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Theoretical calculations for the capture cross section of the formation of heavy
and superheavy nuclei
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Capture cross section of formation heavy nuclei and superheavy nuclei with charge number Z = 84–118
are systematically studied based on an empirical coupled-channel model, in which different barrier distribution
functions are constructed according to the different coupling modes between target and projectile. The calculated
results are in good agreement with the experimental data for most of reaction systems. The reason for the
difference between the theoretical results and the experimental values have been analyzed.
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I. INTRODUCTION

Nuclear fusion in heavy-ion collisions is a dynamical pro-
cesses of quantum many-body systems [1–5]. Theoretically,
the simplest approach for heavy-ion fusion reactions is to use
the one-dimensional potential model where both the projec-
tile and the target are assumed to be structureless [1,2]. The
single-barrier penetration models have been applied to de-
scribe successfully the capture cross sections for light reaction
systems around and above Coulomb barrier region [6]. Struc-
tural effects of target nuclei (ground state deformation) on the
capture cross sections was first recognized [7,8], this seminal
work has stimulated many experimental and theoretical works
and subsequent experimental data clearly demonstrated this
effect [7–9].

For the subbarrier fusion reactions, extensive experimen-
tal as well as theoretical studies have revealed that fusion
reactions are strongly influenced by the couplings between
the relative motion and nuclear intrinsic degrees of freedom
on fusion reactions. Capture cross sections are enhanced by
orders of magnitude as a result of coupling to collective modes
of the interacting nuclei [10–20]. In recent works, the capture
cross sections hindrance far below the barrier is discussed
[21,22]. Various theoretical approaches have been developed
to explore the fusion excitation function or capture precess at
the subbarrier energies.

The overall description and understanding of the heavy-
ion fusion excitation function, covering the whole energy
range from the extreme subbarrier region up to high above
the Coulomb barrier [23], becomes an important topic in
reaction theory and experiment studies [24]. One of reasons
is that the overall uncertainties in predicting heavy and su-
perheavy nuclei synthesis cross sections are associated with
the calculations of capture cross sections [25–27]. The main
reason is that fusion dynamics is closely related to nuclear
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structure of the interacting nuclei caused a dramatic effect on
heavy-ion capture cross sections [28–36]. This is because the
nucleus-nucleus potential is modified by nuclear structure and
dynamically by the interaction.

There are several models for capture cross sections. Each
of them has been tested against a number of measurements of
capture cross sections for reactions that, mostly, do not lead to
the formation of the superheavy nuclei.

The formation cross section of compound nucleus is a basic
process in the fusion reaction to synthesize new nuclides and
new elements. To describe the whole fusion process much rea-
sonably, the accurate calculation of the capture cross section is
particularly important [37]. The main goal of the present paper
is to examine capture process for the synthesis mechanism of
heavy and superheavy nuclei carefully. We perform a system-
atic study of capture cross sections from heavy to superheavy
nuclei by the different coupling modes between target and
projectile.

II. THEORETICAL FRAMEWORK

The capture cross section at a given center-of-mass energy
Ec.m. can be written as the sum of the cross section for each
partial wave J [7,38,39]:

σcap(Ec.m.) = π h̄2

2μEc.m.

∑
J

(2J + 1)T (Ec.m., J ), (1)

where σcap is the capture cross section, Ec.m. and J separately
represent the incident energy in the center-of-mass system
and relative angular momentum. T (Ec.m., J ) is the penetra-
tion probability of the two colliding nuclei overcoming the
Coulomb potential barrier in the entrance channel.

For the single-barrier penetration model, the interaction
potential around the Coulomb barrier B can be approximated
by an inverted parabola, the analytical expression for the pen-
etration probability is given by the well-known Hill-Wheeler
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formula [40,41]

T HW(Ec.m., J, B)

= 1

1 + exp
{
− 2π

h̄ωB (J )

[
Ec.m. − B − h̄2

2μR2
B (J ) J (J + 1)

]} , (2)

where h̄ωB(J ) is the width of the parabolic Coulomb barrier
at the position RB(J ), and B is the Coulomb barrier.

