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Possible interpretation of the complex expectation values associated with resonances
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We propose a possible scheme to interpret the complex expectation values associated with resonances having
complex eigenenergies. Using the Green’s function for resonances, the expectation value is basically described
by the Breit-Wigner distribution as a function of the real excitation energy. In the expression of the complex
expectation values for resonances, the real part brings the integral value of the distribution, while the imaginary
part produces the deviation from the Breit-Wigner distribution, which explains a shift of the peak in the strength
from the resonance energy. We apply the present scheme to several nuclear resonances of '2C, including the
Hoyle state, and neutron/proton-rich nuclei of *He, ®Be, 3He, and ®C. In these nuclei, many-body resonances
are obtained as the complex-energy eigenstates under the correct boundary condition using the complex scaling
method, and their nuclear radii are uniquely evaluated. We discuss the peculiar energy dependence of the strength
function of the square radius for the resonances in these nuclei.

DOLI: 10.1103/PhysRevC.107.014301

I. INTRODUCTION

Resonance is a general phenomenon occurring in various
kinds of physical systems [1-5]. In nuclear physics, many
kinds of resonances are observed, such as by the o decays
and the nuclear reactions to excite single-particle, collective
and compound states. In unstable nuclei consisting of the
stable core nucleus and a few excess nucleons, the excess
nucleons often form a weakly binding state. The low-lying
excited states in unstable nuclei can be observed above the
threshold energies of the particle emission as resonances [6].
The spectroscopy of resonances provides useful information
toward knowledge of the properties of unstable nuclei. In
nuclei, some of the nucleons can be localized spatially and
form a cluster such as an « particle. A typical case is the Hoyle
state of 12C, and this O; state is a resonance located just above
the threshold energy of & + « + «. The cluster states are often
observed as resonances near and above the threshold energy of
the o particle emission [7], some of which play a decisive role
in nucleosynthesis.

The resonance can be defined as a decaying state and is
described as imposing the boundary condition of the outgoing
wave, which is the so-called Siegert condition [8,9]. Un-
der this condition, the resonance has a complex eigenenergy
E, —iI"/2. Similar to the eigenenergies, it is known that the
expectation values of a Hermitian operator for resonances can
be a complex number. The physical interpretation of the com-
plex expectation values is a long-standing problem [10-17].
Berggren attempted to evaluate the uncertainty of the
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expectation value of an operator using its imaginary part [11];
however, this idea is limited to the operators, which can
commute with the Hamiltonian and not settled yet. There is
a discussion on this problem regarding the time dependence
of the expectation value; for a resonance with a small decay
width I", the imaginary part can be related to the dispersion
rate over time in the measurement [17].

In this paper, we propose a possible scheme to interpret
the complex expectation values of a Hermitian operator for
resonances; we utilize the Green’s function of resonances in
the strength function and the complex expectation value of
the operator becomes the source of the strength function on
the real energy axis. We formulate the general expression to
utilize the complex expectation values in the strength func-
tion and discuss the roles of the real and imaginary parts
of the expectation values to determine the structure of the
strength function. This is a general framework for any phys-
ical operator in many-body systems and is similar to the
Morimatsu-Yazaki method [18], which is used to calculate the
energy spectrum of the formation of the hadron resonances in
the two-body scattering process.

We apply this scheme to the radius of resonances, the
interpretation of which has been discussed in various physics
fields [12—-16]. We show the numerical results of the nuclear
resonances with complex-energy eigenstates obtained using
the complex scaling method [1,2,19-23], which enables us
to describe many-body resonances under the damping bound-
ary condition [24]. In this study, we choose five nuclei, 2¢
6He, %Be, 3He, and 3C, which are described assuming the o
cluster. For '2C, we adopt the o + a 4+ o model and discuss
the effect of the 0T resonances including the Hoyle state on
the radius. For the other four nuclei, we adopt the o + N +
N + N + N model. We describe many-body resonances in

©2023 American Physical Society
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these nuclei using the complex scaling and calculate the radii
of the resonances, which are complex numbers. Using the
complex-scaled Green’s function, we evaluate the resonance
components of the strength functions of the square radius
and discuss the behavior of their distributions. The present
analysis becomes a basis to utilize the complex expectation
values of various operators for resonances.

