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Enhanced Schiff and magnetic quadrupole moments in deformed nuclei
and their connection to the search for axion dark matter
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Deformed nuclei possess enhanced moments violating time reversal invariance (T ) and parity (P). Collective
magnetic quadrupole moments (MQM) appear in nuclei with a quadrupole deformation (which have ordinary
T, P-conserving collective electric quadrupole moments). Nuclei with an octupole deformation have a collective
electric octupole moment, electric dipole moment (EDM), Schiff moment, and MQM in the intrinsic frame which
rotates with the nucleus. In a state with definite angular momentum in the laboratory frame, these moments are
forbidden by T and P conservation, meaning their expectation values vanish due to nuclear rotation. However,
nuclei with an octupole deformation have doublets of close opposite parity rotational states with the same spin,
which are mixed by T, P-violating nuclear forces. This mixing polarizes the orientation of the nuclear axis along
the nuclear spin, and all moments existing in the intrinsic frame appear in the laboratory frame (provided the
nuclear spin I is sufficiently large to allow such a moment). Such a mechanism produces enhanced T, P-violating
nuclear moments. This enhancement also takes place in nuclei with a soft octupole vibration mode. In this paper
we present updated estimates for the enhanced Schiff moment in isotopes of Eu, Sm, Gd, Dy, Er, Fr, Rn, Ac,
Ra, Th, Pa, U, Np, and Pu in terms of the CP-violating π -meson–nucleon interaction constants ḡ0, ḡ1, and ḡ2,
the quantum chromodynamics parameter θ̄ and the quark chromo-EDMs. The implications of the enhanced
T, P-violating moments to the search for axion dark matter in solid state experiments are also discussed, with
potential alternative candidate compounds in which we may expect enhanced effects suggested.
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I. INTRODUCTION

Measurements of atomic and molecular time-reversal (T )
and parity (P) violating electric dipole moments (EDMs)
are used to test unification theories predicting the violation
of fundamental symmetries CP (invariance under combined
operations of spatial inversion and charge reversal). Such
measurements have been able to exclude a number of mod-
els and significantly reduce the parametric space of other
popular models including supersymmetry [1,2]. This re-
search also may shed light on the baryogenesis problem, the
matter-antimatter asymmetry in the universe produced by an
unknown CP-violating interaction. The expected magnitude
of an EDM is small, so it is favorable to use mechanisms
which enhance the effect, see, e.g., [3–5].

The nuclear EDM is completely screened in neutral atoms
and molecules. However, a nonzero atomic EDM due to the
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nucleon EDM may still be produced if the distribution of the
nucleon EDM and charge in a nucleus are not proportional
to each other [6]. Nuclear EDMs may also be produced by
time (T ), parity (P)-violating nuclear forces, however in this
case the mechanism is different as the resultant EDM is from
the charge distribution in the entire nucleus [7]. The post-
screening nucleus-electron interaction is proportional to the
so-called Schiff moment, a vector multipole which produces
an electric field inside the nucleus, see [7–11]. The finite
nuclear size corrections and distribution of the Schiff moment
induced electric field inside the nucleus have been found in
Ref. [12]. This resultant electric field polarises the atom and
produces an atomic EDM in the direction of the nuclear spin
I . It was shown in Refs. [7,10,11] that the leading contribution
to the nuclear EDM and Schiff moment is the result of T, P-
violating nuclear forces.

In nuclei with spin I � 1, there exists another contribu-
tion to this atomic EDM, which yields from the nuclear
nuclear magnetic quadrupole moment (MQM). The magnetic
interaction between the MQM and atomic electrons mixes
electron orbitals of opposite parity and produces an atomic
EDM and T, P-violating nuclear spin-molecular axis interac-
tion constants for molecules in electronic states with nonzero
electron angular momentum [7]. This magnetic interaction
is not screened, so generically (without special enhancement
factors) the atomic EDM produced by the interaction be-
tween nuclear MQM and electrons is expected to be an order
of magnitude bigger than the EDM produced by the Schiff
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moment [7] and two orders of magnitude bigger than the EDM
produced by the electric octupole moment [13].

Given the relatively small magnitude of the resultant
atomic EDM, it is advantageous to seek the existence of a
mechanism which enhances these nuclear moments. In this
paper, we will focus on mechanisms of enhancement which
arise via the study of deformed nuclei. A specific mechanism
of enhancement of the Schiff moment may be found through
the study of nuclei with an octupole deformation. Such nuclei
exhibit a low-lying energy doublet to the ground state, with
opposing parity and identical spin. The existence of such
a state may lead to an enhancement of the nuclear Schiff
moment produced by T, P-violating nuclear forces, which
admix these two states. This mechanism may also be appli-
cable to nuclei with a soft octupole vibration mode, however
we should expect to see the largest enhancement (∼102–103

times) in nuclei with an intrinsic octupole deformation, see
[14,15]. According to Refs. [14,15] this occurs in specific
isotopes of Fr, Rn, Ra, and other actinide atoms. Atomic
and molecular EDMs produced by Schiff moments increase
with the nuclear charge Z faster than Z2 [7]. This is another
contributing factor to the expectation that EDMs in actinide
atoms and their molecules are significantly larger than in other
systems.

Note that the enhancement of T, P-violating effects due to
octupole doublets has been noted in Ref. [16]. Earlier such
enhancement of P-odd effects was noted in Ref. [17].