In the real case the nucleus-nucleus interaction potential is
a multidimensional surface and the incoming flux overcomes
the Coulomb barrier at different values of its height B. There-
fore, the capture cross section σcap(Ec.m.) can be estimated
by using the empirical coupled-channel method. The empir-
ical channel coupling model has been proposed for a simple
estimation of multidimensional barrier penetrability based on
the idea of the barrier distribution function. Various types of
distribution functions are used.

In the present work, according to the different coupling
modes between target and projectile, we construct different
barrier distribution functions. There are three cases: (i) fu-
sion reactions involving two spherical nuclei, (ii) reactions
with two statically deformed nuclei, and (iii) reactions with
the combination of one spherical nucleus and one statically
deformed nucleus.

Two spherical nuclei mainly depend on coupling of their
relative motion to surface vibrations. Thus, the Coulomb bar-
rier mainly depends on dynamical deformations. The total
penetration probability in Eq. (1) should be averaged over
barrier height B,

T (Ec.m., J ) =
∫

f (B)T HW[Ec.m., J, B]dB, (3)

where the normalized function f (B) may be approximated by
an asymmetric Gaussian form

f (B) =

⎧⎪⎪⎨
⎪⎪⎩

1
N exp

[
−

(
B−Bm

�1

)2
]
, B < Bm

1
N exp

[
−

(
B−Bm

�2

)2
]
, B > Bm.

Here, N is the normalization constant. The Bm = aB0 + (1 −
a)BS is central value of barrier distribution. The value of quan-
tity BS corresponds to minimal value of the two-dimensional
barrier depended on dynamical deformations, and B0 is de-
fined as the Coulomb barrier of spherical nuclei. �1 = bED

and �2 = cED are left and right width, respectively. ED is
the deformation energy of the reaction system at the sad-
dle point. The parameters a = 0.26 (ZPZT < 1150) and a =
0.50 (ZPZT � 1150), b = 0.32 and c = 0.93 of the barrier
distribution are taken from Ref. [38]. Details of parameters
determination are shown in Ref. [38].

For statically deformed nuclei, the penetration probability
should be averaged over the orientations of both nuclei. There-
fore, the total penetration probability in Eq. (1) is given by

T (Ec.m., J ) = 1

4

∫ π

0

∫ π

0
T HW[Ec.m., J, B(β1, θ1, β2, θ2)]

× sin θ1 sin θ2dθ1dθ2,

where B(β1, θ1, β2, θ2) is the orientation dependent barrier,
and β1 and β2 are the static deformation parameters of inter-
acting nuclei.

If one of the interacting projectile and target nuclei is a
spherical nuclei in ground state and the other is a statically de-
formed nucleus, the interaction barrier distribution is mainly
caused by the different orientation effects of the deformed
nucleus and the spherical (or nearly spherical) nucleus are
caused by dynamical deformation.

One may parametrize the barrier B for the arbitrary value
of the projectile deformation (β1) and target orientation (θ2)
as follows:

B(θ2, β1) = B′ + [B(θ2, 0) − B(0, 0)], B′ = B(0, β1). (4)

For spherical projectile and statically deformed target,
the penetration probability should be averaged over the
deformation-dependent barrier height as well as the orienta-
tions of both nuclei. Then the total penetration probability in
Eq. (1) is given by

T (Ec.m. , J ) = 1

2

∫
sin θ2dθ2

∫
f (B′)T HW

× [Ec.m. , J, B(θ2, β1)]dB′, (5)

In the present work, the interaction potential is one of the
key quantities in the calculation of the penetration probability.
The effective interaction potential of the two nuclei consists
of the long-range Coulomb repulsive potential, the attractive
short-range nuclear potential, and the deformation potential
energy

V (r, β1, β2, θ1, θ2)

= VC (r, β1, β2, θ1, θ2) + VN (r, β1, β2, θ1, θ2)

+ 1
2C1

(
β1 − β0

1

)2 + 1
2C2

(
β2 − β0

2

)2
. (6)

The Coulomb potential can be calculated by Wong’s
formula [7] as the following:

VC (r, β1, β2, θ1, θ2)

= Z1Z2e2

r
+

(
9

20π

)1/2(Z1Z2e2

r3

)

