employs the “standard” regulators for the LO potentials.
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In the case of the “mild” regulator of the LO potential, we use the partial-wave projected regularized expression, applying
Eq. (D11) to Eq. (C30):

Vo (P, p)I < My, o(pl + 10/ 1) fiog(Ps PIMog(P'/Anro),  oF
IVa(p', p)I < My, o(IpI> + 10/ 1) fiog(Ps PIMiog(P/ AniO)- (D32)

b. Higher partial waves
For [ > 1, we simply adopt the bounds from Ref. [16]

]
Va(p', p)l < My, 1 3,' 1P'1” fioe (P, P), (D33)
IVa(p, p)l < (D34)
where Q NEY
For [ = 1, both above equations coincide:
V2, )l < My, 1 1P11p1fiog (P, P)- (D35)

For the purposes of the present paper, it is sufficient to take the choice [ = 1.

APPENDIX E: BOUNDS ON VARIOUS PARTS OF THE S-WAVE NLO AMPLITUDE

In this Appendix we provide bounds for various parts of the unrenormalized and renormalized S-wave NLO amplitude and
their series remainders. The unrenormalized NLO amplitude is decomposed by factoring out the Fredholm determinant as in
Eq. (74):

T (P, Py Pon) = N2 (P, D3 Pon)/D(Pon)?s No = VaD* + ToyD + Ty 3D + T 3y, (ED)
with
, d
Ly(p'. p:pon) = (2 7 V2P POY (P1. P Pon).
Ty (P, Py Pon) = pidpi Y (P, P\ pon)V2(P, D),
’ Q2m)’

pidpi pidp,
@2y @)
Below, we derive the bounds for the quantities T3y, T, 7, and T, yy for the cases of the “standard” and the “mild” regulators of
the LO potential.

T3y (P, Pi Pon) = Y (P, Pis Pon)Va (P POY (1, D3 Pon)- (E2)

1. “Standard” regulator

For the “standard” regulators of the LO potential, in particular, for the local regulators of the spin-triplet part of the one-pion-
exchange potential of power n > 2, the binding functions g and 4 have the form [see Eq. (D25)]

g(p) = Mpi/AY, hip)=1,if p<A. (E3)
From the bounds on V, [Eq. (D31)] and V;, [Eq. (D20)], we obtain
87° MYM f (pil* + 1P PdIpi| -

T2,y (P, Pi Pon)| < My, onpw Fiog(P', POMP1/A)?

Qm)3
87T2MYmax d|p1|
= Mg / Up1P + 15 P frog(P pOMp1 /A
$2My [, , 1P| ,
:MVZ,OnPW—ZYZ{[|p|2a,1a+u,1b][1+9(|p|—Mnnn ]+|p|2lx,2a+lx,2b}, (E4)
myAyL A2 M,
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where the typical integrals /; are defined and estimated in Appendix F. Setting all external momenta on shell, p = p’ = pon, and
using pon K A, gives

8° My y My, 3, A
|T2,Y(Pon)| X WA In M_ﬂs (ES)
or, assuming A ~ Ay,
87‘[2./\/lr7 y My A

T —m“ ln—. E6
T2y (Pon)| < . a2 ", (E6)

Symmetrically, the same bound holds for 7, 7 (p', p; pon)-
Next, we consider the contribution 7, py:

87 nprym>2 dipi| dip}]

IT.7v (P, Ps Pon)| < My, 0 ( (12117 + 1P fiog (P POMPL/ A A (P /A

Ay (2m)3 (2m)3
82 M5 [ dlpild|p)|
= My, 0mpy e A2 / = E(p1l> + 1P fog (P pOMPL/ AV AP/ A)
my Ay Ay
5 8 M3
= My, onpy TBZUA 1abo, 16 + Dol o + Dovh 1a). (E7)
Setting all external momenta on shell, p = p’ = pg,, and using py, < A, we obtain
NZMT YyM%/ A
T _ < 25 max A4 ln -, E8
|75, 7y (Pon)| < —mNAg,Ai M (ER)

or, assuming A ~ Ay:
8 MTZ yMy A2 A

Ty MG Dt b 1™l In —. E9
| 2,Yy(Pon)| X iy Ay AZ nMﬂ (E9)

