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We analyze the axial ¥ W-box diagram for I(J”) = 1(0") nuclei and provide a dispersion representation of the
nuclear-structure correction dygs including its energy-dependent part. We also summarize useful isospin rotation
formula and representations in nuclear theory that could facilitate the calculation of the parity-odd nuclear
structure function F;(v, Q). They provide a rigorous theory framework for the future, high-precision calculation
of the nuclear structure correction dys necessary for the extraction of the Cabibbo-Kobayashi-Maskawa matrix

element |V,,| from superallowed nuclear B decays.
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I. INTRODUCTION

The inability of the standard model (SM) of particle
physics to explain phenomena such as dark energy, dark
matter, and matter-antimatter asymmetry indicates that it is
an incomplete theory and must be extended. Small-scale ex-
periments at the precision frontier play an important role in
the search of physics beyond the standard model (BSM),
and several interesting anomalies have been identified in,
e.g., the measurement of the muon anomalous magnetic
moment [1-5], decays of B mesons [6-9] and, more re-
cently, the “Cabibbo angle anomaly.” The last consists of
the mutual disagreement between different experiments in
the determination of the Cabibbo angle 6 from the first-
row Cabibbo-Kobayashi-Maskawa (CKM) matrix elements
Vs = cos B¢ and V,; = sin6¢, and provides hints to possible
solutions in terms of BSM physics [10,11].

The past few years have seen a tremendous amount of
progress, both in theory and experiment, relevant to the extrac-
tion of V,; and V,; from charged weak decay processes. In the
pion sector, a new lattice calculation [12] reduces the theory
uncertainty in the 7+ — 7%%v decay and motivates the de-
sign of a future rare pion decay experiment PIONEER [13,14].
In the neutron sector, progress has been achieved in the theory
calculation of the single-nucleon inner radiative correction
(RC) [15-22] and experimental measurements of the neutron
lifetime [23-26] and axial coupling constant g4 [27-30]. Im-
proved lattice calculations of the bare-QCD axial coupling
constant open a new window for BSM searches through the
comparison between theory and experiment [31-33]. In the
kaon sector, theory improvements include new evaluation of
the K — w¢v RC [34-40] and new lattice calculations of the
K — 7 transition form factor [41-43] and the K — uv RC
[44,45]. Experimental progress entails the first measurement
of the Ky — m v branching ratio [46]. Many of the recent

2469-9985/2023/107(3)/035503(22)

035503-1

developments serve to reduce the existing uncertainties in V,4
and V,, but some happen to increase them; an example of this
kind occurs in the nuclear sector, which is the focus of this
work.

Superallowed B decays of J* = 0% nuclei currently pro-
vide the most precise measurement of V,,; through the
following master formula:

2984.43 s

Vu 2 = )
Vulo- = 2 5 ap)

6]

where A} is the same nucleus-independent inner RC as in
free neutrons. Meanwhile, the quantity F¢ combines the ex-
perimentally measured f¢ values with all nucleus-dependent
corrections to give another universal quantity,

Ft = ft(1 + 8x)(1 — 8¢ + ns). 2

Among the various corrections, 8y is the electron energy-
dependent “outer” correction which was calculated to Z%a?
and is well under control [47-49]. In turn, éc is the isospin-
symmetry breaking (ISB) correction to the Fermi matrix
element, which has long been subject to intense debate
[50-62]. In this paper we focus on the last correction dns, the
nuclear-structure-dependent part of the RC to superallowed g
decays.

Following the seminal work by Sirlin [63], the O(«) elec-
troweak radiative correction (EWRC) in a generic semilep-
tonic B decay gives rise to the following multiplicative factor
to the decay rate:

o _ o M, m,
14+ — 1+ —(4ln—+Ih—+2C+ A, )|, @3
<+2n>[+2n< nmp+nMA+ +g>] 3)

where M, denotes an infrared scale below which nonper-
turbative quantum chromodynamics (QCD) takes place, and
A, represents a perturbative QCD correction. The quantity
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FIG. 1. Representative diagrams for the long-range RC in nuclear 8 decays.

C characterizes the long-distance part of the RC originates
from the so-called nuclear y W-box diagram and is governed
by nonperturbative QCD. Historically, one splits it into two
terms:

C = Cgom + Chxs, (4)

where Cpom comes from the first two diagrams in Fig. 1
and involves only a single active nucleon; Cys, on the other
hand, comes from the third diagram and involves two active
nucleons and is an intrinsically nuclear structure effect. Cys
was first introduced in Ref. [64] and calculated with shell
models in Refs. [65,66]. On the other hand, Ref. [67] took into
account the experimental fact that the single-nucleon coupling
constants for spin-flip processes are quenched in the nuclear
medium [68-71], and computed Cgoy, using the quenched
coupling constants:

Ciom = ngsn + (QAq§O) - l)nggl’ o)
where Cfre

B 1s the free nucleon version of Cgom, and gu,
qéo) are the quenching factor for the axial coupling and the
isoscalar spin-magnetic moment coupling, respectively. This
idea was subsequently applied to Cys, which was then recal-
culated in Ref. [50,51] using the quenched operators: Cxs —
chenched The treatments above give

Born

o o juencne:
Ons = ;(quEO) _ l)Cfree + ;Cf\l]s h d7 (6)

which is the commonly adopted representation of dns in the
global analysis of superallowed 8 decays [52,72].

Recently, a novel dispersion relation (DR) treatment was
introduced to study the single-nucleon and nuclear axial y W -
box diagram [15,16]. In this method, the box diagram is
expressed in terms of an integral over the parity-odd, spin-
independent nuclear structure function F3(v, Q). At large Q°,
it continues smoothly to the single-nucleon structure function
so the nuclear and single-nucleon inner RCs share the same
asymptotic piece.

The focus, then, is on small and moderate {v, Q?} where
the two structure functions start to deviate. One may infer
the dominant intermediate state contribution to F3 from the
general knowledge of the nuclear absorption spectrum, as
depicted in Fig. 2. For spinless nuclei, the elastic intermediate
state does not contribute to F3 due to parity. Meanwhile, the
quenched coupling constants adopted in Ref. [67] are obtained
from nuclear Gamow-Teller transitions and nuclear magnetic
moments, which characterize the contributions from the low-
lying discrete energy levels at the lower end of Fig. 2. This
treatment disregards potentially important contributions from

the quasielastic absorption peak, as pointed out in Ref. [16].
Another new effect is associated with the electron energy E,.
The E, dependence of the RC has long been believed neg-
ligible, based on the naive dimensional analysis: it can only
enter in powers of E,/A with A a relevant strong-interaction
scale. For the free nucleon, the lightest choice of such a
scale is M, so the energy-dependent corrections scale as
(/) (Eo/My) ~ 107, well below the current precision goal.
For nuclear systems, as Ref. [74] pointed out, the nuclear
excitation spectrum features a much lower characteristic scale
Anuel ~ 10 MeV, comparable to the electron energy available
in the decay process.

Both novel effects were estimated in the free Fermi gas
model, demonstrating that they are non-negligible at the pre-
cision level of 0.01%. They tend to partially cancel each other,
hardly affecting the central value of Ft. However, this cancel-
lation is delicate and model dependent, and each individual
shift is at the level of three standard deviations in terms of
the previous analysis of dns [52,72]. A conservative analysis
resulted in inflated theory uncertainty in éns [74], currently
the largest in the |V,4|o+ error budget [73]. A summary of
the dns values used in global analysis [73] that includes the
aforementioned new nuclear structure uncertainties can be
found in Table I.

In this work we provide the fully relativistic theory frame-
work to study dns, based on the dispersive representation
of the nuclear yW-box diagram. In this method both the
energy-independent and energy-dependent parts of dng are si-
multaneously taken into account. To proceed further, one must
compute the parity-odd nuclear structure function F3(v, Q),
which can be obtained from the discontinuity of nuclear

Elastic

Quasi- Hadronic
Elastic Res.

ReggelDIS
Discrete
Levels
GDR

2
Q Wr

2m N

FIG. 2. A rough sketch of the nuclear absorption spectrum, with
w the photon energy.
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TABLE 1. Current estimates of ns
in the most recent global analysis of

[Vialo+ [73].

Parent nucleus Sns (%)
e —0.400(50)
“0 —0.283(64)
Ne —0.326(55)
2Mg —0.250(50)
%6gi —0.234(54)
03 —0.195(56)
HAr —0.181(60)
BCa —0.167(64)
214 —0.233(68)
6Cr —0.164(72)
NFe —0.140(75)
MNi —0.143(79)
26m A —0.019(51)
#al —0.093(57)
Mmy —0.098(60)
3¢ 0.033(64)
by —0.031(65)
Mn —0.029(69)
*Co —0.017(74)
2Ga —0.016(82)
As —0.030(85)
OBr —0.049(89)
"Rb —0.032(94)

matrix elements involving the nuclear Green’s function
G(w) = 1/(Hy — w), with Hy the (isospin-symmetric) QCD
Hamiltonian. A recent proposal to study §c with ab initio
methods also involves computing the nuclear Green’s function
[75]. A program on calculating §ns and §¢ with modern ab
initio methods will enable one to assess the nuclear structure
uncertainties in V,,4 in a controllable way.

II. BASIC NOTATION

The discussion of the EWRC relies heavily on isospin
symmetry, so it is useful to introduce vector and axial currents
that transform as irreducible tensors in the isospin space, and
use them as the basis to construct the physical EW currents.
Concentrating on the light quark doublet ¥ = (u, d)T, we
define the vector and axial isospin currents as

V[l:n, = &V“Dm,l//, A7m1 = I/;V”VSI—‘lm[I//» (7)

where Ty, are matrices in the isospin space:!