In Sec. II, we explain the framework to utilize the complex
expectation values for resonances, the complex scaling to
obtain the many-body resonances, and nuclear models with
« clusters. In Sec. III, we discuss the results of the strength
functions of the nuclear radius. In Sec. IV, a summary is
given.

II. METHOD

A. Framework

We explain a framework to utilize the complex expectation
values associated with resonances. We start by considering
the two-body system with a single channel and define the
resonance wave function g as the Gamow decaying state
satisfying the Siegert boundary condition of the outgoing
wave [8,9]. This state has a complex eigenenergy Er = E, —
il'/2, where E, is a resonance energy measured from the
lowest threshold energy of the particle emissions and I' is
a decay width. The corresponding momentum is given as
kr =Kk — i)/.

The adjoint state of the resonance is the so-called the
antiresonance ®sr, which has a boundary condition of an in-
coming wave with the eigenenergy of Exr = E, +il'/2 = E}
and the momentum kar = —« — iy = —kg. This state is also
called a capturing state or a growing state [3,25]. The reso-
nance and antiresonance form a biorthogonal relation [26] and
their radial components have a relation of ®PpR raq = CDErad,
and one often uses the notation of ® g as CT)R. For the contin-
uum state ®; with a complex momentum k, the adjoint state
@, has the momentum k* [21,26].

The completeness relation is extendable by separating
the scattering states with real energy and momentum into
resonances and the remaining nonresonant continuum states
orthogonal to the resonances. This is the so-called extended
completeness relation (ECR) [26] and is expressed using the
solutions of the bound (B), resonant (R), and nonresonant
continuum (k) states.

1= 10p) (@5l + 3 ) (Bxl +/dk|<1>k><5>k| ()
R

B
= Im@uu )

where v is the unified index for both the discrete and continu-
ous states.

We start from the transition matrix elements, such as the
electromagnetic type, from the bound state to the resonance.
The transition operator is Org and the corresponding matrix
element Mtr becomes complex in general, defined as

Mg = (D] Ol | Pr) (Pr|Orr | Do), 3)

where @( is the initial bound state. So far, we have
discussed the cases of monopole, dipole, and quadrupole
transitions for nuclei and investigated the contributions of
resonances [27-32].

We explain the general procedure to calculate the strength
function S(E) as a function of the real scattering energy E
using the ECR. We first define the Green’s function of the
system with the outgoing-wave condition:

1 W) (W, |
Ef)y= — = v
GE™) Et—H l)E*—Eu

, “
where E™ = E + ie with a real positive number € and one im-
poses € — 0 in the final stage of the calculation. The strength
function S(E) of the transition operator Orr is represented
using the Green’s function and ECR as

S(E) = I (Wo| Ol W) (U, |Orr |Wo) S(E — E,)  (5)
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where S, (E) is the contribution of the specific state v, such as
a resonance, to the strength function. The resonance contribu-
tion Sy (E) is explicitly written as

€))

&wm—%m{Mm}

E — Ex

where the resonance has a complex eigenenergy Er with a
negative imaginary part, and then € can be set to zero. This
form of the strength function is common for every component
including nonresonant continuum states [33]. We have also
applied this framework to many-body unbound states includ-
ing the coupled channel case using the complex scaling and
have shown the validity of the method [21,22].

Similarly to the transition case, we formulate the expecta-
tion value Mgy of the arbitrary Hermitian operator O for the
resonance, which can be complex and is defined as

Mgy = (DR|O|PR) = Mg + iM. (10)

We can express the strength function S(E) for the expectation
value of the operator O using the Green’s function as

S(E) = I@mw S(E — E,) (11)

v
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In the total strength S(E), the resonance contribution Sg (E) is
written as

Sr(E) = —% Im{EM_—“ER} (14)
1 MgT/2 = Mi(E — Ey) s

" m (E—E)+T2/4

The integration of Sg (E) over the energy gives the real part of
the expectation value for resonance:

o
/ SR(E) dE = Mg. (16)
From the property of Eq. (15), one can understand the roles
of My and Mj in the complex expectation value of Mgy for
resonance on the strength function Sg(E'), some of which are
useful and summarized as follows, where we assume a finite
value of M;:

(1) The real part Mg determines the amount of the ex-
pectation value for resonance, corresponding to the
integration of the strength function. For the term in-
cluding My in Eq. (15), the strength distribution obeys
the well-known Breit-Wigner form with the centroid
energy E,.