The Schiff moment is proportional to the product of the
quadrupole deformation parameter and square of the octupole
deformation parameter, β2β

2
3 [15]. A comprehensive tabula-

tion of the parameters β2 and β3 for the ground states of
nearly all nuclei can be found in Ref. [18]. Estimates of these
parameters with alternative nuclear structure models can give
differing results, see, e.g., [19,20].

Reference [15] estimates the squared value of the static
octupole deformation parameter to be about β2

3 ∼ (0.1)2. Ac-
cording to Ref. [21], in nuclei with a soft octupole vibration
mode, the squared dynamical octupole deformation parameter
also takes similar values 〈β2

3 〉 ∼ (0.1)2. As such, a similar
enhancement of the Schiff moment also may occur due to
a dynamical octupole vibration mode [21–23] in nuclei with
〈β3〉 = 0.1 This observation significantly increases the list of
nuclei in which the Schiff moment is enhanced.

References [14,15,24,25] have performed numerical cal-
culations of the Schiff moments and estimates of the atomic
EDM produced by the electrostatic interaction between elec-
trons and these moments for 221Fr, 223Fr, 223Ra, 223Rn, 225Ra,
225Ac, and 229Pa. The short lifetime of these nuclei proves
to be an issue when it comes to experiments. Such experi-
ments for 223Rn and 225Ra have been considered by various
experimental groups [26–28]. Despite the Schiff moment
enhancement, the 225Ra EDM measurements presented in
Refs. [27,28] have not reached the sensitivity to the T, P-
violating interaction as the Hg EDM experiment [29]. These
experiments are also hindered by the instability of 225Ra

1Consider, for example, the displacement of an ordinary harmonic
oscillator. In such a system, 〈x〉 = 0, while 〈x2〉 �= 0.

(which has a half-life of 15 d) and a relatively small number
of atoms. Reference [30] extended the list of candidate nuclei
to include stable isotopes 153Eu, 155Gd, 161Dy, and 163Dy, as
well as long lifetime nuclei 153Sm, 165Er, 225Ac, 227Ac, 229Th,
229Pa, 233U, 235U, 237Np, and 239Pu.

We may also seek a mechanism which enhances the con-
tribution of the nuclear MQM to the atomic EDM. The
enhancement of this effect in nuclei with a quadrupole de-
formation has been demonstrated in [31], in which it is
shown that the T, P-violating interaction produces a col-
lective MQM, inducing T, P-violating effects in atoms and
molecules. Estimates of the enhanced effect in paramagnetic
molecules TaN, ThO, ThF+, HfF+, YbF, HgF, and BaF are
presented in Ref. [32]. Accurate molecular calculations were
performed for molecules of interest: ThO [33], TaN [34],
TaO+ [35], HfF+ [36], YbOH [37], and LuOH+ [38]. Further,
Ref. [39] calculated the enhanced collective MQM in the
quadrupole deformed nuclei 9Be, 21Ne, 27Al, 151Eu, 153Eu,
163Dy, 167Er, 173Yb, 177Hf, 179Hf, 181Ta, 229Th, and the resul-
tant MQM induced energy shift in various diatomic molecules
of experimental interest which contain these nuclei. An addi-
tional enhanced contribution to the MQM appears in octupole
deformed nuclei via the aforementioned octupole mechanism.
Calculations of the enhanced MQM in this mechanism are
presented in Ref. [40].

There are various ways in which one may probe T, P-
violating atomic, molecular, and neutron EDMs. For example,
one may seek to detect these effects by measuring the preces-
sion of the angular momentum of a system in the presence
of an external electric field, analogous to Larmor precession
in an external magnetic field. Another viable method of de-
tection, first studied in Refs. [41,42] involves the use of a
condensed matter sample with N spins in an external electric
field. In this mechanism, any interaction of the field with the
EDM’s in the sample will lead to a slight alignment of the
spins in the direction of the field, which may be in turn mea-
sured via probing the induced magnetization of the sample.
Such experiments have been the subject of a renewed interest
[43–45], with various experiments conducted constraining the
value of the electron EDM [46–49].

This method may also be employed in the search for
nuclear Schiff moments. In particular, Ref. [45] proposed
using the latter method with the ferroelectric sample PbTiO3.
Although using this sample would not benefit from any en-
hancement due to the octupole mechanism, an enhancement
of the effect is expected due to the strong internal electric
field of the ferroelectric, as well as the ability to cool the
nuclear spin subsystem in this compound down to nanokelvin
temperatures, which may limit the effect of phonons and sup-
press the nuclear spin-lattice interaction. Further, a study of
the nuclear spin relaxation in 207Pb conducted in Ref. [50]
reported a dramatic increase in the spin relaxation time as
the temperature of the system is lowered, which may prove to
be even further advantageous in the search for nuclear Schiff
moments using the experiment proposed in Ref. [45].