71 in

/2

oo = I,

Fro=7n, Tum=F (8)

'Throughout this paper we adopt the particle physics convention of
isospin, namely m; = +1/2 for proton and —1/2 for neutron. Notice
that some nuclear physics papers adopt the opposite convention.

Thus the SM EW currents in the quark sector can be expressed
as

1 1
T = I+ I = 3 o0 + 3 s

. 1 1
Ty = (Jéltf)v + (J‘;V)A = _ﬁvllil + EA};-H’

77 =2y + U2)a
) 13 2 i 02 123 I3
= (1 = 2sin” Oy )V}, — 3 sin” 0w Vi, — Alps ©)
where 6y is the weak mixing angle. Following standard nota-
tions, we split the electromagnetic (EM) current into isoscalar
and isovector components, and the weak currents into vector

and axial components. Also, in order to describe f* decays
simultaneously, we adopt the following notation:

Jr= ")y + M)

W= AV = Al prdey
Jy = —%V{i] + JLQAI;+1’ B~ decay.

The tree-level amplitude of the ¢i(p) — ¢ ( P+
et (pe) + ve(p,) decay process reads

G ,
Mo = ——=V5L,F*(p, p), (11)

V2

where L* = ii,y*(1 — ys5)v, is the leptonic current. Mean-
while, upon neglecting the spin of the external strongly
interacting particles, the hadronic matrix element of the
charged weak current is expressed in terms of two form fac-
tors:

F*p', p) = (o, (P (0)|gi(p))
=@+ + @) -p), (12)

witht = (p — p)%. Here, |¢(p)) represents a plane-wave state
that is normalized relativistically:

(@)1 (p1)) = 1) 2E4 (5187 (B1 — pa). (13)

In the exact isospin limit, the normalization of the form factors
at r = 0 is given by £, (0) = 1(+/2) for I = 1/2(1) systems,
respectively, while f_(0) = 0. Also, throughout this paper we
work in the rest frame of the parent particle, i.e., p* = (M;, ()),
unless stated otherwise.

A key ingredient for the EWRC is the generalized Comp-
ton tensor which involves the time-ordered product between
the EM current and the charged weak current:

1 .
TG ) = / 5 (¢ (9T U2, I (0)) ().
(14)

We may also define T'*(q; p/, p) by replacing J¥ in T*' by
d - J. The tensor satisfies the EM and charged weak Ward
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identities (WIs):
quT"(q:p'. p) = —5inF"(p'. p). EM
P =p+ahT"(q;p. p)+iT" (g P, p)
= —3inF"(p, p),
where = %1 for % decays.
We are particularly interested in the forward limit
T* (p, q) = T*(q; p, p), assuming exact isospin symmetry,

M; =My = M. Its discontinuity with respect to the variable
v=p-q/M = qois,atv > 0, given by

DiscT*' =T* (v +ig) — T (v — ig) = 4aWH",

charged weak, (15)

(16)

where the on-shell tensor WH" in the forward limit reads

W (p, q) = —/d4xe"’x o (DI[J5 ), 77 (0)]I¢i(p))

= g Z(Zn)48(4)(p +q — px)(or(p)l

X S (OIX) (X [T (0)[i(p)),

where X runs over all possible intermediate states. As a con-
sequence of the splitting J” = (JV)y + (J¥)4, we may split
TH = T" + T{" (and the same for W*") accordingly.

For the vector component, it is useful to split it into the
“Born” (B) and “non-Born” (nB) pieces: Ty = Ty + Ty 5.
The Born piece by itself satisfies the full WIs in Eq. (15) [76],
so the non-Born piece satisfies the following homogeneous
WIs:

a7

4T = (P — P+ @uT) s =0. (18)

Here we have set FZ = 0 by assuming exact isospin sym-
metry. Therefore, in the forward limit there are only two
spin-independent structures:

;1_
Tv’,‘,EB(p,m:( a )n( Q)+ Tz( 0%,
nv v q q
WVnB(p’ f]) <_gll >F (V Q )+ M F2(v Q )
(19)

where p* = p* — p-qq"/q*, and T;, F; are Lorentz scalar
functions (we call them “invariant amplitudes” and “structure
functions,” respectively) of v and Q* = —¢°.

(893’{2 + SSJIyW) = \/577G1:€2Vu*dl‘)L

int

2p. - qq"
" {(IZE_—MZTZ +2pe TH —
Y

sy, = —iv2Gre? VdLA/

Finally, the axial component is particularly important for
the so-called inner RC to the Fermi matrix element of
semileptonic 8 decays. Due to parity, there is only one spin-
independent structure for the forward tensors:

i€ pogq
T (p, q) = ————LT3(v, 0%),

2Mv (20)
v i€"*F pyq
W (p.q) = TvﬂF3(V, 0%,
where €923 = —1.

III. GENERAL STRUCTURE OF RC IN SUPERALLOWED
NUCLEAR DECAYS

To extract |V,4| from superallowed B decays, we make use
of the master formulas (1) and (2), with a brief derivation
provided in Appendix A. At the precision level of 1074,
there are four higher-order SM corrections that enter the
formula: the nuclear-structure-independent inner RC AV the
nuclear-structure-dependent outer and inner RCs 85 and dxs,
respectively, and the ISB correction to the value of f,.(0) éc.
Our discussion in this work regards a simultaneous account of
the two inner RCs: structure-independent A} and structure-
dependent Syg for the specific case of superallowed 8 decays.

An appropriate theory framework to study the EWRC to
a generic semileptonic 8 decay is the Sirlin’s representation
[63,77]. Within this framework, the O(«) virtual correction to
the decay amplitude can be cast in the following form:

1
sM, = {4 [3111— +ln— +ag} + 5QED}smo

m, 2
3
+ 213 My
4 me M, 4
+ (830 + 89y, ).+ 8y + 85I, 21

where M, is a fictitious photon mass to regularize the in-
frared divergence. Quantities in the expression that depend
on nonperturbative QCD are 5931;1’ , which come from the
yW-box diagram, and 690, 3, which come from the electro-
magnetic radiative corrections (EMRC) to the nuclear weak
current. Throughout this work we restrict ourselves to the
spin-independent part of §90,. The first line in Eq. (21) is
universal to all semileptonic 8 decays, while the various terms
in the second line are

d*q M3 1 1

(2 )* M3,

—q* (pe — @) —mg q> — M
(p = p)uT™ +il”

d*q My
QY M2, —

vaA
€ gy

Ty, (22)

* [(pe — q)* —m2]q
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FIG. 3. The yW-box diagram in % decays.

The three-point function 6913 gives a negligible contribution
to the Fermi matrix element in the forward limit and assuming
isospin symmetry. The first two bracketed terms of the second
line, together with the bremsstrahlung corrections that we do
not spell out explicitly, give rise to the well-calculated outer
correction 8y and the O(Zya) piece in the Fermi function, as
well as a very small nuclear structure correction which we will
see later.

The piece that contains the largest QCD uncertainty is
BDJTf,W, namely the part of the y W-box diagram (see Fig. 3)
that contains an e tensor coming from the lepton spinor
structure. We may further split this amplitude as szmgw =

89)1?,‘,‘(, + 89)@’;’;?, which results from the same splitting in 77#”.
Since the spin-independent piece in 7;/'" is symmetric in the
Lorentz indices, the contribution of Sﬂﬁf/’v“/, must take the

form of €*"** p,, p, peq Ly, which vanishes in the forward limit.
Hence, the only nontrivial piece for the free nucleon and nu-
clei is Simi’,“j?,. To proceed, we make two more approximations

in 89N :

(1) We make a nonrecoil approximation T/j‘v(q; p,p)~
T, (g p, p) = T, (p, g). This is well justified in the
inner RC for 8 decays of nearly degenerate systems.

(2) We are allowed to take m, — O in the electron

propagator since 897(';'{}?, is free from electron mass
singularities [76].

With these approximations, 893?][1’3, is proportional to the
tree-level amplitude:

8Ly ~ 0%, My, (23)
and the multiplicative factor is expressed in terms of the
parity-odd amplitude 73:

’ dq M} 1
Qm)* My, + Q% (pe — 9)*Q7
0 + Myl T3(v, 0)

X Y < 7.0) 24)

b _
Uyw = —e

J

2 f,f dE|pe|Ec(E. — E)*F (Zys, Eo)[Re O (E,) — Oy ]

For the (690, + (Smf,w),-m term, the outer correction and
the Fermi function contain all IR-sensitive contributions that
stem from the Born term T,;. The remaining part stems
from Tv’f ;B and, with the same approximations as before,
reads

nB

(800, + asm;w)im ~ 5w Mo, (25)
where the superscript denotes that only infrared-finite, non-
Born parts are retained. Furthermore,

2% d*q 1 —2(pe - q)* )
4. = — -
SAOK Qﬂﬁu%—qﬁ{prQﬂzﬂvQ)
Mpe-q? _2pe-q _ p-pe >
|:[7 ’ PeV(QZ)Z B (Q2)2 - MUQ2:|TZ(U’ 0 )}

(26)

Notice that this piece vanishes when E, — 0. The two contri-
butions can be put together,

Oyw = 0%, + 05y 27)

As we explained in the Introduction, the E, dependence in
Eq. (24) may be discarded for a free neutron but not for
nuclear systems.