2. “Mild” regulator

For the “mild” regulator of the LO potential, including the case when the spin-triplet one-pion-exchange contribution is
regularized by the local dipole regulator, the binding functions g and 4 have the form [see Eq. (D24)]

g(p1) = Mog(p1/A),  h(p)=1,if p<A. (E10)
By analogy with Eq. (E4) from the bounds on the regularized V; [Eq. (D32)] and V; [Eq. (D20)], we obtain

87iMy,.. [ dipil
oy / DALy 2 41/ P e 0 PP A Vot (1 /A
my

8 2M max / |p |
= MVZ,OnPWﬁ{”p |21A10g,la + I;\log,lb]|:1 +0(p'| —Mz)In — | + |P/|21,\10g,2a + Lo, (EID
my Ay Aj M,

1T,y (P, 5 Pon)| < My, onpw

where the typical integrals I; are defined and estimated in Appendix F. Setting all external momenta on shell, p = p’ = pon, and
using pon K A < Anpo, yields

87T2MT2~YMYmax A2A 11’1
my A2 A2 NOTTA M
N LYy L3y e

A A
NLO | AANLO (E12)

El

|T2,Y(pon)| <

or, assuming A ~ Ay:

872 My y My AA A A
T .Y Ymax I\ZILO In NLO In NLO ) (E13)
mNAV A A Mrr

|2,y (Pon)| <

Symmetrically, the same bound holds for 75 7 (7', p; pon)-
Analogous to Eq. (E7), the following bound holds for T, yy:
8> M5, [ dipild|pi]
|T2 YY(p D Pon)| < MV2 Onpw A3 X; / ! fog(pl» pl))tlog(pl/A))\log(pl/A)
my Ay Ay w?
X [1P1*h0g (P1/ An10) + 1P [Phiog (P} / Anro)]

2 8 2M f“ﬂX
= My, 0npw InATAZ 2(Dasgg g 16+ Doy 2 16+ D 2601.1) - (E14)
my
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Setting all external momenta on shell, p = p’ = po, and using po, € A < AnLo, We obtain

87 My, yy MG, Anro , Anto
Ty < ——2 7 T ASA G oln In ——, E15
112,77 (Pon)| < mNAE,A%, NLO A M. (E15)
or, assuming A ~ Ay:
872 My, jy M2 AA A A
1T, 5y (pon)| < nyy/My, . NLO | ANLO | ANLO (E16)

my Ay A7 A M

3. Bounds on the function v(p,,)

In this subsection we provide bounds on the function v;(poy), defined in Eq. (118). We introduce another function vy ; as
follows:

Vl(pon) = D(Pon)[51.o + VY,l(pon)]v (E17)
which equals [see Eq. (105)]
2
pidp
vri(Pon) = | 225 Y0u(p1 pon Pon)- (E18)
(2m)

Using Eq. (61), we derive the following bound for the function ny; in the case of the “standard” regulator of the LO potential
(see Appendix D 2 a):

My [ dlpil My [ dlpil M A
[y (pon)l < —— f —8(p1/Mh(pen) = —— / ——Mp1/AY = = 1 = My, M—, (E19)
AV /g AV /g A\/ AV
where we have utilized the bounds for typical integrals provided in Appendix F.
Assuming A ~ Ay yields
vy 1 (Pon)| < My, M. (E20)

For the “mild” regulator of the LO potential, one should replace A(p;/A)?* with Mog(p1/A) and I 1, with I, 1 in Eq. (E19).
Since our bounds for 7, 1 and [; 1, are the same, see Egs. (F2) and (F4), Eq. (E20) holds also for the “mild” regulator.
Since the Fredholm determinant D is bounded by a constant of order one [Eq. (51)], the same is true for the function v;(pon):

Vi(Pon) < M,, (E21)
as follows from Eqgs. (E20) and (E17).