Any enhancement of the aforementioned effects also has
implications in the search for ultralight dark matter. The CP
violating neutron EDM may be due to the quantum chromody-
namics (QCD) θ term. It was noted in Ref. [51] that axion dark
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matter produces an oscillating neutron EDM, as the axion field
is equivalent to an oscillating θ̄ . The QCD θ term also pro-
duces T, P-violating nuclear forces, creating T, P-violating
nuclear moments. Correspondingly, the axion field also pro-
duces oscillating nuclear T, P-violating moments [52]. To
obtain results for the oscillating T, P-violating moments it is
sufficient to replace the constant θ̄ by θ̄ (t ) = a(t )/ fa, where
fa is the axion decay constant, a(t ) = a0 cos mat , (a0)2 =
2ρ/(ma)2, where ρ is the axion dark matter energy density
[51,52]. Moreover, in the case of a resonance between the
frequency of the axion field oscillations and molecular tran-
sition frequency there may be a resonance enhancement of
the oscillating nuclear T, P-violating moment effect [53]. As
oscillating nuclear T, P-violating moments may be produced
by axion dark matter, corresponding measurements may be
used to search for this dark matter. This research is in progress,
and the first results have been published in Ref. [54], in
which the oscillating neutron EDM and oscillating 199Hg
Schiff moment have been measured. The effect produced
by the oscillating axion-induced Pb Schiff moment in solid
state materials has been measured by the Cosmic Axion Spin
Precession Experiment (CASPEr) collaboration in Ref. [55].
The effect of oscillating T, P-violating nuclear polarizability
has been measured in Ref. [56] (see theory in Refs. [57–59]).
Further, oscillating MQMs were shown to produce resonance
transitions in molecules in Ref. [60].

This paper is organized as follows. In Sec. II, we per-
form estimates of the nuclear Schiff moment in various
stable and long-living nuclei theorized to have either a
static octupole deformation or a dynamical octupole vibra-
tion mode, using values of β2, β3 from the tables presented
in Ref. [18]. We present the results in terms of the CP-
violating π -meson–nucleon interaction constants ḡ0, ḡ1, and
ḡ2, the QCD parameter θ̄ , and the quark chromo-EDMs. In
Sec. III, we quantitatively assess the enhancement provided
from the octupole/quadrupole mechanisms relative to the cur-
rent material of choice in the CASPEr electric experiment.
In Sec. IV, we discuss the implications of the enhancement
mechanisms for solid state experiments which may benefit
from enhanced nuclear moments in their search for axion
dark matter, and subsequently make suggestions for potential
alternative candidate solid state compounds. The application
of the enhancement mechanisms to experiments aiming to
detect the so-called piezoaxionic effect is also discussed, with
a list of potential candidate crystals presented.

II. ESTIMATE OF THE ENHANCED NUCLEAR SCHIFF
MOMENT IN NUCLEI WITH A THEORISED

OCTUPOLE DEFORMATION

In this section, we will present our updated estimates of
the nuclear Schiff moments in 153Eu, 153Sm, 155Gd, 161Dy,
163Dy, 165Er, 221Fr, 223Fr, 223Rn 225Ac, 225Ra, 227Ac, 229Th,
229Pa, 233U, 235U, 237Np, and 239Pu assuming that these nuclei
have static or dynamical octupole deformation. These results
are presented in terms of the CP-violating π -meson–nucleon
interaction constants ḡ0, ḡ1, and ḡ2, the QCD parameter θ̄ , and
the quark chromo-EDMs. We note that the first indication that
a nucleus may have an octupole deformation comes via an

analysis of the rotational spectra, which appears to resemble
the spectra of a diatomic molecule of different atoms.2

The Schiff moment is defined by the following expression
[7]:

S = e

10

[
〈r2r〉 − 5

3Z
〈r2〉〈r〉

]
, (1)

where e is the elementary charge and Z is the atomic num-
ber. Here, 〈rn〉 ≡ ∫

ρ(r)rnd3r represents the moments of the
nuclear charge density ρ. If a nucleus has an octupole de-
formation β3 and a quadrupole deformation β2, the Schiff
moment in the fixed body frame is proportional to the octupole
moment Ointr [14,15]

Sintr ≈ 3

5
√

35
Ointrβ2 ≈ 3

20π
√

35
eZR3β2β3 , (2)

where R is the nuclear radius. However both Schiff and elec-
tric dipole moments are forbidden in the laboratory frame, due
to parity and time reversal invariance.

Nuclei with an octupole deformation and nonzero nucleon
angular momentum have a doublet of nearby rotational states,
with opposing parity |I±〉 and the same angular momentum I ,

|I±〉 = 1√
2

(|�〉 ± |−�〉) , (3)

where � = � + � is the projection of I on to the nuclear
axis. The states of this doublet are mixed by the T, P-violating
interaction W with mixing coefficient

α± = 〈I−|W |I+〉
E+ − E−

. (4)

We may express the nuclear T, P-violating potential W as

W = G√
2

η

2m
(σ∇ )ρ , (5)

where G is the Fermi constant, m is the nucleon mass, ρ is
the nuclear number density, and η is a dimensionless strength
constant. This mixing polarizes the nuclear axis n along the
axis of nuclear spin I,

〈nz〉 = 2α±
Iz

I + 1
, (6)

2The enhancement of the EDM and Schiff moment in nuclei with
an octupole deformation is similar to the enhancement of the T, P-
violating effects in polar molecules with nonzero electron angular
momentum which have doublets of opposing parity [61]. The doublet
splitting in molecules is due to the Coriolis interaction. In nuclei, the
splitting is dominated by the “tunneling” of the octupole bump to
other side of the nucleus causing a change of the valence nucleon spin
projection to the nuclear axis. In fact, it is just an octupole vibration
mode, so there is no sharp boundary between the static deformation
in the minimum of the potential energy and a soft octupole vibration
when this minimum is very shallow or does not exist. Note that
contrary to the Coriolis splitting in diatomic molecules the doublet
splitting due the tunneling does not increase with rotational angular
momentum—see the nuclear spectra in Ref. [62].
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and the intrinsic Schiff moment shows up in the laboratory
frame [14,15]