×
2∑

i=1

R2
i βiP2(cos θi ) +

(
3

7π

)(
Z1Z2e2

r3

)

×
2∑

i=1

R2
i [βiP2(cos θi )]

2, (7)

where P2(cos θi ) is the Legendre polynomial.
Many approaches have been developed to estimate the nu-

clear potential VN (R). In the present work, the double folding
potential which belongs to the nuclear potential have been
adopted. One standard method is to fold a nucleon-nucleon
interaction with the projectile and target densities [42]. Thus
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the nuclear potential reads

VN (R, β1, β2, θ1, θ2)

= C0

{
Fin − Fex

ρ0

[ ∫
ρ2

1 (r)ρ2(r − R)dr

+
∫

ρ1(r)ρ2
2 (r − R)dr

]
+Fex

∫
ρ1(r)ρ2(r − R)dr

}
,

(8)

with

Fin,ex = fin,ex + f ′
in,ex

N1 − Z1

A1

N2 − Z2

A2
, (9)

where N1, N2 and Z1, Z2 are the neutron and proton num-
bers of the two nuclei, respectively. 1 and 2 represent the
interacting projectile nucleus and target nucleus, respec-
tively. Currently some parameters used are as follows: C0 =
300 MeV fm3, fin = 0.09, fex = −2.59, f ′

in = 0.42, f ′
ex =

0.54, ρ0 = 0.165 fm−3. The nuclear density distribution func-
tions ρ1(r) and ρ2(r) are two-parameter Woods-Saxon types:

ρ1(r) = ρ0

1 + exp[(r − �1(α1)]/aρ1)
, (10)

ρ2(r) = ρ0

1 + exp[(|r − R| − �2(α2)]/aρ2)
. (11)

The parameters aρ1 and aρ2 are the diffuseness of the two
nuclei, respectively. The general value range is around 0.50–
0.58. In the present work, the parameters aρ1 = 0.52 and
aρ2 = 0.52 are adopted. In principle, the diffuseness of the
two nuclei depend on the charge and mass numbers of the
nucleus [42]. At present, the deformation parameters β2 and
β4 of projectile and target are taken from Ref. [43].

III. NUMERICAL RESULTS AND DISCUSSIONS

A. Heavy-nuclei region

In the present work, we develop a set of methods to con-
struct different barrier distribution functions according to the
difference coupling modes of the projectile-target nucleus.
To prove the validity of our model, the capture cross sec-
tions for formation compound nucleus of 52 heavy nuclei are
systematically calculated by using double-folding potential.
Our calculations for all projectile-target combinations were
performed with one set of parameters and with the same
assumptions.

For eight fusion reactions involving two spherical nuclei,
the capture cross section σcap as a function of the incident
energy Ec.m. are shown in Fig. 1. The black arrow shows
the values of Bass barrier [54]. For around and above the
Coulomb barrier region and subbarrier energies, we compare
the calculated results for the capture cross sections based on
the double folding potential with experimental data. One finds
that almost all capture cross sections using the double-folding
potential agree with the experimental data.

For deeper subbarrier energies, the experimental results
show that the capture cross section decreases very rapidly.
Carefully observation can find that in the reactions 36S + 206Pb
and 36S + 208Pb, the theoretical results overestimated the
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FIG. 1. The calculated and experimental capture cross
sections for the reaction systems of 12C + 204,206,208Pb,
36S + 204,206,208Pb, and 40,48Ca + 208Pb. The calculated results
with the parameters aρ1 = 0.52, aρ2 = 0.52 are denoted by solid
lines. The solid squares show the experimental values. The arrow
indicates the Bass barrier. The experimental data were taken from
Refs. [44–48].

experimental data. It is well know that for a span of incident
energies of only a few MeV of the Bass barrier, in which
the parabolic approximation remains valid. The exponential
drop of capture cross section associated with the characteristic
values of h̄ω(J ) in Eq. (2), which has limited in practice the
range of calculated capture cross section using Eq. (2). From
the systematic perspective of describing experimental data by
theoretical model, our model cannot describe the experimental
data of capture cross section at extreme subbarrier energies.

