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Isospin symmetry breaking (ISB) effects in the charge radius difference �Rch of mirror nuclei are studied
using the test example of 48Ca and 48Ni. This choice allows for a transparent study of ISB contributions since
pairing and deformation effects, commonly required for the study of mirror nuclei, can be neglected in this
specific pair. The connection of �Rch with the nuclear equation of state and the effect of ISB on such a relation
are discussed according to an energy density functional approach. We find that nuclear ISB effects may shift the
estimated value for the symmetry energy slope parameter L by about 6 to 14 MeV while Coulomb corrections
can be neglected. ISB effects on the ground-state energy and charge radii in mirror nuclei have been recently
predicted by ab initio calculations to be relatively small, pointing to a negligible effect for the extraction of
information on the nuclear EoS. These contrasting results call for a dedicated theoretical effort to solve this
overarching problem that impacts not only the neutron-skin thickness or the difference in mass and charge radii
of mirror nuclei but also other observables such as the isobaric analog state energy.
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There exist important experimental efforts to measure, far
from the stability valley, one of the most basic properties of
the atomic nucleus: the charge radius [1,2]. The study of
the charge radius is very much appealing since its determi-
nation is free from most nuclear physics uncertainties coming
from the strong interaction: the electric charge of a nucleus
is determined via electromagnetic probes. Exotic phenomena
expected to be observed in those nuclei may help in under-
standing nuclear structure under extreme conditions of isospin
asymmetry [3–5]. At the moment relative isotopic changes
in the charge radius can be measured via laser spectroscopy
[1] while two projects, SCRIT [6] and ELISe [7], aim at
measuring the absolute values.

A newly proposed method to explore and estimate the
density dependence of the nuclear equation of state (EoS) of
isospin asymmetric matter requires the measurement of the
charge radii in mirror mass nuclei [8]. Specifically, it has been
shown in [8] on the basis of different energy density function-
als (EDFs) that the difference in the charge root-mean-square
radius of the nucleus with N neutrons and Z protons, R(N,Z )

ch ,
with respect to its mirror nucleus, that has the number of
neutrons and protons interchanged, �Rch ≡ R(N,Z )

ch − R(Z,N )
ch ,

is connected to the symmetry energy slope parameter L. The
latter is strictly proportional to the pressure in infinite neutron
matter at nuclear saturation density (about 0.16 fm−3) only
if isospin symmetry breaking (ISB) effects are neglected. A
similar relation was already found by the same author [9]:
between the neutron-skin thickness �Rnp ≡ R(N,Z )

n − R(N,Z )
p

of the nucleus with N neutrons and Z protons and the L
parameter (cf. also [10]). On this regard, in Ref. [11], it

was shown that the estimation of the neutron-skin thickness
in 208Pb via the measurement of the excitation energy of
the isobaric analog state (IAS) is clearly dependent on ISB
effects: the larger the neutron-skin in 208Pb, the larger ISB
effects must be to reproduce the experimental data on IAS. If
electromagnetic and nuclear ISB contributions are neglected,
the excitation energy of the IAS in the nucleus (N , Z) is zero
and �Rch = −�Rnp being both of the order of a fraction of
one fm or less. Hence, the effect of ISB terms other than
those originated from the Coulomb interaction may become
relevant.

Due to the impact of the nuclear EoS and, in particular,
of the L parameter on areas as diverse as nuclear physics and
nuclear astrophysics [12–14], the study of �Rnp have fostered
different experiments and a number of theoretical investiga-
tions along the years (see, e.g., [15–20]). Similar situation is
starting to take place regarding the measurement of �Rch. As
an example, the mirror pairs 36Ca - 36S and 38Ca - 38Ar have
been analyzed in [21] and 54Ni - 54Fe in [22] on the basis of
nuclear EDFs. Those studies neglect ISB effects as well as
pairing correlations, and also deformation is not treated mi-
croscopically. Actually, in a recent study based on quantified
EDFs [23], �Rch has been shown to be influenced by pairing
correlations in the presence of low-lying proton continuum—
in the proton-rich partner—and the authors concluded that,
considering the large theoretical uncertainties, precise data on
mirror charge radii cannot provide a stringent constraint on L.