(2) The imaginary part M produces the deviation from the
Breit-Wigner distribution with an odd function mea-
sured from the energy of E,. The energy at the peak of
the strength Sk (E) shifts from E, due to My. The width
of the distribution is affected by M| in the following
relation:

| Mg M,
Sk(E, +T/2) = — ~RFTHL
T r

(3) The energy En.x at the maximum strength and the
energy En, at the minimum strength are given as,

a7

respectively,
' Mg — |Mgy|
Enx =E + ————, 18
a +3 o (18)
I' Mg + |Mgy|
Emianr+ET' (19)

From Eq. (18), the peak energy of the strength function
shifts from the resonance energy E, due to the pres-
ence of My. At the two energies of Ex and Eyip, the
strength function shows the maximum and minimum
values, respectively, as follows:

Se(Eny = 12 \Mgy |M? 0,
RIS 2 T (Mg — [Mey|)? + M2

12 — Mgy |M?
Sk (Emin) = — = BV Q1)

7 T (Mg + [Mey|)? + MZ

The strength function becomes zero at the energy of
E, +T'/2 - Mr/Mj, which is a middle point between
Eax and Eyy,, namely,

Emax Emin
Sr (+) = 0. (22)

From these formulas, one can understand the role of the
imaginary part M in the complex expectation value of Mgy to
determine the energy distribution of the strength function for
resonances. This formulation is general and one can apply this
scheme to the resonances in various physical systems. In this
study, we show the applications to many-body resonances of
nuclei.

In the actual calculation, not only resonances but also the
nonresonant continuum states contribute to the total strength
function S(E) in Eq. (12), and these components are super-
posed to determine the distribution of S(E). It is noted that
the total strength S(E) is the observable and can be positive
definite depending on the operators such as radius. On the
other hand, differently from S(E), the component S, (E) does
not necessarily stay positive definite, because the resonance
and nonresonance components are not observable and they are
allowed to show negative value at some energies. In addition,
the resonance component Sg (E) can show strength below the
lowest threshold energy and the remaining continuum compo-
nent cancels this strength, and in total, a zero value is obtained
in S(E) [21,33].

B. Complex scaling

We show several cases of the strength distributions of
resonances for many-body nuclear systems. For this purpose,
we describe many-body resonances using the complex scaling
method [1,2,4,20-22]. In the complex scaling, the particle co-
ordinates {r;} and the conjugate momenta {p;} are transformed
using a common scaling angle 6 as

ri—>rié’, p,—pe. (23)
The Schrodinger equation is expressed using the complex-

scaled Hamiltonian HY as
Hw? = EOwY. (24)

We solve the eigenvalue problem of Eq. (24) and obtain the
complex-scaled wave function W9, The energy eigenvalues EY
are obtained for bound, resonant, and continuum states in the
complex energy plane for a positive 6. For the resonance wave
function, it is proved that its asymptotic condition becomes
the damping form if 20 > |arg(ER)| [0 > |arg(kr)|] in the
complex energy plane [24].

Using the complex-scaled solutions of W, one can intro-
duce the complex-scaled Green'’s function G (E) as a function
of the real energy E:

1 wo)(BY
S L

where, considering the unbound states, Ef has a negative
imaginary part with a positive 6 and € is set to be zero in
G?(E). We apply the complex scaling to the strength function
and use G/(E) in Eq. (25). The strength function of the spe-
cific state v, similarly to Eq. (13), is given as

Z £ (26)

SU(E) = —%Im{
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FIG. 1. Coordinate system of the « + & + « model for '2C with
three rearrangement channels.

One can extract the contributions of the state v, S,(E), in the
total strength S(E) and classify S(E) in terms of the ECR in
Eq. (2). It is noted that S, (E) is independent of 6 [21,30,33].
This is because the state v is uniquely classified in the ECR
in Eq. (2) and then S,(F) is also uniquely obtained. In the
numerical calculation, we choose the value of 6 to obtain
stable solutions such as the resonance eigenenergies in each
nucleus.