S = 2α±
I

I + 1
Sintr . (7)

In accordance with Ref. [15], in nuclei with an octupole
deformation, the T, P-violating matrix element may be ap-
proximated as

〈I−|W |I+〉 ≈ β3η

A1/3
[eV] , (8)

given the number of nucleons A. Therefore, combining
Eqs. (2), (3), (4), and (7), we may now write down an ana-
lytical estimate for the Schiff moment [15,30]

S ≈ 1 × 10−4 I

I + 1
β2(β3)2ZA2/3 [KeV]

E+ − E−
eη [fm3] . (9)

This expression is in agreement with numerical calculations
available for a number of nuclei [15].

Within meson exchange theory, the π -meson exchange
gives the dominating contribution to the T, P-violating nu-
clear forces [7]. Using standard notation, g is the strong
π -meson–nucleon interaction constant and ḡ0, ḡ1, ḡ2 are the
π -meson–nucleon CP-violating interaction constants in the
isotopic channels T = 0, 1, 2.

Given these, one can express the results for the Schiff
moment in terms of more fundamental parameters such as the
QCD θ -term constant θ̄ using the relation |gḡ0| = 0.21|θ̄ | and
|gḡ1| = −0.046|θ̄ | [32,63,64]. Alternatively, the results can
be expressed via the quark chromo-EDMs d̃u and d̃d : gḡ0 =
0.8 × 1015(d̃u + d̃d )/cm, gḡ1 = 4 · 1015(d̃u − d̃d )/cm [1].

Numerical calculations performed in Ref. [24] found the
Schiff moment of 225Ra, expressing it in terms of gḡ0,1,2,

S(225Ra, g) ≈ (−2.6gḡ0 + 12.9gḡ1 − 6.9gḡ2) e fm3 . (10)

This expression may be rewritten to express the Schiff mo-
ment in terms of θ̄ and d̃u, d̃d :

S(225Ra, θ̄ ) ≈ −θ̄ e fm3 ,

S(225Ra, d̃ ) ≈ 104(0.50d̃u − 0.54d̃d ) e fm2 . (11)

The analytical expression for Eq. (9) describes the depen-
dence of the Schiff moment on various nuclear parameters.
Following Refs. [30,65,66], we may use Eqs. (9), (10), (11)
to express the Schiff moment of all nuclei with an octupole
deformation in the following form:

S(g) ≈ KS (−2.6gḡ0 + 12.9gḡ1 − 6.9gḡ2) e fm3 , (12)

S(θ̄ ) ≈ −KS θ̄ e fm3 , (13)

S(d̃ ) ≈ 104KS (0.50d̃u − 0.54d̃d ) e fm2 , (14)

where KS = KI KβKAKE , given the definitions

KI = 3I

I + 1
,

KA = 0.00031ZA2/3 ,

Kβ = 791β2(β3)2 ,

KE = 55 KeV

E+ − E−
.

(15)

The numerical factors were chosen such that they are of the
order of unity for heavy nuclei with an octupole deformation.
Using these expressions we have calculated the value of KS

TABLE I. Estimates of collective Schiff moments for octupole
deformed nuclei which contain a low lying energy doublet to the
ground state with identical spin and opposing parity.

Z Isotope KS

63 153Eu 0.99
62 153Sm 2.4
64 155Gd 1.2
66 161Dy 4.3
66 163Dy 0.31
68 165Er 1.8
87 221Fr 0.85
87 223Fr 1.2
86 223Rn 1.7
89 225Ac 5.5
88 225Ra 2.4
89 227Ac 6.0
90 229Th 1.2
91 229Pa 560 (2040)a

92 233U 0.44
92 235U 1.9
93 237Np 2.6
94 239Pu 0.2

aThe estimate in parenthesis is presented with the caveat that the
existence of the very close nuclear energy doublet �E± ≈ 60 eV in
229Pa is confirmed.

for a select number of candidate nuclei using the tabulation of
the parameters β2 and β3, which can be found in Ref. [18] for
the ground states of nearly all nuclei. We note that estimates
with other nuclear structure models can give different results
[19,20]. In nuclei which do not have static octupole defor-
mation according to Ref. [18], but still exhibit a significant
dynamical octupole deformation, we have estimated the value
of the squared octupole deformation parameter β2

3 using the
collective B(E3) octupole transition probability for neighbor-
ing even-even nuclei found in, e.g., Ref. [67]. This transition
probability is related to β3 via the expression

B(E3)0+→3 =
(

3

4π

)2(
ZeR3

0

)2〈
β2

3

〉
. (16)

The energy splittings of the octupole doublet �E± = E+ −
E− were found in the database in Ref. [62]. Thus, our esti-
mates for the parameter KS are presented in Table I.