In the present work, we concentrate on a different source
of systematic uncertainty with respect to those discussed in
Ref. [23]. It will be shown that nuclear ISB contributions
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cannot be neglected in the study of the difference of charge
radii in mirror nuclei if analyzed on the basis of current EDFs.
For that, the specific example 48Ca and 48Ni mirror nuclei
is used. We have confirmed by using different Skyrme EDFs
that this choice avoids the effects of pairing correlations and
deformation on �Rch since both nuclei are predicted to be
doubly magic in our calculations. The Coulomb plus centrifu-
gal barrier felt by the protons is large enough to avoid large
continuum effects on the prediction of �Rch (see Supplemen-
tal Material [24] and the cited Refs. [11,23,25–28]).

Nuclear model calculations. There exist different theoreti-
cal approaches to the description of the charge radii in nuclei.
One of the most successful nowadays is based on nuclear
density functional theory [29–31]. State-of-the-art nuclear
EDFs are known to provide predictions of experimentally
known charge radii along the whole nuclear chart which are
at the level of 0.02–0.03 fm of average accuracy [14,32–
34]. This accuracy is not reached by other approaches avail-
able in the literature, hence the suitability of this theoretical
framework.

For the present study, we solve the Hartree-Fock equa-
tions for the SAMi-J family of EDFs [35] employing the
SKYRME_RPA solver [36]. We will see at the end that our
main conclusions are independent of the chosen EDFs. Except
for the Coulomb interaction, these Skyrme-type EDFs are
isospin symmetric—adopting the most standard form found in
the literature [29]—and have been calibrated using the fitting
protocol of the SAMi EDF [37]. The SAMi-J family has been
produced by exploring the optimal parametrization around the
minimum (SAMi) in terms of the variation of two parameters
that characterize the EoS of asymmetric nuclear matter: the
symmetry energy at nuclear saturation density J and the previ-
ously introduced L parameter. We will show results for EDFs
with J (L) ranging values from 27 (30) MeV to 35 (115) MeV.
This range spans the accepted values for these quantities [14].
On top of SAMi-J EDFs, we will first implement and present
the effects on �Rch originated from the Coulomb interaction
in a similar fashion to what has been done in Ref. [11]. As
we shall discuss later, Coulomb effects are not accounted for
in the nuclear EoS, hence, the L parameter is by construction
insensitive to the Coulomb interaction. Subsequently, we will
explore and present the effects of ISB contributions coming
from the nuclear strong interaction that will affect both the
�Rch and the properties of the nuclear EoS. Finally, we will
present all effects combined.

Coulomb interaction. In standard EDFs it is customary to
account for the Coulomb interaction in the atomic nucleus
by using the Hartree approximation for the direct term and
the Slater approximation for the exchange term. In the litera-
ture, this is named local density approximation (LDA) to the
Coulomb part of the EDF. While this is reasonable for the
description of different observables, it may become inaccurate
for the present case. Hence, we will also show results by
adopting the generalized gradient approximation (GGA) that
accurately reproduces the exact Fock results [38,39].

In addition to that, since �Rch is a small quantity, other cor-
rections beyond the GGA could be relevant. Those corrections
are the electromagnetic finite size effects of the nucleons and
leading order quantum electrodynamic corrections—vacuum
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FIG. 1. SAMi-J predictions for the charge radius difference be-
tween 48Ca and 48Ni as a function of the L parameter. Different
approximations to the Coulomb interaction has been adopted (see
text for details).

polarization—to the Coulomb interaction. In Refs. [11,40]
these corrections are described in detail.

In Fig. 1 we show that the different Coulomb corrections
and approximations taken into account barely modify the
values of the difference between the charge radii in 48Ca
and 48Ni. The correlation between these values and the L
parameter as proposed in [8] is, therefore, also unaffected. For
guidance, average linear trends are given by lines. The results
shown have been produced with the SAMi-J EDFs, including
the unconstrained one: SAMi. In the figure, “NoEx” stands
for calculations neglecting the Coulomb exchange term of the
functional. Neglecting exchange terms has been postulated as
a phenomenological recipe to compensate nuclear ISB effects
on the masses of mirror nuclei [9,41,42]. Then, adding to the
latter, improving approximations and corrections are imple-
mented. First the Coulomb exchange is taken into account
in the LDA and subsequently in the GGA. Two different
electromagnetic finite size effects have been implemented in
the calculation of the charge radii and Coulomb potential: the
first “p-Fin” takes into account only the electric from factor
of the proton while “pn-Fin” adds to the previous one also the
neutron electric form factor effects.