C. Nuclear models

We explain the nuclear models of 12, %He, %Be, 8He,
and 8C where the o cluster is commonly assumed with the
s-wave configuration of two protons and two neutrons in a har-
monic oscillator basis state. For 12C, this nucleus is described
by three o (3cx) clusters with the orthogonality condition
model [34,35]. The total wave function W’ with spin J for 1>C
is represented by the superposition of the 3« configurations
W7 with the weight C7 as

J _ YISTY
V=) v @7
)4
3 3
=W [ ] e, (28)
c=1 i=1
WLy on = [PivRL), dun(re)], (29)

where ¢;(«) is the internal wave function of the « clus-
ter. The index c indicates three kinds of the rearrangement
channels with different Jacobi coordinates as shown in Fig. 1,
which are superposed to make a symmetric state with respect
to the exchange of any two «’s among the 3. In each of the re-
arrangement channels, the basis function is written as W/, .
and we expand it using the available partial wave components
®;n(R) and ¢y, (r) for each Jacobi coordinate, which are
coupled with a total spin J. In each partial wave component
with the orbital angular momentum L (£) for the coordinate
R (r), the radial wave function is expanded by Gaussian basis
functions having various range parameters with an index of N
(n) [36]. The index p is the set of {L, N, €, n} to distinguish the
basis states. The corresponding expansion coefficients Cl{ are
determined by solving the eigenvalue problem of the Hamil-
tonian matrix of '2C. Using the obtained C’, one can evaluate
the expectation value of an operator for each eigenstate.

The 3o Hamiltonian for '?C is the same as that used in the
previous studies [34,35]:

3 3
H = Ztat,- —1Tc + Z va,-oz,- + Vi, (30)
i=1

i<j

a+N+N oa+N+N+N+N

FIG. 2. Coordinate systems of & + N + N for *He and °Be, and
o +N+N +N + N for *He and °C.

where ¢, is the kinetic energy operator of the « cluster and T
is the center-of-mass part of the total system. The interaction
between two «’s is given by v,, modified from the original
potential [37] to fit the experimental a-o phase shifts, and
the interaction among three «’s is V3,. This model nicely
reproduces the observed energy spectra of '>C.

The Hamiltonian matrix elements are calculated using the
3a basis states in the analytical form with complex scaling.
The eigenvalue equation of the Hamiltonian matrix with a
scaling angle 0 is given as

(w2l |w)) - E(wljw)lc 0. G

/

P

We obtain the amplitudes {CIJ,"’} and the energy eigenvalues

E’% of '2C measured from the threshold energy of o + o +
a. One can easily identify the resonance poles among the
complex-scaled energy eigenvalues in the complex-energy
plane [24].

‘We explain the other models for neutron/proton-rich nuclei
of ®He, °Be, 8He, and 8C with the cluster orbital shell model
(COSM) [21,22,38-40]. The « cluster core is assumed as
o +N + N + N + N with valence nucleons (N). The coordi-
nates of valence nucleons with a number of A, are {r;} with
i=1,...,A,, which are measured from the center-of-mass
coordinate of the « cluster, as shown in Fig. 2. The total
wave function with spin J is given by the superposition of
the configurations \IJI{ in the COSM as

Ay
J _ YT J _ T
V=Sl v =T]adl 0, (32)
p i=1

where the vacuum |0) indicates the o cluster and the operator
aj]'l_ is to create the single-particle state g; of a valence nucleon
in the coordinate r; with a j j-coupling scheme. The index p
is the set of {g;} for valence nucleons and specifies the config-
uration \IJ; . We expand the radial parts of the single-particle
states g, which are orthogonal to each other, using Gaussian
basis functions with a finite number. This technique is similar
to the '2C calculations.

The Hamiltonian of °He, °Be, 8He, and 8C is the same as
used in the previous studies [16,31,32,40]:

A, A, A,
H=t, +Zr,»—TG+Zv§'N+va.}N. (33)

i=1 i=1 i<j
The kinetic energy operator #; is for one valence nucleon.

The «-nucleon interaction v*" is given by the micro-
scopic nuclear potential [41], which reproduces the o-nucleon

014301-4



POSSIBLE INTERPRETATION OF THE COMPLEX ...