The values of KS presented in Table I may be directly
compared to those calculated in Ref. [66]. With the exception
of 229Pa,3 the values of KS for 153Eu, 161Dy, 163Dy, 221Fr,
223Fr, 223Rn, 225Ac, 227Ac, 229Th, 233U, 235U, 237Np, and 239Pu
are of a similar order to the estimates made in Ref. [66], in
which values for the octupole deformation parameter β3 were
taken from a range of sources. Further, this method allows
for the slight improvement on the estimates made in Ref. [66]
for the nuclei 161Dy, 163Dy, 229Th, 233U, 235U, and 239Pu,
all which are theorised to have a soft dynamical octupole

3Which is several orders of magnitude larger when assuming a
ground state energy splitting of �±E ≈ 60 eV.
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vibration mode. While we note that the existence of such a
small energy splitting in 229Pa is yet to be confirmed, the
various theoretical results which claim the existence of both a
static and dynamical octupole deformation in each of the nu-
clei presented in Table I must be confirmed via experimental
probing of the nuclear rotational spectra.

III. EFFECTS OF ENHANCED NUCLEAR MOMENTS
IN DEFORMED NUCLEI

A. Enhanced nuclear Schiff moments in octupole
deformed nuclei

As aforementioned, there are various detection techniques
which may be used to detect T and P-violating atomic, molec-
ular, and neutron EDMs. Specifically, experiments involving
Pb based solid state samples are the current area of interest,
see Refs. [45,50]. Further, experiments searching for ultralight
dark matter such as ones conducted by the CASPEr collabo-
ration measure the axion-induced Pb Schiff moment in solid
state materials.

It may however be interesting to consider performing such
experiments with solid state samples containing atoms con-
sidered in Sec. II, as they may provide an advantage, due to
the enhancement of the Schiff moment via the octupole mech-
anism. This may be quantitatively assessed via a comparison
of the coefficients KS to that of 207Pb.

207Pb is considered to be nearly spherical. It has identical
spin and parity to 199Hg (IP = 1/2−) and a similar nuclear
magnetic moment: μ207Pb = 0.59μN , μ199Hg = 0.51μN , where
μN is the nuclear magneton. The Schiff moment of 199Hg was
first calculated in Ref. [11], with more complete calculations
in terms of the π -meson interaction constants gḡ0,1,2 using five
different interaction models presented in Ref. [68].

Using the above arguments, we may consider the Schiff
moments of 199Hg and 207Pb to be approximately equal. Tak-
ing the average of the results presented in Ref. [68], and
once again expressing the results in terms of θ̄ and the quark
chromo-EDMs d̃u and d̃d we have

S(207Pb, g) ≈ S(199Hg, g) (17)

≈ (0.023gḡ0 − 0.007gḡ1 + 0.029ḡ2) e fm3 ,

S(207Pb, θ ) ≈ S(199Hg, θ ) ≈ 0.005 θ̄ e fm3 , (18)

S(207Pb, d̃ ) ≈ S(199Hg, d̃ ) ≈ 5d̃d e fm2 . (19)

We may now assess the relative enhancement of the estimated
nuclear Schiff moments calculated in Sec. II to that of 207Pb
by defining the parameter KS,Pb to be the ratio of Eqs. (13)
and (18). We can further estimate the Schiff moment induced
energy shift in compounds containing these nuclei via the
scaling δE ∼ Z2RSKS,Pb, where RS = (RS,1/2 + 2RS,3/2)/3 is
the average relativistic factor, which is different for p1/2 and
p3/2 electrons [7],

RS,1/2 ≈ 4γ1/2x
2γ1/2−2
0

[�(2γ1/2 + 1)]2
, (20)

RS,3/2 ≈ 48γ1/2x
γ1/2+γ3/2−3
0

�(2γ1/2 + 1)�(2γ3/2 + 1)
. (21)

TABLE II. Ratios of the nuclear Schiff moment induced energy
shift in solids containing nuclei with an octupole deformation to
those containing 207Pb.

Z Isotope I KS,Pb KZ,Pb KTot

63 153Eu 5/2 199 0.310 61.6
62 153Sm 3/2 480 0.291 140
64 155Gd 3/2 235 0.330 77.5
66 161Dy 5/2 852 0.373 318
66 163Dy 5/2 62.6 0.373 23.3
68 165Er 5/2 350 0.422 148
87 221Fr 5/2 171 1.37 234
87 223Fr 3/2 248 1.37 339
86 223Rn 7/2 348 1.28 446
89 225Ac 3/2 1100 1.56 1710
88 225Ra 1/2 473 1.46 690
89 227Ac 3/2 1210 1.55 1880
90 229Th 5/2 238 1.66 395
91 229Pa 5/2 111000 1.77 197000
92 233U 5/2 88.7 1.89 167
92 235U 7/2 376 1.88 708
93 237Np 5/2 525 2.01 1060
94 239Pu 1/2 32.0 2.14 68.6

Here, γ1/2 = √
1 − Z2α2; γ3/2 = √

4 − Z2α2, α is the fine
structure constant, �(x) is the standard � function, and x0 =
2ZR0/aB, where R0 = 1.2 [fm] A1/3 is the nuclear radius and
aB is the Bohr radius. Our estimates of these atomic factors
are listed in Table II, where we have further defined the coef-
ficients

KZ,Pb = Z2RS

Z2
PbRS,Pb

, KTot = KS,Pb · KZ,Pb . (22)

The estimates presented in Table II, as expected, indicate a
substantial enhancement of the relevant atomic factors relative
to 207Pb in nuclei which are theorised to have an octupole
deformation. Given this, one may consider the use of com-
pounds containing these nuclei in various experiments which
aim to measure the energy shift induced by the nuclear Schiff
moment in solid state compounds.