Finally, labeled as “All”, leading order quantum electrody-
namic correction to the Coulomb interaction has been added.

Nuclear isospin symmetry breaking terms. The isospin sym-
metry breaking of the nuclear interaction can be divided into
two parts; the charge symmetry breaking (CSB) interaction
VCSB ≡ Vnn − Vpp and the charge independent breaking (CIB)
interaction VCIB ≡ (Vnn + Vpp)/2 − Vpn, where Vpp, Vnn, and
Vpn denote the proton-proton, neutron-neutron, and proton-
neutron nuclear interactions, respectively. Origins of CSB are
mainly due to proton-neutron mass difference as well as π0-η
and ρ0-ω mixings in meson exchange models while that of
CIB is the mass difference of neutral and charged pions [43].

The form of the CSB and CIB interactions used in this
work are [11,44]

vCSB(r1, r2) = τ1z + τ2z

4
s0(1 + y0Pσ )δ(r1 − r2), (1a)

vCIB(r1, r2) = τ1zτ2z

2
u0(1 + z0Pσ )δ(r1 − r2), (1b)
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respectively, where Pσ = (1 + σ1 · σ2)/2 is the spin-exchange
operator, σ i are the Pauli matrices in spin space, and τiz is the z
component of the Pauli matrices in isospin space. These forms
are two of the simplest possible yet realistic enough to de-
scribe the IAS in different nuclei [11]. Other functional forms
of these interactions have been discussed in Refs. [45,46].

Equation of state. The nuclear EoS at zero temperature
corresponds to the energy per particle (e ≡ E/A) of an infinite
sea of neutrons and protons at a fixed constant density where
the Coulomb interaction is not taken into account for obvious
reasons.

According to the definition above, the Hartree-Fock CSB
and CIB contributions to the energy per particle can be derived
in terms of the total density ρ = ρn + ρp and the relative dif-
ference β = (ρn − ρp)/ρ between the neutron (ρn) and proton
(ρp) density distributions as [40]

eCSB(ρ, β ) = s0(1 − y0)

8
ρβ, (2a)

eCIB(ρ, β ) = − 1

16
u0(1 + 2z0)ρ + 3

16
u0ρβ2, (2b)

respectively.
In nuclear physics, it is customary to expand the energy

per particle around β → 0 up to O[β2]. This approximation
has been shown to be reasonable even for large values of β,
provided one remains at densities below two times saturation
density [47]. This is actually the situation here. Thus, without
loosing generality for our current purposes, the EoS can be
written as

e(ρ, β ) = e0(ρ) + e1(ρ)β + e2(ρ)β2 + O[β3], (3)

from where the symmetry energy is commonly defined as

esym(ρ) ≡ e(ρ, β = 1) − e(ρ, β = 0), (4)

and, thus,

esym(ρ) = e1(ρ) + e2(ρ), (5)

where e0(ρ) ≡ e(ρ, β = 0) is the EoS of symmetric nuclear
matter and gets contributions from CIB in Eq. (2b), e1(ρ) is
a contribution originated from the CSB interaction in Eq. (2a)
and e2(ρ) gets a contribution from CIB in Eq. (2b). In the
standard definition of the EoS that assumes isospin symmetry
(IS): e1(ρ) would be zero and CIB contributions to e0(ρ) and
e2(ρ) would also be zero. That is, only the IS terms in e2(ρ)
will contribute to esym(ρ). That specific case is when the J
and L parameters are customarily defined by expanding eIS

2 (ρ)
around saturation density (ρ0) as

eIS
2 (ρ) = J + Lε + O[ε2], (6)

where ε ≡ (ρ − ρ0)/3ρ0. Note that ρ0 would be also affected
by ISB effects.