PHYSICAL REVIEW C 107, 014301 (2023)

0

0 o

1| ~
S o0 ‘. 6 +
§ 2k ., -5Li+p Be (0')
= I . o
T [ otptp e N 6=30"
= H .
g 4y ¥ ]
2 5t “a N
_E —6; ®0,

_7 L L I L I L L S, ..\.\ M S I

o 1 2 3 4 5 6 7
Re(Energy) [MeV]

FIG. 3. Complex energy eigenvalues of the *Be (0%) states ob-
tained using the complex scaling with = 30°, measured from the
o + p + p threshold energy. Units are in MeV. Double circles indi-
cate the 0T resonances. Two kinds of continuum spectra of *Li+ p
and @ + p + p are obtained.

scattering data, and the Coulomb folding potential for the
valence proton [42]. For nucleon-nucleon interaction VN
we use the Minnesota central potential [43] for the nuclear
part in addition to the point Coulomb potential. We slightly
modify vV to fit the observed two-neutron separation energy
of ®He. This Hamiltonian reproduces the observed energy
spectra of “*He and also mirrors proton-rich °Li, °Be, "B, and
8C [22,40]. We further predict the highly excited resonances
in these nuclei.

The Hamiltonian matrix elements are calculated analyt-
ically using the COSM basis states, and the eigenvalue
problem of the Hamiltonian matrix with complex scaling is
solved similarly to the '?C case. The energy eigenvalues are
obtained in the complex energy plane measured from the
threshold energy of « + N +N + N + N.

III. RESULTS OF 30, « + N +N,ANDa+N+N+N+N
MODELS

In this study, we evaluate the square radius (%) of
resonances, which has also been discussed in molecular
physics [12] and hadron physics [14,15]. We choose five nu-
clei, '2C, °He, ®Be, ®He, and 3C, and calculate the strength
functions of 72 for resonances in these nuclei and discuss the
behavior of the strength functions.

In Fig. 3, we show the example of the energy eigenvalues of
the 0% states of the unbound nucleus °Be using the complex
scaling with & = 30° in the complex energy plane. Two 0
resonances are confirmed clearly together with the o + p +
p three-body continuum states starting from zero energy and
the *Li(3/27) + p two-body continuum states starting from
1.6 MeV in the real part of the eigenenergy of a resonance of
SLi(3/27).

In Table I, we list the resonance energies E, and the de-
cay widths I" for the resonance poles in five nuclei taken
from [32,35,40]. These complex eigenenergies are obtained
using the complex scaling. We also list three bound states
of '2C, ®He, and ®He with negative real energies for ref-
erence. For '2C, the 0] state is a bound state, and the 07
state is a resonance obtained using the analytical continuation

TABLE I. Resonance energies E, and decay widths I' of the
resonances of '2C, °He, °Be, *He, and #C [35,40], measured from
the threshold energies of « + ¢ + @, + N+ N,ando + N + N +
N + N, respectively. We also list three bound states with negative
real energies for reference. Units are in MeV. The values in the

parentheses are the experimental data [45—47].

Nucleus State E, r
c 0  —7.29(-7.27)
0F 0.76 (0.3795) 2.4x1073 (8.5 x 107%)
07 1.66 1.48
(U 458 1.1
0F 143 1.5
®He oF —0.975 (—0.975)
0 3.88 8.76
1+ 3.00 5.88
2f 0.879 (0.824) 0.132 (0.113)
2f 2.52 3.78
°Be 0f 1.383 (1.370) 0.041 (0.092)
0 5.95 11.21
1+ 4.76 7.75
2f 2.90 (3.04) 1.05 (1.16)
2f 4.63 5.67
$He 0f —3.22(=3.11)
07 3.07 3.19
1+ 1.65 3.57
1~ 10.8 21.1
2f 0.32 (0.43(6)) 0.66 (0.89(11))
2f 452 439
8¢ 0f 3.32 (3.449(30)) 0.072 (0.130(50))
0 8.88 6.64
1+ 7.89 7.29
2f 6.38 429
2f 9.70 9.10

method combined with complex scaling as an extrapolation.
Hence the radius of this resonance is not reported in [35].
For °He and ®He, their OT states are the bound states and the
other excited states are resonances. Some of them are con-
sistent with the experimental observations such as 6He(2f“)
and ®Be(2]). We recently predict the 1~ resonance of *He
with a relatively higher resonance energy and a large decay
width [31,32]. This state is a candidate of the soft dipole
resonance (SDR) [44], in which the four valence neutrons
(4n) are in a collective motion with a dipole oscillation
against the « cluster core. This resonance corresponds to the
dipole excitation of the relative motion between the « cluster
core and 4n from the ground state. The detailed structure and
the dominant configurations of each resonance are given in the
previous studies [31,32,35,40].