The general formalism above applies to both superallowed
decays and the free neutron decay. Using Egs. (21)-(27), we
express the full inner RC to superallowed nuclear 8 decays as

el _ | o Mz Mz 1 QD |
Sminner - {47_[ [3 In mp + In MW + a8i| + 25H0 + DVW}

x Mo + {5 (E) — Oy, } Mo, (28)

where L1y, and D;}‘{f,'(Ee) refer to Eq. (27) for the case of
neutron and nuclear 8 decays, respectively; the latter has
a potentially non-negligible energy dependence. The terms
in the first curly brackets coincide with the inner correction
to the free neutron 8 decay and are independent of nuclear
structure:

o M M.

A = 5[3111 m—j +1In M—VZV + ag} + 8500 + 200, (29)
where a, ~ —0.083 is the represents the perturbative QCD
correction not coming from the y W-box diagram, and 831313 ~
0.0013 combines the resummation of the O(«) quantum
electrodynamics (QED) logarithms and the leading O(a?)
corrections [78]. The second curly brackets in Eq. (28) contain
the only structure-dependent part in the inner RC, namely
the difference between [, on a nucleus and on a free nu-
cleon. Averaging it over the electron energy spectrum [see
Eq. (A14)], but dropping the smaller structure-dependent cor-
rections, yields

Ons =

En N
S dEe|Pe|EE, — En)*F (Zy, E,)

(30)

Equations (29) and (30) rigorously define the structure-independent and structure-dependent parts of the inner RC to superal-
lowed B decays in terms of the single-nucleon and nuclear y W-box diagram or, conversely, the invariant amplitudes 7; for the

free nucleon and nuclei.
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IV. CROSSING SYMMETRY OF THE INVARIANT
AMPLITUDES

The first step towards a complete understanding of the
inner RC is to study the symmetry of T;(v, Q) under crossing
v — —v. This is most easily appreciated by observing the
expression of [,y in the limit of zero electron momentum:

e dq M} Q>+, 0%
[+ ) QuytMy +0> Q* Mv

O,w(0) =

€29

One clearly sees that only the component of 73 that is odd
under v — —v contributes to the integral in this limit. Once
E, # 0 the contribution from 77 » and the even component of
T start to turn on. Therefore, the knowledge of the crossing
symmetry of T; is essential for the separate discussion of the
energy-independent and energy-dependent parts of the inner
RC. Here we will summarize the main conclusions, leaving
the detailed derivation to Appendix C.

First, if a certain combination of a product of two currents
(which we label generically as A) leads to a definite crossing
symmetry of the invariant amplitudes, then the crossing can
always be described by a factor £4 = £1, where

T (—v, Q1) = —&*T{ (v, 0,

T (—v, Q%) = E4T5 (v, 0%). (32)

The usual starting point for the crossing symmetry discussion
is to write

L, 0% =T, 0) + 1" (v, 0, (33)
following the decomposition J&, = JO% + JD# - Assuming
isospin symmetry, we find that

(1) T, has a definite crossing symmetry £© = —1 that
holds regardless of the external states;

2) Ti(])(v, %), while vanishing identically for the pion
due to G parity, and having a definite crossing symme-
try £ = 41 for I = 1/2 systems, in the general case,
and in particular for for / = 1, has mixed crossing
symmetry.

It is convenient to split Ti(l) into two pieces, Ti(l) = Ti(sl) +

1) .. . ..
T;,’, defined by symmetrizing (s) and antisymmetrizing (a)

the isotriplet indices,

1 )
Ty = 5/ f d*x e (pr(PIT {V/s@) [V, (0)
— AT O] + V{1 0)[Vio(0) — ATy (0)] (),
1 )
T = [ e oo vy, o

— A} (O] = VI (0)[Vip(0) — Al (0)]}1i(p)).-
(34)

They have now definite crossing symmetry, &1 = —1,
g2 = 41, and we can finally combine all the pieces that

possess the same crossing behavior 7; = T;  + T; _:

Tio =T + 1

W =T (35)

T =T (36)

e To=TO+T (=2.3)
The subscript &+ indicates that the function is even or odd
under v — —v.

Equations (36) indicates that, along with the isoscalar
EM current, also its isovector part contributes to the energ?/-
independent nuclear box diagram in Eq. (31) through T;Q.
The latter is intrinsically a many-body effect: Consider, for
example, the two currents J{D* and (JV), acting on the same
nucleon; then the symmetrized current product in Eq. (34)
gives zero because {t_, t3} = 0. For the same reason it is also
obvious that T;l_) cannot exist in the asymptotic regime, where
the two currents probe a single quark. The same happens for
I = 1/2 nuclei as the latter can be (roughly) viewed as a single
active nucleon on top of an / = 0 inert core. On the other
hand, an / = 1 nucleus can be viewed as two active nucleons
on top of an inert core, so 7_ and 73 can act on different
nucleons (i.e., the third diagram in Fig. 1); in this case they
commute, instead of anticommute, and give a nonzero contri-
bution to 7}(1_) Also, since the latter originates from the I = 2
combination of the current product, it cannot be described bg/ a
single Regge exchange in the # channel (unlike 7"3(0) and 7}?)
as there is no observed I = 2 meson. Instead, it manifests
itself as local counterterms in a low-energy effective field
theory. The role of Je(lln) " in 8ns was discussed in Ref. [66], but
was somehow forgotten or at least not explicitly articulated in
later works.

V. DISPERSIVE REPRESENTATION OF
THE NUCLEAR BOX DIAGRAM

Although Eqgs. (24) and (26) [and its simplified version
at E, =0, Eq. (31)] may already serve as a starting point, a
dispersive representation of [,y (E,) will prove to be very
useful. The structure functions F; defined in Egs. (19) and (20)
that appear in the dispersive integral may either be inferred
from experimental data or related to nuclear response func-
tions that are standard objects of study with ab initio methods.

Reference [74] provided the first DR expression of the
energy-dependent nuclear y W-box diagram. There are a few
aspects which are further improved in this work:

(1) Reference [74] considered a forward ¥(p.) + ¢;(p) —
et (p.) + ¢ (p) scattering process. The relation to the
actual B decay ¢i(p) — ¢;(p') + et (pe) 4+ v(p,) is
not immediately straightforward. In this paper we pro-
vide a derivation directly in the 8 decay kinematics,
with no additional approximation except from the two
discussed in Sec. III.

(2) Reference [74] only addressed the energy dependence
due to the 75 3 1+ and 77, components, which are the
only ones surviving in the picture of one active nu-
cleon, relevant for the plane-wave Born approximation
used in that reference. Here we provide a complete
formalism.
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ImV active nucleon number, instead of f1(0), as the nor-
A malization.

We outline the derivation of the DR of D};W first. Since
T/""(p, q) has no poles, it must remain regular for v — 0,

o Le ReV hence their dispersion representation reads
OO ——— -
O
. © B0, 0%
Y i3 (v, Q2) = 4”/ dv /T\ﬂ’
Vthr

B0, 0%

vty OGP

o0
i, (v, Q%) = 407 f av'
FIG. 4. Blue curve: The Wick rotation contour of the v integral. o

Red lines and dots: Cuts and poles at v = v'. Green dot: The pole ~ Where the full structure function F3 is split as F3 = F3 _ +

v = E, + |p. — G| — ie. Purple dots: Possible positions of the pole ~ F3.+, in complete analogy to 75. The lower integration limit
v=E, — |p, — G| + ie. is the minimum value of v’ such that F3(v’, Q%) is nonzero.

For instance, for the one-nucleon knockout one has vy, =
(3) We fix some typos in Ref. [74], e.g., the sign of the 0?/(2M) + €, with € the removal energy. Using this, we may
(small) 77 » contributions, and the incorrect use of the rewrite Eq. (24) as

J

QJ

Oy (Ee) = —

4ie? d*q M} QO +Mv(5; — 5i) >0 dv,[Fs,-(v’,Qz) VFs (v, Q%)

Mf(0) ) )t M + 0 Q*[Q* +2E,v — 2, - (ei iel o, V2 — 2 V(12 —v2) :| (38)

(

To proceed, we perform the Wick rotation with respect to Therefore, (1%, (E,) splits into the “Wick™ contribution and
the variable v following the contour depicted in Fig. 4. The the “residue” contribution:
electron propagator with nonzero E, introduces a pole inside

the contour, and by Cauchy’s theorem D)’iW(Ee) = D'}’/’X,V KE,) + Db i (Ee), (40)
/ dv=i / dvg + 2mi x Residue. 39) and we only need their real parts.
—0oQ0 —0oQ

J

The detailed derivation of Re Df,’v‘y ik(E,) and Re Db w (E,) can be found in Appendix D. Denoting the parts that are even and
odd functions E, with the respective superscript and comblmng the Wick and residue contributions, we obtain

M3, dv’ E, + Eni v/ 2
ReT8 " (E,) = — / d0>—, 2/ L E_w, Qz){ln ‘—Jr min| o Y . }
2nE, M f+(0) ME+0% ), Vv E, — Enn| = 2E, E2
1 00 M2 d 2 / Ee E ; /
Re (054 (E,) = _L_/ szz_Wz/ v LR, 0 ){111 2 + V_m‘ﬂ _ "_}
ZnEe Mf+(0) 0 MW + Q Vthr % E 2Ee Ee - Emin Emin
41

where Eqpin = (V' + 4/v2 4+ 0?)/2. One finds that the even piece is associated with F; _ and the odd piece with F; . Finally, a
small-E, expansion gives

dv' V42V + Q2 B (v, 0%)
Re )3 (E,) = / dQ? / + O(E?),
vw M2 + Q% Lo V(v + W2+ 022 Mfi(0) (E2)
b.odd 20E, *dv vV +3/v2+ 02 B (v, 0%
Re () = = — +O(E?), 42)
T Jo Vo V4 V2 + Q2) Mf.(0)

which recovers Eq. (10) in Ref. [74] upon correcting the typos in the latter. Notice that we removed the factor M3, / (M3, + Q%)
in D)b/ °dd hecause the integral does not probe the Q* ~ M3, region.