B. Enhanced nuclear magnetic quadrupole moments
in quadrupole deformed nuclei

In a similar way, we may also assess the potential advan-
tage of performing measurements in quadrupole deformed nu-
clei. Contrary to the case of octupole deformation, quadrupole
deformation is a well studied nuclear property which is indi-
cated, for example, by collective electric quadrupole moments
which may exceed single-particle quadrupoles by up to two
orders of magnitude. We will begin by providing a brief
overview of the MQM enhancement mechanism in such nu-
clei, following [39]. The magnetic quadrupole moment of a
nucleus due to the electromagnetic current of a single nucleon
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with mass m is defined by the second order tensor operator [3]

M̂ν
kn = e

2m

[
3μν

(
rkσn + σkrn − 2

3
δknσ̂r

)
+ 2qν (rkln + lkrn)

]
,

(23)

where ν = p, n for protons and neutrons, respectively, and
μν, qν are the magnetic moment and charge of the nucleon,
respectively. As the nuclear MQM is both T and P violat-
ing, it is forbidden in the absence of nucleon EDMs and
T, P-violating nuclear forces. It is understood that the open
shell nucleons interact with the core of the nucleus via the
T, P-violating potential (5) [3,7,31], resulting in a perturbed
“spin-hedgehog” wave function of a nucleon given by [3,31]

|ψ ′〉 =
(

1 + ξν

e
σ̂∇̂

)
|ψ0〉 , (24)

ξn ≈ −2 × 10−21ην e cm , (25)

where once again ν = p, n for protons and nucleons, respec-
tively, and ην represent the T, P-violating nuclear strength
constants in the T, P-violating potential (5). This spin-
hedgehog contributes to the T, P-violating effects in nuclei,
which results in an enhanced collective MQM in deformed
nuclei [31]. Using Eqs. (23) and (24), the MQM for a single
nucleon due to the T, P-violating valence-core interaction is
given by

MT P = MT P
zz = ξ

2

m
(μ〈σ · l〉 − q〈σzlz〉) . (26)

In the Nilsson basis [69] the nucleon’s total angular momen-
tum projection onto the symmetry axis is given by �N =
�N + �N , where �N = ±1/2 is the spin projection and �

is the orbital angular momentum projection of the nucleon.
In this basis, the MQM generated by the spin-hedgehog in
Eq. (24) is

MT P
ν = 4�N�Nξ (μν − qν )

h̄

mpc
. (27)

Further, the permanent nucleon EDM dν also contributes to
the nuclear MQM [70]. The result of the calculation in the
Nilsson model is [39]

MEDM
ν ≈ 4�N�N dν

h̄

mpc
. (28)

Thus, the MQM generated by a single nucleon is given by

Mν = 4�N�N M0
ν , (29)

where

M0
ν = [ξ (μν − qν )dν]

h̄

mpc
. (30)

Specific values of the nuclear MQM in this mechanism were
calculated in quadrupole deformed nuclei of experimental
interest in Ref. [39], by summing up the contributions from
each nucleon.

An enhanced MQM in a nucleus also results in an enhanced
MQM induced energy shift in solids containing this nucleus.
Thus, in a similar way to the previous section, we may esti-
mate this expected enhancement relative to the Schiff moment

TABLE III. Ratios of the nuclear MQM induced energy shift to
the energy shift produced by the Schiff moment in 207Pb.

Z Isotope I M |δEM/δES,Pb|
4 9Be 3/2 0M0

p + 0.4M0
n 1.2

10 21Ne 3/2 0M0
p + 0.4M0

n 1.2

13 27Al 5/2 3M0
p + 4.5M0

n 21

63 151Eu 5/2 12M0
p + 23M0

n 140

63 153Eu 5/2 12M0
p + 20M0

n 120

63 155Gda 3/2 12M0
p + 20M0

n 124

63 157Gdb 3/2 12M0
p + 20M0

n 124

66 163Dy 5/2 11M0
p + 21M0

n 130

68 167Er 7/2 21M0
p + 36M0

n 240

70 173Yb 5/2 14M0
p + 26M0

n 170

72 177Hf 7/2 17M0
p + 42M0

n 270

72 179Hf 9/2 20M0
p + 50M0

n 230

73 181Ta 7/2 19M0
p + 45M0

n 290

90 229Th 5/2 13M0
p + 27M0

n 250

92 235U c 7/2 13M0
p + 27M0

n 260

aFor an estimate, we use the result of M from 153Eu in this isotope
given the small difference in mass numbers.
bSimilarly, we use the result of M from 153Eu in this isotope.
cSimilarly, we use the result of M from 229Th in this isotope.

induced energy shift in Pb based solids. Using Ref. [7], the
ratio of the MQM and Schiff moment contributions to atomic
EDM may be approximated to be

δEM

δES
≈ 1

12

MRMαaB

SRS
. (31)

Here, M is the magnetic quadrupole moment. The nuclear
charge Z dependence of the MQM and Schiff moment atomic
matrix elements is similar (∝ Z2) except for the relativistic
factors. For the MQM, the relativistic factor is

RM = 720
�(γ j1 + γ j2 − 2)

�(γ j2 − γ j1 + 3)�(γ j1 + γ j2 + 3)�(γ j1 − γ j2 + 3)
,

(32)

where once again γ j =
√

( j + 1/2)2 − Z2α2. This factor is
formulated such that RM → 1 as Zα → 0.