We calculate the expectation values of r> of the resonances
observed in five nuclei for Mgy in Eq. (10), which are used to
obtain the 2 strength functions. In the * operator, we assume
equal masses of proton and neutron.

In Table II, we list the root-mean-square radius +/(r2) and
the square radius (r?) in the expectation values for the reso-
nances in five nuclei. In most of the states, the real part of the
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TABLE II. Radii of the resonances of '2C [35], °He, °Be, %He,
and 8C in units of fm, and their squared values in units of fm?. We
also list the radii of three bound states for reference.

Nucleus State V) (r?

e 0/ 2.36 5.57
05 4.23 +0.49i 17.65 + 4.15i
0 3.49 +0.75i 11.62 +5.24i
0F 2.89 +0.20i 8.31 + 1.16i

°He 0f 2.37 5.62
05 3.94+4.12i —1.45 4 32.47i
1+ 4.77 +2.48i 16.60 + 23.66i
2f 3.05 + 1.39i 7.37 + 8.48i
25 4.54 +3.59 7.72 + 32.60i

*Be oF 2.80 +0.17i 7.81 +0.95i
05 2.88 +1.93i 4.57+11.12i
1" 2.49 +2.84i —1.87 + 14.14i
2f 2.54 + 1.15i 5.13+5.84i
25 3.23 4+ 0.86i 9.69 + 5.56i

He 0f 2.53 6.40
05 7.56 +2.04i 52.99 + 30.84i
" 6.03 + 3.35i 25.10 + 40.40i
1- 3.11 +0.86i 8.93 +5.35i
2f 8.15 — 0.56i 66.05 — 9.09i
2f 6.94 + 1.73i 45.15 4 24.05i

e 0f 2.81 — 0.08i 7.89 — 0.45i
05 4.87 +0.13i 23.70 + 1.27i
1" 459+ 1.11i 19.83 + 10.20i
2f 2.77+2.22i 2.74 + 12.30i
25 2.27+1.92i 1.62 +8.73i

radius is larger than the imaginary part and we confirm two
exceptions of ®He (05) and °Be (1), which show relatively
larger decay widths than the resonance energy E, as shown
in Table L. In the comparison of the mirror states of °He and
®Be, the real parts of \/(r2) of ®Be are smaller than those of
®He for the excited states. This relation is understood from
the Coulomb barrier effect between valence protons and an «
particle, as discussed in Ref. [16] in detail. The same relation
of the radius is obtained in 8He and ®C for the excited states.

In Table III, we list the maximum and minimum energies of
the r? strength functions of the resonances in five nuclei using
Egs. (18) and (19). The maximum and minimum values of the
r? strength functions are also shown using Eqs. (20) and (21).
We discuss the detailed results of the r? strength functions of
the resonances for each nucleus. It is noted that the r? strength
is in principle positive definite in the observation, while the
resonance component is not observable and then is allowed to
show negative values in the energy distribution.

We start with '2C. In Figs. 4(a) and 4(b), we show the r?
strength functions for the three 0T resonances measured from
the o 4+ o + « threshold energy. For 07, known as a famous
Hoyle state, having a gaslike structure of a 3« system, the real
part of the radius is the largest one among three 0" resonances,
as shown in Table II, and the 2 strength shows a very sharp
peak at the resonance energy because of the very small decay
width of 2.4 keV [35]. Due to the imaginary part of the square

TABLE III. Energies at the maximum (minimum) values of the
r? strengths of the resonances, Ena (Enin) for five nuclei in units of
MeV. The maximum (minimum) values of the > strength, Spax (Smin)
are in units of fm?/MeV.