For 23 reactions with the combination of one spherical
nucleus and one statically deformed nucleus, the calcu-
lated results are compared with the available experimental
data in Figs. 2–5. It can be seen from Figs. 2–5 that the
theoretical calculation results are reasonably reproduce the
experimental data. However, careful comparison measured
capture cross sections with the calculated results reveal that
the calculated capture cross sections systematically deviated
from the experimental data for 28Si + 208Pb, 32S + 208Pb, and
34S + 204,206,208Pb reaction systems at subbarrier energies in
Figs. 3 and 4.

The deformation parameters used in present work are
theoretical values calculated in the macroscopic-microscopic
model [43], which can reproduce the experimental data [60]
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FIG. 2. The same as Fig. 1 but for 12C +194,198Pt, 12C + 238U,
12C + 237Np, 14N + 232Th, 14N + 238U, and 15N + 209Bi reactions. The
experimental data were taken from Refs. [47,49–53].

well for deformation parameters in the heavy-nuclei region.
However, in the light-nuclei region, there are significant dif-
ferences between the theoretical calculation results and the
experimental deformation parameters [60]. Heavy-ion fusion
dynamics is intimately linked to nuclear deformation. There-
fore, the nuclear deformation must be reliable to some extent.

To study the influence of deformation parameter on the
capture cross section, the calculated capture cross section by
using experimental quadrupole deformation of projectile
nuclei for 28Si + 208Pb, 32S + 208Pb, and 34S + 204,206,208Pb
reaction systems are shown in Fig. 6. The results (dashed
lines) obtained from theoretical quadrupole deformation of
projectile nuclei are given in Fig. 6 for comparison. One find
that the calculated capture cross sections using experimental
quadrupole deformation of projectile nuclei agree with the
experimental data for 28Si + 208Pb and 32S + 208Pb reaction
systems. For 34S + 204,206,208Pb reaction systems, the reason
for the difference that still exist between the theoretical results
and the experimental values will be further analyzed in the
following discussion.

For projectile it is magic number nuclei in Fig. 5, the
calculated capture cross sections systematically deviated from
the experimental data for 40Ca + 192Os, 40Ca + 194Pt, and
40,48Ca + 197Au reaction systems. One can see that at energies
near and below the Coulomb barrier the theoretical calculation
results underestimated the experimental data. Some uncer-
tainty still remains in the our calculations of capture cross
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FIG. 3. The same as Fig. 1 but for 16O +204,208Pb, 18O + 208Pb,
19F + 208Pb, 26Mg + 208Pb, and 28Si + 208Pb reactions. The experi-
mental data were taken from Refs. [53,55–59].

sections. For 40Ca induced capture process, the large deviation
may mainly arise from the unsuitable treatment of vibrational
coupling of 40Ca.

For 21 reactions with two statically deformed nuclei, the
calculated results are compared with the available experimen-
tal data in Figs. 7–10. At first glance, one can see from each
panel of Figs. 7–10 that the agreement of the calculated re-
sults with the experimental data is reasonably good. However,
careful comparison measured capture cross sections with the
calculated results reveal that the calculated capture cross sec-
tions systematically deviated from the experimental data for
20Ne + 238U, 27,29,31Al + 197Au, 28Si + 198Pt, 32S +182,184W,
and 39K + 181Ta reaction systems at subbarrier energies.

The nuclear density distribution is very complicated, it is
intimately linked to nuclear structure information. For the
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FIG. 4. The same comparison as presented in Fig. 1, but for
32S + 208Pb [46] and 34S + 204,206,208Pb [38] reactions.
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FIG. 5. The same comparison as presented in Fig. 1, but
for 40Ca + 192Os [61], 40Ca + 194Pt [61],40,48Ca + 197Au [48], and
48Ca +168,170Er [44] reactions.

sake of simplicity, the surface diffuseness parameters of fixed
values are adopted in our calculations. For all the above
results, our calculations for all capture cross sections were
performed with one set of parameters. The parameter
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FIG. 6. The same comparison as presented in Fig. 1, but for
28Si + 208Pb, 32S + 208Pb, and 34S + 204,206,208Pb reactions. The solid
and dashed lines denote the result based on the experimental val-
ues of quadrupole deformation and the theoretical value of the
quadrupole deformation, respectively.
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FIG. 7. The same comparison as presented in Fig. 1, but
for 16O + 186Os, 16O + 194Pt, 16O + 197Au, 16O + 209Bi, 16O + 232Th,
and 16O + 238U reactions. The experimental data are taken from
Refs. [50,53,62,63].