Next we study DyW’ with Eq. (26) as the starting point. Rather than giving the dispersive representation of 7} . and 7 4 with
the full E, dependence, we retain only the O(E,) terms in Eq. (26), with the result

4e E, d*q {41;2+Q2 ,o MO+ 0%

=g ou" | Gop T @r OO Ty

T (v, Qz)} + O(E}), (43)
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where we dropped those components that have the wrong crossing behavior. They satisfy the following DR:

) 4 [ dv ) ) 4 [ dv'v )
i (v,0) = 7/ - F1+(v 0), L_wQ0)= 7/ - Fz—(v o). 44

‘thr ‘thr

Plugging them into Eq. (43), we find

4o o0 © dy' 20/ Fo(W,00) M V+2/vV2+0% KH_(,0%
Re [, (E,) = ——E, o’ — * + = ’ + O(E?).
eLyw(Ee) =~ '7/0 ¢ vV |:(v’+ V24 Q2 MfLO) QP (v 2 @22 Mfi(0) ] (%)

(45)

This agrees with the expression in Ref. [74] after correcting typos in the latter.

VI. STRATEGY TO STUDY dns

The dispersive representation provides a useful platform to contrast the free-nucleon and nuclear y W -box. To proceed further,
we introduce the standard Bjorken variable xz = Q%/(2MV"), so that we may express the structure functions interchangeably as
Fi(xg, Q%) or F;(v/, 0?). Next we introduce the Nachtmann moments (N > 1) [79,80]

N+1/‘ " dxg N[zg— N§ j|E‘,:I:(xBaQ2)

' PN
M; (N, Q") = N2 xé N+1 f+(0)

2 (QZ)N /oo dv' v + (N + l)mFi,i(‘/, QZ)
T N2\ v ’ (46)
N2 w VAR RO

where & = 2xp/(1 + /1 + 4M2x3/Q?) and X = 02 /(2M vy, ) < 1. For asymptotic Q?, the Nachtmann moments reduce to the
Mellin moments,

N 1 z:i:(stQ)

f+(0)

but at finite Q? they incorporate the target mass corrections. The v’ integrals of F> and F; in Eqgs. (42) and (45) can be recast in
the form of Nachtmann moments. For F; we define a new moment,

Q2>2 /°° dv' 2v' Fi.+ (x5, 0%)
M e VOV /124023 f+(0)

which reduces to the respective Mellin moment at large Q%, M 142, Q%) — M, (2, 0%). In terms of these Nachtmann moments,
Egs. (42) and (45) become

WMo (N, Q) = / dxpx , 47)

(48)

ML (2, Q)—(

*®dQ*> M M
Re D}blw(Ee) = g ) ?1‘4&/—_‘:@[ _(1 Q )+ 9Q2 M3 +(2 Q ):| +O( )
’ 4o (®dQ? (EM . 3
Relyy () = —2—1 /0 ?( o )[MH(z, Q%)+ M (1, QZ)} +O(ED). 49)

Assuming these two pieces together give a precise enough description of the nuclear y W-box diagram (which needs to be
checked by studying its convergence speed) we write

ReDnucl_Dn / sz{[MmIC](l Q) My (1 QZ)]
yw yw 2 Jo Q7 o S

S8E.M 3
+ 9Q I:Mnucl(z QZ) /nucl(2 QZ) M;ufl(l Q2)}} (50)
[
Above, the factor M7, /(M%, + Q) was removed because the A. Relevant region of the Q*-integral
physics at Q® ~ My, is not probed. As is well known, the While the integral in Eq. (50) is insensitive to asymp-

asymptotic contributi(])n to O, w is process independent and totically high Q2 we need to find out, starting from which
cancels between M3"! and M} _. Plugging this into Eq. (30)  yalye of 0’ = Qnucl the cancellation between the nuclear and
gives us a closed expression for dns- Below we discuss some  pycleon boxes is at such a level that a precise enough de-

aspects important for evaluating it. termination of dys can already be obtained with Q? , as an
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upper limit. The first Nachtmann moment for a free nucleon,
M3 _(1, 0?), has been studied recently as a function of Q2
using phenomenological [15,16,19,20] and indirect lattice in-
puts [18]. It was found that by Q> ~ 2 GeV? the perturbative
description sets in, and we can expect that Qﬁucl <2 GeV2.

A trial calculation of M;‘}‘f(l, 0?%) at Q ~ 100-300 MeV
may already provide a useful hint. As evidenced by the en-
tries in Table I, even a ~10% determination of M3"'(1, Q%)
will significantly improve the precision of dys for most

nuclei.

B. The energy-dependent corrections

The second line in Eq. (50) describes the leading E, de-
pendence in dns associated with the structure functions F;}Lfl,
F 1‘?161, and Fzrfﬂcl. The parity-even structure functions are anal-
ogous to F)' in ordinary Compton scattering that involve
only the EM current and satisfy the Baldin sum rule [81],
which relate their moments to the nuclear electric dipole po-
larizability op. With a typical estimation of the latter [82],
Ref. [74] deduced that the contribution of Fj, to dns is
of the order 107> and could be neglected given our preci-
sion goal. One arrives at the same conclusion in the free
Fermi gas model: the contribution from F3 is found to be
an order of magnitude larger than that from F;,, in part
due to the large nucleon isovector magnetic moment. There-
fore, from now on we will focus on the parity-odd structure

functions F3 +.

C. Possible theoretical approaches

The primary objects of interest are now the nuclear
Nachtmann moments M5"“/(N, 0?), which can be studied in
different ways. The more straightforward approach is to com-
pute F3 4 (xp, QZ) directly with ab initio methods, from which
the moments can be evaluated. One of the main challenges is
to deal with the sum over all intermediate states in Eq. (17).
This can either be done directly, e.g., using the short-time
approximation for light nuclei [83], or indirectly such as by
using the Lorentz integral transform method [84].

Alternatively, one could compute the amplitudes 73 .,
rather than their discontinuities F3 4 for v > vy,. At low
energy |v| < vy, the invariant amplitudes permit a generic

J

low-energy expansion of the form

00 2N+1
iT_(1,0) =4 <2sz) M5 (N +1,0%),
N=0 Q

vl < vinr,

0 "My 2N+2 ~
iTs4(v,0) =4 ( o ) M3 (2N +2,0%),
N=0

vl < viar, GD

with the “polarizabilities” expressed as Q*-weighted Mellin
moments of F3. Note that negative powers of Q? are canceled
by higher powers of Q? implicitly contained in the Mellin
moments. Reference [21] demonstrates, for the case of a
single nucleon, how one could accurately reconstruct the
desired Nachtmann moment using a few lowest Mellin
moments. It is worthwhile exploring the convergence pattern
for the case of nuclei.

VII. ISOSPIN ROTATION

All the discussions above are formulated in terms of
off-diagonal nuclear matrix elements of products of isospin
currents. This may cause inconveniences in practical calcula-
tions:

(1) Although we have assumed exact isospin symmetry of
the system, in practice ab initio methods usually have
built-in ISB effects. This may lead to mismatch be-
tween the parameters of the initial and final states, e.g.,
nuclear masses and excitation energies. This could be
avoided if the external states were diagonal.

(2) Many existing programs of ab initio methods were
developed to study observables in electromagnetic or
weak neutral current processes that involve physical,
instead of isospin, nuclear current operators.

To trade off-diagonal nuclear matrix elements of isospin
currents for diagonal nuclear matrix elements of physical
EW currents we invoke isospin rotation by making use of
the Wigner-Eckart theorem (WET) in the isospin space (see
Appendix B); in this section we provide the relevant formulas.

First, the isospin rotation formula involving the isoscalar
vector current is

(1L,OVEA @AY |11, 1) = (1, = 1|V @ AY_,|1,0)

=3[ 1L @ (J) 11, 1) — (1, =114 @ (1) 11, —1)]. (52)

Meanwhile, the formulas involving the isovector vector current are

(1, =11V @ A1_y11,0) = 2[(1, 01(Jf), ® (), 1. 0) — (1 =11(7), ® (7)1, =],
(1,0|Vfg @ AY_ |1, 1) = 2[(1, 1|(J}y), ® (4), 11, 1) = (1, 0I(JF), ® (Jy))all, 0)] (53)

and

(L =1V, @ Ajgl1,0) = 2[(L, 01 (Jy"), ® (i) ,]1. 0) — (L, =11 ("), ® ()11, = D],
(1,OIV/L, @ ALl 1) = 2[(1, 11(Ji1), ® (4y) (11, 1) — (1, 0I(J3), ® (4), 11, 0)] (54)
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from which the combinations T;ljz and F;Q can be con-
structed.

Isospin rotation brings not only practical but also con-
ceptual benefits. To illustrate, here we will derive the
well-known asymptotic (i.e., large-Q?) contribution to the
energy-independent axial box diagram. With its original defi-
nition, it is easy to show using the operator-product expansion
of T{Jéfn(x)(JJV” (0))4} that the asymptotic contribution gives
a process-independent large EW logarithm [85]:

M,

U,w(0) = ln 4. (55)

where A is a ultraviolet scale, above which QCD becomes
asymptotically free. Here we offer an alternative derivation
using the dispersive representation. We start from:

o / a0 Mi
7 Jo M} +Q?
y f‘”d_v V4202 + 07 B_(v, 0%
w VR QR M)
®dQ* M} 1
0* M} +Q f1(0)

Re O,y (0) =

o 2 A2

1
x / dxgF{® (xg) 4 - - . (56)
0

In the Q% > A? region the first Nachtmann moment reduces
to the first Mellin moment, and only the “(0)” component in
F; _ survives, as we discussed in Sec. IV.