Nucleus State Enax Enin Smax Snin
e 05 0.760 0.770 4746 —63.7
0 4.46 7.14 7.05 -0.33
0 14.2 25.1 3.54 —0.02
He 05 -0.70 8.07 1.13 —-1.23
1t 1.47 8.65 2.46 —0.67
2t 0.85 1.02 44.86 —-9.32
25 1.03 4.91 3.47 -2.17
5Be 0/ 1.38 1.72 121.7 —0.45
05 2.19 14.31 0.471 —-0.21
1+ 0.34 8.16 0.51 —0.66
2F 2.66 4.06 3.91 —0.80
25 3.88 15.28 1.17 —0.08
He 0F 2.64 8.98 11.41 —0.83
1t 0.66 6.48 6.48 —-2.00
- 7.88 48.99 0.29 -0.02
2F 0.35 —4.52 63.65 -0.30
2% 3.98 6.98 6.98 —0.44
c 0f 3.32 2.06 69.8 —0.06
05 8.79 132.88 2.27 —0.002
1" 7.01 22.94 1.84 —-1.08
2F 4.65 9.06 1.13 —0.73
2F 5.84 15.06 0.36 -0.26

radius, a negative component appears just above the resonance
energy of 0.76 MeV. This negative region will be covered
by the contribution from the nonresonant continuum states to
show the positive-valued distribution. For OI, the distribution
shows a peak, the energy of which is slightly lower than the
resonance energy by 0.12 MeV. One can confirm the deviation
of the shape from the Breit-Wigner type and, above 6 MeV of
the energy, the negative component can be seen. For OgL, the
distribution shows the smallest peak among three resonances,
the energy of which is close to the resonance energy, and the
shape of the distribution looks like Breit-Wigner type because
of the small imaginary part of the square radius for this state.
The detailed structures of the series of the 0 resonances of
12¢ are discussed in Refs. [21,35].

In Figs. 4(c) and 4(d), we show the r? strength functions for
the neutron-rich nucleus °He and four resonances of O;, 1+,
21+, and 2;, measured from the threshold energy of « + n + n.
Among these resonances, 21+ shows the smallest decay width
and is confirmed well in the experiment. For the 2]“ state,
the r? strength shows a sharp peak at the resonance energy
with a large deviation from the Breit-Wigner shape, because
of the imaginary part of the square radius of this resonance.
For the other three resonances showing large decay widths,
the distributions also largely deviate from the Breit-Wigner
shape.

In Figs. 4(e) and 4(f), we show the r? strength functions for
unbound proton-rich nucleus ®Be with five resonances, which
are the mirror states of °He, measured from the threshold
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FIG. 4. Strength functions of the square radius of '>C, °He, and ®Be. (a) and (b): 12C, 05, 0, and 0 measured from the o +a + &
threshold energy. (c) and (d): °He, 0F, 1+, 27", and 2] measured from the « + n + n threshold energy. (e) and (f): °Be 07, 05, 1*, 2, and 25
measured from the o + p + p threshold energy. Units of the vertical axis are fm*/MeV. Short vertical arrows indicate the resonance energies

in Table 1.

energy of a + p+ p. The 0] state is the resonance with a
small decay width and the r? strength shows a sharp peak
at the resonance energy. Above the resonance energy, the
strength shows a small negative distribution. For the O;“ state,
this state shows a very large decay width and a large imaginary
component in the square radius in Table II. Due to these con-
ditions, the r? strength shows a distinctive shape and largely
deviates from the Breit-Wigner distribution. The peak energy
Eax 18 2.19 MeV, which is shifted largely from the resonance
energy of 5.95 MeV. For the 1 state, this state shows a larger
imaginary part than the real part in the radius as shown in
Table II, and then the r? strength is quite a different from
the Breit-Wigner shape. For two 2 states, the peak structures
are confirmed for two states, although the peak energies are
shifted to the lower direction from their resonance energies
because of the imaginary part of the radius values.