Neutron matter pressure at saturation density. Assuming
isospin symmetry, the contribution to the total pressure of
neutron matter (β = 1) at saturation would be proportional
to L,

PIS(ρ0, β = 1) = ρ2 ∂eIS(ρ, β )

∂ρ

∣
∣
∣
∣
∣
ρ=ρ0

= 1

3
ρ0L, (7)
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FIG. 2. SAMi EDF predictions for the charge radius difference
between 48Ca and 48Ni as a function of the CSB −s0 (blue squares)
and CIB u0 (green triangles) parameters. As a reference, the predic-
tions in Ref. [11] for those parameters are given by red crosses. The
values of y0 and z0 have been fixed to −1.

but this is not the case if nuclear ISB terms are included,

P(ρ0, β = 1) = ρ2 ∂e(ρ, β )

∂ρ

∣
∣
∣
∣
∣
ρ=ρ0

= 1

3
ρ0(L + LCIB + LCSB).

(8)

In the last equation,

LCSB ≡ 3

8
s0ρ0(1 − y0), (9a)

LCIB ≡ 9

16
u0ρ0. (9b)

The value of the CSB parameter s0 has been studied in the
literature in Refs. [11,28] giving results in qualitative agree-
ment, i.e., the values proposed in Ref. [28] have the same
sign and are about half of those of Ref. [11]. The value of
the CIB parameter u0 has only been studied in [11]. In more
detail, in Ref. [11], the values of the ISB parameters built
on top of the SAMi EDF (SAMi-ISB) have been found in a
semiphenomenological way. This functional reproduce CIB
contributions in symmetric nuclear matter as calculated in
[48] while CSB has been fixed to reproduce the IAS in 208Pb.
The values are s0 = −26.3 ± 0.7 MeV fm3 and u0 = 25.8 ±
0.4 MeV fm3 with y0 and z0 fixed to −1. These values would
imply a change in the neutron pressure at saturation in Eq. (7)
of about −0.17 MeV fm−3 due to CSB and +0.12 MeV fm−3

due to CIB, hence, canceling to a large extent. State-of-the-art
ab initio calculations in neutron matter does not allow to
resolve such ISB contributions to the neutron pressure at satu-
ration (cf. Fig. 3, red band, Ref. [49]). This partial cancellation
must be investigated in more detail since the CSB and CIB
effects induce fundamental differences between P(ρ0, β = 1)
and L.

In Ref. [28] the CSB s0 parameter was estimated based
on the analysis of mirror and triplet displacement energies of
different isospin multiplets by using different Skyrme EDFs.
The variations of s0 values proposed in this reference are
−14.9 ± 3.8 MeV fm3 for SV-ISB, −11.2 ± 2.8 MeV fm3
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FIG. 3. �Rch between 48Ca and 48Ni as a function of the L +
LCIB + LCSB parameter is shown as predicted by the SAMi-J family
of EDFs. Different contributions are shown. Original SAMi-J given
by circles and labeled by “No ISB” (LCIB = LCSB = 0); SAMi-J plus
CSB in Eq. (2a) given as squares are labeled by “CSB only” (LCIB =
0); SAMi-J plus CIB in Eq. (2b) given as triangles are labeled by
“CIB only” (LCSB = 0); and SAMi-J with all corrections given as
circles is labeled as “All ISB”. All calculations include Coulomb
within the LDA.

for SkM*-ISB, and −11.2 ± 2.2 MeV fm3 for SLy4-ISB (cf.
Table 1 in Ref. [28] where s0 = 2t III

0 ).
In Table I of Ref. [50], ab initio coupled cluster calcula-

tions based on the �N2LOGO(394) interaction are shown for
�Rch and binding energy difference (�B) in 48Ca - 48Ni. The
reported value for �B is 66.29(72) MeV including all effects
and 0.72(1) MeV by neglecting Coulomb effects. The �B es-
timated value from the Atomic Mass Evaluation (AME2020)
[51] is 68.67(40) MeV. The EDF proposed in Ref. [11],
SAMi-ISB, predicts �B = 68.72 MeV, with an effect due
to ISB of 7.88 MeV. Since �B is only due to nuclear ISB
when Coulomb is neglected, it is evident that the latter EDF
results are not in agreement with ab initio calculations in [50].
In more detail, by following the strategy proposed in [52],
we have determined an effective s0 value of −2 MeV fm3

associated with the ab initio results for �B in 48Ca - 48Ni given
in [50]. This value is one order of magnitude smaller than
those from Refs. [11,28].