We wish to evaluate the xp integral using the parton picture,
but the fact that F; O s off diagonal makes this step less
straightforward, so now isospin rotation becomes very useful.
For superallowed decays of I = 1 systems, we use the isospin
relation in Eq. (52) to get

O _ 1 rprz

3 2[[3-&-1

Here F3),/i1 are defined exactly like F; in Eq. (20), except
that we replace (J")4 in W}*" by (J})a, and the off-diagonal
external states by diagonal states with {I, m;} = {1, &1} re-
spectively. At large 02, they could be expressed in terms of
the quark distribution functions (see Ref. [86], but beware of
the difference in overall normalization):

F)%(xp) = Huxg) — a(xp)] + Lld(xg) —d(xp)].  (58)

A nucleus with Z protons and N neutrons thus satisfies:

4. (57)

5Z + 2N
3
(59)

+1 state we have Z = A/2 + 1 and

/deFV (xB)_—(ZZ+N)+ (Z+2N)

Recall that for the m; =
N = A/2 F 1. Therefore

1 1
f A FO(cp) = —— f dxs[FY2 () — FYZ ()]
0

0

(60)

—_ [\
N S —_
. \S)

Finally, we recall that f, (0) = \/E for I = 1 isomultiplets, so
plugging Eq. (60) into Eq. (56) and performing the Q? integral
reproduces the large EW logarithm in Eq. (55).

The derivation above also highlights a potential caveat in
applying the isospin relations: for A > 1, Eq. (60) involves a
subtraction between two large numbers ~A to get a number
of order 1. In practical nuclear calculations, each of these
two large numbers contains some ISB effects which, upon
subtraction, may have an unnaturally large effect. We expect
this effect to be less problematic for light nuclei.

VIII. EMPLOYING NUCLEAR PHYSICS NOTATIONS

The entire theory framework of box diagram amplitudes
and the DR formalism outlined above are inherited from pre-
vious studies of single-nucleon EWRC, and thus are based on
particle physics notations. Here we reexpress them in terms
of notations that are more familiar to the nuclear physics
community.

In this section we introduce a somewhat more general
notation (we did not do it at the beginning to avoid losing
focus on the actual physical problem, i.e., 87 decay, that we
are interested in, when we discussed the basic framework). We
take J# as an arbitrary vector current and J' as an arbitrary
axial current, and define

1 .
T (p.q) = / d*x ()T [T O) i ()

i€ Pp,q
TjﬁTfk(V’ 0%,

1 .
W, (p.q) = g/d“x e (G ()| [J4 (), I (0] #i(p)

i€ pagp 2

= oM F7(v, 0%), (61)
where ¢; r, are spinless nuclear states (diagonal or off diag-
onal) with degenerate mass M. Taking J/* — Ji, and J;' —
(Ji")a recovers the T/ and W/*" relevant to % decay, but
we may also replace them by isospin currents or other phys-
ical EW currents to implement our previous discussions of
crossing symmetry and isospin rotation formula.

A. Connection to nuclear Green’s function
and nuclear response function

We will work in the target’s rest frame, i.e., po =M
and v =gqp, and align § = qé,. Using the definition of
the time-ordered product, T[A(t)B(0)] = ®()A(t)B(0) +
®(—t)B(0)A(t), and translational symmetry, A(x)=
eP*A(0)e~F*, we can insert a complete set of states between
the two currents in the definition of 7", and perform the ¢
integration explicitly, with the result

T (p.a) = =3 / d*xe™ T (p)JH(0, )GM + qo + ie)
x J2(0,0)|¢i(p))
-2 / e T (3 (P (0. 0)GM — go + i)

x J; (0, X)|¢i(p)). (62)
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Above, we introduced the nuclear Green’s function,
|X)(X|

Gl)=H-o)™ =) ="

X

(63)

with Hj the nuclear Hamiltonian.

The external states in Eq. (62) are relativistically normal-
ized plane waves, and now we shall rewrite them in terms of
properly normalized states in quantum mechanics. Applying
the translational symmetry once again leads to

T (. @) = =557 (0 (DL @G + g + ie)

< I (=\pi(p) — §<¢f(p)u;(—q*>

x G(M — qo + ie)J(@)|di(p)), (64)

where we have defined the (spatial) Fourier transform of cur-
rents as

JHG) = / d3xe TR0, %), (65)
and the volume factor

V= / &x 1= 27)°s?0), (66)

with 0 a zero vector in the momentum space. Recalling that
the plane wave states at p = 0 are normalized as

(¢(@)1p(0) = 2M(2n)*sP (@) =2MV,  (67)
we define a quantum mechanical state
1 ~
= 0 68
() NeTid 1$(0)) (68)

that normalizes as (¢|¢) = 1. This allows us to write
T, (p, ) = —iM{$s | (GM + qo + ie)]y (—=G)|¢i)

—iM(ps |, (=)G(M — qo + ie)J} (§)|i)-
(69)
One sees that the volume factor V drops out, and everything
on the right-hand side is rigorously defined in quantum me-

chanics and is calculable in nuclear theory. Similarly, one may
express the hadronic tensor W/ " in the way more familiar in

J

nuclear calculations,
M -
Wi (@) = = D 8(qo + M — Ex){gs L @IX)
X

X (X (=)Ii), (70)

and the parity-odd structure function reads
a iqo
F0.00 = =Wl (. = Wil @) D

in complete analogy to the response function Ry in neutrino-
nucleus scattering [87-90].

A comment is in order. In studying the invariant am-
plitudes we encounter nuclear matrix elements of the form
(¢f|01G(w)02|¢,-), where 01,2 are arbitrary operators. This
is a classic problem in nuclear many-body calculations, and
is challenging due to the difficulty to invert a large matrix
Hy — w; fortunately, there are ways to circumvent the prob-
lem, e.g., using the Lanczos algorithm [91-93]. Interestingly
enough, the same form of nuclear matrix elements also appear
in a newly proposed strategy to compute the ISB correction
8¢ [75]. The fact that dys and 8¢ share a similar form of
nuclear matrix elements indicates that they could be studied
simultaneously given a specific type of an ab initio method.

B. Multipole expansion of invariant amplitudes
and structure functions

The multipole expansion of nuclear EW currents is a
powerful technique frequently adopted in ab initio studies
[94-96]. Combining with WET, it converts the problem of cal-
culating the full current matrix elements into the calculation
of reduced matrix elements, which is more tractable. Here we
shall implement the formalism to both the invariant amplitude
and structure function for the convenience of interested read-
ers; full details are available in Appendix E.

We start with the invariant amplitude T3“b . Analogously to
Eq. (71), we cast it in an explicitly antisymmetric form:

10, 0 = —L[12p. 0 - T (9] (2
Since all currents are transverse (along &, and &, directions),
we may express them in terms of the A = +1 components
defined in Eq. (E4):

T (v, Q) = ’%‘)Mw{ma FDGM + o + ie)y(—G, —1)

+Jp(=G, =DGM — go + ie)Ja(G, +1) — (A = +1 < & = =1} |¢0). (73)

The multipole expansion of both currents reads

o
Jap(@ 1) = =27 Y (=i VT FLETL™ (@) - T @),
J=1

o0
Jopp(=3, £1) = =21 Y 2T F (£TE™ @) + T @), (74)

J'=1

with the transverse electric and magnetic multipole operators defined in Eq. (E11).
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When substituting Eq. (74) into Eq. (73), J' = J is required to conserve total angular momentum since ¢; ; are spinless,
and parity conservation further requires that only the combinations (a, el) ® (b, mag) and (a, mag) ® (b, el) survive [see the
discussion below Eq. (E16)]. Since the multipole operators are irreducible tensors of the rotational group, we may apply WET,

(0,01Ty41 ® T;_410, 0) = (0, 01Ty—1 ® 7;,,10, 0) = —(0, 0|70 ® Ty|0, 0), (75)

to convert the m; in all the multipole operators to 0. This leads to the following expression:

l.’T3ab(U, QZ) = 47T %M Z(ZJ + 1)<¢f|{T;8mag(q)G(M + CI() + lg)rl%el(q)

J=1

+ T (@G + go + i) ;g™ (@) + T ™ (OGM — o + ie) T (@)
+ TN QGM — go + ie) T ™ (@)} 1), (76)

which is a useful starting point for ab initio calculations of 7* (v, Q). One may similarly derive the multipole expansion formula

for F3“b(v, 0%):

F"(v, Q%) =2r %M D QI+ 1)) (g0 + M — Ex){(g/ 1T ™ (@IX )X IT/ @) + (7156 (@)1X) (X | T ™ (@)l }.
J=1 X

IX. SUMMARY

Unlike the ISB correction éc which was studied since the
late 1950s [97], the nuclear structure-dependent part of the
RC in superallowed B decays only received serious attention
about 30 years later [64]. The quantity §ys originates from
the difference between the “inner” correction on a nucleus
and on a free nucleon; however, historically the two were
computed in completely unrelated paradigms. The nucleon
yW-box diagram was treated in a fully relativistic framework,
while dys was computed with nonrelativistic nuclear models.
This artificial dissection may introduce additional model de-
pendence; indeed, when the dispersive representation of the
nuclear y W-box diagram was first introduced in Refs. [16,74],
it became clear that the previous treatments did not prop-
erly include some the important nuclear structure corrections,
which now results in an inflated theory uncertainty in |V,4o+.
As the precision of the V,,; determination from other systems
(especially from the free neutron decay) is gradually catching
up, it is timely to perform a thorough reanalysis of dns with
modern techniques.