72 84 96 108
10-3
10-1
101
103

72 84 96 108 120
10-3
10-1
101
103

72 84 96 108 120
10-3
10-1
101
103

100 120 140
10-3
10-1
101
103

105 120 135 150
10-3
10-1
101
103

105 120 135 150
10-3
10-1
101
103

105 120 135 150
10-3
10-1
101
103

19F+188Os 19F+197Au

19F+209Bi 20Ne+238U

27Al+197Au 29Al+197Au

31Al+197Au

(a) (b)

(c) (d)

(e) (f)

(g)

Ec.m.(MeV)

ca
p(
m
b)

FIG. 8. The same comparison as presented in Fig. 1, but for
19F + 188Os, 19F + 197Au, 19F + 209Bi, 20Ne + 238U, 27Al + 197Au,
29Al + 197Au, and 31Al + 197Au reactions. The experimental data are
taken from Refs. [63–65].
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FIG. 9. The same comparison as presented in Fig. 1, but
for 28Si + 198Pt, 30Si + 186W, 32S +182,184W, 34S + 168Er, and
40Ar + 180Hf reactions. The experimental data are taken from
Refs. [63,66–69].

aρ1 = 0.52 and aρ2 = 0.52 represent the surface diffuseness
of the nuclear density distribution. In fact, the aρ1 and aρ2

values are sensitive depends on the numbers of protons and
neutrons in the nucleus. Therefore, we need to investigate the
influence of the surface diffuseness parameter on capture the
cross section.

The influence of the different values of the surface diffuse-
ness parameters on the capture cross sections are shown in
Fig. 11. Theoretical results obtained by the surface diffuseness
parameter aρ1 = 0.56 and using experimental quadrupole de-
formation of projectile nuclei are shown by solid lines and
those by the aρ1 = 0.52 and theoretical quadrupole defor-
mation for projectile nuclei by dashed lines, respectively.
Comparison of the calculated capture cross sections based
on different surface diffuseness aρ1 = 0.56 (solid lines) and
aρ1 = 0.52 (dashed lines) with the experimental data for the
32S +182,184W, 32S + 208Pb, and 34S + 204,206,208Pb reaction
systems. The calculated results are in good agreement with
the experimental data.
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FIG. 10. The same comparison as presented in Fig. 1, but for
39K + 181Ta and 46K + 181Ta reactions. The experimental data are
taken from Ref. [70].
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FIG. 11. The same comparison as presented in Fig. 1, but
for 32S +182,184W, 32S + 208Pb, and 34S + 204,206,208Pb reactions. The
solid and dashed lines denote the result based on the experimental
values of quadrupole deformation and the theoretical value of the
quadrupole deformation, respectively. The calculated results with the
parameters aρ1 = 0.56, aρ2 = 0.52 are denoted by solid lines. The
calculated results with the parameters aρ1 = 0.52, aρ2 = 0.52 are
denoted by dashed lines.

B. Superheavy-nuclei region

For the synthesis of superheavy nuclei, the capture cross
section σcap equals the sum of the quasifission, fast fission,
fusion-fission, and fusion-evaporation residue cross sections.
The coupling of channels plays an even more significant role
in the fusion evaporation reaction. However, available ex-
perimental data on capture cross sections in the superheavy
nuclear region are especially scarce. Therefore, theoretical
calculations and predictions are of enormous importance in
this region.