4. Series remainders

From the bounds on the matrix elements of the operator ¥ (¥) and its series remainders [Eqs. (61) and (65)] as well as
the bounds on the Fredholm determinant D and its series remainders [Eqgs. (51) and (53)], it is straightforward to deduce also
the bounds for the series remainders of the quantities 75y, T, 7, T yy, and vy by just replacing My, with Ny = My8,Ymax
and ./\/llz,max with 2./\/1ym/\f5ny + ./\/liy. Being proportional to §, Y. or (8, Ymax )2, Ly, Ty, T, yy, and vy decrease faster than
exponential with any base, see Eq. (64). The series remainder of the Fredholm determinant possesses the same property, see
Eq. (55). Therefore, from Eq. (E1) we conclude that N, also decreases faster than exponential as well as the renormalized
quantity R(N,) [Eq. (122)], because those are polynomials in 73y, T, 7,1 py, vy,and D.

To be specific, the following bound holds:

o0 n
N . _ 872 _ ~
SR = | Y R@EMR = 3 R@EER < 2Ny e Mt forn > Mg, (E22)
k1, ka=0 k1 k=0 my Ay
1,K2= 1,K2=

where M s, is of order M e (eX)? in the general case but is typically much smaller in realistic calculations. The prefactors
NNZ follow from Egs. (E6), (E9), (E13), (E16), (E21) and (51):
A A

in the case of the “standard” regulators of the LO potential and

1 E24
A2 A M, (E24)

AA A A
NNz . NLO | AANLO NLO

in the case of the “mild” regulator.

044002-29



A. M. GASPARYAN AND E. EPELBAUM

PHYSICAL REVIEW C 107, 044002 (2023)

APPENDIX F: BOUNDS ON TYPICAL INTEGRALS

In this Appendix we provide the bounds for typical integrals that appear in the course of evaluation of various amplitudes.

The integrals

d|p|
Lor = / /),

d|pl
Lo = f L o/ A0V (p/ ),

d|p| Pl d|p Ipl
IMog:Z = / _Alog(p/A)9(|p| Mrr) In 17, I)»log,Za = Tklog(p/ANLO))‘-log(p/A)9(|p| - Mﬂ)ln 17’ (Fl)
T T
with functions A and Ao defined in Eq. (D10) can be bounded as follows:
d§
L1 = A Mog(f) = MuA,  Lyyia < by = My A
1 A A A
IMcg,Z = ; 2 —|— A —|— 21\ ln M_” < M)LyzA lIl 17”, ])Llongu < I)Llogvz < MA,ZA ln M_” (FZ)
Analogously, for the integrals
d|pl d|pl Ip|*d|p|
O L R A e S N s
dlpl 4 Ipl 4
L= / ——Ap/MO(pl —M)In——, Lo, = | ——A(p/A)0(Ip| — Mz)In —
M M
Ipl*d|pl p
har= [ LA 60051~ Moy (F3)
b4 M
we obtain the following bounds:
L= f —Ai() < / —Aog(§) = MOA, Do <D < MA
3 52 2 3 [dE 3 A
Loy =N )»(5) A )»(f) A —)tlog(f) =MA°, Lo <Dy,2 <M 2Aln YA
3 A
Ixza <IA2 MAQAIH s I)\Qb < A I)‘z szA In —. (F4)
My My
Next, we estimate the integral
Ip|*d|p|
D tb = / = Aog(P/ ANLO ) Aog(P/ D). (F5)
Direct estimation under the assumption Anro > A gives
2 A A
D16 = ;AZANLO In =2 4 O(AnLo) < My 1o A2 Ao In =22 (F6)
Finally, we derive a bound for the integral
|p|*d|pl |p|
IA]og,Zb = f )\log(p/ANLO))\lng(p/A)e(lpl My)In — (F7)
T Mrr
Direct calculation yields
A A A A
bupar = —A*AnioIn =52 In =72 + O(Anio In Anio/Mz) < Mi1aA* AxtoIn =22 In =722 (F8)

T
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