In this article we present the theoretical framework to
compute dys in full consistency with the existing treatment
of the nucleus-independent RC A}. We start with the classi-
cal Sirlin representation that allows us to rigorously separate
the structure-dependent inner correction from the full O(«)
electroweak RC to the Fermi matrix element; the former is de-
termined by the E,-dependent nuclear y W-box diagram. With
this, one could unambiguously define dys as the difference
between the nuclear and single-nucleon yW-box diagram,
averaged over the electron energy spectrum of the nuclear
decay.

The yW-box diagram is given by the g integral over the
spin-independent invariant amplitudes 7;(v, 0% (i=1273)
[Egs. (24) and (26)]; the contribution from the parity-odd
amplitude T3(v, Q%) [i.e., the “axial” box diagram Df/W(Ee)]
is dominant and is the main focus of this paper. The

(77)

(

E.-independent and leading E,.-dependent pieces are asso-
ciated with the odd and even crossing components 73 i,
respectively. 73 4 solely contains the isovector EM current,
while 73 _ is more complicated. For the pion and free neutron,
T;._ only receives contribution from the isoscalar EM current,
but for I =1 nuclei the isovector EM current contributes
through multinucleon interactions as well (see Sec. IV).
Through a DR, we expressed 73 (and hence Df,W) in
terms of the structure function F3. The dispersive repre-
sentation of the nuclear box diagram is then represented
in terms of the first and second Nachtmann moments of
F5 [Eq. (49)]. For the case of a free nucleon where only
the energy-independent part is relevant, the first Nachtmann
moment M3 _(1, Q?) is known to good precision using neu-
trino scattering data or indirect lattice inputs. Given that
M3*(1, 0*) continues smoothly to M3 _(1, Q*) at the asymp-
totic regime, the energy-independent contribution to J&ns
thus comes from the difference Mg}‘fl(l, 0% — Mglﬁ(l, 0%)

at low Q?, while the leading energy-dependent contribution
comes from M5“(2, 0?) [Eq. (50)]; both quantities may be
computed with ab initio methods. To facilitate such calcula-
tions, we provide a number of isospin rotation formulas (see
Sec. VII) that relate various charge-changing nuclear matrix
elements of isospin currents to diagonal nuclear matrix ele-
ments with physical electroweak currents, and we also alert
the readers to possible caveats in using these relations. Finally,
we introduce standard nuclear physics notations that relate the
relativistic invariant amplitudes and structure functions to the
nonrelativistic nuclear matrix elements of the nuclear Green’s
function G(w) = (Hy — w)~! [Egs. (69) and (70)].
Depending on the mass number A, different ab initio meth-
ods may be applied for the calculation of éys. For instance, for
light nuclei (A & 10) Green’s function Monte Carlo [98,99]
and no-core shell models [100] are viable. For medium-size
nuclei (A < 40), coupled-cluster theory [101] and nuclear lat-
tice effective field theory [102—-105] should be applicable. The
same methods may also be used to study ¢ through the newly
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proposed strategy [75]. We envision new calculations in the
near future to pin down all the nuclear-structure dependent
corrections to V,; with controlled theory uncertainty and to
shed new light on the Cabibbo angle anomaly and other low-
energy precision tests of the standard model.
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APPENDIX A: SUPERALLOWED B DECAY
AT TREE LEVEL

In this Appendix we derive the tree-level partial width of
superallowed nuclear B decays in a fully relativistic notation.
Since the kinematics are the same as that in the semileptonic
kaon decay (K;3), all the exact formulas in that process are
directly applicable here [34,37,38,40]. The relativistic formal-
ism makes some of the higher-order corrections, e.g., recoil
corrections [106], more transparent.

After summing up the lepton spins, the absolute square of
the tree-level decay amplitude [see Eq. (11)] is given by

112 (0, 2) = GrIVuad HUfEH (1, +1) + 2f f-H(+1, —1) + f2ZH(=1, —1)} (A1)

where

H(+1,4+1) =2M[4(1 =) +z2— 1) —4rp + ro(ry + 4y + 32— 3) — 7],

H(+1, 1) =2M}r,[3 +r. — rp — 2y — 2],

H(—1,—1) =2M}r,[1 —z+r; —1.]. (A2)
Here we have defined
_2p-pe _2E Z:217.17: Ey rvzﬂﬁ rzm_g (A3)
M? M’ M? YA VA V7N

The tree-level decay rate is given by
M;
256m3 D

Ty = dydz|Mo|*(, 2), (A4)

where the exact three-body phase space Dj is given by
a(y) = b)) <z <a()+b(y), 2re<y<l+r.—ry, (AS)
with
_ Q-0 +r+r.—y)
20 +r.—y)

/v2 _ —
— y 4re(1+re re )’) (A6)

a) 20 +re—y)

. b(y)

To examine the relative importance of the form factors, let us first approximate fi(¢) — f+(0); in this case the z integration
can be exactly performed. Below we display both the exact result, and the leading power-expansion according to the following
counting:

me ~ |Pel ~ Ec = O(A). (A7)

The results are

a+b 16M;|5,|(ES*t — E, 2 5E, 2Mi _ 4EeM-2 2E, — M;) — 4
/ dzH(+1,+1) = |Pel (£ ) [5Eem; 2,( ) —my]
“ [Mi(M; = 2E.) + m?]

N 64E,|pe|(En — E.)* = O(AY),

035503-13



CHIEN-YEAH SENG AND MIKHAIL GORCHTEIN

PHYSICAL REVIEW C 107, 035503 (2023)

16m2M; el (B —

E.)’[M:2M; — 3E,) + m?]

a+b
/ dzH(+1,—-1) =

_ 2Ee) + mZ]2

= O(AY),

— E,)*(E.M; —m?)

2E,) +m2]’

b [M;(M;
—~ 32mg|ﬁe|(Em - Ee)2
M;
a+b 16szi|p~e|(E:1xact
/ dzH(—1,-1) =
a=b [M:(M; —
~ 16Eemz|ﬁe|(Em - Ee)2
~ e
[
where
2 2
I ki I VRS VU0
M,

are the exact and approximate versions of the positron end-
point energy, respectively. We see that the leading order
contribution comes from H(+1, +1) and furthermore, f_ is
ISB suppressed. Therefore, for practical purposes it is safe to
retain only the ff term. In the meantime,

I+re—ry Eexac! ) Ey
/ / E, —f dE,.  (A10)
247 M M; m,
So,
M:
_t dvdz|o 2
2567 /93 y 2ol
Ey
~ 55 G Vul ££(0) /m dE,|pe|E(E, — E.)*. (All)

The above is very a naive treatment which misses some
essential ingredient that could play significant roles especially
for heavy nuclei. The most important one is the Coulomb
interaction between the outgoing positron and the daughter
nucleus, which is incorporated by including the Fermi func-
tion F(Zy, E,) [107]. There are also nuclear shape corrections
(or, in other words, the ¢ dependence in f.(¢)) and the in-
fluence of the atomic electrons; they give rise to an effective
shape correction function S(Zy, E, ) and a screening correction
factor Q(Zy, E,) in the integral [108]. Finally, a recoil correc-
tion factor [109]

3E,

R(E,)=1———"_
M; + M;

(A12)

takes into account (to the desired level of precision) both the
small differences between the exact and approximate result of
the z integral [see Eq. (A8)] and those between the exact and
approximate upper limits of the E, integral. To conclude, we
may write

273m 3G f(0)In 2

Vial* ~
|ud| fl

(A13)

= O(AY), (A8)

where ¢ is the half-life, and

f=mREy) | dE|p.|EE, — E.)*F (Zs, E.)

me

x 8(Zs, E.)Q(Zy, E,) (Al14)

is the statistical rate function.

Equation (A13) is not the end of the story, as there are still
several SM corrections at the level 1072—10~* that must be in-
cluded for a precise extraction of V,;. They are (1) the EWRCs
that are not already included in the Fermi function, and (2) the
ISB correction §¢ that mainly originates from the Coulomb
interaction between the protons. In particular, the EWRC is
usually divided into the nuclear-structure-independent piece
A} and the structure-dependent pieces 8f, and dxs. Adding all
these gives the master formula in Eq. (1).

APPENDIX B: USEFUL THEOREMS IN SU(2)

Many derivations in this paper make use of relations
between matrix elements of angular momentum or isospin
eigenstates. Since both of them are described by an SU(2)
group, it is useful to state here some of the relevant group
theory relations for the benefits of unfamiliar readers. In fact
we just need two of them:

(1) Product of irreducible tensors. Suppose H,f,‘,l and K,fflz
are irreducible tensors of rank /; and I, respectively of
an SU(2) group; then their product may be written as a
sum of irreducible tensors:
I I 1 Dsmy
Hy ®Kp =) G

Ilml] 12m1 m1

(BI)
Im,

1112 1m1
where C,lm, Ty,

are Clebsch-Gordan (CG) coeffi-
cients.

(2) Wigner-Eckart theorem. The matrix element of an ir-
reducible tensor with respect to SU(2) eigenstates can
be written as

LI:Lmy,
(127 mp, | my |Il ’ mll) - Cllmll JImy

(LIT'), (B2
where (L||T!||I;) is a reduced matrix element that is
independent of the “magnetic quantum numbers” my,,
my, and my,.
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APPENDIX C: CROSSING SYMMETRY

In this Appendix we provide a detailed derivation of the
crossing symmetry of T;(v, Q%) that we presented in Sec. IV.
The basic idea follows directly the arguments in Appendix A
of Ref. [16]. We restrict ourselves to 87 decays.