To test the effectiveness of our model for formation com-
pound nucleus in superheavy nuclear region, the calculated
results are compared with the available experimental data for
synthesizing superheavy nuclei for 16 reaction systems in
Figs. 12–14. Taking into account the experimental uncertain-
ties one can say that the agreement between our calculated
capture cross sections using double folding potential and
the experimental values are good for many reaction sys-
tems except 52Cr + 208Pb, 48Ca + 246Cm, and 50Ti + 244Pu.
The results of systematic calculation show that our theoretical
model can describe the capture cross sections for formation
compound nucleus in superheavy nuclear region. Since the
calculations for all reactions were performed with the same
parameters and assumptions, the accuracy of the description
of the change trends of capture cross section with increasing
charge number of formation compound nucleus is a certain
degree of reliability.
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FIG. 12. The same comparison as presented in Fig. 1, but for
50Ti + 208Pb and 52Cr + 208Pb reactions. The experimental data are
taken from Ref. [71].

It is well known that extensive experimental as well as
theoretical studies have revealed that fusion reactions are
strongly influenced by couplings of the relative motion of
the colliding nuclei to several nuclear intrinsic motions. For
heavier reaction systems at subbarrier energies, the calcu-
lated capture cross sections systematically deviated from
the experimental data. For heavier systems, the dynamical
kinetic-energy dissipation, which is another different mech-
anism from coupling, may begin to emerge and then suppress
the capture probability seriously that calculated using Eq. (2).

The “bare” nucleus-nucleus interaction potential is ex-
tremely important ingredient in the low energy nuclear
reaction calculations. In the present work, nuclear potential
is obtained by the double-folding of the nuclear density with
the density-dependent nucleon-nucleon interaction, the ba-
sic density distribution is still assumed as a simple sum of
the densities of the target and projectile nuclei. Note that
this approximation is valid only for the small overlap of
the target and the projectile nuclei where they retain their
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FIG. 13. The same comparison as presented in Fig. 1, but for
26Mg + 248Cm, 27Al + 238U, 30Si + 238U, 32S + 238U, and 35Cl + 238U
reactions. The experimental data are taken from Refs. [72–74].
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FIG. 14. The same comparison as presented in Fig. 1,
but for 36S + 238U, 40,48Ca + 238U, 48Ca + 244Pu, 48Ca +246,248Cm,
50Ti + 209Bi, and 50Ti + 244Pu reactions. The experimental data are
taken from Refs. [73,75–78].

individuality. In the present work, simple theoretical prescrip-
tions were developed which directly introduced a distribution
of barrier heights, the effect that results from the coupling
to other (different orientations of the deformed nuclei and
collective surface vibrations of the spherical nuclei) rather
than relative distance degrees of freedom. The distribution
of barriers around the single barrier leads to enhancement
of the capture cross sections, at energies below that of the
single barrier, because passage over the lower barriers is much
more probable than penetration through the single barrier. Of
course, the enhancement of the capture cross sections was a
general phenomenon and not necessarily associated with the
different orientations of the deformed nuclei and collective
surface vibrations of the spherical nuclei. Therefore, the cou-
pling between the relative motion and any nuclear degrees of
freedom are important. In addition, the radial dependence of
the nucleus-nucleus interaction potential at extremely close
distances is extremely important problem. Some important
work has been done on related issues [79–82]. Therefore
the dynamical nucleus-nucleus potential and at extremely
close distances has to be further studied by considering the
distance between nuclear centers which is responsible for the
capture cross section.

IV. SUMMARY

In summary, we construct different barrier distribution
functions according to the different coupling modes between
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target and projectile, the capture cross section of forma-
tion heavy nuclei and superheavy nuclei with charge number
Z = 84–118 was systematically studied. The calculated re-
sults are in good agreement with the experimental results for
most of reaction systems.

For some reaction systems at subbarrier energies, the cal-
culated capture cross sections systematically deviated from
the experimental data. Some uncertainty still remains in the
our calculations of capture cross sections. For 40Ca induced
capture process, the large deviation may mainly arise from
the unsuitable treatment the effects of collective surface vi-
brations on capture cross section. In addition, significant
differences between the theoretical calculation deformation

parameters and the experimental deformation parameters in
the light region, this leads to uncertainty in the present
theoretical calculations. For heavier systems, the dynamical
kinetic-energy dissipation, which is another different mecha-
nism from coupling, may begin to emerge and then suppress
the capture probability seriously that calculated using Eq. (2).
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