Variational Monte Carlo calculations [53] based on AV18
[54] for �B in 10Be - 10C would predict an effective s0 of
about −3 MeV fm3 when using again the method proposed
in [52]. Thus, they give a similar value to the one we have just
discussed by using [50].

Regarding �Rch in 48Ca - 48Ni, the prediction in Ref. [50]
is of 0.238 ± 0.038 fm for the full calculation while it is
0.261 ± 0.035 fm for the calculation neglecting Coulomb
effects. SAMi-ISB predict instead 0.33 fm for the full cal-
culation and 0.28 fm for the calculation neglecting Coulomb
effects. These results reflect an opposite trend in �Rch.
Naively, the Coulomb potential (Ze2/r) would be expected to
increase the charge radius, more in absolute value as larger the
Z of the nucleus. Hence, �Rch would be expected to be larger
when Coulomb is included. These contrasting results call for a
dedicated theoretical effort since observables as relevant as the
excitation energy of the isobaric analog state, the neutron-skin

thickness, or the difference in mass and charge radii of mirror
nuclei would be affected.

In Fig. 2, we show the predictions of the SAMi EDF for
the charge radius difference between 48Ca and 48Ni. Nuclear
ISB contributions have been included perturbatively. Values
of −s0 and u0 (y0 = z0 = −1) have been changed from 0 to
50 MeV fm3 and the effects shown separately in the figure.
As a reference, the values suggested in Ref. [11] are given by
red crosses. It is important to note that both CSB and CIB are
coherent and tend to make �Rch larger in absolute value; by
about 6% if −s0 ≈ u0 ≈ 25 MeV fm3.

These trends can be understood from the definition of the
ISB interactions in Eq. (2). The CSB average potential felt by
protons is proportional to the proton density and −s0. This
means that for s0 < 0 protons feel a CSB repulsive potential
that grows linearly with ∼Z and, thus, the charge radii tends
to increase with Z as well. The CIB average potential felt by
protons is proportional to u0 and to the difference ∼Z − N/2.
For u0 > 0 protons feel a repulsive CIB average potential,
however, the charge radii do not grow as fast as for CSB case.

In Fig. 3, predictions of the SAMi-J family including ISB
terms are given for �Rch between 48Ca and 48Ni as a func-
tion of the L parameter. In this figure, calculations include
Coulomb within the LDA and the ISB parameters have been
fixed to be the same as for SAMi-ISB. It is seen that the main
correction to the charge radius difference between the mirror
nuclei 48Ca and 48Ni is due to CSB while CIB remains small.
The average horizontal separation between the results is about
14 MeV and rather constant for the large range of values of
L + LCIB + LCSB displayed in that figure. If the values of s0

obtained in [28] were considered, the correction on L would
be milder and range between 6 and 11 MeV.

Conclusions. The effects discussed here are based on the
ISB interactions in Eq. (1) but are independent of the EDF
used as a basis. This is shown by the constant shift in Fig. 3.
Hence, the different trends can be regarded as general pro-
vided the ISB interactions in Eq. (1) are realistic enough for
the current purpose. Our results indicate that one must expect
a systematic error on L whenever ISB is neglected. That is,
whenever the analysis of mirror charge radii is implemented
assuming isospin symmetry (L), this may lead to a systematic
uncertainty due to the effect of neglected ISB terms (LCIB and
LCSB) that can be taken into account by a renormalization
of L to smaller values. The correction due to nuclear ISB
based on our calculations of the mirror pair 48Ca - 48Ni would
correspond to a shift to lower values of 10 ± 4 MeV and,
even if not large, it needs to be incorporated—among other
corrections [23]—by a sound study of �Rch. For the same
reasons, the neutron-skin thickness �Rnp in a neutron-rich
nucleus is also affected by ISB effects.

The situation is different in ab initio calculations [50,53],
where the estimated effective value of s0 seems to be one order
of magnitude smaller than those inferred from current EDFs
[11,28]. These contrasting results call for a dedicated theoret-
ical effort to solve this overarching problem that impacts the
energy of the isobaric analog state, the neutron-skin thickness,
or the difference in mass and charge radii of mirror nuclei as
well as it may impact astrophysical observables such as the
mass, radius, and tidal deformability of a neutron star [55].
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