Our derivation starts from the following identity [110]:

(B(IOla(p)) = @(p)|TO'T " B(p)), (C1)

where O is a linear operator, T is the time-reversal operator,
and |&@), |B) are the time-reversed states of |a), |8), with
the time-reversed four-momentum p* = p,,. Knowing that the
time-reversal operation on a four-current reads

TJ*& OT ! = J,. @&, —t), (C2)

suppose a generic tensor of time-ordered current product is
defined as

™ _! d*xe'* T{J*(x)J"(0)} ¢
(p.q) 2/ (s (DIT (I (x)J (0)}i(p))

v

by, 4"q “pY
= (—g“ + 2 )n(v, Q%) +

p
Mv

(v, Q%)

i€ poqpg 5
——=L T, 0%);
+ T 3(v, Q%)

then, using the time-reversal operation and the definition of
the time-ordered product, we obtain

(C3)

1 - .
T (p.q) = 5 [ d*x e T (g(PIT {T3T )T (0)} s (5)).
(C4)

Comparing to the definition of TA’”(p, q) [see Eq. (14)], we
find that at the right-hand side the upper Lorentz indices
are lowered, the initial and final states are interchanged, the
currents are conjugated, and the momenta are time reversed,
with an extra sign change 4.

Next, suppose the matrix element in Eq. (C4) satisfies the
following relation:

(GilTSTT pp) = —E (sl TT]0), (C5)

where & = +1; then we may plug this relation into Eq. (C4),
express the right-hand side in terms of invariant amplitudes,
and compare it with Eq. (C3). This gives the following cross-
ing relations:

Ti(—v, Q%) = T (v, 0%), Th3(—v, Q") =T 3(v, Q7).

(Co)

If both currents are neutral we have trivially £ = —1; in
flavor-changing processes the value of & must be deduced
case-by-case in each isospin channel.

We start with the isoscalar EM current. Using a general
property of the CG coefficient,

1,1;1,my
G

_ 1,1;0,m;—1
m—1;1,1 — —C

Imp;l1,—1 2

€N
we can easily use WET in the isospin space to show that
(L, m T O ) (Y (0)) 1, my = 1)

= (L m — 1™ ) (1)), mg),  (C8)

which implies £© = —1, regardless of the isospin of the
external hadronic states.

The isovector component is more complicated and pro-
duces different results for the pion, nucleon (I = 1/2 sys-
tems), and 0" nuclei (/ = 1 systems), which is often taken
for granted in literature. Here we will study them carefully.

For the pion decay the isovector matrix element T3(] )(v, 0%)
vanishes due to G parity,

(TG () gl ) =0, (C9)
given that
GIG = I, GUY) 67 = —(),,
Gr™?) = -+ (C10)

This argument does not apply for the nucleon and I =1
nuclei, since they are not eigenstates of G parity. To study
crossing symmetry in these systems, we decompose the cur-
rent product into / =1 and I =2 irreducible tensors by
(anti)symmetrizing in the isospin indices,

Tl ('), = —;%VI%ALI =T, +T%,  (Cl)
where
T—l] = _%(V{(%A?q - V1111AT0)’
T = _ﬁ(VI%A‘l}—l + VI Al)- (C12)
Similarly, we write
IO = S = Th = Th c1)

The difference in the tensor coefficients between Eq. (C11)
and (C13) can be understood from Eq. (B1). To analyze cross-
ing symmetry, we compare Eqs. (C11) and (C13). For/ = 1/2
states the Tjtz1 matrix element is zero, whereas

(1/2, —1/2|T"11/2,+1/2) = —(1/2,1/2|T/|11/2, =1/2).
(C14)

Together with Eq. (C5), we find £ = 41 for I = 1/2 sys-
tems, in accord with Ref. [16].

For I = 1 systems the matrix elements of both 7, and T2,
are nonvanishing. In fact, using WET we find that they lead to
opposite crossing symmetry between the matrix elements of
T4 and T4

(Lomy = UTH 1 my) = —(Lmy | T (1, my — 1),

(Lmy — T2 |1 my) = (1, m|(=TZ)I1,m; — 1). (C15)
This implies that Ti(l)(v, Q?) for I = 1 nuclear systems having
mixed symmetry.

APPENDIX D: DERIVATION OF THE WICK
AND RESIDUE CONTRIBUTION

In this Appendix we provide some detail in the derivation
of Re (7" (E,.) and Re [V} (E,.) defined in Eq. (40).
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1. The Wick contribution

The Wick contribution comes from replacing v — ivg in Eq. (38):

. d* My 1 QP —vi—ivgEl o TR (0% ivgF (v, 0
Di)/,v\‘ylck(Ee) _ qE W E EE, f 2| B W, 0%  ivpk V', 0%) O
Vthr

M f:(0) / Qm)* My, + Q2 02 Q2 + 2iE,vg — 2P, - § V2 + 7 V(12 +2)
where gg = (g, vg). Taking the real part gives

42 diqp ME 1 1

Re (PVick(E,) = —
ey (E) Mf(0) ) Q) M + 02 Q% (Q? —2p, - §)? +4E3V§~

oo 2 _ V2 2 _ 2~e . 21) L
x/ av | C VD@ =26 D= WP Ty (g o)
Vthr Ve + vE
2E2VE(Q* — vi) + vEpe - G(O* — 2P, - §)
J 2 V) Hvpe 9O 2P Dy (g (D2)
E,gv’(v’2 + vE)
We parametrize the Euclidean loop momentum as
qr = Q(sin ¢ sin ¢ sin ¢3, sin ¢; sin ¢, Cos @3, sin P €os ¢, COs Py), (D3)
SO
2w b4 b4 00
[dtae= [ aos [ aon [ a0 [ 400 sind g sin (D4)
0 0 0 0

We may choose p, to point along the third axis, i.e., p, - § = E.Q sin ¢ cos ¢, so the angle ¢3 can be trivially integrated. This
gives

Re [bVick (£ ) “ / d0? /d /d Oyt
W (Ee) = 5 ——— [ dx xz
! ML) Jo T My +Q2 2 20, /1 — x2x))” + AE20%3

/00 / (1 —x)(Q* = 2E.Q,/1 — x}x;) — 2x1E.Q,/1 — x}x; ,
X dv - F_(', 0%
Vthr v 2 + sz%
20°Ex}(1 —x1) + Ox} /1 — x3x,(Q% — 2E.Q,/1 — xx,) o
+ F3,+(V ) Q ) ) (DS)

v (V/Z + Q2x12)

where x; = cos ¢;, x, = cos ¢,. Up to this point it is easy to check that the term attached to F3 _ (F3 ;) is an even (odd) function

of E,, therefore we may split Re D” Wick(E,) = Re Df,’ffv’WiCk(Ee) + Re Df,’;";WiCk(Eg) and study the two terms individually.
We start from the even piece and perform X integration which is elementary. This gives

2

e,Wic o = Q
RO = i [, 0 [ [ g @)

1 » Q+2E, /1 —x} B Q—2E, /1 —x}
n —_— — tan —_—

4E2 2Eex1 2Eex1

1 Q% +4E,Q,/1 — x? + 4E2

40E.  \ 02— 4E,0,/1 — x? + 4E2

_ ¢ 1 Oon2 M&V > ’ 0 0 o 5
-wimol, mael, V) -2 5)s-on @
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where we have defined two integrals that are more complicated but still doable

! X G fa+V1—=x2 L fa—~1—x2
I(a,b) = dxb2 5 | tan — ] —tan — 11,
1 +x X

X
! 1 24+ 2av1—x2+1
J(a,b)sfdx2 _In ahlavio vt (D7)
o1 b +x a? —2av1—x*+1
Both integrals take distinct functional forms for a*> < 1 and a® > 1. Their analytic results read
I(a,b) = O(1 —a*I~(a,b) + O(a@® — DI"(a,b), J(a,b)= O —a*)J~(a,b)+ O(a* — 1)J”(a,b), (D8)
where
I~(a,b) < 4 > I”(a, b) 1 <l ! ) (DY)
a, = — n s a, = —mIn — s
2b(b+ Vb2 +1)+1—a? a?(b+ /b* +1)?
and
47 a 4 1
J=(a,b) = — tanh™! (—) J”(a, b) = — tanh™! (—) (D10)
b b+ Vb +1 b alb+Vb*+1)
Next we proceed with the odd piece. Integrating out x, yields
b,0,Wick 2 0’
Re O72YM(E,) = / / dv/dx— Vv,
bk (E,) = sz+(0) QM2+Q2 g e 0%
x| - Q+2E, /1 —x} . Q—2E, /1 —x}
tan —— | —tan -
ZEel)/ 2Eex1 2Eex]
ox? Q% +4E,Q,\/1 —x} +4E?\  x},/1—x}
+ 352 -1 i . (D11)
eV 0? —4E,Q,/1 — x> + 4E2 eV
It may be cast in terms of the two integrals above, and two additional ones
- ! A1 —x2 — /1 —=x2
1(a) E/ dxx|:tan1 (a+—x — tan™! S = lim b*I(a,b),
-1 X X b— o0
- ! 2+ 2a/1 —x2 41
Ja) = / dein [ E2Y X TN i Bl b). (D12)
-1 a? —2av1—x2+1 b—oo
Their analytic expressions read
I(a) = 01 —d»I<(a) + O@® — DI*(a), J(a) =01 —a*)J<(a)+ O* — 1)J*(a), (D13)
where
< _ ) 7>
I=(a) = —Z(a -2), I'(e= ) (D14)
and
2
i (D15)

J<(a) =2ma, J7(a)= -

So the final result of the odd piece reads
~ 1 *do* M dv' E !
Re Db}?v’wwk(Ee) _ i i . w / v oy +(V Qz) 0 7 V_
y 2 MAO) Sy B2 My 0 ), v 2E." Q
V2 v/ -
Q[ ( Q )+J< Q )} 2Q2 \/v’2+Q2)+Q2]}. (D16)

==, =
+8 0* \2E, Q 2E,
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2. The residue contribution

Next we discuss the residue contribution. We first write the full box diagram as

Oy (E.) = ] (D17)

1)/

4ie? dq M} Q* +v? — By food TF_(, 0% v, (V,0%
v
Mf(0) ) Q) My, + 02 Q*[(v — E.)* — |p. — 41> +iel Jy, 22 V(2 —v2)
and all the complexities come from the electron propagator with nonzero E,. It gives two poles: v = E, + |p, — ¢g| — ie and
v =E, — |p. — §| + ie. The first pole always stays in the fourth quadrant in the complex-v plane, which does not affect the
Wick rotation. But the second pole could stay in either the first or second quadrant, depending on the sign of E, — |p. — §|.