The proton and neutron MQM contributions can be ex-
pressed via the QCD CP-violating parameter θ̄ as [39]

M0
p(θ̄ ) = 1.9 × 10−3θ̄ e fm2 ,

M0
n (θ̄ ) = 2.5 × 10−3θ̄ e fm2 . (33)

Thus, using Eq. (31), we have estimated the enhancement of
the MQM induced energy shift relative to the energy shift due
to the Schiff moment in 207Pb, see Table III. We note that there
appears to be a substantial enhancement of the nuclear MQM
induced effects in systems containing quadrupole deformed
nuclei when compared to the 207Pb nuclear Schiff moment
induced effects.

The enhancement provided by the quadrupole (MQM in-
duced) mechanism, on average, seems to be of a similar
order to the enhancement provided by the octupole (Schiff
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moment induced) mechanism. However, there is an important
difference between these mechanisms. The Schiff moment
induced mechanism for enhancement currently relies on the
confirmation of the existence of static/dynamical octupole
deformation in the nuclei of interest. This is not the case
for the MQM induced mechanism, where the existence of
nuclear quadrupole deformation is firmly established through
the measurement of the electric quadrupole moment in a wide
range of nuclei, see Ref. [71]. Therefore at this stage, the
MQM mechanism for enhancement seems to be the more
reliable when making considerations for experiment. Note
however, that contrary to the Schiff moment effect, the MQM
effect requires non-zero electron angular momentum and this
leads to an increase of systematic effects, significantly limit-
ing measurement accuracy.

We also note that the atoms (or ions) presented in Ta-
ble II which have nuclear spin I � 1 and a nonzero electron
angular momentum also exhibit an enhanced nuclear MQM
effect due to the octupole mechanism, see Ref. [40]. However,
on average, the contribution to the MQM from this mecha-
nism is smaller than the contribution from the spin-hedgehog
mechanism.

IV. IMPLICATIONS OF ENHANCED NUCLEAR
MOMENTS FOR SOLID STATE EXPERIMENTS

SEARCHING FOR AXION DARK MATTER

In this section, we discuss experimental applications of
enhanced nuclear Schiff and magnetic quadrupole moments.
In particular, the enhancement of these effects in deformed
nuclei may lead to an improved sensitivity for solid state
experiments searching for axion dark matter.

A. Possible enhancement of CASPEr electric effect

Here, we present a few potential alternative candidate com-
pounds for the CASPEr electric experiment. The oscillating
axion dark matter background produces an oscillating nuclear
Schiff moment. CASPEr electric aims to probe the effects of
this Schiff moment in a polarized ferroelectric crystal. Current
measurements use 207Pb2+ in a poled ferroelectric PMN-
PT crystal [lead magnesium niobate-lead titanate, chemical
formula (PbMg1/3Nb2/3O3)2/3 - (PbTiO3)1/3] [55]. Let us
consider the possibility of using another suitable ferroelectric
candidate crystal which includes a stable isotope with an
enhanced Schiff moment due to the octupole mechanism.

One possibility may be the replacing this compound with
the ferroelectric Eu1/2Ba1/2TiO3, which was proposed for use
in the search for the electron EDM in Ref. [72]. The Eu2+ ion
has ground state 8S7/2, with electron configuration [Xe]4f7.
This compound, being ferroelectric, has an extremely large
effective electric field E∗ ≈ 10 MV/cm in a poled crystal. As
per our estimates presented in Table II, the europium isotope
exhibits a significantly enhanced Schiff moment compared
to 207Pb, meaning one may also expect an enhanced Schiff
moment-induced energy shift, which may be advantageous
for the experiments performed by the CASPEr collaboration.
The disadvantage for the Schiff moment measurement here
is the non-zero electron angular momentum of Eu2+. In this

case, there are various systematic effects that arise from the
use of such compounds, see for example the discussion in
Ref. [72]. However, this compound is suitable for the MQM
effect which requires nonzero electron angular momentum,
similar to the electron EDM effect. It is interesting to note
that the Eu3+ ion has zero electron angular momentum in the
ground state, so compounds containing this ion may be better
for the measurement of the Schiff moment effect.

Another potential candidate crystal is the ferroelectric-
ferroelastic gadolinium molybdate [chemical formula
Gd2(MoO4)3], which was also mentioned in proposals
for similar electron EDM experiments [73]. The Gd3+ cation
has the same electron configuration and ground state as
Eu2+. As gadolinium molybdate is also a ferroelectric, a
large effective electric field is produced in a poled crystal.
This compound would similarly exhibit enhanced MQM and
Schiff moment-induced energy shifts compared to isotopes of
Pb, making it another potential candidate compound for such
experiments.

B. Applications to experiments measuring
the piezoaxionic effect

Such enhanced nuclear moments may also prove to be
advantageous in proposed measurements of the so-called
piezoaxionic effect, in which a P-violating axion-like dark
matter background produces a stress in piezoelectric crystals
[74]. Piezoelectric crystal structures violate parity. Therefore,
no symmetry forbids the occurrence of stress upon application
of an electric field, which is P-violating, but T -invariant. This
is the converse piezoelectric effect [75,76]. Vice versa, an
electric field results from an applied stress, i.e., the piezoelec-
tric effect [77,78].