In Figs. 5(a) and 5(b), we show the r? strength functions for
neutron-rich nucleus ®He, four resonances, measured from the
threshold energy of o + n + n + n + n. The 05 state shows a
peak in the strength, which is shifted from the resonance en-
ergy by 0.4 MeV due to the imaginary part of the 72 value. The
17 state also shows a peak in the strength and the shift from
the resonance energy is about 1.3 MeV, larger than the case of
03 because of the larger imaginary part of the > value of 17.
For the 1~ state, this state is regarded as the dipole oscillation
of four valence neutrons against the o core and corresponds
to the collective excitation of multiple neutrons [31,32]. The
radius of this resonance is smaller than other resonances of
8He. The decay width is as large as 21 MeV and then the
strength function shows a small strength with a flat energy
dependence around the resonance energy region. It is noted

that, in the case of the dipole transition from the ground state
to the 1~ resonance, the strength distribution makes a mild
bump around 9 MeV measured from the « +n+n+n+n
threshold [31,32], which is close to the resonance energy
of 10.8 MeV. For two 27 states of ®He, the distributions
show the peak structure near the resonance energy of each
state.

Finally, in Figs. 5(c) and 5(d), we show the r? strength
functions for the unbound proton-rich nucleus C nucleus with
five resonances, which are the mirror states of 8He, measured
from the threshold energy of « + p+ p+ p + p. The anal-
ysis of the 1~ resonance of 3C is in progress. The 0 state
shows a sharp peak in the strength because of the small decay
width, as shown in Table I. The peak energy is observed in
almost the same position as the resonance energy. The 05 state
shows a mild peak in the strength because of the large decay
width. The square radius of this state shows a small imaginary
component in comparison with the real part, and then the r?
strength is close to the Breit-Wigner shape, whose centroid
is close to the resonance energy. The 17 state shows similar
characteristics to the 0;“ case. For two 27 states, their distri-
butions largely deviate from the Breit-Wigner shape, because
of the relatively large imaginary part in the 72 value as shown
in Table II.

In the summary of the r? strength functions for resonances
in five nuclei, we confirm a variety of the distributions, in par-
ticular those depending on the decay widths and the imaginary
parts of the complex expectation values of the square radius.
These results become the basis to apply the present scheme
to the evaluation of the resonance effects on the physical
quantities in the real-energy distribution.
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FIG. 5. Strength functions of the square radius of 8He and ®C. (a) and (b): ®He, 02+ 1,1, 21+, and 22+ measured fromthead +n+n+n+n
threshold energy. (c) and (d): 8C, 0}, 0F, 17, 2], and 25 measured from the & + p + p + p + p threshold energy. Units of the vertical axis are
in fm?/MeV. Short vertical arrows indicate the resonance energies in Table I.

IV. SUMMARY

We proposed a possible scheme to interpret the com-
plex expectation values of the Hermitian operator associated
with resonances. In this scheme, the Green’s function of the
resonances is utilized similarly to the calculation of the transi-
tion strength. The complex expectation values are projected on
the real energy axis using the complex energy eigenvalues and
the obtaining distribution has a peculiar energy dependence
originating from the imaginary part of the complex expecta-
tion values; the real part of the expectation value contributes
to the amount of the strength, while the imaginary part con-
tributes to the deviation from the Breit-Wigner distribution
for its shape and the centroid energy. We provide some basic
properties of the framework: the relation between the complex
expectation values and the shift of the peak energy from the
resonance energy, and the maximum and minimum values of
the strengths.

In the numerical calculation, we use the complex scaling
method to obtain the resonances of many-body systems. In
the complex scaling, the boundary condition of resonances is
transformed into the damping behavior and, to describe the
resonances, one can use the same theoretical method of many-
body systems as for obtaining the bound state.

We demonstrate using the cases of five nuclei, '2C, ®He,
%Be, %He, and 3C, where the two proton-rich nuclei of ‘Be
and 8C are the unbound system. We describe these nuclei with

the « cluster model and investigate the radii of the resonances
observed in these nuclei as complex numbers. We show the
strength functions of the square radius of the resonances, some
of which show a large deviation from the Breit-Wigner shape
due to a large imaginary component of the square radius as
well as a large decay width in the energy eigenvalues. We can
reasonably explain the shift of the peak energy in the strength
from the imaginary part of the complex expectation values.

The present formulation is general in physics as well as
the nuclear system. After obtaining the complex expectation
values of operators for resonances, one can evaluate their
effects in the real-energy distribution and discuss the behav-
ior of the strength. It is a remaining problem to extract the
expectation value of resonances from the observation. In the
strength distribution, the contribution from the nonresonant
continuum would be taken into account together with the
resonance contribution to compare the total strength with the
observation.
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