When E, > |p, — 4|, it lies within the Wick rotation contour and thus gives a residue contribution to the integral.
To evaluate the residue, we first parametrize the measure of the Minkowskian loop momentum ¢ as

d4 d3 %)
(2734: (2734 [wdv W/ dqq / dx/ dv, (D18)

where q = |G| and x is the cosine of the angle between p, and ¢. Requiring a pole to exist in the first quadrant implies

E. > |pe — 4l = \JE? — 2E.qx + ¢ R (D19)

which in turn restricts the q integral within 0 and 2E,. With this, we may apply the residue theorem in the v integration to obtain

Db o~ /2E dqq / i Mgv 0> +v? —qux _ 1 ﬂ
Mf+(0) & My+o O 1h-d
o0 F _ 2 F ,7 2
[efsenee)
Vthr Ve —v % (V -V ) =Ee—1pe—ql+ie

The next step is to reexpress the {q, x} integral in terms of {Q, x}. Starting with

0*=—v"+q*=—(E — |pe — G1)* + ¢° = 2E.(—E. + qx + \/E? — 2E.qx + ¢?), (D21)

we may solve for q:

=0+ 00 +4E2(1 — x?)

D22
2E,(1 — x2) ’ (D22)
which also implies
B, —dl = 2E2(1 — x*) + Q% — Ox/0* + 4EX(1 —x2)

e d = 2E,(1 — x2)

-Q? 2 +4E2(1 —
o TL OO AR -2 (D23)

2E,(1 —x2)

Meanwhile, the integral measure and limits become

[ ol 21p. —
/ dq / dx = / 40 / dx , (D24)
0 xR 0 2 JOP+4EX(1 —x?)

which can be checked numerically by integrating both sides with respect to an arbitrary integrand. With this, the real part of the
residue contribution reads

2E, M2 Q2 + ])2 — qux 2q2
R I:lbres E) = / / w
© (Fe) = Mf+(0) 40 & M2 + Q2 Q? VO +4EX(1 —x2)

1
x/ av’ [F3,(v 0% + Fz+(v Q)]Pr —. (D25)

where “Pr” denotes the principal value. Using Eqs. (D22) and (D23), one may again check that the term attached to F5 _ (F3 )
is an even (odd) function of E,. So we may similarly split Re Df,’vr‘?s(Ee) =Re Df,’vev’r“(Ee) + Re Df;‘?l;res(Ee).

The final step is to perform the x integration in Eq. (D25), remembering that q and v are also functions of x. This is highly
nontrivial, but fortunately the results can be expressed in terms of the functions we just defined in Egs. (D9), (D10), (D14),
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and (D15):
1 4E? dO®> M2 0 ’
Re (4™ (E) = 7 i | avrioo (L
47{2 Mf+(0) 0 QEe MW + Q2 Vthr , Ee 2Ee Q
—J= g’v_ + Re _g[> Q’v_ +J Q’U_ ,
2E, Q E, 2E, Q 2E, Q
] 1 4Ee2 d 2 M2 o Jy'
Re (™ (E,) = — - / SR 0Y)
MO Jo B2 My +Q ), v
Ee 4 2 4 5
Lo (L V) (2 ) 95 L
2 2E, Q 80 2E, Q 8 2E,
Ee l 72 l B
tRe| B (L VYo (2 V)L (2] (D26)
2 2E, Q 80 2E, Q 8 2E,
(
These expressions can be easily understood. First of all we are given by
recall that Re (1, (E,) = Re D’;}J‘“wg + Re (3 (E,), and o botie,
that the integrand of Re Df,’v‘s,v ick(E,) takes two distinct forms €r1(qe;) = :FT, €o(qe;) = é;. (E3)
in Q < 2E, and Q > 2F,. Since the integrand of the residue
contribution survives only in Q < 2E,, one naturally expects With them we can span the spatial current as
it to “make up” the difference so that the full expression takes .
a unified form in both regions. We may then immediately J(q) = ZJ (g, VE;. (E4)
A

postulate the solutions above, which can be easily verified
numerically.

Finally, note that the principal-value integration in
Eq. (D25) activates when v = V' is possible, which happens
at the point

Q2
4E,

v+ TG

Z\)/:>E:EminE )

limv =E, —
x—1

(D27)

This means that the integrand in Re D]b/’vr‘fs(Ee) hits a singular-
ity when E, = Ey-

APPENDIX E: BASICS OF MULTIPOLE EXPANSION

In this Appendix we summarize some basic concepts of the
multipole expansion of current operators, which can be found
in many references, e.g., Refs. [111,112].

We start from a general current operator in the momentum
space:

JHG) = / dx e TINE) = (p(§), (@), (ED)

where p(g) and J (g) are the charge and (spatial-)current den-
sities respectively. For the latter, it is customary to be spanned
using the three “spherical unit vectors” €,(g) (A =0, £1),
which satisfies €,(g) - €;,(§) = 8. The A = 1 components

are transverse while the A = 0 component is longitudinal, i.e.,
G- €(q) #0.

In practice, one usually takes G to be along the z axis, i.e.,
4G = qé, (here q = |g]). In that case, the spherical unit vectors

G-€+1(g) =0, (E2)

The starting point of multipole expansion is the following
plane-wave expansion formula:

o0 J
eI =4 Y N (i) ji(qr)Yom, ()Y,
J=0 my J

(€2,), (E5)

where r = |X|. With this we can express the charge density
operator as:

p(§) = 4m Yy (=D)'Y},

Jmy

) f &M (q. )p(F),  (E6)

where

M7 (q. %) = js(qr)Ysm, ().

For the spatial current density operators we need one more
step. We first define the “vector spherical harmonics™ a:

(E7)

Vi) =Y ol Vi, ()%, (E8)

mp,h
which is a rank-J tensor constructed from the product of a

rank-L tensor (Y1, ) and a rank-1 tensor (€;). With this we
can write

TGN =4 Y "> (=)',

L,mL ij

Ll;./m_;
(Q‘I )CLm,‘;IA

X f d*x MY (q, %) - J(®), (E9)
where
M7 (q, %) = ju(ar)¥)p (). (E10)
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Now we are ready to define the four types of multipole operators. They are

Coulomb: M, (q) = / d>xM}" (q, %)p(¥), J >0,
longitudinal: Lym,(q) = /d%céVM}"’ (q.%) - J(®), J >0,
. . 1 L
transverse electric: 15, (@) = /d3xa[v x MY (q,%)]-J®), J=>1,
transverse magnetic:  T},"*(q) = / d*xM} (q, %) - J(%), J>1
Using the mathematical identity
VAT 33 (=i 2T+ TEVM) (g, %), r=0,
e '1e(q) = (E11)

V2 352 (=) V2T T(MM]y(q, %) — £V x My (q.8), A=+,

the charge and current density operators can then be expressed as

p(§) = ~4m Y (=)' V2T + TMy0(q),
J=0
VAT Y5 o (—iY V2T F 1Ly (q), =0,

J(G, 1) = (E12)
{—mzj‘;l(—i)um +1(AT;®(q) — T (@), =+,

which is our desired multipole expansion formula.
One could also define the spatial Fourier transform with reversed momentum:

JH(—=§) = / d*x T E) = (p(—F), T (=) (E13)

Here we still take § = qé;, with all the definitions of €, the same as before. In this case the charge and current densities can also
be expanded in multipole as

p(=4) = Van ) ' 2T + 1Mpo(q),

J=0
—VAT Y ¥ 2T+ 1Ly (q), A =0,

J(=G. ) = { (E14)

—V2r Y5 V2T F AT (@) + T(Q)], A= +1.

Next, we know that the current could be vector or axial and could have isospin structure; see Eq. (7). Incorporating these
details, we may define the vector multipole operators

Mt (@ Ly g @, TS (@), T (q) (E15)

and the axial multipole operators
Mm@+ L @, T (@, T2 (q) (E16)

accordingly. Among the vector multipoles, the Coulomb, longitudinal, and transverse electric operators have parity (—1)’ while
the transverse magnetic operator has parity (—1)’*!. The parities of the axial multipoles are exactly the opposite.

Finally, in most of the nuclear theory calculations it is natural to assume isospin symmetry, so the vector isospin current V/:n,
is conserved. As a consequence, the Coulomb and longitudinal multipole operators of the vector currents are not independent as
far as their matrix elements are concerned:

v Ey —E v
(¢f|ij,;]m, (@) = — q <¢’f|MJm,;]m, (@) (E17)
One may use this relation to eliminate the vector longitudinal multipoles in favor of the vector Coulomb multipoles.
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