An axion-like dark matter produces oscillating T, P-
violating moments [51,52], which induce an atomic EDM
creating an electric field. This field produces a stress across the
piezoelectric crystal. Ref. [74] proposes the measurement of
the bulk acoustic modes excited by this axion induced stress.
It seems to be advantageous to select candidate piezoelectric
crystals which contain one or more nuclei with an enhanced
Schiff moment or MQM.

Experiments aiming to detect the piezoaxionic effect re-
quire a candidate crystal which exhibits piezoelectricity.
Further, it is required that the crystal is not ferromagnetic
or strongly ferroelectric, in order to minimise any signal
losses associated with movement of the domain walls. As
such, the authors of Ref. [74] have proposed a list of candi-
date compounds containing either U or Dy for experiment.4

These crystals were chosen due to their structural similarity
to well-developed piezoelectric materials already used in bulk
resonators (see Table II in Ref. [74]). Using the the database
of The Materials Project [79] we have identified an additional
number of crystals which may benefit from effects resulting
from an enhanced Schiff moment and MQM. This database
has calculated the piezoelectric tensor properties of a large
number of materials, using density functional perturbation

4These isotopes may also exhibit an enhanced nuclear MQM.
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TABLE IV. Candidate crystals which may exhibit an enhanced
energy shift due to the nuclear Schiff moment octupole mechanism,
as found in Ref. [79]. Nuclei which exhibit an enhanced Schiff
moment due to the octupole mechanism are represented in bold. The
compounds with asterisks were proposed in Ref. [74].

Class Candidate

Dy3CuGeSe76
Dy3CuSnSe7

32 NaDyH2S2O9∗
6 mm Dy3Se4O12

DySi3Ir∗
4 mm

DyAgSe2∗
6̄m2 DyTa7O19

DyNiBi
4̄3m Dy3Sb4Au3

DySbPt

mm2 UCO5∗
DyAgTe2∗

4̄2m Dy2Be2GeO7∗
Ce2Dy2O7

DyCuSe2

3 m UOF4∗
UCd∗

theory [80–82]. These potential candidate crystals are listed
in Table IV.

V. SUMMARY

Deformed nuclei possess enhanced T, P-violating mo-
ments. Collective MQMs appear in nuclei with a quadrupole
deformation, while nuclei with an octupole deformation have
a collective electric octupole moment, EDM, Schiff moment,
and MQM in the intrinsic frame which rotates with the nu-
cleus. It is theorized that nuclei in isotopes of Eu, Sm, Gd,
Dy, Er, Fr, Rn, Ac, Ra, Th, Pa, U, Np, and Pu contain either
a static octupole deformation, or a soft dynamical octupole
vibration mode. This implies that these nuclei have doublets
of close opposite parity rotational states with the same spin,
which are mixed by T, P-violating forces. This mechanism
produces enhanced T, P-violating nuclear moments.

In Sec. II, we focused on the enhanced nuclear Schiff mo-
ment due to this mechanism, presenting updated estimates for
its value in isotopes of these nuclei using values of the static
octupole deformation parameter β3 presented in Ref. [18].
In nuclei which do not have static octupole deformation

according to Ref. [18], but still exhibit a significant dynam-
ical octupole deformation, we have estimated the value of
the squared octupole deformation parameter using the col-
lective B(E3) octupole transition probability for neighboring
even-even nuclei found in, e.g., Ref. [67]. These estimates,
presented in Table I, are of a similar order to the estimates
presented in Ref. [66], and are slightly improved in compari-
son to this reference for a range of nuclei which are theorised
to exhibit a soft dynamical octupole vibration mode.

In Sec. III, we quantitatively assessed the relative enhance-
ment of the Schiff moment in atoms with nuclei which are
theorized to exhibit an octupole deformation compared to
207Pb. The relative enhancement provided from the theorized
octupole mechanism may be of an advantage to solid state
experiments such as CASPEr electric, which is searching for
axion dark matter via detection of the effects produced by an
oscillating nuclear Schiff moment in a polarized ferroelectric
crystal. We also assessed the effects of an enhanced MQM
due to the spin-hedgehog mechanism in quadrupole deformed
nuclei.

Section IV of this paper discussed the implications of an
enhanced nuclear Schiff moment and magnetic quadrupole
moment to the search for axion dark matter. We suggested
a few potential alternative candidate solid state compounds
containing atoms with enhanced nuclear P, T -violating mo-
ments for use in the CASPEr electric setup. In the last part
of this section we briefly summarized the expected applica-
tions of the octupole/quadrupole mechanisms to proposed
measurements of the so-called piezoaxionic effect, in which
an axion dark matter background produces a stress across
piezoelectric crystals. Building on the indicative list provided
in the experimental proposal for the detection of this effect
in Ref. [74], we have included a number of further candidate
crystals which may be used for measurements.

We once again stress that prior to the commencement
of any experiment using compounds in which the octupole
mechanism is expected, the various theoretical results which
claim both static and dynamical octupole deformation should
first be confirmed via experimentally probing the nuclear ro-
tational spectra. While it is theorized that the nuclei presented
in Table I exhibit either static or dynamical octupole defor-
mation, the rotational spectra, which may be analyzed using
the database found in Ref. [62], in a large number of cases
does not provide conclusive evidence. Note that there is no
such problem for the enhanced nuclear magnetic quadrupole
moments which do not require octupole nuclear deformation.
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